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Dirichlet problem

1. Introduction

Given {2 C R™ an open set, G : 2 — R"™ and A € R™"*", we wish to find u : £2 — R" verifying
AVu+ (Vu)'A=G in 2

sometimes coupled with
— either Dirichlet data, i.e. u = ug on 92 (replacing G by G — AVuy — (Vuo)75 A we can and will always
assume that ug = 0)
— or Cauchy data
u(zg) =co and Vu(zg) = Co,

where (zg, co, Co) € 2 x R™ x R™*"™ are given and satisfy the natural condition
ACy+ Ct A= AVu (x0) + (Vu (z0)) A= G (z0) .

Observe immediately that the Cauchy problem follows at once from the unconstrained problem. Indeed first
find a solution v of the unconstrained problem A Vv + (Vv)t A = G and then recover a solution of the
Cauchy problem by setting

w(x) =v(x)+ (Co — Vv (xo)) (x — o) + co — v (20) -
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This equation has been much studied when A = I (or more generally A is symmetric and invertible) or
when A is skew-symmetric and invertible (in this case the dimension n must be even). Setting v = Awu the
equation, when A is symmetric, becomes

Vo + (Vo) =G

(i.e. the symmetrized gradient is prescribed, see, for example, [1-3,11]), while, when A is skew-symmetric,
the equation is
Vo — (Vo) =G

or, by abuse of notations, curl v = G; in other words the problem is then reduced to the classical Poincaré
lemma for 1-forms (see, for example, [4]). The first case is more elementary, notably from the point of view
of regularity, which is straightforward, and uniqueness (the solution being unique up to an affine map whose
gradient is a constant skew-symmetric matrix). The case of Poincaré lemma is more involved, the existence
and regularity being a consequence of Hodge decomposition and of elliptic regularity; the solution being
unique, in this case, up to a gradient of a scalar function. Both problems arise in various areas of physics;
for example in elasticity when A is symmetric while when A is skew symmetric in problems involving the
divergence or the curl operators.

The main features of the present article, with respect to the classical studies, are the following. We do not
assume, in general, that the matrix A is invertible and we also consider the case where A is neither symmetric,
nor skew-symmetric. We also study problems for general domains, not necessarily simply connected, as well
as Dirichlet problems in general domains. Although we deal here only with C™ and C™® spaces, our analysis
carries over in a straightforward way to the Sobolev setting.

We end this introduction with an observation that will not be explicitly used in the following develop-
ments, but may shed a different light on our analysis. We recall (see [6]) that the operator £ defined by

Lu=AVu+ (Vu)' A
is elliptic if, for every £ € R™\ {0}, the system of algebraic equations
ANE =(AN@E+ER (ATA) =0

has A = 0 € R™ as the only solution. It is then easy to see that L is elliptic if and only if the symmetric part
of A, denoted Ay, is invertible. In particular if A is skew-symmetric, then L is not elliptic.

2. Preliminaries
2.1. General notations

We will use the following notations in this article (see [4] for more details.).

(i) Let n € N and let A € R"*™ be the set of (n x n)-matrices with real entries.

— For every i,j = 1,...,n, AY denotes the (i, j)th element of A. Furthermore, we write A%* and A*J to
denote the ith row and jth column of A respectively.

— We write R7*™ and RZ*" for the set of symmetric and skew-symmetric (n x n)-matrices, respectively.
Accordingly A, and A, denote, respectively, the symmetric and skew-symmetric parts of A, namely

1 1
Ag = §(A+At) and A, = 3 (A—AY).

(i) For a,b € R™, we denote the tensor product of a and b by a®b € R"*™. Note that, for every A € R**"

and a, b, c € R™, the following relations are easy to verify

b®a)=(a®b)’, (a@b)c=(bc)a, A(b®c)=(Ab)c, (bec)A=b® (A'c).
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Moreover, we define the wedge product of a and b, denoted by a A b, as
aANb=a®b—-b®a.

(#i) In the sequel {eq,...,e,} will denote the standard Euclidean basis.
(iv) Let m € N and n = 2m. We let J,,, (or simply J when there is no scope of confusion) be the standard
symplectic matrix, namely J,,, is a skew-symmetric (n x n)-matrix defined as

)

m—times
(v) We write partial differentiation with respect to z;, i =1,...,n, of a function f as
of
O f = )
lf axl

(vi) Let 2 C R™ be open and w : 2 — R™ be a differentiable vector field. We define

1<ij<n

divw = Z@kwk and  curlw = Vw — (Vw)" = (90" — 0iw?)
k=1

Furthermore, on identifying w with a differential 1-form, curlw can be identified, up to a change of sign,
with the exterior derivative dw, where

. . . . n(n—1)
dw = Z (O’ — O;w') da* Nda? € A* (R") ~R™ 2 .

1<i<j<n

(vii) Let £2 C R™ be open, bounded and smooth. For every x € 912, v () denotes the outward unit normal
at x and, when there is no ambiguity, we write only v.

(viii) Let 2 C R™ be open, bounded and smooth. We define the sets of harmonic forms with vanishing
tangential and normal parts, respectively as

Hr (2;R™) = {w e C™ (ﬁ;R") ceurlw =0, divw =0, vAw =0 onaﬁ}
Hy (2;R") = {w e C® (;R") : curlw = 0, divw = 0, (v;w) =0 0ndN}.
Note that, if 2 is simply connected Hy (£2;R™) = Hy (2;R™) = {0}.

2.2. On the equation Vu = F

Theorem 1. Let r,N > 0 and n > 2 be integers. Let §2 C R™ be open, bounded, connected and smooth.
Let F = (Fij)lgwgn eCr (ﬁ; R”X") and {a1,...,an} C R™ be linearly independent. Then there exists
ue Crtt (ﬁ; R") satisfying, in (2,

Vu=F and (u;a1)=--+=(u;an)=0 (1)

if and only if
(i) in 2 and for every i,j,k=1,...,n,

curl F** =0 de. 9;F* — 9 FY =0

(ii) for everyi=1,...,n and for every x € Hy (£2;R™)

Fi*:x) =0 e FiiyJ =0
/Q< X)=0 e ;/ﬂ X
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(iii) for everyk=1,...,N and x € 2
(F (x))" ar = 0.

Moreover, the solution of (1) is unique, up to a constant c € R™ verifying

(;a1) =+ ={c;an) = 0.

Proof. If N = 0, the result is standard (see, for example, Theorem 8.3 in [4] applied component by
component). When N > 1, the theorem follows at once from the combination of the case N = 0 and (iii). W

We next turn to the Dirichlet problem.

Theorem 2. Let r,N > 0 and n > 2 be integers. Let {2 C R™ be open, bounded, connected and smooth.

Let F = (Fij)lgi’jgn € C" (;R™™), g € C™ (002;R™) and {ay,...,an} C R™ be linearly independent.
There exists u € C™ 1 (ﬁ; R") satisfying
Vu=F in (2
(ujar)y =+ =(wan) =0 in 2 (2)
U=y on 0f2

if and only if
(i) in 2 and for everyi,j,k=1,...,n,

curl F** =0 in 2 i.e. ajFik — O F¥ =0
(ii) on 002 and for everyi,j,k=1,...,n,
(F—Vg)* i — (F-Vg)" /b =0

(iii) for everyi=1,...,n and for every x € Hr (2;R"),

/(2<Fi’*;x>=[)ggi<V;x> iie. i/ﬂF"jsz/mg’Kvw

(iv) on 912
(v) for everyk=1,...,N and x € 02,

Moreover, the solution of (2) is unique.

Proof. If N =0, the theorem follows from standard results (see, for example, Theorem 8.16 in [4] applied
component by component); while if N > 1, the result easily follows from the case N = 0 and from (v). W

3. The symmetric case
3.1. Preliminaries and notations
The following form will play a crucial role in the subsequent discussion.

Notation 3. Let 2 C R™ be open, bounded, connected and smooth, r > 1 be an integer and G €
cr (ﬁ; R"X"). For everyi,j,k=1,...,n, we define

M) = 9;G™ — 9,G*.
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Furthermore, for everyi,j,k=1,...,n, let MY € C"! (ﬁ; R") and My, € C™1 (ﬁ; R”X") be defined as
(M9)" = (M =
Remark 4. Note that M, is skew-symmetric. Observe also that
curlM¥ =0 foreveryi,j=1,...,n,
means that, for every 7,5, k, Il =1,...,n,
MY — M) = 0;,G™* — 9;G7* + 93, G — 9;,G = 0.
The following definition will be useful to handle domains that are not simply connected.

Definition 5 (Dirichlet and Neumann Potentials). Let r be an integer, 0 < a < 1, 2 C R™ be open, bounded
and smooth and f € C™*(2). We write D (f), N (f) € C™"2%(2) to denote the Dirichlet and Neumann
potentials of f respectively. In other words,

AN () =F = kea [ £ 0
and W N(H=0 on 912

{A[D(f)} =f inQ
| wn=o

D(f)=0 ondf

where 9, [-] denotes the normal derivative. One defines Dirichlet and Neumann potentials of a vector field
componentwise.

The following selection principle will help us construct solutions in the singular case.

Lemma 6. Let r be an integer, 2 C R™ be open and A € R™"*". Let v € C" (ﬁ; R") satisfy v (£2) C im A.
Then there exists u € C” (ﬁ; R") satisfying

v=Au in 0.

Furthermore,
(i) u=0 on 912, ifv=0 on 012.
(ii) For (xg,c0,Cp) € 2 x R™ x R™*™ if v (x0) = Aco and Vv (z9) = ACy, then

u(xg) =co and Vu(xg) = Co.

Proof. We assume that A # 0. We first find invertible P,Q € R"*™ such that A = PD,,Q, where
m = rank A and D,,, € R"*"™ is given by

D,, = diag(1,...,1,0,...,0).
——

—
m n—m
It is then easy to see that it is enough to prove the lemma for A = D,,. We define u = (ul, e 7u”) €

o (ﬁ; R”) by

. vl if1<ji<m
0 ifm<j<n

Clearly v = Aw and u satisfies the extra statements (i) and (ii). H
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We will also need the following algebraic lemma.

Lemma 7. Let A € R™*" be symmetric and let v € R™ with |v] = 1. The two following conditions are then

equivalent
(i) A=(Av)@v+v® (Av) — (Av;v)rQu

(ii) (Aik'z/j — Ajkl/i) V= (Ailuj — Ajlyi) v for every i, k,l=1,... n.
Proof. Step 1: (i) = (ii). By hypothesis we have, for every k =1,...,n,
Aep =v" (Av) + (Aver)v — v (Avsv) v,

Therefore
Aep, ANv=(AvAv)vk, forevery k=1,...,n,

which implies that
(Aep Av) V= (Av Av) vt = (Ae Av) v, for every k,l=1,...,n,

from where the lemma follows.
Step 2: (ii) = (i). Conversely assume that, for every i, j,k,l =1,...,n,

(Aikuj - Ajkl/i) = (A”I/j — Ajlyi) vk,

Then, for every j,k=1,...,n,

n n
(Aikz/j - Ajkui) ity = E (Ailuj — Ajlyi) VR,
il=1 il=1

Since A is symmetric, we infer that, for every j,k=1,...,n,
(Av)F i — Aik = (Aviv) vk — (Av) ok

which is exactly our claim. W

3.2. The unconstrained problem

Theorem 8. Let n,r > 2 be integers, 2 C R™ be open, bounded, connected and smooth. Let A € R™*™ be
symmetric and G € C" (ﬁ; R"X").

Part 1 (existence). The following statements are equivalent.

(i) There exists u € C"+1 (ﬁ; R”) satisfying

AVu+ (Vu)! A=G in 0. (3)

(ii) The following properties hold.
- G is symmetric,

(G(z)a;a’)y =0 for every x € 2 and for every a,a’ € ker A (4)
—in 2 and for every i,j,k,l=1,...,n

crl M7 =0 de 0;G* —0;G* +09,,G7 — 0;,G" =0 (5)



S. Bandyopadhyay, B. Dacorogna and D. Stritt / Nonlinear Analysis 196 (2020) 111787 7

—in 2 and for every a € ker A andi,k=1,...,n
[0:G = Mila=0 ie Y [0,G7—0;G*+0,G'*]a =0 (6)
j=1
— for every x € Hy (£2;R™)
/ <Mij;x> = Z/ ((%Gik — al-ij) xF=0, foreveryi,j=1,...,n (7)
Q e
Z/ (M7, V[N ()]) - G7x7] =0, foreveryi=1,...,n. (8)
j=179

Part 2 (uniqueness). If A is invertible, then the solution is unique up to an affine map of the form

u(z)=Cx+c with AC+C'A=0.

Remark 9. (i) Eq. (3) may not have unique solution (up to an affine map) if A is not invertible. To see
this, choose A = diag (1,0) and G = 0, so that the equation becomes

¢ 2 81u1 (9211,1
AVu+ (Vu) A= =G=0.
62u1 0

This implies that u' is constant. However u? is free; thus the non-uniqueness.
(ii) When A is invertible, see Proposition 2.8 in [11] for related results.

As an immediate corollary, we have the following standard result, see [1,3] and references therein.

Corollary 10. Let n,r > 2 be integers, 2 C R™ be open, bounded, simply connected and smooth. Let
GeCr (ﬁ; R"X"). There exists u € C™+1 (ﬁ; R") satisfying

Vu+ (Vu)' =G in 2 (9)
if and only if G is symmetric and
curlM¥ =0 in 2 and for everyi,j=1,...,n.
Moreover, the solution of (9) is unique up to an affine map of the form
u(x)=Cz+c with C+C"=0.
Proof of Theorem 8. Step 1 (Necessity). Let u € C™1 (£2; R™) satisfy (3). Then v = Au verifies
Vo + (Vo) = G] and [(v;a) = 0 for every a € ker A4]. (10)

Clearly G must be symmetric and (4) holds. We then prove the other statements.
Step 1.1 (proof of (5)). Note that, for every 4,7,k =1,...,n and in £,

M = 8;G™ — 9;,G7* = 9; (00" + 00F) — 8; (Bpv? + 0;0F) = By, (F0" — 9v7) . (11)
It immediately follows that, for every 4,4, k,l =1,...,n and in {2,

alM,ij = 8leij ie. curlM¥ =0.
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Step 1.2 (proof of (6) ). Using the second statement in (10), we infer that, for every a € ker A, (Vv)t a

and, since Vo + (Vv)' = G, we obtain
0=(Vov)'a=(G—-Vv)a in £
Hence, for every k = 1,...,n and for every a € ker A,
(0kG)a = (O (Vv))a in £2.

From (11) we find, for every i,k = 1,...,n and every a € ker A,
(Mga; e;) ZM”aJ = Z 3k (@-vi — 3ivj)} a’ in .
Jj=1

Therefore, it follows from (12) and (13) that, for every k = 1,...,n and for every a € ker A,
Mya = 8, [(Vo)a] — Oy [(W)t a] — (9 (VV))a = (8,G)a in Q.

Step 1.3 (proof of (7)). It follows from (11) that, for every i,5 =1,...,n and x € Hy (£2;R™),
n

/Q <Mij; X> = Z Ok (ajvi — 8ivj) X"

-1/
= —/ (950" — 0v7) div x —|—/ (950" — 0v7) (x;v) = 0.
Q 00

)1<g<n

Step 1.4 (proof of (8)). We first observe that if x = (XJ € Hy (£2;R™), then

/Xj:/<x;V(:cj)>:O forevery j=1,...,n
0 e}

A [N(XJ)] =y} foreveryj=1,...,n.

This implies that

We now show (8). Note that, using (11) and after integration by parts, we obtain, for every i = 1,...,
X € HN (Q;Rn),
S [N )] = 3 [ oo ) [N ()]
j=17% gok=1
=3 [ (o o) AV ()]
j=179
=3 [ ot =)o ()] o
o100
and thus

Z/ (MY;V [N Z/ 90" — d)

Since, for every i = 1,...,n and x € Hy (2;R"),

3) RUTERINES 3y FENEES o) FRNEY SN NReY NaR
—i/e —i/e =le 2 a0

we have that (8) follows from (14).

=0

(12)

n and
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Step 2 (Sufficiency). Let {a1,...,axy} C R™ be linearly independent such that
ker A = span{ay,...,an}.

Step 2.1. Let xo € {2. Note that (4) (i.e. (G (x¢)a;a’) = 0) coupled with Proposition 33 guarantees that
there exists Cy € R™*" verifying
ACy+ C{A =G ().

Step 2.2. For every i,j = 1,...,n, we use the vector valued version (see, for example, Theorem 8.3 in [4])
of Theorem 1 (with N = 0) to find & € C” (£2;R"*") solving

V&y =MY  in £2; (15)
this is possible in view of (5) and (7). Note that, since M,ij = fM,zi , we can choose @ to be skew-symmetric
and thus we have that

P'=—-¢ and Opd=M; in 2 and for every k=1,...,n. (16)
We claim that
[G(z) — ¢ (2)]a=[G(xg) — D (x9)]a, forevery x € 2, a € ker A. (17)

To see this, let a € ker A be fixed. It follows from (6) and (16) that, for every k =1,...,n
[0k (G — @) a=[(0rG) —Mi]a=0, in 2

and hence we obtain (17).
Step 2.8. Invoking again Theorem 1, we find v € C71! (ﬁ; R”) satisfying, in {2,

{wz;(a+ P) — 1 (G (x0) + & (z)) + ACo

(v;a1) = -+ = (v;an) =0.

Let us now verify that the hypotheses of Theorem 1 indeed hold.
(i) By (16), for every i,j,k =1,...,n, we have

O (G + 97) = 0,GY + 8;G™* — 0,G"" = 9;G"™* + G — 9;,G* = 9; (G + ¢'F).

(i) Appealing to (8), (15), fQ x? = 0 and after integration by parts, we get that, for every i = 1,...,n
and x € Hy (12;R™),

Z/G”x—Z/M”V Z/ ViV (N Z/gzw

ie.
/ (G+ &)x =0, forevery x € Hy (£2;R").
o

Since | o X =0 for every x € Hy (2;R"), we infer, invoking the previous identity, that

/Q@ G+ ¢);(G(1’0)+¢($0))+A00>X07 for every x € Hy (2 R")

as wished.
(i) We finally have to show that for every k =1,...,N and z € 2

(F(2))'ar =0 where F— % (G (2) + & (2)) — % (G (20) + & (o)) + A Co.
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Using (16), (17) and the fact that G is symmetric, we obtain, for every k =1,..., N and z € {2,
1 1 !
(F (x)) ar = 3 (G(z)+ & (x)) — 3 (G (w0) + @ (z0)) + ACy| ar = Ct Aay = 0.
Step 2.4. In view of Step 2.1 and (18), we have just shown that, in (2,
Vo+ (Vo) =G and  (v;a1) =-- = (v;an) = 0.

Step 2.5. Finally, we appeal to Lemma 6 to find v € C™+! (ﬁ; R”) such that

v=Au in 2.

Then, u satisfies (3). When A is invertible, the uniqueness of solution follows from Theorem 27. This finishes

the proof. W

3.3. The Dirichlet problem

Theorem 11. Let n,r > 2 be integers, 2 C R™ be open, bounded, connected and smooth, A € R™ "™ be

symmetric and G € C™ (ﬁ; R"X"). The following statements are equivalent.
(i) There exists u € C™+1 (ﬁ; R”) satisfying

AVu+ (Vu)'A=G in 0
u=20 on 012

(ii) The following properties hold.
- G is symmetric
—in 2 and for every i,j,k,l=1,...,n

crl M7 =0 de 0;G* - 0;G* + 9,,G" — 0;,G" =0

—n 2 and for every a € ker A and i,k =1,...,n

[0kG —Myila=0 i.e. Zn: [0kG — 0,G™* + 9,G"*] a7 =0
j=1
—on 0f and for everyi,j=1,...,n
G=Gr)ov+re(Gr)— (Griyvev e GFIV - Gy + GIViVP — GLIvk =0
V((Gu/\z/)”) Av=M"Y Av

— for every x € Hry (§2;R™) and for every i,j =1,...,n,

/Q<M”;x>=/ (Gv Av)7 (x;v)

a0

i/ﬂ (M7 [D (x7)]) — G 7] = z":/m (GvAv o, [D ()]

Furthermore, the solution of (19) is unique when A is invertible.

(19)

(20)
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Remark 12. (i) Obviously we can handle a general boundary datum ug on 042. It suffices to apply the
theorem replacing G by G — A Vug — (Vug)" A.

(i) It is easy to see that if supp G CC {2, then our construction gives that suppu CC 2.

(#ii) When {2 is simply connected, Hr (2;R™) = {0}. Therefore (24) and (25) are trivially satisfied in
this case.

(iv) An easy computation shows that (24) is equivalent to

/(GVX—VxG): Gu/\x—/ (Gv Av)(x;v), forevery x € Hr (§2;R").
Q le) Gle)

Corollary 13. Let 2 C R™ be open, bounded, simply connected and smooth, r > 2 be an integer and
GecC" (ﬁ; R”X"). The following statements are equivalent.
(i) There exists u € C"+1 (ﬁ; R") satisfying

Vu+ (Vu)' =G in 2
(26)
u=20 on 0f2
(ii) The following properties hold.
- G is symmetric
—in 2 and for every i, j, k,l=1,...,n
ik ik el il _
8JIG - azlG + asz — ajkG =0
—on 312 and for everyi,j, k,l=1,....n,
Gyt — GIF + GILiE — GILR =0
v <(G1//\V)ij) Av =M Av.
Moreover, the solution of (26) is unique.
Proof of Theorem 11. Let {aj,...,any} C R™ be linearly independent such that
ker A = span{as,...,an}.
Step 1 (Necessity). Let u € C™ (£2; R™) satisfy (19). Then, v = Awu verifies
Vo + (Vo) =G in 2
(v;a1)=---=(v;any) =0 1in £2 (27)
v=20 on 0f2.

The fact that G is symmetric is obvious. Both (20) and (21) are established in Steps 1.1 and 1.2 of Theorem 8.
Step 1.1 (proof of (22) ). Note that Vu = a ® v on 912 for some o € C" (042; R™) and hence

G=Aav)+ (v®a)A=(Aa)@v+v®(Aa) on df. (28)

Therefore,
Gv=Aa+ (Aa;v)v on 092, (29)

which implies that (A a;v) = (Gr;v) /2. It then follows from (29) that

AazGu—%(Gu;WV on 02
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Thus, using (28), we have indeed proved (22) .
Step 1.2 (proof of (23)). Using that Vv = AVu = (Aa) ® v on 9{2 and (29) we note that

curlv = Vo — (Vo) = (Aa) @ v —v @ (Aa) = (Aa) Av =GvAv on df. (30)
Therefore, for every i,j,k,l =1,...,n and on 942,
M ij Kl ij ij K
[V ((Gl/ Av) ) A 1/} = [V ((curlv)?) Av]™ = Op(curlv)’v' — g (curlv)Vv

[3k (8 v fﬁvj)]u — [51 (81} 73'03)] vk
— [@-kv — (%kv]] v — [ajw — @wj] vF

and thus

. kil
{V ((GV A 1/)”) A V}
= [0 (00" + 9:0%) — 9; (Okv” + 0;0%) | V! — [9; (9" + 9v') — 0; (Orv? + 8 0] v
= (0,G™ — 0,G7%) V! — (9,G" — 9,67 VF = MV — MF = (M7 A w)"

Step 1.3 (proof of (24)). Tt follows from (11) and (30) that, for every i, =1,...,n and x € Hr (2;R"),
/ (M) =3 / (0,6 — B,G™) = 3 / Oy (9,0 — D7) v*
Y k=174 k=174
=— / (8jvi - 8ivj) div x Jr/ (8jvi — 5‘ivj) (x;v) =
2 GTo)

o

Step 1.4 (proof of (25)). For every i = 1,...,n and x € Hr (£2;R™), using (1
> [, a9 2 ()

=3 [ e -ach ap (o) = Py [ an (st~ o) ou [ ()]

7,k=1

:_Z/ (9;0" — 907) Z agav—av’ o [D ()] v*

J,k=1

(GvAv)T ().
Q
1), we get

and thus, appealing to (30),

Z/ (M;V [D z::/ 8v—avfx+2/ GvAar)7a, [D(¥)].  (31)

2

Note that, for every i = 1,...,n and x € Hr (£2;R"),

z_:/n (950" — 007 ¥? —G—Z/QGinj = QZ:/(Zajvixj = —Q/Q(divx)vi =0.

Therefore, the claim follows from (31).

Step 2 (Sufficiency). We now prove the sufficiency of the conditions.

Step 2.1. For every i,j = 1,...,n, we use Theorem 2 (with N = 0) to find & = (&%)
C””( R"X") solving

1<ij<n

V@i = MY in 2
P = (GvAv)? ondf
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That (32) is indeed solvable, follows from (20), (23) and (24). We next give some properties of @.

(i) Note that
o' =—0 and 0, ®=M; in 2 and forevery k=1,...,n

(i) Furthermore, using (22) and Lemma 7, for every ¢,j,k = 1,...,n and on 92, we have
n n 9
Pk = (Gv Av) Z GZle Gt V'] vk = Z [G’ky] — ijul] (l/l)
=1 =1
and hence

Pk = G — GIRLE,

(#i) We claim that
®a = Ga in 2 and for every a € ker A.

To see this, let a € ker A be fixed. It follows from (21) and (33) that, for every k=1,...,n

8k(G—¢)a:[8kG—Mk}a:O in f2.

Therefore, for some ¢ € R",
Ga— ®a=c in {2

Note that, using (22), we get on 0f2

G- Pla=[(Grev)+ ¥eGv)— (Gr,v)(vev)— (GrvAv)|a

=2weGv)a— (Gr;v) (v@v)a=2(Gv;a)v — (Gr;v) (v;a) v

which implies that (Ga — ®$a) Av =0 on 042, from where it follows that ¢ = 0. This proves (35) .

Step 2.2. Invoking Theorem 2, we find v € C"*! (ﬁ; R") satisfying

Vo=1%(G+ 9) in 2
(v;a1) =---=(v;ay) =0 in {2
v=_0 on 0f2.

This is possible for the following reasons.
(i) By (32) and (34), for every i,j,k =1,...,n,

O (G + V) = 0,GY + 0,G™* — 0,G7* = 0,G™* + 0,GY — 0,G* = 0; (G™* + ¢'F)

(G + &) vF = GIVF + GV — GIMV = GV + GV — GV = (G + 97F) 17 on O02.

(i) Appealing to (25) and (32), for every i = 1,...,n and x € Hr (2;R"),

], ex

[ v ) - [ (evana. e

/ﬂ VeV [D ())]) - /8 Q[m (D))

-3
> [

=1

<.

Jj=1

ie.
/ (G+ &)x =0 for every x € Hr (2;R").
Q

Z/ﬂ 2" ”Z/ 279, [D ()] —/m[m (PO =

in 2

13

(33)
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(#ii) Invoking (33) and (35), for every a € ker A, then a € ker ((G + @)t>, since
(G+d)'a=[G-dla=0 in L.

Step 2.8. Appealing to Lemma 6, we find u € C"+! (ﬁ; R”) such that
v=Auin 2 and wu=0on 0.

Then, u satisfies (19). When A is invertible, the uniqueness follows from Theorem 27. W

4. The skew-symmetric case
4.1. Preliminaries and notations

By abuse of notations we will, in this section, identify R}*"™, the set of skew-symmetric matrices, with
“Symine
A2 (R™), the set of 2-forms, in a straightforward manner. For example if G = (G“)l_m_n € Ct (2;R<m),

dG = 0 respectively G = 0 mean that, for every i,5,k =1,...,n,

0,GY — @Gik + 0;G7* =0 respectively Z@iGij =0.

i=1
Similarly, if v € R™ and G = (Gij)lgl’]gn € RI*™ we write v A G = 0 respectively v 1 G = 0 meaning that,
for every 4,5,k =1,...,n,
n
Gk — G*Yi + GI*E =0 respectively Z GYv' = 0.
i=1

Finally we define, for {2 C R™ an open, bounded, connected and smooth set,
Hr (2;R™) = {we C® (Z;R™) 1dw =0, w =0, v Aw =0 ondN}
Hy (2;R™) = {w e C®° (R 1dw =0, w =0, v sw=00ndNR}.
When n = 2, then Hy (£2;R2*?) = {0}, while

Hy (2;R2*?) = {(_OC 8) : where ¢ € R} . (37)

If n > 3 and 2 is contractible, then Hp (2;R2*") = Hy (2;R?*™) = {0}.
4.2. The unconstrained problem when A is invertible

Theorem 14. Letn > 2, r > 1 be integers, 0 < a < 1, 2 C R™ be open, bounded, connected and smooth.
Let A € R™™™ be skew-symmetric and invertible and G € C™* (ﬁ; R"X").
Part 1 (existence). The following conditions are equivalent.
(i) There exists u € C"tL (2;R™) satisfying
AVu+ (Vu)' A= G in 0. (38)

(ii) G is skew-symmetric, dG =0 in 2 and
/Q (G;x) =0, forevery x € Hy (Q;RZX") ) (39)

Part 2 (uniqueness). Solutions are unique up to a gradient, i.e. given two solutions u,v € CT™1:% (2;R"),
there exists p € CT™T2 () such that
v=u+ A"1Vop.
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Remark 15. (7) Note that, since A € R7*™ is assumed to be invertible, then n must be even.

(i) When n = 2 or n > 3 and {2 is contractible, (39) is trivially satisfied. Therefore, if we assume that {2
is contractible and A € R2*™ is invertible, then the necessary conditions reduce to G € C™* (£2;R2*") and
dG = 0 (which is trivially satisfied if n = 2).

(iii) Note that, as opposed to Theorem 8 where regularity is mentioned in the C"-class, the right space
to study regularity issues in the skew-symmetric case is the Holder spaces. This is illustrated through the
following example. Let £2 = (0,1)* and h € C° (£2) be chosen for which there is no u € C* (12;R?) satisfying
divu = hin £2 (see, for example, [5] and the references therein). Define G € C° (£2; R2*?) as G'? = h. Then,
dG =0 in £2. It is easy to check that there exists no u € C* (£2;R?) satisfying (38), with A = J5.

Proof of Theorem 14. Setting v = A u, our problem is equivalent to
Vo— (Vo) =G & culv=3G (40)

and we are back to the classical result, see, for example, Theorem 8.3 in [4]. W

4.8. The unconstrained problem when rank A <n — 1

We give two theorems. The first one is valid for any A with rank A < n — 1 and the second one when
rank A = n — 1, but with different hypotheses and proofs.

Theorem 16. Letn > 2, r > 1 be integers, 0 < a < 1, 2 C R™ be an open ball. Let A € R™*™ bhe
skew-symmetric and G € C™* (ﬁ; R"X"). The following conditions are equivalent.
(i) There exists u € C™* (£2;R™) satisfying

AVu+ (Vu)' A=G in 0. (41)
(ii) G is skew-symmetric, dG =0 in 2 and

(G(z)a;a’)y =0 for every x € 2 and for every a,a’ € ker A. (42)

Remark 17. (i) The solutions of A Vu + (Vu)' A = 0 are, as in Theorem 14, but with a special structure.
For example, if

A:dlag JQ,...,JQ, 0,...,0 5
—_———
m—times (n—2m)—times
then any solution is of the form

u' (z) = 0;0  where p = @ (z1,...,2Zom)

if 1 <4 < 2m; while, for 2m +1 < i < n, u’ is free.

(7i) There is an interesting difference between the regularity result when A is invertible or not. Indeed if
A is invertible and G € C™®, there exists a v € C"t1®; while if A is not invertible the solution v € C™
and not in a better space, in general, as shown in Example 18.

Example 18. Let 2 = (—2,2)% and define G € ¢! (R3;R3*3) by

G (z) =2 (Jc3)2 (z' —2?) |2'2%2®| and G'(z) = G (2) =3 (¢'2%2?) [z'2”2?|
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for every € R3. Let

01 0
A=|-1 0 O
0 00
Any solution of (41) is then of the form
u' (z) = — (z'2%2?) |x1x2x3| 2 +g(2',2°) and ?(2) = (z'2%2?) |x1x2$3’ z® +h (2!, 2?)

for some g, h: (-2, 2)2 — R. Tt is easy to see, by contradiction, that u!,u? ¢ C? () for any g, h.

Proof of Theorem 16. It is obvious that (ii) are necessary conditions, so we discuss only their sufficiency.
Step 1. Let A be such that rank A = 2m < n. We first prove that we can assume, without loss of generality,
that
ker A = span{eami1,---,€n}

where {ey, ..., e,} denotes the standard Euclidean basis. Indeed we can find (as in Proposition 34) P € O (n)
(i.e. P'P =1T) and A € R™" such that

PlAP— Azdiag((_(;\l AO1> (_gm A(;") 707...70) with A\ £0, 1<i<m.
We then define, for y € P'f2, v and F through
v(y)=Pu(Py) and F(y)=PG(Py)P
and insert this into A Vu + (Vu)' A = G, to get, writing y = Ptz € P12,
AV (y)+ (Vo (y)' A=F(y).

We then have ker A = span {241, --.,en}, F is skew-symmetric, dF = 0 in P'{2 (writing ¢ (y) = Py, has
transformed the equation F (y) = P* G (Py) P into ¢* (G) = F and thus dF = 0) and

(F(y)a;a’) =0 for every y € P'(2 and for every a,a’ € ker A.

Moreover Pt{2 is a ball. This concludes the proof of Step 1.
Step 2. With the help of Step 1, setting v = A u, the problem becomes

v — 0 =GV 1<i<j<2m
curlv = G , g ) )
& ojv* = GY 1<i<2m, 2m+1<j<n (43)
<e2m+1§v> == <€n;’U> =0 . .
v =0 2m+1 <5 <n.

The necessary conditions read as
Oom G — @Gmm) + 0,7 =0 and GY =0 for every 2m+1<i<j<n. (44)

We now prove that under conditions (44), the problem (43) admits a solution. We proceed by induction on
n (when n = 2 the result is trivial) and write

x=(T1,...,Tn-1,Tn) = (T,z,) € R xR.

Any solution of (43) is necessarily of the form (using the second set of equations with j = n)

vi(w)zai(fc\)Jr/ G (Z,t)dt 1<i<2m.
0
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A direct computation transforms (43) into, for o = a (),

djat — 9;ad =GV (2,0) 1<i<j<2m
djat = G (%,0) 1<i<2m,2m+1<j<n—1
al =0 2m+1<j<n-—1.

The hypothesis of induction leads to the result. W

We now discuss the case where rank A = n— 1. We provide a different proof (inspired by Proposition 8.20
in [4]) from the one above, which allows for more general domains f2.

Theorem 19. Letn > 3, r > 1 be integers, 0 < a < 1, 2 C R™ be open, bounded, connected and smooth.
Let A € R™ " be skew-symmetric with rank A = n — 1 (and thus n is odd) and G € C™* (2;R"*™). The
following statements are equivalent

(i) there exists u € C™* (2;R™) satisfying

AVu+ (Vu)' A=G in 0. (45)

(ii) G is skew-symmetric, dG =0 in 2 and
/ (G;x) =0, for every x € Hn (2;R;*™).
o)

Remark 20. We observe that, in the present context, the condition
(G (z)a;a’y =0 for every z € {2 and for every a,a’ € ker A

comes for free, since the dimension of ker A is 1 and G is skew-symmetric.

Proof. (i) The necessity of the conditions follows from Theorem 8.3 of [4].
(ii) Let us prove the sufficient part. Let ker A = span{a}, for some a € R™ \ {0}. Using Theorem 8.3
of [1], we find w € C" ™1 (2; R") satisfying

Vw — (Vw)! =G in 2.
We then use Theorem B.5 of [7], see [8] as well, to find ¢ € C"+1:2(2) such that
(a; V) = —(a;w) in £2.
Then, v = w + Vi € C™*(£2; R") satisfies, in £2,
Vo— (Vu)' =G and (a;v) =0.

Invoking Lemma 6, we find u € C™*(2;R") such that v = Au, which satisfies A Vu + (Vu)' A = G. This
finishes the proof. W

4.4. The Dirichlet problem

We next study the Dirichlet problem when A is invertible (the result is then classical, see, for example,
Theorem 8.16 of [4] and setting v = A w.).
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Theorem 21 (Dirichlet Problem).Let n > 2, r > 1 be integers, 0 < a < 1, 2 C R™ be open, bounded,
connected and smooth. Let A € R™*™ be skew-symmetric and G € C™¢ (ﬁ; R”X"). The following statements
hold.

Necessary conditions: if there exists u € C™T1® (2;R") satisfying

AVu+ (Vu)'A=G in 02 (46)
u=0 on 012
then G is skew-symmetric, dG =0 in 2, G Av =0 on 312 and
/ (G;x) =0 for every x € Hr (2;RL*™) . (47)
Q

Sufficient conditions: if A is invertible, then the necessary conditions are also sufficient and uniqueness is
up to a gradient, i.e. given two solutions u,v € C™T1 (2;R™), there exists p € C™ 2% (2), with Vi = 0
and V%p =0 on 992, such that v =u+ A~1Vp.

Remark 22. (i) If n = 2, then dG =0 in 2 and G Av = 0 on 92 are automatically satisfied, while (47)
becomes, in view of (37),
/ G"?=0.
0

(i) If n > 3 and {2 is contractible, then Hp (£2;R2*™) = {0} and hence (47) is trivially true.
(#i) One can show that if supp G CC 2, then our construction gives that suppu CC {2, invoking [10]
instead of Theorem 8.16 of [4].

4.5. The Dirichlet problem when rank A =n — 1

We finally turn to the Dirichlet problem when rank A = n—1 (and therefore the dimension n is odd). The
equation to be solved is A Vu + (Vu)' A = G and upon setting v = Au, we have transformed the problem
into Vv — (Vv)" = G. Since rank [A] = n — 1 = 2m, we equivalently have (a;v) = 0 for a nonzero vector a.
Therefore an equivalent way to rewrite the problem is

curlv =G and {(a;v)=0 in 2
v=20 on 042.

For the sake of simplicity, we take a = e,, (but, up to a change of v, we can always get back to this case, as
in the proof of Theorem 16). In the sequel we write for z € R™

r=(x1,...,Tpn_1,2n) = (T,2,) ER" xR

while {ej,...,e,} denotes the standard Euclidean basis. We first introduce the type of sets {2 that we will

consider.

Definition 23. (i) We say that 2 is x,-simple if
R={z=@,z,) eR":a_(T) < z,, < oy (T) with T € O}

where O C R™! is a bounded open set with Lipschitz boundary and ay € C%! (0)NC° (O) with a_ < ay
in O.
(ii) The boundary of such a set is given by

0N=T_UTl,UTr,
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where
I ={z=@,z,) eR": x,, = a_ (T) withz € O}
Iro={z=@,z,) eR": z, = ay (T) with z € O}
I'i={z=(Z,z,) eR":a_ (7) <z, <a;(¥) withZ € 00}.
The respective exterior unit normals are v_ = (Yool , Uy = (Verd) and v. = (V,0) where 7 is the
1+|Va,|2 1+|Va+|2

exterior unit normal to 00.

Remark 24. (i) Note that I'. is closed. It might be that, on some part of the boundary, a_ (Z) = ay (7)
(as in the examples below).

(ii) The following examples are z,,-simple.

— A convex set (and, in fact, simple in every direction); in particular if 2 = {m eER":[z|, < 1} with
1 <p<ooand

Sl

RS
jal, = (Z u) = (131 + leal”) "
k=1

— A generalized cylinder (including a cube) of the form

2=0x(-1,1) where O CR"!is bounded and open.

Theorem 25. Let {2 C R"™ be x,-simple. Let v > 1 be an integer and G € C” (ﬁ; RZX”) satisfy
dG =0 in 2 (i.e. 0,GY — 9;G* +9,G'* =0) and vAG =0 ondf

and, for every, 1 <i<n-—1,
ar(z) .
/ G (@,t)dt=0ifzcO and G (xr)=0onl..
a_(?)
Let o
vi(x):vi(f,xn):/ G™(@,t)dt 1<i<n-—1.
a_(z)

If, in addition to the above hypotheses, v* € C" (ﬁ), then it satisfies

djv" — 0! =GY & curlv=G in {2
=0 & (e,;v) =0 in {2 (48)
v=0 on 0f2.

Remark 26. (i) Note that the solution v of the problem is unique.
(#i) The conditions on G are also necessary.
(#%i) The construction ensures that if supp G CC 2, then also suppv CC (2.
(v) If a € C” (O), respectively C™ (O) N C? (O), then the v* defined in the theorem is automatically in

C™ (12, respectively C" (£2) N C° (R2).
Proof. We recall that we have to find v such that v = 0 and
Ot — 0,07 =GY, 1<i<j<n—1 in

Ot =G, 1<i<n-—1 in 2
v=20 on 012.
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A straightforward integration (of the equation 9,v° = G*) leads that the only candidate is

vi(a,xn):/ (AGi”(E,t)dt, forl<i<n—1,.
o $)

A~

(e (CE . o
(i) Clearly v =0 on I'y, since / G (2,t)dt = 0. By continuity we have v =0 on I'y .

(i) We also have to prove that v =0on I'.. Let z € I, . If z € T'. N (7+ Uf_), this has already been
established in (i). So let us assume that

z€d0 and oa_ () <ax(2).

Since, by continuity, we have 9,v° = G and G = 0 on I, we deduce that v’ (z) = v* (Z,a_ (Z)) = 0; as
wished.
(iii) We still have to show that 9;v" — 9;07 = GY, for every 1 < i < j < n — 1. Let us first observe that
(since v, G € CT (ﬁ)) we have, for every 1 <i,7 <n—1,
o0 (T, x,) = / _0;G" (z,t)dt — Oja_ G (2, (7))

CE_(QC

and thus the function g (Z) = 9,0 G™ (%, (7)) is C"~! (O). We next note that

dv" — O = / " (8,67 — G (3, 1) dt — Bja_ G (7,0 (7)) + o G (7, a_ (7))

—\T

Since dG = 0, we find, for every 1 <i < j<n-—1,

8jvi B / G 0nGY (Z,t) dt — 0o G (Z,a_ () + dia_ GI™ (T, (T))
=G (T,2,) — G (Z,a_ (T)) — 0o G (Z,a_ () + dia_ GI" (2,0 (T)).
This leads immediately to the result since v A G = 0 on 0{2, which in the present context reads as

~G (F,a_ (8) — 9;a_ G (T,a_ (7)) + B G (F,a_ () =0, 1 <i<j<n—1.

Indeed at almost all points (¥, a— (%)) € I'_ C 912, we have that

, o . 1
vt :ngzgn—l and v" =

1+ |Va_| 1+ |Va_|?

This ends the proof. W

5. The general case when the symmetric part is invertible

Recall that for A € R™*", we denote by A, (respectively A,) its symmetric (respectively skew-symmetric)
part. Note that finding a solution of A Vu + (Vu)t A = G is equivalent to solving simultaneously

A, Vu + (Vu)t A, =G, and A,Vu-+ (Vu)t A, =G,
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5.1. The kernel

Theorem 27. Let 2 C R"™ be open, bounded, connected and A € R™ ™ with Ag invertible. Then,
u € C* (2;R™) satisfy
AVu+ (Vu) ' A=0 in 2, (49)

if and only if, for some C' € R™*™ satisfying AC +C* A =0 and c € R",

u(z) = Cx +ec, foreveryx € (2.

Proof. The result is standard when A is symmetric (see, for example, [3]). The sufficient part is obvious,
so we discuss now the necessity of the condition. Let us suppose that u € C* (£2;R") satisfies (49). Then
A, Vu+ (Vu)' A, = 0. Setting v = A,u, we have Vo + (Vu)' = 0. Therefore, for every i,j,k =1,...,n and
for every ¢ € C¢ (2),

/ 07 Opp = 7/ v i = / N’ 0;p = 7/ ;%00 = / P00 = 7/ k0
Q 2 2 Q Q 2
= / 8kvi8jg0 = —/ viakjcp = / 8jvi8k<p = —/ 8¢U‘j8}€§0.
2 2 2 Q
This implies that, for every i,5,k=1,...,n,
/ D7 Opp = 0, for every o € C2 ().
Q

Therefore, it follows from the fundamental lemma of the calculus of variations that, for some P € R™*",
Vo = P in £2. Since A, is invertible, we conclude that v = A7 'v is affine, i.e.

u(x) =Cx+c, forsomeC eR"™™ and ce R".

Thus, since u is a solution of (49), we deduce that AC + C*A = 0. This proves the theorem. M

5.2. The unconstrained problem
Theorem 28. Let 2 C R™ be open bounded connected and smooth, r > 2 be an integer, G = (Gij)lgi’jgn €
cr (ﬁ; R”X") and A € R"*™. Then, the following statements hold.

Necessary conditions: if there exists u € C™! (£2;R™) satisfying

AVu+ (Vu)'A=G in 0 (50)

then
— there exist xg € 2 and Cy € R™ ™ verifying

ACy+Ct A =G ()

— for every x € 2
(Gs (x)a;a’)y =0 for every a,a’ € ker A,

—in 2 and for every 1,5, k,l=1,...,n,

0,G* — 9,GI* 1+ 9,,GI — 9,,GY = 0
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—in 2 and for every a € ker Ag and i, k=1,...,n

> [0kGY - 0;GF + 0,GIF| o =0

j=1

— for every x € Hy (2;R™) and for everyi,j=1,...,n

/ (MY:x) =0 and Z/ (MY [N ()]) = G ] =0
g 1<k<n
where MY = ((Mq)? = 0;G* - 9;,GI*) —
Sufficient conditions: if furthermore Ay is invertible and the following necessary condition holds, for every
k=1,....n
201Gy = Ay A7V [(My),, + 0k Gs] + [0xGs — (M), ) ASE Ay in 02, (51)

then the above conditions are sufficient and, moreover, the solution of (50) is unique, up to an affine map of
the form
u(z)=Czx+c, forsomeCeR"™™ andceR"

where AC + C*A = 0.
Remark 29. (i) Note that, (51) determines G, up to a constant once Gy is fixed. See Remark 31 for a
comparison with the corresponding Dirichlet problem.

(@) There are also several hidden necessary conditions of analytical, algebraic and topological nature on
the skew-symmetric part G, . For example, we must have dG, = 0 and

(Go (z)e;€’)y =0 for every x € 2 and for every e, e’ € ker A,.

Proof of Theorem 28. The equation A Vu+ (Vu)' A = G is equivalent to
A Vu+ (Vu)' A, =G, and A, Vu+ (Vu)' 4, = G,.

Step 1 (Necessity). The necessary conditions on the symmetric side follow from Theorem 8 applied to
A, , G4 and the equation A; Vu + (Vu)t Ag = G5 . To establish the necessity of (51), when Ay is invertible,
we proceed as follows. We note that v = Azu satisfies the equation Vv + (Vv)t = G . Therefore, for every
i, 5, k=1,...,n,

(M), + 0kGo)" = 0,GF — 0,GIF + OGY
= 0; (00" + Opv") — 0; (90" + Opv?) + Oy (9507 + 9j0)
=20, (9;v%) = 20x (Vv)¥
and similarly
((My), — 0Gs)? = 0;,G¥ — 0,GIF — 9,GY = —20;, (Vv)”"'
Since A, Vu + (Vu)t A, = G, , we deduce that, in 2,

201G = 201 |Au Vu + (V) Aa} — 20, [Aa A1V + (Vo) ATL A,
= Ay ATV[(M,),, + 0kGs] + [0uGs — (M,),] AT! Ag

which proves (51).
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Step 2 (Sufficiency). We first invoke Theorem 8 to find u € C™+1(2;R") satisfying
A, Vu+ (Vu)' A, =G, in 02,

As explained in the introduction, we can assume, without loss of generality, that Vu (zg) = Cp, since
ACy+ ClA =G (x0) (and thus As Cy + Cf As = G (z0)). It remains to show that u satisfies

Ay Vu+ (Vu) A, =G, in 0.

Setting v = Asu, we need to show that

Ay AP Vo4 (Vo) A7 A, =G, in 0.
Since ACy+ CE A = G (x¢) (and thus A, Co + Cf Ay = G, (x0)) we have

Ag A7V (20) + (Vo (20)) ATt Au — Ga (20) = Ag Co + Ch Au — Ga (20) = 0

and hence it is enough to establish that, for every k =1,...,n

O |Aa A7V + (Vo)  ATY A, — Gu| = 0. (52)
We have already seen in Step 1 that, in {2 and for every k =1,...,n,

(M), + Gy =20, (Vu) and (M), — OGs = —20, (Vo)'.

Therefore, using (51), for every k =1,...,n and in {2, we find

20y, [Ga — A ATV — (Vo)t AT? Aa]
=20y Gy — Ay AJ[(My),, + 0kGs] + [(My),, — O,Gs] ASH Ay = 0

and thus (52) holds.
Step 3. Uniqueness follows from Theorem 27. This proves the theorem. MW

5.8. The Dirichlet problem

Theorem 30 (Dirichlet Problem). Let {2 C R™ be open, bounded connected and smooth, v > 2 be an integer,
G = (Gij)lgmgn € C" (;R™ ") and A € R™*™. Then, the following holds.
Necessary conditions: if there exists u € C™+! (ﬁ; R") satisfying

AVu+ (Vu)'A=G in 02
u=20 on O012.

then G satisfies the following conditions
—in 2 and for every i,j, k,l=1,...,n,

0,G* — 9,GIF + 0,,GI — 9,,GY = 0
—1in §2 and for every a € ker Ay and i,k =1,...,n

[0kGY — 0,GF + 9;G7F] a7 =0
1

n

J
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—on 082 and for everyi,j=1,...,n,
Gs=(Gsv)@v+rv® (Gsv) — (Gsv;v)v Qv
V((GSVAV)”)/\u:Mij/\V

— for every x € Hr (£2;R™) and for everyi,j=1,...,n,

[ ooy = [ @arnn
Zng ()] - G Z/mcyma(m)

g g , N 1<k<n
where MY = (M) = 0,62 — 0,G3" )
- on 012
[GoAv=0ifn>3] or [/GE:OZ'JCNZQ} (54)
Q

Sufficient conditions: if furthermore Ay is invertible and the following necessary condition holds, for every
k=1,....n
20pGq = Ay A7V [(My),, + 0kGs) + [0kGs — (My), ) AS T Ay in 2 (55)

then the above conditions are sufficient and, moreover, the solution of (53) is unique.

Remark 31. (i) Once Gy is fixed in Theorem 30, G, is uniquely determined by (54) and (55). Indeed, (55)
determines G, up to a constant. Then, uniqueness follows from the boundary condition on G, i.e. (54).
(7i) In a similar way, (54) and (55) also imply that G is symmetric whenever A is.
(#i) When {2 is simply connected we have Hy (£2;R™) = {0}.
(iv) As already said, there are several hidden necessary conditions, notably that dG, = 0.

Proof of Theorem 30. As already observed, v € C" 1! (Q R") is a solution of (53) if and only if

A, Vu+ (Vu) A, =G, in Q2
A, Vu+ (V ) A, =G, in 2
U = on 012.

Step 1 (Necessary conditions). Let u € C™+1 (ﬁ; ]R”) satisfy (53). Then the necessary conditions on
the symmetric side follow from Theorem 11 applied to As and G . The condition (54) follows from the
corresponding one in Theorem 21 (and, when n = 2, cf. Remark 22 (i)) applied to A, and G, . The necessity
of (55), if Ay is invertible, has already been established in Step 1 of the proof of Theorem 28, see (51) .

Step 2 (Sufficient conditions). Using Theorem 11, we find v € C"T1(2; R") satisfying

A, Vu+ (Vu)' A, =G, in 2
u=0 on 012.

It remains to show that u satisfies
AVu+ (Vu)' 4, =G, in 0.
Setting v = A,u (which satisfies Vo + (Vo) = G), it is enough to show that

A A7IWVo + (Vo) A7V A, =G, in 0. (56)
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But we have already proved in (52) that, for every k =1,...,n,
O |Ga — A A7IVU — (V) A7 A, =0 in 0.
Therefore there exists C € R"*" with C* = —C, such that
Go— A A7V — (Vo) A7V A, =C  in 0.

It remains to show that C = 0.
— In the case n = 2, since [ G2 =0 and v = 0 on 942, it follows from the divergence theorem that C' = 0.
— We next discuss the case n > 3. Since v =0 on 92, Vv = S ® v on 942, for some S € C" (942;R™). We
therefore have on 94?2

=G~ [AA7'V0 — (40 47'90)] = Go = [A0 AT B 0w — (40 AT B 0 w)]
=G, — (A A7'B) A v
It hence follows from (54) that C Av = 0 on 942, which implies that C' = 0 and thus (56) holds.

Step 3. Uniqueness follows from Theorem 27 and the fact that u =0 on 0. N
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Appendix A. The algebraic case

We wish to discuss the existence of X € R"*" satisfying
AX +X'A=G.

Recall that R?*™ and R*™ denote respectively the set of nxn symmetric and skew-symmetric matrices with
real entries and for A € R™*" we let As (respectively A,) be its symmetric (respectively skew-symmetric)
part. We start with an elementary observation, whose proof is immediate.

Proposition 32. Let A,G € R"*".
Part 1. The equation AX + Xt A = G is equivalent to

A X+ XA, = (A, X))+ (4. X)' =G,
A X + Xt A, = (A, X) — (A X) = G,,.

Part 2. If X € R™*" is qa solution of AX + Xt A =G, then

(Ge;je!y =0, VeckerAandVe € ker A

(Gse;e'y =0, Ve, e eker Ay and (Gue;e’) =0, Ve, e € ker A,.
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A.1. The symmetric and skew-symmetric cases

Proposition 33. Let A,G € R}*"™. The following statements are then equivalent.
(i) There exists X € R™*"™ satisfying
AX+X'A=G.

(ii) A, G € RI*™ verify
(Ga;a'y =0 for every a,a’ € ker A.

Proof. The implication (i) = (ii) is elementary, so we discuss only the reverse one.
Step 1: A invertible. Trivially if A is invertible, then ker A = {0} and the proposition follows at once; any
solution of A X + X' A = G being of the form

X:A*<§+Y) with Yt =-Y.

Step 2: rtank A = k with 1 <k <n — 1. Let {e1,...,e,} be the standard Euclidean basis.
Special case. Assume first that

A=diag(Mi,..., A, 0,...,0) with A\ #£0,i=1,... k.
In this case (ii) is equivalent to
(Geryes) =0 foreveryr,s=k+1,...,n.

and thus, as G is symmetric,

G= G% Gs where Gy € RF*F Gy e RFX(2=F),
G5 O(n—k)x(n—k) s

We then let D = diag(\q,...,\x) € R¥*F which is invertible by assumption. Invoking Step 1, we find
Y € RFXF verifying DY + Y* D = G and set

—1
X:( Y b6 )eW”.
O—ryxk  Om—r)x(n—k)

A straightforward computation gives that A X + Xt A = G.
General case. The classical theorem for symmetric matrices gives that there exist P € O (n) (i.e. P'P = 1)
such that
P'AP = A=diag(\i,...,\,0,...,0) with X\ #0,i=1,...,k.

Then ker A = span{Pej11,...,Pe,} and, using (ii), we get
((P'GP)erses)y =(G(Pey);Pes) =0 foreveryr,s=k+1,...,n.
We may therefore apply the special case to (4, G) = (A, P! G P) to find Z € R"*" satisfying
AZ+Z'A=P'GP.
Setting X = P Z P!, we get the result and the proof is complete. W
Proposition 34. Let A,G € R}*™. The following statements are then equivalent.

(i) There exists X € R™*" satisfying
AX+X'A=G.

(ii) A, G € RY*"™ verify
(Gaj;a'y =0 for every a,a’ € ker A.
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Proof. Step 1. Trivially if A is invertible (this implies necessarily that the dimension n is even), then
ker A = {0} and any solution of A X + X* A = G is of the form

X=A"" (C;—i—Y) with Y'=Y.

Step 2. We next assume that rank A = k = 2m with 1 < k < n — 1. Then the classical theorem for skew-
symmetric matrices (see, for example, Corollary 2.5.14 in [9]) gives that there exist P € O (n) (i.e. P'P = 1)
such that

" o 0 N 0 Am ) ‘ .
PAP—/I—d1ag(<>\1 o) \xn. 0 ,0,...,0 with A\ #0, 1 <i<m.

From there the proof follows exactly as the one of Proposition 33. W

A.2. The general case
The following proposition is straightforward.

Proposition 35. Let A, be invertible and G € R™*™ verifying

G, G

— A, A TEA A,
Go=Au AT 0+ AT A, (57)

Then there exists X € R™"*"™ such that
AX +X'A=G.

Proof. Since X = A;!G,/2 is a solution of A, X + X* A, = G, and (57) holds, we see that it also solves
A, X + X' A, = G, and the proposition is proved. N

The above proposition can be improved if we further assume that A, is invertible.

Proposition 36. Let n = 2m and assume that both As and A, are invertible. Then
AX+X'A=G

has a solution provided

AGAT Y G+ G AV Ay = G+ A, ALY % ATV A+ AAT % A7t A, (58)
Moreover a solution of the equation is given by
X:A;l%JrA;l%—Agl%AglAaJrA;lH (59)

for any H satisfying (in particular H =0)
HAJ' A, —A;A;'H=0 and H'=H.
Furthermore if Ay A;1 and A, A7Y are linearly dependent, then (58) is also necessary.

Example 37. Let n =2m,Ap # 0 and

1 1
A:)\I"‘,LLJ = (AS’AG):()\I”LLJ) = (A;17A;1):<I7_MJ>



28 S. Bandyopadhyay, B. Dacorogna and D. Stritt / Nonlinear Analysis 196 (2020) 111787

(note that Ay A;' and A, A;! are linearly dependent) and (58) reads as
AMJGo+Go J|+p[Gs— TG J] =0

while a solution is given by

G. G, .G,
X<J2M+4)\+J4)\J)+JH

for any H satisfying (in particular H =0) JH - HJ=0 and H!'=H.

Proof. Step 1 (Sufficient conditions). Inserting the explicit form (59) of the solution into the equation,
bearing in mind (58), we immediately get the result.

Step 2 (Necessary conditions). The equation AX + X* A = G is equivalent (cf. Proposition 32) to the
following system

(60)

A X + XPA = (A X) + (A, X)' = G,
Ao X + X' Ay = (Ag X) — (A, X)' = G,

We assume now that Ay A;! and A, A1 are linearly dependent. Call
~1 ~1 1 Gs 1 Gs
O=A,A," Go+G, A, A, — | Gs + A, A, 714@ As+ A A, 7145 A,

We have to show that ¢ = 0. Return to (60) to get that

AdAT N Ga = A X + A ATV XA,
Go A7 Ay = A, X A7V A+ XA,
— (A AT S ATV A) = -1 (AL X ATV A+ AL AT XA AT A)
— (A A S AT AL) = -2 (AG AV A X ATV A, + A ATV XEA,)
Gy =— (A X +X"A,).

Summing up the five equations, we find that
20 =A XA VA + ALATV XM Ay — AJAJVASX AT A, — A AP X AL AT A

Since A, and A, are invertible and A, A7 and A, A7 ! are linearly dependent, there exists o # 0 such that
AA7V =a A AT (= A A = a A7 A,). Inserting this fact into the previous equation, we have indeed
obtained our claim. W

Appendix B. Ellipticity
We recall (cf. [6]) the notion of ellipticity that we use here.

Definition 38. Let A € R"*". We say that the operator £ defined by
Lu=AVu+ (Vu)' A
is elliptic if, for every £ € R™\ {0}, the system of algebraic equations
AN =(AN@E+E@ (A'N) =0

has A = 0 € R" as the only solution.

Proposition 39. The operator L is elliptic if and only if As, the symmetric part of A, is invertible.
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Proof. We start by observing that A (A, &) = 0 is equivalent to
(AN RE+HER(AsA) =0 and (A, N)®E—ER® (A N) =0.

(i) Assume first that A is invertible. Setting ;1 = A; A, we find that the first set of equations is equivalent
to p®E+E@p=0. When & # 0, the only solution is then p = 0. Since Ay is invertible, we have the claim.
(i) If As is not invertible, we can find A # 0 with X\ € ker A; and therefore

(AsN) @ E+E® (A A) =0 for every € # 0.
Then two cases can happen. Either A € ker A, and thus
(Ag V) ®E—E® (A A) =0 for every £ #0
concluding the claim. Or X ¢ ker A, and hence £ = A, A # 0 satisfies trivially
(AaA) @€ =@ (A A) =0.

Our claim is therefore established. W
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