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A	two-dimensional	world

From	sociology …	to	physics

Peierls 1907-1985

Would	the	usual	physical	objects	
like	crystals	or	magnets	exist	if	
we	were	living	in	a	2D	world?

R.	Peierls	1907-95

E.A.	Abbo+	1838-1926
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Peierls’s	argument	(1935)

At	non-zero	temperature	there	is	no	true	crystalline	order	in	dimension	1	or	2

Generaliza3on	by	Mermin-Wagner	and	Hohenberg	(1966)	for	any	system	
with	short-range	interac3ons:		no	breaking	of	a	con3nuous	symmetry	
leading	to	a	long-range	order	in	the	system	( )T ≠ 0

This	result	also	applies	to	the	case	of	Bose-Einstein	condensa5on	(U(1)	symmetry)

h(uj � u0)
2i / T ln(Rj)

diverges	at	long	distanceRj
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Topological	order

1973,	Kosterlitz	&	Thouless	:		
					Ordering,	metastability	and	phase	transi5ons	in	two-dimensional	systems	

D.J.	Thouless F.D.	HaldaneJ.M.	Kosterlitz

In	spite	of	Mermin-Wagner-Hohenberg	theorem,	“unconven3onal”	phase		
transi3ons	can	s3ll	take	place	in	2D	systems

Transi5on	between	two	different	kinds	of	 
disordered	phases,	that	are	topologically	dis5nct
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Outline	of	the	first	two	hours

2.	The	2D	ideal	Bose	gas

3.	The	Gross-Pitaevskii	approach
• Phase	and	density	fluctua3ons	
• Quasi-long	range	order	
• Bogoliubov	spectrum	and	sound	propaga3on

• Uniform	vs.	trapped	systems	
• The	case	of	a	2D	gas	made	with	photons

Second	part	of	the	lecture:		
The	role	of	vor3ces	and		the	Kosterlitz-Thouless	mechanism

1.	The	Peierls	argument
The	role	of	thermal	phonons	in	1D,	2D,	3D

Hadzibabic & Dalibard, Riv. Nuo. Cim. 34, 389 (2011) + College de France lectures 2016-17
For superconductors: Benfatto, Castellani & Giamarchi, arXiv 1201.2307 
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Peierls	argument	in	one	dimension
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x

U(x)

a

Zero	temperature:	ordered	chain

A	simple	qualita3ve	version:	Piling	up	defects

 =
d2U

dx2

����
x=a

Non-zero	temperature:

h�1i = 0 h�21i ⇠
kBT



We	fix	the	posi3on	x0	of	the	atom	j = 0.	The	posi3on	of	atom		j = 1 can	fluctuate:

x1 = x0 + a+ �1



Piling	up	defects	(2)

0 1 2 3 .  
.  
.

If																						,	i.e.	if																						,	we	have	lost	all	informa3on	regarding	the		h�2
j i & a2 j & a2

kBT
posi3on	of	atom	j	with	respect	to	the	crystal	period:	no	long-range	order

{
h�2j i ⇠

kBT



h�21i ⇠
kBT


x1 = x0 + a+ �1
x2 = x1 + a+ �2

xj = xj�1 + a+ �j

�j = �1 + �2 + . . .+ �j

h�2
j i ⇠

kBT


j.Sum	of	independent	variables:

xj = x0 + ja+�j
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A	more	quan3ta3ve	analysis:	The	1D	harmonic	crystal

Periodic	boundary	condi3ons

j = 0 ⌘ N

j = 1
j = N � 1

T = 0

u1

u2

u3

T 6= 0

Energy	: E =
NX

j=1

1

2
mu̇2

j +


2
(uj+1 � uj)

2

Hypothesis:																																									but	not	necessarily|uj+1 � uj | ⌧ a |uj | ⌧ a

Equa3ons	of	mo3on: m üj = (uj+1 � 2uj + uj�1)
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Solu3ons	of	the	equa3ons	of	mo3on

Analysis	in	Fourier	space: ûq =
1p
N

X

j

e�i qXj uj

wave	number	q	:	 q = �⇡

a
, . . . ,� 2⇡

Na
, 0,

2⇡

Na
, . . . ,+

⇡

a

N	independent	equa3ons	for	each	value	of	q	:

¨̂uq + !2
q ûq = 0 !q = 2

r


m
| sin qa

2
|with

For	small	wave	numbers,																			,	we	find	a	linear	dispersion	rela3ons:q ⌧ ⇡/a

!q = c |q| with c = a

r


m

Sound	waves	(phonons)

Xj = ja
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Thermodynamic	equilibrium	for	this	1D	system

huj � u0i = 0

h(uj � u0)
2i = kBT

m

4

N

X

q

sin2 (qXj/2)

!2
q

to	be	calculated

Back	to	posiCon	space:	what	is	the	correla3on	between	the	displacements	of		
two	atoms	separated	by	 	sites?j

uj � u0 =
1p
N

X

q

�
eiqXj � 1

�
ûq Xj = ja

Average	at	thermal	equilibrium: hûqû
⇤
q0i = 0 si q 6= q0

1

2
m!2

q h|ûq|2i =
1

2
kBT h|uq|2i =

kBT

m!2
q

hûqû
⇤
q0i = 0 si q 6= q0if

System	described	by	a	collecCon	of	independent	harmonic	oscillators	ωq
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Es3ma3on	of	 h(uj � u0)
2i

Passage	from	a	discrete	sum	over	q	to	an	integral,	and	use	of !q ⇡ c |q|

h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/a

0

sin2(qXj/2)

q2
dq

Cut	the	integral	in	two	pieces,	which	are	es3mated	using	different	approxima3ons:
• Larger	wave	number	(i.e.,	shorter	wavelength)	:	q > ⇡/Xj

0 jXj

sin2(qXj/2) ⇡
1

2

• Smaller	wave	number	(i.e.,	larger	wavelength)	:	 q < ⇡/Xj

0 j
sin2(qXj/2) ⇡ (qXj/2)

2

useless:	divergent		
integral	in	 !q = 0

<
4

⇡

kBT

a

Z ⇡/a

0

1

q2
dq

<latexit sha1_base64="ZOr0ScI5NZYCTEySs2bo5DRzNZs="></latexit>

?



12

Contribu3on	of	the	two	pieces	of	the	integral

Large	 :q h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/a

⇡/Xj

1

2q2
dq

⇠ kBT

a
Xj

Small	 :q h(uj � u0)
2i ⇡ 4

⇡

kBT

a

Z ⇡/Xj

0

(qXj/2)2

q2
dq

⇠ kBT

a
Xj

The	two	parts	have	a	similar	magnitude	and	we	recover	the	result	obtained	by	“piling	
up”	the	defects.	The	main	contribu3on	comes	from	the	modes:	

q ⇠ ⇡

Xj
responsible	for	the	loss	of	long-range	order

Es3ma3on	of	 h(uj � u0)
2i
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The	two-dimensional	case

Similar	analysis	to	the	1D	case,	looking 
for	modes	of	wave	vector	q

The	detailed	analysis	is	more	complicated	because	of	the	two	possible	 
polariza3ons	of	the	modes:	parallel	or	perpendicular	to	q

Here	we	look	only	for	scaling	laws

j ⌘ (jx, jy)

q ⌘ (qx, qy)
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Devia3on	with	respect	to	equilibrium	in	2D	

A	treatment	similar	to	the	1D	case	leads	to

h(uj � u0)
2i ⇠ kBT



2

⇡2

Z

ZB

sin2(q ·Rj/2)

q2
d2q.

where	the	vector																										is	in	the	Brillouin	zoneq = (qx, qy)

�⇡

a
< qx,y < +

⇡

a

Again	cut	the	integral	in	two	pieces:
• Wave	vectors	such	that: q > ⇡/Rj

⇠ 1

⇡2

kBT



Z ⇡/a

⇡/Rj

1

q2
2⇡q dq ⇠ 2

⇡

kBT


log(Rj/a)

• Wave	vectors	such	that:	 q < ⇡/Rj

⇠ 1

2⇡2

kBT


R2

j

Z ⇡/Rj

0
⇡q dq ⇠ ⇡

4

kBT



dominant
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No	long	range	order	in	2D

Peierls 1907-1985Main	result: h(uj � u0)
2i ⇠ kBT


log(Rj/a)

with	a	dominant	contribu3on	of	wave	vectors																						as	in	1D.q ⇠ ⇡/Rj

0 j

No	long-range	order

h(uj � u0)
2i ! 1 quand Rj ! 1

but	only	a	logarithmic	divergence,		to	be	compared	with	a	linear	divergence	in	1D

“quasi-long	range	order”

R.	Peierls
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What	about	3D?

image I. Bloch

Same	type	of	analysis:

h(uj � u0)
2i ⇠ akBT



Z

ZB

sin2(q ·Rj/2)

q2
d3q

d3q = q2 dq d2⌦ no	divergence	anymore	 
in	q = 0

h(uj � u0)
2i ⇠ kBT


One	then	finds																																																		:	independent	of Rj

kBT


⌧ a2If																											,	cristalline	order 

can	exist	over	an	infinite	range

wikipedia



17

Mermin	-	Wagner	-	Hohenberg	theorem

For	a	system	with	a	dimension	lower	or	equal	to	2	and		
short-range	interacCons,	there	is	no	spontaneous	breaking	  
of	a	conCnuous	symmetry	at	a	non-zero	temperature

• If	the	range	is	infinite,	mean-field	theory	is	valid	and	standard	phase	transi3ons	 
predicted	in	this	case	can	occur.

• Con3nuous	symmetry:	transla3on,	Heisenberg	magne3sm,	Bose-Einstein  
condensa3on.	The	theorem	does	not	apply	as	such	to	discrete	symmetries	(Ising).

• At	zero	temperature	the	interac3ng	Bose	gas	is	condensed.
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What	about	graphene?

Compa3bility	with	Mermin	-	Wagner	-	Hohenberg	theorem?

• Because	of	the	large	value	of	the	bounds,	the	loss	of	crystal	order	
appears	only	on	very	long	length	scales

A	finite	size	sample	may	exhibit	a	crystalline	order

• The	surface	is	rippled	and	the	
non-linear	coupling	between	the	
fluctua3ons	of	the	height	and	the	
displacements	parallel	to	the	
surface	induce	an	effec3ve	lon-
range	component Fasolino et al, 2007 

 Nature materials 6.11, p. 858–861.
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2.		

The	2D	ideal	Bose	gas

• Uniform	vs.	trapped	systems	
• The	case	of	a	2D	gas	made	with	photons
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Einstein’s	saturated	ideal	gas

Bose	par3cles	confined	in	a	box	at	fixed	temperature	

The	number	of	par3cles	that	can	be	placed	in	
the	excited	sates	is	bounded.	Indeed	the	Bose	law {Nexc

Con3nuum	limit	using	the	density	of	states:	 Nexc(T, µ) <

Z +1

0

D(E)

eE/kBT � 1
dE

Does	this	integral	converge	in	E=0		?

Np =
1

e(Ep�µ)/kBT � 1

is	meaningful	only	if	 µ < E0 = 0

Nexc(T, µ) =
X

p 6=0

1

e(Ep�µ)/kBT � 1

<
X

p 6=0

1

eEp/kBT � 1
obtained	for µ ! 0

E0



For	a	given	T,	one	can	put	an	arbitrarily	large	number	of	
par3cles	in	the	excited	states	by	leong																:		no	BEC						

21

{Nexc

Nexc(T, µ) <

Z +1

0

D(E)

eE/kBT � 1
dE

The	convergence	in	E = 0	depends	on	D(E)		

• In	3D:	D(E) /
p
E

kBT

Z

0

1p
E

dE converges	in	E=0	:	BEC	!

and
1

eE/kBT � 1
⇡ 1⇣

1 + E
kBT

⌘
� 1

=
kBT

E

Einstein’s	saturated	ideal	gas	(2)

• In	2D:	D(E)	is	constant	and	the	integral																														divergeskBT

Z

0

1

E
dE

µ ! 0
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Momentum	distribu3on	of	the	ideal	2D	Bose	gas

Varying	phase	space	density	from	<<	1	to		>>1

0 2 4 6 8

10�3

101

105

p�T /h̄

N
(p
) D = 0.1, 0.3, 1, 3, 10

p�T

~ = 1 , p2

2m
=

1

4⇡
kBT

Quantum	sta3s3cs	s3ll	play	a	role,	even	in	the	absence	of	condensa3on:	
Par3cles	accumulate	in	the	region	of	small	momenta

Lorentz	distribu3on

�T =
~
p
2⇡p

mkBT
:	thermal	wavelength

D = ⇢�2
T :	phase	space	density

N(p) =
1

e(p2/2m�µ)/kBT � 1
⇡ kBT

p2

2m + |µ|
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Spa3al	coherence	of	the	2D	Bose	gas

Characterized	by	the	one-body	correla3on	func3on

G1(r, r
0) = hr|⇢̂1|r0i :	Fourier	transform	of	the	momentum	distribu5on

0 2 4 6 8

10�3

10�1

101

r/�T

G
1
(r
)

D = 0.1, 0.3, 1, 3, 10

Lorentz	momentum	distribu3on

G1(r, 0) / e�r/`

The	coherence	length	
increases	with	

`

D

Exponential G1

An	exponen5al	decay	is	by	essence	“fast”	(even	if	 	can	be	large):		
no	emergence	of	quasi-long	range	order	at	this	stage…	

ℓ
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2.		

The	2D	ideal	Bose	gas	
(con3nued)

• The	case	of	a	trapped	gas	
• The	case	of	a	2D	gas	made	with	photons
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Density	of	states	in	a	2D	harmonic	poten3al

En = (nx + ny + 1)~! D(E) / E

~!

~!
This	ensures	the	convergence	of

Z +1

0

D(E)

eE/kBT � 1
dE

Satura3on	of	excited	state	popula3ons	in	a	harmonic	poten3al

Nexc < 1.64

✓
kBT

~!

◆2

1.64... =
⇡2

6

Condensate	like	in	3D	?
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This	condensate	is	singular

Descrip3on	within	semi-classical	approxima3on																											with	

Spa3al	density	in	the	limit															,	i.e.,	

⇢(r) =

Z
W (r,p) d2p = � 1

�2
T

ln
⇣
1� e�m!2r2/(2kBT )

⌘
µ ! 0 Z ! 1

which	gives	in	the	trap	center																:		r ! 0

⇢(r) ⇡ � 1

�2
T

ln(r2) + constante diverges	in	 r = 0

(kBT � ~!)

Problem	for	interac3ng	par3cles…

N(E) =
1

e(E�µ)/kBT � 1
W (r,p) / 1

e

⇣
p2

2m+ 1
2m!2r2�µ

⌘
/kBT � 1
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A	nearly	ideal	2D	gas	in	a	harmonic	poten3al:		
Photons	in	a	small	cavity

How	to	give	a	mass	to	photons?	
How	to	harmonically	trap	photons	in	2D?	
How	to	give		non-zero	chemical	poten3al	to	photons?	
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Bonn	experiment	(M.	Weitz	group)

Methanol	+	dye	(Rhodamine	6G)

Op3cal	index	 n0 = 1.33

L = 1.5µm

Op3cal	cavity	with	finesse	105

with	

Photon	wavelength	in	the	range	500-580	nm

L ⇡ N
�

2n0
N = 7

Longitudinal	modes	N = 6	or	N = 8	correspond	to	wavelengths	that		
cannot	be	reached	by	fluorescence	of	the	dye	molecules

The	degree	of	freedom	along	z	is	frozen	for	the	photons	in	the	cavity

z
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A	mass	for	photons?

Along	the	cavity	axis	z:																												with	kz = N⇡/L N = 7

Transverse	(xy)	degrees	of	freedom:																																				E = ~! =
~c|k|
n0

|k| =
q

k2z + k2
?

⇡ ~!0 +
~2k2

?
2mph

where	: ~!0 =
N⇡~c
n0L

mph =
~n0kz

c

mph ⇡ 0.7⇥ 10�35 kg

100	000	fois	lighter	than	an	electron

Paraxial	approxima3on |k?| ⌧ kz

E ⇡ ~c
n0

kz

✓
1 +

k2
?

2k2z

◆
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A	2D	harmonic	trap	for	photons

L(0)

L(r) L(r) = L0 � 2
⇣
R�

p
R2 � r2

⌘

⇡ L0 �
r2

R

~!0 =
N⇡~c
n0L

to	be	injected	into	:

~!0(r) = ~!0(0) +
1

2
mph⌦

2r2

hence	the	energy	of	a	photon	at	a	distance	r	from	op3cal	axis

with	:	 ⌦ =
c

n0

p
L0R/2

⌦/(2⇡) ⇡ 40GHz

Summary	of	this	par3cle-like	analysis: E(r,k?) =
~2k2

?
2mph

+
1

2
mph⌦

2r2
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2D	photon	condensa3on	observed	in	Bonn

Spectrum	of	the	light	for	increasing	
pump	power	

Fit	with	a	Bose-Einstein	law	T=300	K	
and	an	adjustable	chemical	poten3al

Condensa3on	expected	for	

⇡ 60 000

Good	agreement	with	experiments

N =
⇡2

3

✓
kBT

~⌦

◆2

Klaers et al, Nature 468 545 (2010)
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Difference	with	black-body	radia3on

To	derive	Planck’s	law	one	imposes	μ	=	0	for	photons

1	photon One	excita3on		
of	the	walls

2	photons

Non	conserva3on	of	total	excita3on	number:	

µ = 2µ ) µ = 0

Here	we	have	the	conserva3on	law	for	the	total	excita3on	number	(RWA):

1	photon	+	1	molecule	g 1	molecule	e

Chemical	poten5al:	Lagrange	parameter	associated	to	this	conserva5on
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3.		

The	Gross-Pitaevskii	approach	for	the	interac3ng	2D	gas

• Phase	and	density	fluctua3ons	
• Quasi-long	range	order	
• Bogoliubov	spectrum	and	sound	propaga3on

z

x

y Contact	interac3ons	described		
by	the	3D	sca+ering	length	a

aho
<latexit sha1_base64="tcIQ3xyMUzdOULFdmVRVyNp0+zY="></latexit>
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The	2D	Gross-Pitaevskii	energy

Descrip3on	of	the	state	of	the	gas	by	the	classical	field																: (x, y)

Dimensionless	parameter	describing	
the	strength	of	contact	interac3ons

Eint =
~2
2m

g̃

Z
| (r)|4 d2r

Ground	state	in	a	box	L x L:  (r) =
p
⇢0 avec ⇢0 =

N

L2
 (r) =

p
⇢0 avec ⇢0 =

N

L2

At	non-zero	temperature,	phase	and	density	fluctua3ons:	  (r) =
p
⇢(r) ei✓(r)

E = Ekin + Eint

Ekin =
~2
2m

Z
|r |2 d2r

g̃ =
p
8⇡

a

aho
<latexit sha1_base64="w7wPuxBYpGpyhy7xqd3+jCyExG0="></latexit>



Simplest	approach	at														:		Only	phase	fluctua3ons

D � 1 D = ⇢0�
2
T

Freezing	of	density	fluctua3ons	due	to	repulsive	atomic	interac3ons  (r) ⇡ p
⇢0 ei✓(r)

Interac3on	energy:	 =
~2
2m

g̃ L2 ⇢20

Kine3c	energy:	 Ekin ⇡ ~2
2m

⇢0

Z
(r✓)2 d2r

Valid	for	large	phase	space	densi5es

Frozen!Eint ⇡
~2
2m

g̃

Z
⇢20 d2r

T 6= 0

Fourier	expansion	of	the	phase ✓(r) =
X

q

cq e
iq·r

Valid	only	for	soT	varia5ons	of	the	phase	(no	vortex!)

At	thermal	equilibrium:	 h|cq|2i / kBT

Auer	some	algebra:	 cf.	Peierls!h[✓(r)� ✓(0)]2i ⇡ 2

D ln(r/�T )
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Phase	coherence	in	an	interac3ng	2D	Bose	gas

One-body	correla3on	func3on

D = ⇢�2
T = 10

• Ideal	gas:	exponen3al	decrease G1(r) / e�r/`

• Interac3ng	gas:	 G1(r) / 1/r↵ ↵ = 1/D = 1/10with

0 50 100 150 200 250 300
0

0.2

0.4

0.6

0.8

1

r/�T

G
1
(r
)

ideal	gas

interac3ng	gas
G1(r)

r/�T

G1(r) = h (r)  ⇤(0)i ⇡ ⇢0 hei[✓(r)�✓(0)]i

quasi-long	range	order
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One	step	beyond:	Bogoliubov	approach

 (r, t) =
p
⇢0 + �⇢(r, t) ei✓(r,t) |�⇢| ⌧ ⇢0

Again	a	Fourier	expansion	(i.e.,	s3ll	no	vor3ces):

⇢(r, t) = ⇢0 [1 + 2⌘(r, t)] ⌘(r, t) =
X

q

dq(t) e
iq·r

✓(r, t) =
X

q

cq(t) e
iq·r

Coupled	phase-density	equa3ons	of	mo3on	obtained	from	Gross-Pitaevskii	equa3on
✓
2m

~

◆
ċq = �

�
q2 + 4 g̃⇢0

�
dq

✓
2m

~

◆
ḋq = q2 cq

c̈q + !2
qcq = 0

d̈q + !2
qdq = 0

Plane	wave	solu3ons	with	Bogoliubov’s	dispersion	rela3on:

!q =
~
2m

⇥
q2

�
q2 + 4 g̃⇢0

�⇤1/2
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Bogoliubov	spectrum

!q =
~
2m

⇥
q2

�
q2 + 4 g̃⇢0

�⇤1/2

• Small	wave	vector q2 ⌧ 4 g̃⇢0

Sound	waves

Landau	criterion:	This	linear	branch	ensures	superfluidity	since	an		
impurity	moving	at	a	velocity	smaller	than	c0	cannot	be	slowed	down

• Large	wave	vector q2 � 4 g̃⇢0 ~!q =
~2q2
2m

up	to	a	constant

Free	parCcle	regime

!q = c0q c0 =
~
m

p
g̃⇢0 0 1 2 3 4

0

2

4

6

8

q (unité :
p
g̃⇢0)

!
q

(u
ni

té
:h̄

g̃⇢
0
/m

)

q (unit :
p

g̃⇢0)

!
q

(u
n
it
:
~g̃

⇢ 0
/m

)

This	approach	also	leads	to G1(r) / 1/r↵
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A	2D	uniform	gas	in	the	lab

Freezing	the	vertical	direction		
by	trapping	the	atoms	at		

a	single	node	of	standing	light	wave

10	nK 200	nK

DMD	2

DMD	1

Confinement	in	the	horizontal	plane	
using	a	«	laser	box	»	imprinted		
using	digital	miroir	devices

30	µm

60	µm

J.-L. Ville et al., Phys. Rev. Lett. 121, 145301 (2018)
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Propagation	of	sound	waves	in	a	2D	gas

Modulation	of	the	atomic		
density	for	a	short	period		
(20	ms)	on	one	edge

Density	modulation		
right	after		

the	excitation

Multiple	bounces	of	the	wave	packet	
Sound	velocity	2mm/s

Propagation	time	(ms)

0 100 300200

60µm

J.-L. Ville et al., Phys. Rev. Lett. 121, 145301 (2018)
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Summary	for	this	first	part

Using	a	modelling	of	the	2D	gas	in	terms	of	a	classical	field,	we	have	characterized	
the	dynamics	and	the	thermal	equilibrium	of	the	system

• Valid	if	the	phase										can	be	Fourier-expanded
Vor5ces	were	excluded	up	to	this	point

• Leads	to	quasi-long	range	order	in	the	presence	of	interac3ons

G1(r) = h (r)  ⇤(0)i / 1/r↵ ↵ = 1/Ds

Open	quesCons

What	happens	in	the	presence	of	stronger	phase	fluctua3ons?

How	can	one	connect	this	result	to	the	high	temperature	case,	
where	one	expects	to	recover	an	exponen3al	decay	of	G1?

Drama5cally	different	from	the	ideal	gas	case	(exponen5al	decay)

✓(r)
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Topological	ma+er	and		
its	explora3on	with	quantum	gases			

The	Kosterlitz-Thouless	transi3on	explored	 
with	atomic	and	photonic	fluids

Jean	Dalibard

Lectures	at	EPFL	
November	2019
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Summary	of	the	first	part

What	happens	to	a	macroscopic	quantum	fluid	in	2D?				
Is	there	a	BEC?

Peierls	(1935),	Mermin,	Wagner,	Hohenberg	(1966):		
No	long	range	order	in	a	uniform	system!

30	µm

We	confirmed	this	result	by	calcula3ng	the	one-body	correla3on	func3on	

G1(r, r
0) = hr|⇢̂1|r0i

Contrarily	to	the	3D	case,	this	func3on	in	2D	must		
tend	to	0	when	|r-r’|	tends	to	infinity

However,	we	obtained	very	different	behaviors	(both	compa5ble	with		
Mermin-Wagner)	for	the	ideal	gas	case	and	for	the	interac5ng	gas	case
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Summary	of	the	previous	lecture	(2)

D = ⇢�2
T = 10

• Ideal	gas:	exponen3al	decrease G1(r) / e�r/`

• Interac3ng	gas,	assuming	reduced	density	fluctua3on	and	
smooth	phase	fluctua3ons	of	the	classical	field																						
describing	the	state	of	the	gas	(phonons):	

G1(r) / 1/r↵ ↵ = 1/D = 1/10with

0 50 100 150 200 250 300
0

0.2

0.4

0.6

0.8

1

r/�T

G
1
(r
)

ideal	gas

interac3ng	gas
G1(r)

r/�T

quasi-long	range	order

D = ⇢�2
T = 10:	phase	space	density

 (r, t)

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5 | |

x
y
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Goal	of	this	lecture

The	freezing	of	density	fluctua3ons	leading	to	quasi-long	range	order	
is	only	effec3ve	at	low	temperature	

At	a	larger	temperature,	interac3ons	should	become	negligible	and	
one	should	recover	the	ideal	gas	case

How	does	the	transiCon	occur?			
Cross-over	or	unconvenConal	phase	transiCon?

The	elementary	bricks	of	this	transi3on	are	quan3zed	vor3ces

 (x, y) Zero	of	the	spa3al	density	with	a	phase	winding		
of	n 2π	where	n	is	a	posi3ve	or	nega3ve	integer

In	prac3ce	:	 ± 2⇡

Berezinskii	-	Kosterlitz	-	Thouless	(1971-74)



If	isolated	vor3ces	have	a	spa3al	density		ρv,	one	can	expect	that	any	
phase	ordering	will	be	lost	over	a	distance		⇠ ⇢�1/2

v 48

Why	vor3ces	destroy	the	quasi-long	range	order?

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

�

x
y

| (x, y)| Consider	two	points	A	and	B	between	which	
there	exists	a	significant	phase	coherence	if	
one	restricts	to	phonon	excita3ons

If	an	isolated	vortex	has	a	significant	probability	
to	appear	in	the	vicinity	of	the	AB	segment,	the	
rela3ve	phase	will	strongly	fluctuate:

� ! �+ ⇡ �1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

�+ ⇡

x
y

| (x, y)|

A B
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Outline	of	the	lecture

1.	The	BKT	transiCon
Can	a	single	vortex	exist	in	an	infinite	2D	Bose	fluid?

2.	Experimental	consequences	in	AMO	physics

The	cri3cal	point

Superfluidity	of	2D	fluids

Quasi-long	range	order

3.	Back	to	crystal	order:	Experiments	with	magneCc	beads	
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The	zeros	of	the	classical	field  (x, y)

Consider	at	3me	t	a	fluctua3ng	classical	field	and	look	at	its	real	and	imaginary	parts

Re [ (x, y)]

Posi3ve

Nega3ve

Im [ (x, y)]

Posi3veNega3ve

Two	vor3ces	of		
opposite	circula3ons

Posi3ve
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Appari3on	and	dispari3on	of	vor3ces

Im [ (x, y)] = 0Re [ (x, y)] = 0

No	vortex A	double	zero:	
density	hole	with	
no	phase	winding

Two	simple	zeros	
with	opposite	circula3ons:	

a	vortex	pair

A	vortex	pair	can	appear	via	a	significant	density	fluctua5on



Velocity	field	of	a	vortex

Example	of	a	vortex	in	r = 0	:		 '✓(r) = '

v(r) =
~
m
r✓ =

~
mr

u'

 (r) =
p
⇢(r) ei'

Density	profile	close	to	the	vortex	loca3on

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

⇢(r)

r

⇠

⇢(r)

r

⇠ =
1p
2g̃⇢

Healing	length
:	modelling	with	
a	step	func3on

I
v(r) · dr = 2⇡

~
m

g̃ : Dimensionless	interac3on	parameter
3D	sca+.	length	/	thickness/



53

The	energy	of	a	vortex

KineCc	energy	(vortex	at	the	center	of	a	disk	of	radius	R ):

Ecin =
1

2
m

Z
⇢(r) v2(r) d2r v(r) =

~
mr

= ⇡
~2⇢
m

ln(R/⇠).

⇡ 1

2
m ⇢

~2
m2

Z R

⇠

1

r2
2⇡r dr

Prefactor	:	robust	
Inside	the	log	:	depends	on	the	model	for	the	core	

Diverges	with	system	size

InteracCon	energy:	one	must	create	a	hole	of	size	ξ	in	the	fluid

✏0 ⇠ ~2⇢
m

⌧ Ecin
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Is	the	existence	of	an	isolated	vortex	likely?

2R

2⇠

Number	of	independent	«	boxes	»	to	place	the	vortex:

W ⇡ R2

⇠2

Probability	for	a	vortex	to	exist	in	such	a	box:

p ⇡ e�Ekin/kBT

Total	probability:	 P = Wp ⇡
✓
⇠

R

◆�2+D/2

Using	the	expression	for	the	kine3c	energy:

Probability	for	a	given	box: p ⇡ exp


�D

2
log

✓
R

⇠

◆�
=

✓
⇠

R

◆D/2

�2
T =

2⇡~2
mkBT

D = ⇢�2
T

Ekin

kBT
=

1

kBT

⇡~2⇢
m

ln(R/⇠) =
D
2

ln(R/⇠)

entropic	term
energeCc	term
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2R

2⇠

• If																													,	i.e.,																,	then	
				the	probability							tends	to	0	when	

The	energy	cost	is	larger	than	the	entropy	gain:	no	isolated	vortex

�2 +
Ds

2
> 0 Ds > 4

P R ! 1

• If																		,	then																:					Isolated	vor3ces	can	proliferate…Ds < 4 P > 1

Is	the	existence	of	an	isolated	vortex	likely	(2)?

P ⇡
✓
⇠

R

◆�2+D/2

P ⇡
✓
⇠

R

◆�2+Ds/2

Renormaliza3on: ⇢, D ⇢s, Ds superfluid	component

Probability:

Ds = 4Ds

No	isolated	vor5ces Prolifera5on	of	isolated	vor5ces,	
loss	of	quasi-long	range	order

Large small Ds Temperature



The	velocity	field	of	a	vortex	pair

`

Superposi3on	of	the	velocity	fields	created	by	each	vortex

Magne3c	analogy:		
Field	created	by	parallel	wires	 

with	opposite	currents	

�1 �0.5 0 0.5 1

0

Dipolar	field:	Decreases 
as		1/r2		at	infinity	
instead	of	1/r	for	an	  
isolated	vortex
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Energy	of	a	vortex	pair

The	kine3c	energy	is	now	given	by	a	converging	integral

v / 1

r2
v2 / 1

r4
r	large:

Z
v2(r) d2r converges	at	∞

Quan3ta3ve	result:	 Ecin(`) ⇡ 2⇡
~2 ⇢s
m

ln

✓
`

⇠

◆

`

Interac3on	energy:		creates	two	holes	of	size	ξ		 Eint = 2 ✏0 ✏0 ⇠ ~2⇢s
m

The	two	energies	are	comparable	for	 ` ⇠ ⇠

`

2R Probability	for	observing	a	vortex	pair:

P(`) = exp

⇢
�2✏0 + Ecin(`)

kBT

�
P(`) /

✓
⇠

`

◆Ds
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Average	size	of	a	vortex	pair

`

2R

Probability	distribu3on	for	the	size

P(`) /
✓
⇠

`

◆Ds

h`2i =
R +1
⇠ `2 P(`) 2⇡` d`
R +1
⇠ P(`) 2⇡` d`

Variance	:

= ⇠2
Ds � 2

Ds � 4
diverges	for	 Ds ! 4+

Ds

no	isolated	vortexprolifera5on	of	  
isolated	vortex

0 2 4 6 8 10
0

2

4

6

8

10

40

h`2i
⇠2 4

8

0

hra � rbi = 0

h(ra � rb)
2i =?

Average:
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Vortex	pair	density

Probability	that	a	pair	is	present	in	a	given	area	 		πR2 :

p(R) =

ZZ
P (|ra � rb|)

d2ra
⇡⇠2

d2rb
⇡⇠2

with P(`) ⇡ y20

✓
⇠

`

◆Ds

Average	distance	between	neighboring	pairs: d ⇡ ⇠ e✏0/kBT
p

Ds

When									gets	closer	to	the	limi3ng	value																,	the	distance	between	pairs	
becomes	comparable	to	the	pair	size:	one	must	refine	the	analysis

Ds Ds = 4

For	a	strongly	degenerate	gas,																	,	vortex	pairs	form	a	dilute	gasDs � 1
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Isolated	vor3ces	and	loss	of	superfluidity

Is	this	current	metastable	?

Current	in	a	ring,	corresponding	to	a	phase		
winding	2πN	of	the	field	 (r)

If	isolated	vor3ces	exist	in	the	ring,		
they	may	cross	it:

N ! N ± 1

Fluctua5ons	of	the	current,	
which	will	thus	be	damped		
and	will	tend	to	zero

A	pair	of	vor3ces	of	
opposite	charges	has		
no	effect	on	the	current



To	summarize

The	BKT	transi3on	occurs	between	two	different	types	of	states

Temperature	
0 Tc

Superfluid	state Normal	state
Ds > 4 Ds = 0

G1(r) / 1/r↵ G1(r) / e�r/`

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

g = 0 g = 1 g = 2

q = +1

q = �1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = �2⇡~

m

I

C
v(r) · dr = 0

Universal	law	for	the	cri3cal	value	of	the	superfluid	density:

Total	(superfluid+normal)	phase-density	at	the	cri3cal	point:

Prokofev and Svistunov

Dtotal ⇡ ln

✓
380

g̃

◆
> 4

↵ = 1/Ds

Ds,crit = 4 ↵crit = 1/4

g̃ : Dimensionless	interac3on	parameter
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To	summarize	(2)

�1 �0.5 0 0.5 1 �1

0

1

0

0.5
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1.5

| (r)|

2⇡

with	a	vortex

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

�1 �0.5 0 0.5 1 �1

0

1

0

0.5

1

1.5

no	

to
po

lo
gi
ca
lly
	

éq
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Low	 :	disordered	(as	required	by		
Mermin-Wagner),	but	in	a	“gentle”		
way	that	can	be	“ironed-out”

T Large	 :	the	presence	of	isolated	 
vor3ces	make	the	state	qualita3vely		
different	from	the	low	 	version

T

T
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2.		

Experimental	consequences	in	AMO	physics

The	cri3cal	point	in	a	trap	(Cambridge)

V (r) =
1

2
m!2r2

r2 = x2 + y2



Reminder:	Ideal	gas	BEC	in	a	2D	harmonic	trap

Satura3on	of	the	excited	states	of	the	trap	for

Nc,ideal =
⇡2

6

✓
kBT

~!

◆2

N > Nc,ideal

In	the	thermodynamic	limit N ! 1 ! ! 0 N!2 = constant

this	point	is	reached	for	a	density	at	center ⇢(0) = 1

Impossible	to	achieve	for	a	gas	with	repulsive	interacCons



When	the	interac3on	parameter															,	one	findsg̃ ! 0
Nc,BKT

Nc,ideal
! 1

Ideal	gas	condensa5on	in	a	2D	harmonic	poten5al	can	be	viewed	as	the		
limi5ng	case	of	the	superfluid	transi5on	of	an	interac5ng	gas	in	the	same	trap

65

The	BKT	cri3cal	point

How	many	atoms	should	one	put	in	a	trap	in	order	to	reach	the	superfluid		
threshold	at	the	center	of	the	trap?

Local	density	approxima3on:

Finite	quan5ty,	by	contrast	to	the	threshold	for	BEC	in	a	2D	trap

Using	the	equa3on	of	state	of	an	interac3ng	2D	gas,	one	finds	(Holzmann	et	al.)	:

Nc,BKT

Nc,ideal
⇡ 1 +

3 g̃

⇡3
ln2

✓
g̃

16

◆
+

3 g̃

8⇡2


15 + ln

✓
g̃

16

◆�

⇢(0)�2
T = Dc,BKT
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Cambridge	experiment	(Z.	Hadzibabic’s	group)

Detec3on	of	the	central	superfluid	component	via	momentum	distribu3on

Narrow	peak	in		
momentum	distribu3on

Experiment	with	39K	:	
A	Feschbach	resonance	
allows	one	to	vary	the	3D	
sca+ering	length,	hence	 g̃

measurements of the equation of state [22,27], which do not
directly reveal any striking signatures of the infinite-order
BKT transition.
In this Letter, we systematically study the critical point

for the emergence of extended coherence in a harmonically
trapped 2D Bose gas over a wide range of interaction
strengths, 0.05 < ~g < 0.5. We show, without any free
parameters, that Nc generally agrees very well with the
beyond-mean-field calculation ofNBKT

c [38], and converges
onto N0

c of Eq. (1) as ~g → 0. The critical chemical potential
μc, which directly reveals uniform-system conditions for a
phase transition to occur in the trap center, also agrees with
the BKT theory and converges onto the BEC value, μc ¼ 0,
for ~g → 0. Our measurements also reiterate the importance
of the suppression of density fluctuations in the normal
state near the BKT critical point, previously observed in
Refs. [18,19,21–23].
The experiment was carried out using a 39K gas, in the

apparatus described in Ref. [41]. For 2D trapping, the
tight axial (vertical) confinement is provided by two
repulsive “blades” of blue-detuned light, formed by passing
a 532-nm Gaussian beam through a 0-π phase plate [20,42],
while a red-detuned 1064-nm dipole trap provides the
in-plane (horizontal) confinement. The radial and axial
trapping frequencies are ðωr;ωz Þ ≈ 2π × ð38; 4100Þ Hz.
For all of our measurements T ∈ ½140 nK; 190 nK% and
μ=kB < 100 nK, resulting in a small (< 30%) occupation
of the excited axial states. The interaction strength
~g ¼

ffiffiffiffiffiffi
8π

p
a=lz [14], where a is the s-wave scattering length

and lz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðmωz Þ

p
, is controlled via a Feshbach reso-

nance centered at 402.5 G [41,43].
To characterize long-range coherence of a gas we study

its (in-plane) momentum distribution nðkÞ [19]. A change in
the functional form of g1ðrÞ leads to a dramatic change in its
values at distances much larger than the thermal wavelength
λ ¼ h=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πmkBT

p
[14], and an increase of coherence over

some large distance L manifests itself in enhanced pop-
ulation of the low-momentum states k≲ 2π=L. Thus, unlike
the in-trap density distribution, which varies very smoothly
through the BKT critical point [18,19,22,23], nðkÞ can
provide a dramatic signature of the phase transition [19].
As illustrated in Fig. 1, to identify the critical point for a

given ~g, we start with a highly coherent 2D gas and measure
nðkÞ after holding the cloud in the trap for a variable time t.
During the hold time, the atom number N slowly decays
through various inelastic processes [44], while the elastic-
collision rate (≈ 0.2N ~g2 s−1) remains sufficiently high to
ensure that the gas is in quasistatic equilibrium. To measure
nðkÞ, we employ the “momentum focusing” technique
[19,29,45,46]. We turn off just the tight z confinement,
so the rapid vertical expansion (predominantly driven by
the zero-point motion along z ) removes all the interaction
energy on a time scale 1=ωz ≪ 1=ωr. The subsequent
horizontal ideal-gas evolution in the remaining in-plane
harmonic potential reveals nðkÞ as the spatial distribution

after a quarter of the trap period. We probe this distribution
by absorption imaging along z [see Fig. 1(a)].
Our k-space imaging resolution, Δk ≈ 0.4 μm−1, sets

the largest distance over which we can probe coherence
to L ¼ 2π=Δk ≈ 15 μm, which is much larger than
λ ≈ 0.7μm. To probe coherence on this length scale, we
simply monitor the peak value of the momentum distribu-
tion, P0, without making any theoretical assumptions about
the exact shape of nðkÞ at low k. To get the corresponding
atom number N we do a simple summation over the image.
Importantly, we eliminate the systematic error due to the
uncertainty in the absorption-imaging cross section by
independently calibrating our imaging system through
measurements of the BEC critical point in a 3D gas [47].
In Fig. 1(b) we show a typical evolution of P0 and N

(here ~g ¼ 0.28). While N decays smoothly, P0 shows two
distinct regimes, which allows us to identify the critical
hold time tc and the corresponding Nc. We note that even
for N significantly below Nc the peak of nðkÞ rises above a
Gaussian fitted to the wings of the distribution, indicating
some coherence on a length scale > λ [18,21]. The smooth
evolution of such non-Gaussian “peakiness” of nðkÞ does
not reveal a phase transition [21], and only P0 corres-
ponding to L ≫ λ shows a clear change in behavior at a
well-defined Nc [51]. Our large L is still small compared
to the thermal diameter of the cloud, 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT=ðmω2

rÞ
p

≈
50 μm, so the observed Nc is closely linked to the
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FIG. 1 (color online). Determination of the critical point for the
onset of coherence, for ~g ¼ 0.28and T ≈ 140 nK. (a) Evolution
of the momentum distribution nðkÞ with the hold time t (see text).
Extended coherence is revealed as a sharp peak in nðkÞ. Each
image is an average of three experimental realizations. (b) Evo-
lution of the momentum-distribution peak P0 and the smoothly
decaying total atom number N. We associate the thresholdlike
behavior of P0 with the critical time tc and deduce the
corresponding Nc. The solid line is a heuristic piecewise fit
function used to determine tc [47].
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Cambridge	experiment	(2)

occurrence of a phase transition in the center of the
trap [47].
For comparisons with theory, we also fit μ and T to each

nðkÞ image. Unlike in three dimensions, in two dimensions
interactions affect nðkÞ appreciably even in the normal
state, and near the critical point it is in general insufficient
to treat them at a mean-field (MF) level. However, beyond-
MF correlations primarily affect the highly populated low-k
states [38]. We restrict our fits to the high-k wings of
the distribution (ℏ2k2 > 2~gmkBT), where we expect the
beyond-MF effects to be small, and still carefully include
the effects of interactions at a MF level [47]. Following
Ref. [37], we also account for the residual thermal
occupation of the axial excited states and the interaction-
induced deformation of the axial eigenstates.
In Fig. 2 we summarize our measurements of the critical

atom number for a wide range of interaction strengths. To
compare our data with the strictly 2D theoretical calcula-
tions, we correct the observed “raw” Nc by subtracting the
calculated population of the excited axial states [47]. We
scale this corrected critical number N̄c to the BEC critical
atom number N0

c of Eq. (1) and plot it versus ~g. Our Δk-
limited value of L imposes a lower bound on ~g for which we
can reliably identify the critical point. In the absence of
any phase transition, in a weakly interacting degenerate gas
g1ðrÞ ∼ expð−r=l0Þ, with l0 ¼ λ expðD=2Þ=

ffiffiffiffiffiffi
4π

p
[14].

We thus do not expect our measurements to reliably identify
Nc if l0 > L for some D < DBKT. This occurs for
~g < 380λ2=ð4πL2Þ ≈ 0.06, indicated by the shaded area
in Fig. 2. Our measurements also stop being reliable for
~g≳ 0.5; in that regime our MF temperature fits are
restricted to very high k values, which are affected by the

anharmonicity of the optical trap. The error bars in Fig. 2 are
statistical, while the systematic uncertainty in N̄c=N0

c is
≲0.2 [47].
Without any free parameters, we find generally excellent

agreement with the prediction of Ref. [38]:

NBKT
c

N0
c

≈ 1 þ 3~g
π3

ln2
"

~g
16

#
þ 6~g
16π2

$
15 þ ln

"
~g
16

#%
; ð2Þ

which is based on fixing the phase-space density in the trap
center to DBKT and integrating a uniform-system equation
of state over the trap, using the classical-field results
of Ref. [39].
The agreement with Eq. (2) over a very broad range of

interaction strengths and the proximity of our lowest
reliable ~g values to zero allow us to conclude that the
critical atom number, without any free parameters, indeed
smoothly converges onto the BEC result of Eq. (1).
It is instructive to also compare our data with the

approximation NBKT
c =N0

c ¼ 1 þ 3~gD2
BKT=π

3 [10,12], shown
by the dashed line in Fig. 2. Here, the critical phase-space
density is again set toDBKT, but the suppression of bosonic
fluctuations in the normal state is neglected; i.e., the density
profile is calculated using MF theory with an interaction
potential 2gnðrÞ, where g ¼ ðℏ2=mÞ~g. Our data strongly
exclude this result, confirming the importance of the
suppression of density fluctuations near the critical point
even for our lowest ~g values.
For a more direct comparison with the uniform-system

theory, we also consider the critical chemical potential for
the onset of coherence. Like Nc in Fig. 1, μc is exper-
imentally defined via the critical hold time tc. The classical-
field simulations [7] predict DBKT to be reached for
μBKTc ¼ kBTð~g=πÞ ln ð13.2=~gÞ, which reduces to the BEC
prediction, μc ¼ 0, for ~g ¼ 0.
In Fig. 3 we plot ~μc ¼ μc=ðkBTÞ versus ~g, and again

observe generally good agreement with the classical-field
prediction (solid line), all the way down to ~g ≈ 0.06, i.e.,
very close to the expected BEC limit. The small systematic
difference between the data and the theory is comparable
to our systematic uncertainty in ~μc of ∼0.05 [47].
We also compare our data with two intuitive approx-

imations to ~μc. We consider interaction potentials γgn with
γ ¼ 2, corresponding to a fully fluctuating Bose gas, and
γ ¼ 1, corresponding to a complete suppression of density
fluctuations. In both of these extremes one can analyti-
cally write Dγð ~μÞ ¼ − ln ½1 − exp ð~μ − γgn=ðkBTÞÞ& [14].
Defining ~μγc so that Dγð ~μ

γ
cÞ ¼ DBKT we obtain the dashed

(γ ¼ 2) and dotted (γ ¼ 1) lines in Fig. 3. Generally,
γ ¼ 1 provides a better approximation, highlighting how
strong the suppression of density fluctuations in the normal
state is.
Finally, we note that in previous experiments [22,27], on

the in-trap equation of state, ~μc was deduced by defining it
so as to satisfy the theoretical expectation [7,39] that the
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N
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0 c

FIG. 2 (color online). Critical atom number as a function of the
interaction strength ~g. All numbers are scaled to the ideal-gas
BEC critical number N0

c, defined in Eq. (1). The solid line is the
classical-field BKT prediction of Eq. (2), without any free
parameters. The dashed line is an approximation that neglects
suppression of density fluctuations in the normal state. The star
ð⋆Þ denotes the critical point for BEC, which only occurs in the
ideal-gas limit. The shaded region, ~g < 0.06, indicates the regime
in which our measurements stop being reliable (see text). The
error bars are statistical.
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Good	agreement	with	the	expected	law
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Nc,ideal

Confirms	the	statement	that	ideal	gas	BEC	in	a	2D	harmonic	trap		
is	the	(singular)	limit	of	the	BKT	transi5on	of	an	interac5ng	gas

Fletcher et al. 
Phys. Rev. Lett. 114  

255302 (2015)
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2.		

Experimental	consequences	in	AMO	physics

Superfluidity	of	a	2D	gas



70

The	BKT	transi3on	observed	with	a	Helium	film

Bishop & Reppy, 
Phys. Rev. Lett. 40, 1727 (1978) 

Phys. Rev. B 22, 5171 (1980)

Confirma3on	of	the	universal	jump �Ds = 4
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Trapped	atomic	gases	and	local	density	approxima3on

Gas	at	equilibrium	in	a	trap	with	temperature	T	and	chemical	poten3al	µ

V (r)

r

µ

0

µ� V (r) = µhom

Link	between	the	density	at	one	point	in	the	trap	and	that	of	a	homogeneous	system

Thom. = T µhom. = µ� V (r)

Validity	:	mean	free	path,	healing	length	<<	size	of	the	gas



Testing	superfluidity	with	a	Rb	atomic	gas

Impurity:	focused	laser	beam	that	repels	the	atoms

LASER

Does	a	moving	impurity	“heat”	the	sample?	

72

4 Le défaut dans un gaz de Bose

FIGURE 4.5: Mesure du profil en deux dimensions. (a) Une des premières images du défaut
dans un nuage bidimensionnel. (b) L’évolution longitudinal du profil du défaut a été mesurée
en décalant le foyer du faisceau laser. Un effet d’astigmatisme n’est pas visible. (Données
préliminaires)

laser d’amplitude Ad et d’une largeur à 1/
p

e de w0 le potentiel

U(r) =
1
2

mw2
?r2 + Ade

� r2

2s2
0 , (4.1)

la densité des atomes dans un nuage thermique à température T est proportionnelle
à

n µ e�
U(r)
kBT . (4.2)

Dans l’approximation d’un défaut à une amplitude petit devant l’amplitude du nuage,
la distribution des atomes autour du défaut devient approximativement une fonction
gaussienne, cependant en présence d’un défaut à grande amplitude cette approxi-
mation n’est plus justifiée. Une évaluation numérique nous a montré que cet effet
augmente l’erreur de la mesure jusqu’un facteur deux. Néanmoins, la figure 4.5 n’est
toujours pas comprise en totalité.
En conclusion, ces mesures sur un nuage thermique ne sont pas pertinantes. Des ef-
fets thermiques perturbent la mesure trop fortement pour en conclure que le défaut
aura la même largeur dans le cas superfluide. Jusqu’au présent, une mesure à plus
basse température ne pouvait pas été effectuée à cause des difficultés avec le laser
qui produit le confinement à deux dimensions. Pourtant, nous serons bientôt capable
d’étudier le comportement du défaut dans un superfluide à deux dimensions.
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For	given	µ,T,	we	s3r	for	200	ms	
and	measure	the	slight	increase	
of	temperature

Related	experiment	in	Seoul		(2015,	Yong-Il	Shin’s	group)	

Desbuquois et al., 
Nature Physics 8 645 (2012)
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The	critical	velocity	in	2D

critical	velocity

cs	:	sound	velocity

Cri3cal	μ/kBT		in	excellent	agreement	with	classical	field	simula3ons	(Mathey’s	team)

Cri3cal	velocity	measured	for	various	µ,	T	

NORMAL SUPERFLUID

73

Desbuquois et al., 
Nature Physics 8 645 (2012)

Vijay Pal Singh et al.,  
Phys. Rev. A 95, 043631 (2017)

g̃ = 0.1
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Tes3ng	superfluidity	with	boson	molecules

Hambourg	2015	(Moritz’s	group):	strongly	interac3ng	6Li2

Weimer et al. 
Phys. Rev. Lett.  

114 095301 (2015)

Here	also	excellent	agreement	with	classical	field	simula3ons	(Mathey’s	team)	

g̃ ⇡ 1



systems in the so-called strong light-matter coupling regime
have turned out to be particularly promising in order to obtain
the relatively strong nonlinear interactions that are necessary
for collective behavior. In this strong coupling regime, the
photon is strongly mixed with matter degrees of freedom,
which gives rise to a new mixed quasiparticle, the polariton
(Hopfield, 1958). Pictorially, the polariton can be seen as a
photon dressed by a matter excitation: a reinforced optical
nonlinearity then appears thanks to the relatively strong inter-
actions between matter excitations. This strong coupling re-
gime can be achieved in a number of material systems, from
atomic gases (Berman, 1994; Raimond, Brune, and Haroche,
2001; Fleischhauer, Imamoǧlu, and Marangos, 2005) to semi-
conducting solid-state media both in bulk (Klingshirn, 2007;
Yu and Cardona, 2010) and in cavity (Weisbuch et al., 1992;
Deveaud, 2007) geometries, to circuit-QED systems based on
superconducting Josephson junctions (Schoelkopf and Girvin,
2008; You and Nori, 2011).

To create a stable luminous fluid, it is also crucial to give a
finite effective mass to the photon. A simple strategy for this
purpose involves a spatial confinement of the photon by
metallic and/or dielectric planar mirrors. In a planar geometry
with a dielectric medium of refractive index n0 and thickness
‘z enclosed within a pair of metallic mirrors, the photon
motion along the perpendicular z direction is quantized as
qz ¼ !M=‘z, M being a positive integer. For each longitu-
dinal mode, the frequency dispersion as a function of the
in-plane wave vector k has the form

!cavðkÞ ¼
c

n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2z þ k2

q
’ !o

cav þ
ℏk2

2mcav
; (1)

where the effective mass mcav of the photon and the cutoff
frequency !o

cav ¼ cqz=n0 are related by the relativisticlike
expression

mcav ¼
ℏn0qz
c

¼ ℏ!o
cav

c2=n20
: (2)

Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.

Iacopo Carusotto and Cristiano Ciuti: Quantum fluids of light 301

Rev. Mod. Phys., Vol. 85, No. 1, January–March 2013

Superfluidity	of	polariton	fluids

Hybrid	objects	in	2D,	1/2	photon,	1/2	exciton	(electron-hole	pair	in	a	quantum	well)
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‘z enclosed within a pair of metallic mirrors, the photon
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Using suitable values of the effective massmcav and the cutoff
frequency !o

cav extracted from microscopic calculations
(Savona, 1999), the generic form (1) of the dispersion can
be extended to the case of dielectric mirrors. In the presence
of a resonant electronic excitation strongly coupled to the
cavity mode, the elementary excitations of the cavity have
a polaritonic character with a peculiar dispersion law that
reflects their hybrid light-matter nature. An example of such
dispersion is shown in the middle panel of Fig. 1: In spite of
the complex light-matter interaction dynamics, the bottom of
the lower polariton branch is still well approximated by a
parabolic dispersion with an effective mass mLP and a cutoff
frequency !o

LP.
Historically, a first elaboration of the concept of photon fluid

dates back to the work of Brambilla et al. (1991) and Staliunas
(1993), where the time evolution of the coherent electromag-
netic field in a laser cavity with large Fresnel number was
reformulated in terms of hydrodynamic equations analogous
to the Gross-Pitaevskii equation for the superfluid order pa-
rameter. The local light intensity corresponds to the photon
density and the spatial gradient of its phase to the local current;
the collective behavior originates from the effective photon-
photon interactions stemming from the nonlinear refractive
index of the medium as well as from gain saturation. In the

FIG. 1 (color online). Upper panel: Sketch of a planar semicon-
ductor microcavity delimited by two Bragg mirrors and embedding
a quantum well (QW). The wave vector in the z direction perpen-
dicular to the cavity plane is quantized, while the in-plane motion is
free. The cavity photon mode is strongly coupled to the excitonic
transition in the QW. A laser beam with incidence angle " and
frequency ! can excite a microcavity mode with in-plane wave
vector kk ¼ ð!=cÞ sin", while the near-field (far-field) secondary

emission from the cavity provides information on the real-space
(k-space) photon density. Middle panel: The energy dispersion of
the polariton modes versus in-plane wave vector, i.e. the incidence
angle. The exciton dispersion is negligible, due to the heavy mass of
the exciton compared to that of the cavity photon. In the polariton
condensation experiments under incoherent pumping reported in
this figure, the system is incoherently excited by a laser beam tuned
at a very high energy. Relaxation of the excess energy (via phonon
emission, exciton-exciton scattering, etc.) leads to a population of
the cavity polariton states and, possibly, Bose-Einstein condensation
into the lowest polariton state. Lower panel: Experimental obser-
vation of polariton Bose-Einstein condensation obtained by increas-
ing the intensity of the incoherent off-resonant optical pump. From
Kasprzak et al., 2006.
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Kasprzak et al.,Nature 443 409 (2006)

• Mass	similar	to	the	2D	photon	
mass	derived	in	the	first	lecture	

• Interac3ons	due	to	the	
exciton	part

low	dens:	1	μm-1 large	dens:	40	μm-1

Flow	around	a	staCc	defect
Amo et al., Nat. Phys. 5 805 (2009)

Quasi-condensaCon	
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2.		

Experimental	consequences	in	AMO	physics

Observa3on	of	vor3ces	and		
measurement	of	G1(r)



77

An	early	experiment	(Paris,	2006)

Hadzibabic et al., Nature 441 1118 (2006)

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span

0.1

1 ln(kFa2D) ∼ -0.5

t = 0.31
t = 0.42
t = 0.45
t = 0.47
t = 0.57

0

10

20

30

40

50
Power-law
Exponential

10 100

0.1

1

Fi
rs

t-o
rd

er
co

rr
el

at
io

n
fu

nc
tio

n
g

1(
r)

ln(kFa2D) ∼ 0.5

t = 0.37
t = 0.44
t = 0.47
t = 0.49
t = 0.58

r (µm) BEC

0.4 0.6

0

10

20

30

Tc

Tc

Power-law
Exponential

χ2
(a

rb
itr

ar
y

un
its

)

T/T0

(a) (b)

FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðk Fa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0

BEC and TF, respectively. The crossover parameter lnðk Fa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðk Fa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðk Fa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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The	func3on	G1( r , r’)

Expected	result	for	a	2D	homogeneous	superfluid
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The	G1	func3on	and	momentum	distribu3on

Star3ng	from	G1( r , r’) in	a	non-uniform	fluid,	define:
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Heidelberg	(Jochim’s	group):		6Li2	molecules	close	to	a	Feshbach	resonance

approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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approximately 300:1. Our experimental system and method-
ology have been described in detail in Ref. [24]. We perform
in situ imaging of the sample as a function of temperature and
interaction strength. From the central density, we define the
Fermi momentum k F and Fermi temperature TF, which
constitute the relevant scales in the system. As shown in
Ref. [24], for our experimental parameters, all the relevant
energy scales are smaller than the axial confinement energy
ℏωz. Hence, the system is in the quasi-2D regime.
We tune the interparticle interactions by using a Feshbach

resonance located at 832 G. Using the 3D scattering length
a3D [26], the axial oscillator length lz [27], and the Fermi
momentum, we construct the effective 2D scattering
length a2D and crossover parameter lnðk Fa2DÞ [25]. For
lnðk Fa2DÞ ≪ −1 and lnðk Fa2DÞ ≫ 1, we are in the bosonic
and fermionic limit of the crossover, respectively.
In addition to the measurements, we perform path-integral

quantum Monte Carlo (QMC) computations of a Bose gas
[28,29] in a highly anisotropic 3D trap with parameters
similar to those employed in the experiment. In the simu-
lations, the bosons interact via the molecular scattering
length amol ¼ 0.6a3D [30]. The relevant parameters that
describe the system in terms of pointlike bosons are the
effective bosonic coupling strength ~g ¼

ffiffiffiffiffiffi
8π

p
amol=lz and the

condensation temperature of an ideal 2D Bose gas
T0
BEC ¼

ffiffiffiffiffiffiffi
6N

p
ðℏωr=πk BÞ≈140 nK, where N is the number

of particles. We use these bosonic parameters to compare our
measurements to QMC calculations at the lowest magnetic
field values, where we have ~g ¼ 0.6; 1.07; 2.76; 7.75 [31].
From the QMC computations, we obtain the local density
profile and the one-body density matrix ρ1ðx;x0Þ ¼
h ϕ̂†ðxÞϕ̂ðx0Þi for different interaction strengths and temper-
atures, where ϕ̂ðxÞ is the bosonic field operator.
The global off-diagonal correlations in the system are

encoded in the momentum distribution of particles. To
reliably measure the in-plane momentum distribution ~nðkÞ
of our sample, we employ the matter-wave focusing
technique described in Refs. [16,32,33], where the gas
expands freely in the axial direction while being focused by
a harmonic potential in the radial plane. After expansion for
a quarter of the period of the focusing potential, the initial
momentum distribution is mapped to the spatial density
profile, which we then image. We combine this focusing
method with a rapid magnetic field ramp into the weakly
interacting regime. This rapid ramp technique—along with
the fast axial expansion due to the large anisotropy of the
trap—ensures that interparticle collisions during the focus-
ing do not cause significant distortions to the measured
momentum distribution. From ~nðkÞ, we extract the abso-
lute temperature T by means of a Boltzmann fit to the high-
k thermal region [34].
To quantitatively investigate the spatial coherence in our

system, we determine the first-order correlation function
g1ðrÞ by means of a 2D Fourier transform of the measured
~nðkÞ. It is related to the one-body density matrix ρ1ðx;x0Þ
by means of

g1ðrÞ ¼
Z

d2k ~nðkÞeik·r

¼
Z

d2Rρ1ðR − r=2;Rþ r=2Þ: ð1Þ

A derivation of these relations is given in Supplemental
Material [31]. The function g1ðrÞ is a trap-averaged
function, which captures the off-diagonal correlations of
all particles in the system. Similarly, one can also define the
central correlation function G1ðr; 0Þ ¼ h ϕ̂†ðrÞϕ̂ð0Þi , mea-
sured in the interference experiments [14,35], which
characterizes the correlations only in the central region
of the trap, where the density is approximately uniform.
In general, the two functions do not contain the same
information and are equivalent only in a translation
invariant system [31]. Note that, due to the radial symmetry
of the trapping and focusing potentials, the correlations
depend only on distance, and therefore it suffices to
consider the azimuthally averaged function g1ðrÞ.
Figure 1 shows the experimentally determined g1ðrÞ for

different temperatures in the strongly interacting crossover
regime. The correlation functions are normalized such that
g1ð0Þ ¼ 1. As expected, at high temperatures, g1ðrÞ decays
exponentially with correlation lengths on the order of the
thermal wavelength (λT ∼1.5 μm). As we lower the tem-
perature, we eventually observe the onset of coherence over
an extended spatial range that corresponds to several radial
oscillator lengths lr, with lr ≈6.8 μm. This shows that
phase fluctuations in the system are nonlocal and span
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FIG. 1 (color online). First-order correlation function g1ðrÞ for
different temperatures at lnðk Fa2DÞ≃ −0.5 (upper left panel) and
lnðk Fa2DÞ≃ 0.5 (lower left panel). The temperature scale used here
is t ¼ T=T0

BEC. (a) At high temperatures, correlations decay
exponentially as expected for a gas in the normal phase. At low
temperatures, we observe algebraic correlations [g1ðrÞ ∝r−ηðTÞ]
with a temperature-dependent scaling exponent ηðTÞ. (b) This
qualitative change of behavior is clearly visible in the χ2 for both
exponential and algebraic fits (right panel), where a small value
signals a good fit. In particular, this allows for an accurate
determination of the transition temperature Tc (vertical dashed
lines) [31].
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Ḡ1(r) �2

regions of the sample where the density is not uniform.
As pointed out in Refs. [36,37], such extended spatial
coherence in an interacting system is a sufficient condition
for superfluidity in two-dimensional systems.
As the temperature is lowered below a critical value, we

find that the correlation function in an intermediate range
3λT < r < 20λT is well described by a power-law decay,
whereas exponential behavior is clearly disfavored. We
quantify this by extracting the χ2 for both fit functions at
different temperatures and observe a clear transition from
exponential to algebraic decay [see Fig. 1(b)]. This quali-
tative change in g1ðrÞ provides an alternative way to
determine the phase transition temperature Tc from the
kink in χ2ðTÞ [31]. We find that the corresponding Tc
obtained in this manner agrees with the temperature
associated with the onset of pair condensation that was
measured in our previous work [24].
The power-law decay of g1ðrÞ means that the spatial

coherence of the entire sample is characterized by a single
exponent η. Figure 2 shows the experimentally determined
η for all the interaction strengths accessed in this work.
We find ηðTÞ to increase with temperature until it reaches
a maximal value at Tc, indicating a slower falloff of
correlations at lower temperatures. Although such temper-
ature dependence is qualitatively consistent with the BKT
theory, we observe the values of the exponents to be in the
range 0.6–1.4 for the temperatures accessed in the meas-
urement, which is substantially above the expectation of
η ≤ 0.25 for the homogeneous setup.
To confirm the large scaling exponents in the trapped

system, we compute the one-body density matrix on the
bosonic side by using the QMC technique described above.
This allows us to determine both the trap-averaged corre-
lation function g1ðrÞ as well as the central correlation
function G1ðr; 0Þ. The trap-averaged g1ðrÞ shows the
same behavior as in the experimental case, i.e., a transition

from exponential to algebraic decay at low temperatures.
The corresponding QMC transition temperatures also agree
with the measured values of Tc for ~g ¼ 0.60, 1.07, and
2.76. Furthermore, the maximal scaling exponent at Tc
extracted from the QMC g1ðrÞ for ~g ¼ 0.6 is approximately
1.35, which is close to the experimentally determined
ηðTcÞ≃ 1.4. The central correlation function G1ðr; 0Þ
shows a transition to algebraic order as well—with the
same Tc as in the experiment—but with a maximal
exponent of approximately 0.25, as expected for a homo-
geneous system. This finding is also in agreement with the
measurement of G1ðr; 0Þ in the interference experiments
[14] and is explained by the nearly uniform density in the
center of the trap.
Figure 2(a) shows the comparison between the exper-

imental and QMC values of ηðTÞ for ~g ¼ 0.60
[lnðk Fa2DÞ≃ −7.3]. Although both show similar depend-
ence on temperature, we find a considerable quantitative
deviation between them. As discussed in Supplemental
Material [31], this discrepancy can mostly be attributed to
the effect of the finite imaging resolution in the measure-
ment of ~nðkÞ, which leads to an apparent broadening at low
momenta and thus overestimates the value of η. We show an
estimate of this temperature-dependent effect on the expo-
nents (open red triangles) in Fig. 2(a). There may be other
effects in the experiment that contribute additionally to
the deviation, such as higher-order corrections to the
determination of ~g from the fermionic scattering parameters
and density-dependent inelastic loss processes.
The experimental and simulated data raise the question

why correlations in the trapped system decay with a larger
scaling exponent than in the homogeneous case. To elucidate
the role of inhomogeneity, we consider the bosonic field
operator given by ϕ̂ðrÞ≃ ffiffiffiffiffiffiffiffiffi

ρðrÞ
p

exp½iφ̂ðrÞ%. In this repre-
sentation, it is clear that one contribution to the decay of
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FIG. 2 (color online). Power-law scaling exponents across the two-dimensional BEC-BCS crossover. The temperature-dependent
scaling exponent ηðTÞ in (a) the bosonic limit and (b) the crossover regime is shown. The relevant temperature scales in these cases are
given by T0

BEC and TF, respectively. The crossover parameter lnðk Fa2DÞ is mildly temperature dependent. For reference, we display the
value at the critical temperature. For ~g ¼ 0.60 [lnðk Fa2DÞ≃ −7.3], we show the prediction from QMC calculations for a Bose gas (filled
red triangles) and an estimate of the effect of the finite imaging resolution present in the measured data (open red triangles) [31]. We find
an exponent which increases with temperature in agreement with the BKT theory. The power-law decay eventually ceases at Tc, where a
maximal exponent ηc is reached. (c) The value of ηc is approximately constant for all lnðk Fa2DÞ where we have previously observed
condensation of pairs [24]. This strongly suggests that the associated phase transitions are within one universality class.
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010401-3

Murthy et al. 
Phys. Rev. Lett. 115 010401 (2015)

Algebraic	or	exponen3al	decay?

g̃ ⇡ 3

Boe+cher	&	Holzmann	2016:	Crucial	role	of	thermal	non-superfluid	wings	in	the	trap

Algebraic	at	low	T	but:

↵mes.
crit ⇠ 1.5 � 1

4

Remedy:	Switch	to	uniform	systems…



Quasi-long	range	order	in	a	uniform	system	

Inves3ga3on	via	a	“Young	slit”	experiment	

Ini3al	state

Isolate	two	slits	
using	a	shaped		
laser	beam

Interference		
auer	3me-of-flight	

reveals	the	coherence	
between	the	slits

Paris group, to be published

For	 	we	obtain	 	:		
expected	universal	law	for	BKT	transi3on

T ≈ Tc G1(d) ∼ d−1/4

100 101 102
10�2

10�1

100

d (µm)
G

1
(d
)

T/Tc = 0.49 (5)
1.01 (5)
1.67 (7)

Average	over	several	shots	prepared	in	iden3cal	condi3ons:	

The	varia3on	of	the	contrast	with	the	distance	 	gives	access	to	 	d G1(d)
d=10 μm d=10 μm
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3.	

2D	classical	fluids	and	crystals	in	the	lab

Georg	Maret	&	Peter	Keim	
(Constance)	with	colloidal	crystals
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Experimental	setup	in	Constance

• Water	droplet	(8	mm	diameter)	suspended	by	surface	tension

• 105	polystyrene	beads	with	4.5	μm	diameter	(density	1.5)	at	the	water-air	interface	

• The	beads	are	doped	with	nanopar3cles	with	iron	oxyde.	In	the	presence	of	 
a	magne3c	field,	repulsive	dipole-dipole	interac3on	between	beads.

Keim et al,  
Phys. Rev. E 75,  
031402 (2007)
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A	1	mm	x	1mm	window	is	selected:	around		
4000	beads,	with	a	15	μm	average	distance	
between	them

The	posi3on	of	each	bead	is	recorded	every		
second,	with	sub-micron	precision

Time	constant	to	reach	equilibrium	>	1	month!

Experimental	control	parameter	: � =
Emag

kBT

Deutschlander et al.,  
2015

Experimental	setup	in	Constance
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Different	phases	for	the	assembly	of	par3cles

KTHNY	:	Kosterlitz,	Thouless,	Halperin,	Nelson,	Young	(1973-1979)

• T = 0	:	Perfect	triangular	laoce	(if	one	neglects	quantum	fluctua3ons)

� =
Emag

kBT

• Very	low	 :	logarithmic	fluctua3ons	à	la	PeierlsT

Transla3onal	quasi-order	:		 h(uj � u0)
2i / log(Rj/a)

Scenario	validated	by	experiment	and	numerical	simula5ons

True	orienta3onal	order:																										does	not	tend	to	zero	at	infinityh(✓j � ✓0)
2i

Local	defects	that	do	not	affect	
the	quasi-long	range	order

SIMULATION OF MELTING OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 83, 214108 (2011)

thermodynamic variables are collected by generating averages
on each of the 100 parallel threads; then, by using the central
limit theorem, we obtain the total average, as we have 100
independent means.

Although in our preliminary studies we have computed
thermodynamic quantities for a range of densities and temper-
atures, the effects of critical slowing down near the melting
transition and our desire to study the largest possible systems
have led us to focus on a single density 0.873 (all densities
are in units of particles per σ−2). This density was chosen
for several reasons. This is a density that could be readily
compared to prior numerical simulations of Lennard-Jones
melting.15 Also, we wanted a density that is relatively low, but
large enough to avoid the solid-vapor coexistence phase at low
temperatures. Strictly speaking, there is a solid phase in the
zero temperature limit only at densities of 0.9165 (the density
at which the spacing of the triangular lattice is the same as the
position of the Lennard-Jones potential minimum) and above.
Below this density, there is a solid-vapor coexistence phase.
However, the triple point density is roughly 0.82, so at higher
densities the system will in general become solid before the
onset of melting occurs.8

III. ROLE OF DEFECTS

A. Defect types

In two dimensions, the densest packing of particles of
uniform size is achieved in a triangular lattice. In such a
configuration, each particle has exactly six nearest neighbors.
Thermal fluctuations will lead to distortions in the lattice,
or even destroy it completely. To quantify this, we use the
Delaunay triangulation to determine the nearest-neighbor
network of our particle configurations. The nearest-neighbor
network tells us the number of nearest neighbors, or coor-
dination number, of each particle. For a system of particles
in a periodic plane, the average coordination number is
always six.21 Particles in a triangularly ordered region will
be 6-coordinated, while disruptions in the lattice will lead to
particles with coordination numbers greater than or less than
six. A defect is defined as any coordination number other
than six. These non-6-coordinated atoms may be thought of
as disclinations of charge n, with their coordination number
being 6 + n.

The most common type of disruption, or defect, is a
5- or 7-coordinated particle. These may be interpreted as
disclinations of charge plus or minus one. Two oppositely
charged disclinations may be thought of as a dislocation. More
complex arrangements of disclinations are possible, such as
dislocation pairs and grain boundary loops, but in our analysis
we have only considered individual defects. The defect fraction
fd = 1 − N6/N is defined as the fraction of particles that do
not have six neighbors, where N is the number of particles in
the system, and N6 is the number of 6-coordinated particles in
the system. Remembering that dislocations are made of two
bound disclinations of opposite charge, and that dislocations
become unbound above the melting point, we can expect the
defect fraction to experience a jump at the melting point.21

Additionally, at low temperatures, we can expect an energy
gap to occur, which is the energy cost to create a dislocation
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FIG. 1. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.70. Defects are shown in red.

pair. Because the overall disclinicity of the system must be
zero, as well as the net Burgers vector of any dislocations, the
lowest-energy defect excitation is a dislocation pair of opposite
Burgers vectors. In practice, this is usually two pairs of 5- and
7-coordinated particles. This leads to an exponential behavior
in the defect fraction fd = e−β#, where # is the lowest energy
for a defect-type excitation of the system.

B. Unbinding of defects

In Figs. 1, 2, and 3, the Delaunay triangulated configuration
of a 1600 particle system is shown at temperatures 0.7, 0.9,
and 1.1, respectively. The defects are shown in red. At low
temperature as demonstrated in Fig. 1, we see that defects
occur in quadruplets consisting of two 5-coordinated and
two 7-coordinated particles. As the temperature is raised to
0.9 (Fig. 2) ,we can see isolated dislocations (one 5-fold-
coordinated atom bound to a 7-fold-coordinated atom). At
yet higher temperature, such as 1.1 (Fig. 3), we can observe
isolated disclinations.

This can also be seen in the pair distribution functions
g77(r), g55(r), and g57(r) for pairs of 7-coordinated particles,
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FIG. 2. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.90. Defects are shown in red.

214108-3

Wierschem & Manousakis (2011)
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First	phase	transi3on	at	a	temperature	Tm	such	that

�m =
Emag

kBTm
= 70.3

Appari3on	of	“disloca3ons”	:	defects	of		type	7-5	corresponding	to	
the	addi3on	of	a	half-line	of	par3cles

KEOLA WIERSCHEM AND EFSTRATIOS MANOUSAKIS PHYSICAL REVIEW B 83, 214108 (2011)
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FIG. 3. (Color online) The Delaunay triangulation for N = 1600
particles at T = 1.10. Defects are shown in red.

pairs of 5-fold-coordinated atoms, and for (5-fold–7-fold)–
coordinated atoms, respectively. In Fig. 4, a sharp peak in
g77(r) is observed at low temperatures (T = 0.70), indicating
that dislocations are tightly bound. At higher temperatures
(T = 0.90 and 1.10), the peak in g77(r) is greatly diminished,
and dislocations become first weakly bound (T = 0.90)
and then completely unbound (T = 1.10). g55(r), while not
shown, behaves qualitatively similar to g77(r), as both are
representative of the pair distribution of dislocations.

The pair distribution function for disclinations g57(r) is
shown in Fig. 5. While the sharp peak at low (T = 0.70)
and intermediate (T = 0.90) temperature is expected, the
peak at T = 1.10, while quite lower, is still very substantial.
This indicates that disclinations have not become completely
unbound, and indeed it is difficult to find isolated disclinations
in the snapshot configurations presented in Fig. 3. When
isolated disclinations do occur, they are still next-nearest
neighbors with at least one other disclination of opposite
charge.
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FIG. 4. (Color online) The pair distribution function for 7-
coordinated particles g77(r). The peak for T = 0.70 extends to ∼ 50.
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FIG. 5. (Color online) The pair distribution function for pairs
consisting of one 5-coordinated particle and one 7-coordinated
particle g57(r). The peak for T = 0.70 extends to ∼ 150.

C. Defect fraction

According to the KTHNY theory, disclinations remain
very tightly bound below Tm. Above Tm, the disclinations are
screened from one another by the presence of free dislocations
yet remain bound, albeit by a weaker logarithmic binding.3

Thus, we expect a proliferation of defects to occur around Tm,
and to continue growing until somewhere above Ti , where a
saturation should occur. In Fig. 6, we show the average defect
fraction as a function of temperature. At low temperature,
there are very few defects, while at high temperature, there
is a considerable fraction of the system that is defected. In
between, there is a region of rapidly increasing defect fraction,
from T = 0.8 to 1.0. This can be quantitatively verified by
calculating the temperature derivative of the defect fraction,
which is indeed found to have a broad peak in this temperature
region. The overall shape of dfd (T )/dT is very similar to that
of the specific heat capacity, to be shown next. Additionally,
we can see some size dependence in the region 0.6 < T < 1.0,

0.5 0.6 0.7 0.8 0.9 1 1.1
T

0

0.05

0.1

0.15

0.2

0.25

f d

N=1600
N=6400
N=25600
N=102400

FIG. 6. (Color online) Fraction of defects fd as defined by the
fraction of non-6-coordinated particles in the Delaunay triangulation
fd = 1 − N6/N . The rapid rise in fd from near zero to almost 25%
is a possible sign that dislocation and/or disclination unbinding is
occurring.

214108-4

Wierschem & Manousakis (2011)

• Destroys	the	transla3onal	quasi-order

• The	orienta3onal	quasi-order	subsists

HexaCc	phase

Different	phases	for	the	assembly	of	par3cles	(2)
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Second	phase	transi3on	at	temperature	Ti	such	that	

�i =
Emag

kBTi
= 67.3

Appari3on	of	“disclina3ons”:	isolated	defects	of	type	7	or	type	5

renormalization group analysis of topological defects (18–20). In
the KTHNY formalism, the orientationally long range-ordered
crystalline phase melts at a temperature Tm via the dissociation
of pairs of dislocations into a hexatic fluid, which is unknown in
3D systems. This fluid is characterized by quasi-long-range ori-
entational but short-range translational order. In a triangular
lattice, dislocations are point defects and consist of two neigh-
boring particles with five and seven nearest neighbors, re-
spectively, surrounded by sixfold coordinated particles. At a
higher temperature Ti, dislocations start to unbind further into
isolated disclinations (a disclination is a particle with five or
seven nearest neighbors surrounded by sixfold coordinated par-
ticles), and the system enters an isotropic fluid with short-range
orientational and translational order. A suitable orientational
order parameter is the local bond order field ψ6ð~rj, tÞ=
n−1j

P
k e

i6θjk ðtÞ =
!!ψ6ð~rj, tÞ

!!eiΘjðtÞ, which is a complex number with
magnitude

!!ψ6ð~rj, tÞ
!! and phase ΘjðtÞ defined at the discrete par-

ticle positions~rj. ΘjðtÞ is the average bond orientation for a spe-
cific particle. The k -sum runs over all nj nearest neighbors of
particle j, and θjk is the angle of the k th bond with respect to a
certain reference axis. If particle j is perfectly sixfold coordinated
[e.g., all θjk ðtÞ equal an ascending multiple of π=3], the local bond
order parameter attains

!!ψ6ð~rj, tÞ
!!= 1. A five- or sevenfold co-

ordinated particle yields
!!ψ6ð~rj, tÞ

!!J 0. The three different
phases can be distinguished via the spatial correlation g6ðrÞ=
hψp

6ð~0Þψ6ð rj!Þior temporal correlation g6ðtÞ=hψp
6ð0Þψ6ðtÞiof the

local bond order parameter. For large r and t, respectively, each
correlation attains a finite value in the (mono)crystalline phase, de-
cays algebraically in the hexatic fluid, and exponentially∼ expð−r=ξ6Þ
and ∼ expð−t=τ6Þ in the isotropic fluid (20, 21). Unlike second-
order phase transitions where correlations typically diverge alge-
braically, the orientational correlation length ξ6 and time τ6 di-
verge in the KTHNY formalism exponentially at Ti

ξ6 ∼ exp
"
ajej−1=2

#
and τ6 ∼ exp

"
bjej−1=2

#
, [6]

where e= ðT −TiÞ=Ti, and a and b are constants (20, 22). This
peculiarity is the reason why KTHNY melting is named contin-
uous instead of second order. In equilibrium, the KTHNY sce-
nario has been verified successfully for our colloidal system in
various experimental studies (23–25).
To transfer this structural 2D phase behavior into the frame-

work of the Kibble–Zurek mechanism, we start in the high
temperature phase (isotropic fluid) and describe the symmetry
breaking with the spatial distribution of the bond order parameter.
Because in 2D the local symmetry is sixfold in the crystal and the
fluid, the isotropic phase is a mixture of sixfold and equally num-
bered five- and sevenfold particles (other coordination numbers
are extremely rare and can be neglected). During cooling, isolated
disclinations combine to dislocations that, for infinite slow cooling
rates, can annihilate into sixfold particles with a uniform director
field. This uniformity is given by a global phase, characterizing the

orientation of the crystal axis. Spontaneous symmetry breaking
implies that all possible global crystal orientations are degenerated,
and the Kibble–Zurek mechanism predicts that in the presence of
critical fluctuations the system cannot gain a global phase at finite
cooling rates: Locally, symmetry broken domains will emerge,
which will have different orientations in causally separated regions.
The final state is a polycrystalline network with frozen-in defects.
As in the case of superfluid 4He, ψ6ð~rj, tÞ is complex with two
independent components (N = 2). Consequently, we expect to
observe monopoles in two dimensions. The phase of ψ6ð~rj, tÞ is
invariant under a change in the particular bond angles of
Δθjk ðtÞ=±nπ=3 (n∈N), which is caused by the sixfold orientation
of the triangular lattice. Similar to the Higgs field or the superfluid,
one cannot consider a closed (discrete) path in ψ6ð~r, tÞ on which
θjk ðtÞ changes by an amount of ±π=3, leaving the orientational field
invariant. Reducing this path to a point, ψ6ð~r, tÞ must tend toward
zero at the center to maintain continuity. Because the orientational
field is defined at discrete positions, the defect is a single particle
marked as a monopole of the high symmetry phase. In fact, this
coincides with the definition of disclinations in the KTHNY for-
malism (20): The particle at the center is an isolated five- or sev-
enfold coordinated site. Fig. 2 illustrates this for a bond on a closed
path. Going counterclockwise around the defect, the bond angle
changes by an amount of +π=3 for a fivefold (Fig. 2A) and by −π=3
for a sevenfold site (Fig. 2B). [In principle, also larger changes in
θjk ðtÞ are possible, e.g., for n= 2, a four- or eightfold oriented site,
but these are extremely rare.] In KTHNY theory the monopoles
(disclinations) combine to dipoles (dislocations) that can only an-
nihilate completely if their orientation is exactly antiparallel. At
finite cooling rates, they arrange in chains, separating symmetry
broken domains of different orientation: chains of dislocations can
be regarded as strings or 2D domain walls.

Colloidal Monolayer and Cooling Procedure
Our colloidal model system consists of polystyrene beads with
diameter σ = 4.5 μm, dispersed in water and sterically stabilized
with the soap SDS. The beads are doped with iron oxide nano-
particles that result in a superparamagnetic behavior and a mass
density of 1.7 kg/dm3. The colloidal suspension is sealed within a
millimeter-sized glass cell where sedimentation leads to the for-
mation of a monolayer of beads on the bottom glass plate. The
whole layer consists of >105 particles and in a 1,158 μm × 865 μm
subwindow, ≈ 5,700 particles are tracked with a spatial resolution
of submicrometers and a time resolution in the order of seconds.
The system is kept at room temperature and exempt from density
gradients due to a months-long precise control of the horizontal
inclination down to microradian. The potential energy can be
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Fig. 2. Sketch of a fivefold oriented (A) and sevenfold oriented (B) dis-
clination. The red arrows illustrate the change in bond angle (blue) when
circling on an anticlockwise path around the defect.
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Fig. 3. Orientational correlation time τ6 (experimental data and fit according
to Eq. 6) and the time t left until the transition temperature is reached for
different cooling rates (colored straight lines, Eq. 9) as a function of inverse
temperature Γ (small Γ correspond to large temperatures and vice versa). The
intersections define the freeze-out interaction values Γ̂=Γðt̂Þ.
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Loss	of		orientaConal	order:	no	long	range	or	quasi-long	range	remains

Different	phases	for	the	assembly	of	par3cles	(2)
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Summary

From	Peierls	to	Berezinskii	-	Kosterlitz	-	Thouless

Peierls 1907-1985

Vadim L'vovich Berezinskii (Obituary)
A. A. Abrikosov, L. P. Gor'kov, I. E. Dzyaloshinskii, A. I. Larkin, A. B. Migdal, L. P. Pitaevskii,
and I. M. Khalatnikov
Usp. Fiz. Nauk 133, 553-554 (March 1981]

PACS numbers: 01.60. + q

Vadim L'vovich Berezinskii, a talented theoretical
physicist, died on June 23, 1980 after a long difficult
illness.

V. L. Berezinskii was born on July 15, 1935, in Kiev.
Having graduated in 1959 from the Physics Department
at Moscow State University, and then completing
graduate work at MIFI, he was directed in 1963 to work
at the Moscow Textile Institute. Starting in 1968, he
worked in the Scientific Research Institute for Heat
Instrumentation, and in 1977, he tranferred to the
L. D. Landau Institute of Theoretical Physics at the
Academy of Sciences of the USSR.

V. L. Berezinskii had a wide range of interests:
from problems in hydrodynamics and solid state
physics to problems in elementary particle physics and
gravitation. He was one of those few people who
tackled difficult problems and solved them. His talent
was revealed most clearly and fully when he encoun-
tered problems in which a clear physical statement of
the problem required at the same time overcoming
considerable mathematical difficulties. For such
problems, he was unique. Here, together with his
talent as a theoretical physicist, his endowments,
which allowed everyone around him to see in him an
outstanding mathematician, were revealed.

For the few years that were given to him by fate,
he had time to accomplish much. His name will always
remain in the world physics literature primarily in
connection with the solution of two fundamental prob-
lems: theory of phase transitions in two-dimensional
systems and theory of localization in disordered one-
dimensional conductors.

Recently, a large number of two-dimensional systems
has been discovered experimentally. These include
He4 films and smectic liquid crystals, submonoatomic
layers, adsorbed on crystal surfaces, layered mag-
netic substances, dichalcogenides of transition metals,
and others. Interest in these systems is to a large
extent explained by the many unusual physical proper-
ties of such systems, predicted by V. L. Berezinskii.
In the past, it was known that long-range order in such
systems is destroyed by thermal fluctuations at any
temperature. V. L. Berezinskii first showed that, in
spite of this, a thin (of the order of several angstroms)
film of liquid helium at low temperatures has the
property of superfluidity. Two-dimensional crystals,
which do not have long-range order, have a finite shear
modulus. Two-dimensional magnetic substances show
a resistance to a nonuniform rotation of spins. V. L.
Berezinskii understood the general nature of all these
phenomena and called them transverse rigidity, which
is now adopted in world literature. He showed that in

VADIM L'VOVICH
BEREZINSKII
(1935-1980)

systems having transverse rigidity correlations drop
off slowly (as a power law) with temperature, which is
what determines the fundamental properties of the new
low-temperature phase, Berezinskii's phase.

V. L. Berezinskii first discovered the important role
of topological defects in this phase: vortices in a film
of superfluid He4, dislocations in a two-dimensional
crystal, and vortical configurations in magnetic sub-
stances. At low temperatures, such defects form
molecules. At some definite temperature, these mole-
cules begin to dissociate, leading to destruction of
Berezinskii's phase. A quantitative calculation of the
dissociation of defect molecules was carried out two
years later in other papers. An experiment on a film
of He4 brilliantly confirmed the predictions of the the -
ory.

V. L. Berezinskii's ideas were fruitful in many areas.
His ideas on topological defects, which gave rise to
many interesting applications both in the physics of the
condensed state as well as in elementary particle
physics, gave rise to special interest.

The last decade was marked by an increased interest
in problems of electron transport in linear organic con-
ductors. In this connection, it was necessary to de-
termine the extent of the validity of the qualitative
arguments of Mott and Twose (1961), predicting that in

249 Sov. Phys. Usp. 24(3), March 1981 0038-5670/81 /030249-02$01.10 © 1981 American Institute of Physics 249

D.J.	ThoulessJ.M.	Kosterlitz

No	breaking	of	a	con3nuous	symmetry	in	a	2D	system	at	 T 6= 0

No	crystal,	no	BEC,	no	long-range	order

BKT	:	A	non	conven3onal	phase	transi3on	is	s3ll	possible
Superfluid	transi5on	(infinite	order)

R.	Peierls	1907-95
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The	role	of	AMO	systems

Quantum	fluids	with	atoms,	molecules,	photons,	polaritons,	
have	provided	a	unique	insight	in	several	aspects	of	BKT	physics

• Superfluid	behavior	and	cri3cal	point

Current	and	future	developments

• Influence	of	disorder

• Visualisa3on	of	vor3ces

• Sound	propaga3on

• Dynamics	across	the	phase	transi3on:	revisi3ng	the	Kibble-Zurek	mechanism

• Evidence	for	algebraic	decay:	  
with	 	at	the	cri3cal	point

G1(r) ∝ r−α

α ≈ 1/4
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