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Where	we	stand

Periodic	laHces	in	2D	

Link	between	the	topology	of	an	energy 
band	and	Hall	conduc7vity

Example	of	a	filled	lowest	band,	all	other	bands	empty
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External	force	along	the	 	axisx
Par3cle	current	along	the	 	axisy

�yx =
C

2⇡~
<latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="XwZaJ7KNJJ3sBeaQCk220kswl0A="></latexit>

Jy = �yxFx
<latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="7iEPDgWZIRXVCRlBFFy0Q4t9cLk="></latexit>

with

C
<latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="BfGOxxoUv47Yt1/iw/dkufqnWV0="></latexit>

:	Chern	number	(integer)	associated	with	the	occupied	band
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Where	we	stand	(2)

Topology	and	Berry	curvature

Periodic	laHce:	Bloch	theorem

Hamiltonian	eigenstates: eiq·r uq(r)
<latexit sha1_base64="eOhSFdhDvgVOo+ZJ8+l6D7R1vXk="></latexit><latexit sha1_base64="eOhSFdhDvgVOo+ZJ8+l6D7R1vXk="></latexit><latexit sha1_base64="eOhSFdhDvgVOo+ZJ8+l6D7R1vXk="></latexit><latexit sha1_base64="Gm52mrm0cNK8IeoD3hamd8olKog="></latexit>

periodicuq :
<latexit sha1_base64="lBVGx48/24qPrsrTeWS0Jrn14WE="></latexit><latexit sha1_base64="lBVGx48/24qPrsrTeWS0Jrn14WE="></latexit><latexit sha1_base64="lBVGx48/24qPrsrTeWS0Jrn14WE="></latexit><latexit sha1_base64="PpIIE0GJQ9i+eIHedRaKqu2lBtw="></latexit>

The	Bloch	momentum	q	is	chosen	in	the	Brillouin	zone	

Berry	curvature:																																																		oriented	along	z		(gauge	invariant)⌦q = rq ⇥Aq
<latexit sha1_base64="/PTYBlDnIUnXWkx77XlP6IN60yo="></latexit><latexit sha1_base64="/PTYBlDnIUnXWkx77XlP6IN60yo="></latexit><latexit sha1_base64="/PTYBlDnIUnXWkx77XlP6IN60yo="></latexit><latexit sha1_base64="PgZifBOGQTuGtq75QHOUC7T9W1A="></latexit>

Berry	connec3on:																																																	real	vector	in	the	plane (qx, qy)
<latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="ZxAzIDNSF1ESw8Fv9McOD9u1ejw="></latexit>

Aq = i huq |rquqi
<latexit sha1_base64="LQTrVLVf8N1lGHynyV2wjGx1udg="></latexit><latexit sha1_base64="LQTrVLVf8N1lGHynyV2wjGx1udg="></latexit><latexit sha1_base64="LQTrVLVf8N1lGHynyV2wjGx1udg="></latexit><latexit sha1_base64="1CVhPbyFvyTgEQpeKztUgmQ5y9Q="></latexit>

The	Chern	number	reads: C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="6B3MXpw0wPpLbObsB8qMe5gaxqY="></latexit><latexit sha1_base64="6B3MXpw0wPpLbObsB8qMe5gaxqY="></latexit><latexit sha1_base64="6B3MXpw0wPpLbObsB8qMe5gaxqY="></latexit><latexit sha1_base64="rPZ8CVJ72fXcesV3w4L+8vOCAJ0="></latexit>

How	to	obtain																		or	(even	be+er)																		?	⌦q 6= 0
<latexit sha1_base64="2vvd5u25OxuL33Gi7CBZ0tzlqDc="></latexit><latexit sha1_base64="2vvd5u25OxuL33Gi7CBZ0tzlqDc="></latexit><latexit sha1_base64="2vvd5u25OxuL33Gi7CBZ0tzlqDc="></latexit><latexit sha1_base64="F1hHJ768AwX5XAsl488i9g452Sk="></latexit>

C 6= 0
<latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="tdhQATPd0W8/duGc+QpaV4WqEUY="></latexit>
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Where	we	stand	(3)

Tight-binding	regime	for	a	bi-par8te	la9ce

A

B

aa1a2

Example	of	a	graphene-type	laHce,	with	two	sites/	unit	cell	  
Periodic	func3on	on	the	laHce:

|uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X
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|Bji

1

A

<latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="239aPY37ZhHti2MQKW62rdQAxO4="></latexit>

pseudospin	1/2=

✓
↵q

�q

◆

<latexit sha1_base64="1m+mkNct3sium3sxlMkkZh7QSdo="></latexit><latexit sha1_base64="1m+mkNct3sium3sxlMkkZh7QSdo="></latexit><latexit sha1_base64="1m+mkNct3sium3sxlMkkZh7QSdo="></latexit><latexit sha1_base64="WKBj4fs8fHK5tfeHKko37RcbKiI="></latexit>

Periodic	Hamiltonian	for										:	2	x	2	matrix|uqi
<latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="VfNsdkhQs5x2fL1WSVHgrOuCX9M="></latexit>

Ĥq = E0(q)1̂ � h(q) · �̂
<latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="XAkOKZgV4bnKB9M8Pr79UFnv+YA="></latexit>

• Energies	: E0 ± |h|
<latexit sha1_base64="lYKI2XKWryfvOeptTDzMJkinZ1Y="></latexit><latexit sha1_base64="lYKI2XKWryfvOeptTDzMJkinZ1Y="></latexit><latexit sha1_base64="lYKI2XKWryfvOeptTDzMJkinZ1Y="></latexit><latexit sha1_base64="VeUwQn2AVuoui/9oxYcUH2m2/8Q="></latexit>

• Eigenstates		determined	by	 n =
h

|h|
<latexit sha1_base64="/xbcd7SH9Um3m3C4xwVSxvrvqg4="></latexit><latexit sha1_base64="/xbcd7SH9Um3m3C4xwVSxvrvqg4="></latexit><latexit sha1_base64="/xbcd7SH9Um3m3C4xwVSxvrvqg4="></latexit><latexit sha1_base64="4SKd83OOb6Stt+M7QMHdo8B7/wk="></latexit>

C = � 1

4⇡

ZZ

ZB
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
dqx dqy

<latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="K/0UxGTI1r0BOL1o4I47K1531Mw="></latexit>

Wrapping	number	of	the	sphere



First	goal	for	today

Study	an	example	of	a	topological	laHce Haldane 1988

Tight-binding,	two-site	unit	cell:	“enriched”	graphene

Implementa3on	of	Haldane	model	using	a	3me-modulated	Hamiltonian

Effec7ve	Hamiltonian	for	a	fast	modula7on	
Zurich	experiment	(cold	atoms)

Link	between	topology	and	edge	channels

Finite-size	systems	 
Technion	experiment	(photonic)
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1.	

The	Haldane	model

F. D. M. Haldane  

Phys. Rev. Lett. 61, 2015 (1988)  

Model for a Quantum Hall Effect without Landau Levels :  
Condensed-Matter Realization of the "Parity Anomaly"
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The	hexagonal	laHce	(reminder)

Same	energy	for	A	and	B	sites:	EA = EB = 0
<latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="DcbBl7WQKQy9ufC62bv6QMoUqfs="></latexit>

Only	nearest-neighbor	couplings:

The	A	site	is	coupled	to	three	B	sites
The	B	site	is	coupled	to	three	A	sites

Ĥq = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="zXKNXjggWHIJSj7rvjg5FB8LJ0M="></latexit>

A

B

aa1a2

= �h(q) · �̂
<latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="WCAmsTCnAJVQ86xmrNttgHo0stc="></latexit>

with: h(q) = J

0

@
1 + cos(q · a1) + cos(q · a2)
sin(q · a1) + sin(q · a2)

0

1

A

<latexit sha1_base64="OIItZkt14OJS2pbINutAxgY2T7Q="></latexit><latexit sha1_base64="OIItZkt14OJS2pbINutAxgY2T7Q="></latexit><latexit sha1_base64="OIItZkt14OJS2pbINutAxgY2T7Q="></latexit><latexit sha1_base64="KcJsx7wxTD7SGzSq41a0rOGNAEo="></latexit>

Singularity	at	Dirac	points	such	that	
1 + eiq·a1 + eiq·a2 = 0

<latexit sha1_base64="3tKACseZ950iJcMVxJFtp/2VyyQ="></latexit><latexit sha1_base64="3tKACseZ950iJcMVxJFtp/2VyyQ="></latexit><latexit sha1_base64="3tKACseZ950iJcMVxJFtp/2VyyQ="></latexit><latexit sha1_base64="p/jWARJFO8g6E5ZA6mI+MkTcuvw="></latexit>
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<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

Eq
<latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="Aa1mAnGRKToCUpjetiBBpgYyHno="></latexit>
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How	to	enrich	the	graphene	laHce

We	look	for	a	Hamiltonian																																																								where													fully	
wraps	the	Bloch	sphere	

Ĥq = E0(q)1̂ � h(q) · �̂
<latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="ZY0TbqXhvYYsFRg56GaAmnpTtx8="></latexit><latexit sha1_base64="XAkOKZgV4bnKB9M8Pr79UFnv+YA="></latexit>

h(q)
<latexit sha1_base64="jtn0f6PByHCB+K2kUIapYD7w52c="></latexit><latexit sha1_base64="jtn0f6PByHCB+K2kUIapYD7w52c="></latexit><latexit sha1_base64="jtn0f6PByHCB+K2kUIapYD7w52c="></latexit><latexit sha1_base64="j8a73b0nEZJkHBrhuJIgrazXmvE="></latexit>

First	strategy:		
disymmetrize	the	A	and	B	sites	by	allowing	them	to	have	different	energies

Ĥq = �
✓

� hx(q)� ihy(q)
hx(q) + ihy(q) ��

◆

<latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="f6wZoGgq6D/oiizHHfnezAepAvo="></latexit>

EA = ��
<latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="tgiljFuv2GY7GON2O/3fYrolzHs="></latexit>

EB = +�
<latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="uQJM57hZysKTJHenrk2bwk6zjbc="></latexit>

hz(q) = �
<latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="QLbvIRF0Fs3spIdiQl4CvUs2Ddo="></latexit>

The	sign	of														is	constant	over	the	
Brillouin	zone:	one	covers	at	most	one  
hemisphere	of	the	Bloch	sphere

hz(q)
<latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="YnRPNseQ+vdpBj85Td/1e5wEI2I="></latexit>

																					and																							must	depend	on	q	:	next-to-nearest	neighbor	couplings[Ĥ(q)]AA
<latexit sha1_base64="PV7F1LI22PyjBExxSnPvTeMZbvw="></latexit><latexit sha1_base64="PV7F1LI22PyjBExxSnPvTeMZbvw="></latexit><latexit sha1_base64="PV7F1LI22PyjBExxSnPvTeMZbvw="></latexit><latexit sha1_base64="m4i3SfZMFP6KDPVtQiHpN7fFt6k="></latexit>

[Ĥ(q)]BB
<latexit sha1_base64="0G6imuiFQfQ0D1ToojwTtbDtFks="></latexit><latexit sha1_base64="0G6imuiFQfQ0D1ToojwTtbDtFks="></latexit><latexit sha1_base64="0G6imuiFQfQ0D1ToojwTtbDtFks="></latexit><latexit sha1_base64="qpuY3diCriaYcIu0u2fJ3qLsmYM="></latexit>
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Next-to-nearest	neighbor	(NNN)	coupling	for	graphene

A

Six	NNN	for	a	site	A	:	couplings	 A ! A
<latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="k8RXGT1T/vyWoieUBcl1Oho1GiY="></latexit>

Same	for	B

We	also	know	that	we	have	to	break	3me-reversal	symmetry.	Otherwise:

	⌦q = �⌦�q
<latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="kaH8muXhV1wxY+gAV5yAGghRdC4="></latexit>

C =
1

2⇡

ZZ

ZB
⌦q d2q = 0

<latexit sha1_base64="gfX3qkQxeY51fcteuuK+yyGZXuc="></latexit><latexit sha1_base64="gfX3qkQxeY51fcteuuK+yyGZXuc="></latexit><latexit sha1_base64="gfX3qkQxeY51fcteuuK+yyGZXuc="></latexit><latexit sha1_base64="17QIdTYUT5jWNwswK4anpCEeDP8="></latexit>

Tunnel	coupling																			and																			with	a	complex	matrix	elementA ! A
<latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="q8xTSVXud1AuwdZdkoUZW5IZAD0="></latexit><latexit sha1_base64="k8RXGT1T/vyWoieUBcl1Oho1GiY="></latexit>

B ! B
<latexit sha1_base64="poc/NMmQuDTlzNLXKXdTD6ah5pQ="></latexit><latexit sha1_base64="poc/NMmQuDTlzNLXKXdTD6ah5pQ="></latexit><latexit sha1_base64="poc/NMmQuDTlzNLXKXdTD6ah5pQ="></latexit><latexit sha1_base64="Z8dJkiPVUY+5qbSZnKThN1RlK3Q="></latexit>

Graphical	representa3on:	 A1 A2

�J 0 �e+i�0 |A2ihA1| + e�i�0 |A1ihA2|
�

<latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="ByR2PUnw5pgqxGRRMZq4KoaoiR4="></latexit>

J 0 ei�0
<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>
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Choice	for	the	NNN	coupling

�J 0 �e+i�0 |A2ihA1| + e�i�0 |A1ihA2|
�

<latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="Yzez3S2sEFwV+EnO2y4QDVAhB5w="></latexit><latexit sha1_base64="ByR2PUnw5pgqxGRRMZq4KoaoiR4="></latexit>

Coupling	of	site	A	to	
its	six	NNN: e±i�0

<latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="DXk+heYBLUb6QHi4/ZrRyz08Gdk="></latexit>

A1 A2
J 0 ei�0

<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>

Coupling	of	site	B	to	
its	six	NNN: e±i�0

<latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="GdVaDpFp1ZZOi+ZZ80mkZw2WAfg="></latexit><latexit sha1_base64="DXk+heYBLUb6QHi4/ZrRyz08Gdk="></latexit>

Keep	the	ini8al	periodicity	with	the	same	unit	cell
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Haldane	Hamiltonian

• On-site	energies Ĥ0,q =

✓
�� 0
0 �

◆

<latexit sha1_base64="85olxEOlF55YMhDkC1J0L7ZHRVI="></latexit><latexit sha1_base64="85olxEOlF55YMhDkC1J0L7ZHRVI="></latexit><latexit sha1_base64="85olxEOlF55YMhDkC1J0L7ZHRVI="></latexit><latexit sha1_base64="H+4hBO246gsVQD1ex1wOdinJsHk="></latexit>

• The	three	couplings	to	nearest	neighbors:

Ĥ1,q = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="6t8xkD4zmKmWQI0sHPF4rmyriEc="></latexit><latexit sha1_base64="6t8xkD4zmKmWQI0sHPF4rmyriEc="></latexit><latexit sha1_base64="6t8xkD4zmKmWQI0sHPF4rmyriEc="></latexit><latexit sha1_base64="qlX0Y0HEp/zsL7wNZ9Wuec313WY="></latexit>

a1a2

• The	six	addi3onal	couplings	to	NNN: J 0 e±i�0
<latexit sha1_base64="aSARaosRbZvi3ILAmGBa/GZ10N0="></latexit><latexit sha1_base64="aSARaosRbZvi3ILAmGBa/GZ10N0="></latexit><latexit sha1_base64="aSARaosRbZvi3ILAmGBa/GZ10N0="></latexit><latexit sha1_base64="P5J4z5OBfY+E05lUgZjGNheuk9s="></latexit>

Ĥ2,q = �J
0
✓P3

↵=1 2 cos(q · ⇢↵ � �0) 0
0

P3
↵=1 2 cos(q · ⇢↵ + �0)

◆

<latexit sha1_base64="TqSNE3ODb1NJDbHZxI36pLDMn0Y="></latexit><latexit sha1_base64="TqSNE3ODb1NJDbHZxI36pLDMn0Y="></latexit><latexit sha1_base64="TqSNE3ODb1NJDbHZxI36pLDMn0Y="></latexit><latexit sha1_base64="Hy33Cy0vzgJpO1Idg8B9S21ujt0="></latexit>

⇢1

⇢2

⇢3

J 0 ei�0
<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>
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Haldane	Hamiltonian	and	Bloch	sphere

Canonical	form	for	a	(pseudo-)	spin	1/2:

Ĥq = E0(q) 1̂� h(q) · �̂
<latexit sha1_base64="lagFfrSLHbpAolcazcKoCJRKwPY="></latexit><latexit sha1_base64="lagFfrSLHbpAolcazcKoCJRKwPY="></latexit><latexit sha1_base64="lagFfrSLHbpAolcazcKoCJRKwPY="></latexit><latexit sha1_base64="TsedCM4qHpu8KW/6T2lCcM/xC0g="></latexit>

with:

hx(q) = J [1 + cos(q · a1) + cos(q · a2)]
<latexit sha1_base64="D5cbjczQ9LE1a1lR17SsOpCkksc="></latexit><latexit sha1_base64="D5cbjczQ9LE1a1lR17SsOpCkksc="></latexit><latexit sha1_base64="D5cbjczQ9LE1a1lR17SsOpCkksc="></latexit><latexit sha1_base64="cY26GNyR42ywvyA3Ipr9ljUoFuY="></latexit>

hy(q) = J [sin(q · a1) + sin(q · a2)]
<latexit sha1_base64="IQFfwgrbrbnCR+OO5A9ShjpJmEU="></latexit><latexit sha1_base64="IQFfwgrbrbnCR+OO5A9ShjpJmEU="></latexit><latexit sha1_base64="IQFfwgrbrbnCR+OO5A9ShjpJmEU="></latexit><latexit sha1_base64="nnfHLo+MMhdSxDjCXSDgdocE9AI="></latexit>

hz(q) = �+ 2J 0 sin�0 Sq
<latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="rJj4oMitT9dlUcv4Bl1xsQZrlvY="></latexit>

unchanged	with	respect	 
to	graphene

Sq =
3X

↵=1

sin(q · ⇢↵)

<latexit sha1_base64="YrsUb3JIxn7RIowjmnfI40IJCTA="></latexit><latexit sha1_base64="YrsUb3JIxn7RIowjmnfI40IJCTA="></latexit><latexit sha1_base64="YrsUb3JIxn7RIowjmnfI40IJCTA="></latexit><latexit sha1_base64="kmaDpW2v8T1m3TmWrbNhSXOoJTQ="></latexit>

avec

J 0 ei�0
<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>

Necessary	condi3on	to	wrap	the	Bloch	sphere:	reach	the	poles

hx(q) = hy(q) = 0
<latexit sha1_base64="klDFV8KYjwLDfcADAYwEfMI96Jk="></latexit><latexit sha1_base64="klDFV8KYjwLDfcADAYwEfMI96Jk="></latexit><latexit sha1_base64="klDFV8KYjwLDfcADAYwEfMI96Jk="></latexit><latexit sha1_base64="TvyCouqnJrLadE1KgckmwHEC+sI="></latexit>

:	Dirac	points	loca3on

hz(q) > 0
<latexit sha1_base64="62RSmfQAVVaYMQ/HCkSTC0irdpA="></latexit><latexit sha1_base64="62RSmfQAVVaYMQ/HCkSTC0irdpA="></latexit><latexit sha1_base64="62RSmfQAVVaYMQ/HCkSTC0irdpA="></latexit><latexit sha1_base64="5gPhXVThx1SguzXDyyqDjJZBRq8="></latexit>

:	North	pole hz(q) < 0
<latexit sha1_base64="kb7l+pnwbtbkK8EvgCOwhfX4uns="></latexit><latexit sha1_base64="kb7l+pnwbtbkK8EvgCOwhfX4uns="></latexit><latexit sha1_base64="kb7l+pnwbtbkK8EvgCOwhfX4uns="></latexit><latexit sha1_base64="N+/zWUfbmcVndSE3LBOMx4tIyvo="></latexit>

:	South	pole
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Phase	diagram	for	Haldane	model

The	condi3on	“reach	the	poles”	is	actually	sufficient	to	ensure	the	
full	wrapping	of	the	Bloch	sphere

hz(q) = �+ 2J 0 sin�0 Sq
<latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="bPUnNcR6IIf9+cRJxcT5xFHefmQ="></latexit><latexit sha1_base64="rJj4oMitT9dlUcv4Bl1xsQZrlvY="></latexit>

with	at	the	Dirac	points	 Sq = ±3
p
3

2
<latexit sha1_base64="ITLiqi+hevfyZ1rvxFR4nTBJgys="></latexit><latexit sha1_base64="ITLiqi+hevfyZ1rvxFR4nTBJgys="></latexit><latexit sha1_base64="ITLiqi+hevfyZ1rvxFR4nTBJgys="></latexit><latexit sha1_base64="vl7OQ5bcRURic/TWhicUbNoOJB8="></latexit>

Therefore	it	is	sufficient	that																																						have	opposite	signs�± 3
p
3J 0 sin�0

<latexit sha1_base64="Hy2EdcpwxDo6gFcdfPHjCKmNvZQ="></latexit><latexit sha1_base64="Hy2EdcpwxDo6gFcdfPHjCKmNvZQ="></latexit><latexit sha1_base64="Hy2EdcpwxDo6gFcdfPHjCKmNvZQ="></latexit><latexit sha1_base64="YkbqopCutPldYajGQZvWRzV/Za8="></latexit>

0 0.5 1 1.5 2

�5

0

5

�0/⇡

|�
|/
J
0

C = +1
<latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="dqIWGFMAbuWFF7HRnVs432tx4Ss="></latexit>

C = �1
<latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="LsCf6ilflTkdrpNaAhFTTcr/7D4="></latexit>

C = 0
<latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="30S9Od1CtIxOhvYkjPorPh9zbg0="></latexit>

�/J 0
<latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="4nqQt/3w6xDMSxnS/Gh+Y6kdejs="></latexit>

�0/⇡
<latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="WiX7cwEvsxl04fcui3qU0VE4K9A="></latexit>

J 0 ei�0
<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>



A	clone	of	the	graphene	laHce:	the	brick-wall	laHce

A

B

a

a

a1a2 Simpler	calcula3ons

Can	be	achieved	with	laser	standing	waves 
at	right	angles

Zurich, 2012

Square	Brillouin	zone	with	two	Dirac	points 
as	for	graphene

�1 �0.5
0 0.5

1

�1
0

1

�2

0

2

qxa/⇡
<latexit sha1_base64="FfY05/tnwABVBiLTQGfArsPEKN0="></latexit><latexit sha1_base64="FfY05/tnwABVBiLTQGfArsPEKN0="></latexit><latexit sha1_base64="FfY05/tnwABVBiLTQGfArsPEKN0="></latexit><latexit sha1_base64="rhDFLHji8lS0XeGxycbp4D/dInA="></latexit>

qx

qy

⇡/a�⇡/a

b1b2
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Phase	diagram	for	the	brick-wall	laHce

Same	structure	as	for	the	Haldane	model,	with	4	NNN	instead	of	6

site	A	: site	B	:

0 0.5 1 1.5 2

�4

�2

0

2

4

C = +1
<latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="dqIWGFMAbuWFF7HRnVs432tx4Ss="></latexit>

C = �1
<latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="LsCf6ilflTkdrpNaAhFTTcr/7D4="></latexit>

C = 0
<latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="30S9Od1CtIxOhvYkjPorPh9zbg0="></latexit>

�/J 0
<latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="4nqQt/3w6xDMSxnS/Gh+Y6kdejs="></latexit>

�0/⇡
<latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="WiX7cwEvsxl04fcui3qU0VE4K9A="></latexit>

Topological  
example
�0 = ⇡/2

<latexit sha1_base64="S/0oNn4l8XuYeUTujnk5KRxi0HE="></latexit><latexit sha1_base64="S/0oNn4l8XuYeUTujnk5KRxi0HE="></latexit><latexit sha1_base64="S/0oNn4l8XuYeUTujnk5KRxi0HE="></latexit><latexit sha1_base64="iVCoAkTKw+IluicopL3XGVctI2M="></latexit>

� = 0
<latexit sha1_base64="3HPe1NhdyLBNKyFFcZOS9HZW88A="></latexit><latexit sha1_base64="3HPe1NhdyLBNKyFFcZOS9HZW88A="></latexit><latexit sha1_base64="3HPe1NhdyLBNKyFFcZOS9HZW88A="></latexit><latexit sha1_base64="vmx0qZ/qg6zyKahI/ApBiQEyzm0="></latexit>

J 0 ei�0
<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>

Non	topological  
example

� � J 0
<latexit sha1_base64="thT3BWJTrMTprAZbK4Ej5iYxhZo="></latexit><latexit sha1_base64="thT3BWJTrMTprAZbK4Ej5iYxhZo="></latexit><latexit sha1_base64="thT3BWJTrMTprAZbK4Ej5iYxhZo="></latexit><latexit sha1_base64="+WM9dsPhSFd+ZixYTZw4OHw8CCo="></latexit>

�0 = 0
<latexit sha1_base64="CFEZ6eX4OXOW3/rvzTHGMp+jIYE="></latexit><latexit sha1_base64="CFEZ6eX4OXOW3/rvzTHGMp+jIYE="></latexit><latexit sha1_base64="CFEZ6eX4OXOW3/rvzTHGMp+jIYE="></latexit><latexit sha1_base64="QCrVC/j9qKGlED+0I6p+/VoAt3Y="></latexit>



Berry	curvature	of	the	brick-wall	laHce

0 0.5 1 1.5 2

�4

�2

0

2

4

C = +1
<latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="dqIWGFMAbuWFF7HRnVs432tx4Ss="></latexit>

C = �1
<latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="LsCf6ilflTkdrpNaAhFTTcr/7D4="></latexit>

C = 0
<latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="30S9Od1CtIxOhvYkjPorPh9zbg0="></latexit>

�/J 0
<latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="4nqQt/3w6xDMSxnS/Gh+Y6kdejs="></latexit>

�0/⇡
<latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="WiX7cwEvsxl04fcui3qU0VE4K9A="></latexit>

J 0 = 0.2 J
<latexit sha1_base64="XW2itIyC3ihq8unczyZ1aacHa0o="></latexit><latexit sha1_base64="XW2itIyC3ihq8unczyZ1aacHa0o="></latexit><latexit sha1_base64="XW2itIyC3ihq8unczyZ1aacHa0o="></latexit><latexit sha1_base64="BH52EhQ+UHp5m2+xA9um3E//oXk="></latexit>

�1 �0.5
0 0.5

�1�0.5
00.5

0

0.5

1

q · a1/⇡q · a2/⇡

⌦
q

0

0.2

0.4

0.6

0.8

C =
1

2⇡

ZZ

ZB
⌦q d2q = 1

<latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="5PaSipO/EgamPI1YwCxiTPAzo9I="></latexit>

�1 �0.5
0 0.5

�1�0.5
00.5

�0.5

0

0.5

q · a1/⇡q · a2/⇡

⌦
q

�0.4

�0.2

0

0.2

0.4

C = 0
<latexit sha1_base64="Wwd4j4j/XV8kgci5H5KJKV0cULk="></latexit><latexit sha1_base64="Wwd4j4j/XV8kgci5H5KJKV0cULk="></latexit><latexit sha1_base64="Wwd4j4j/XV8kgci5H5KJKV0cULk="></latexit><latexit sha1_base64="rTOj0XDCPKRm3he1ppApEFT1gZI="></latexit>

� = J, J 0 = 0
<latexit sha1_base64="SrShwRcSvMSC2uUUpvGtk24qiXw="></latexit><latexit sha1_base64="SrShwRcSvMSC2uUUpvGtk24qiXw="></latexit><latexit sha1_base64="SrShwRcSvMSC2uUUpvGtk24qiXw="></latexit><latexit sha1_base64="Y80447Ih2PvO2HgTUTNy3xE/nyU="></latexit>

A

B

a

a

a1a2

qx

qy

⇡/a�⇡/a

b1b2
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Berry	curvature	in	the	3ght-binding	regime

Unit	cell	with	 	sitesn

• One	finds	 	energy	bandsn

• One	calculate	Berry	curvature	for	each	band ⌦(j)
q , j = 1, . . . , n

<latexit sha1_base64="Fcrc/TwuU8t+1t17QWV2CUZkqGY="></latexit><latexit sha1_base64="Fcrc/TwuU8t+1t17QWV2CUZkqGY="></latexit><latexit sha1_base64="Fcrc/TwuU8t+1t17QWV2CUZkqGY="></latexit><latexit sha1_base64="1eYseIPKzIzRJOo2qZ89ofbWPMo="></latexit>

E(j)
q , j = 1, . . . , n

<latexit sha1_base64="tt38cuwLg3hOsv2VLpILGNG/8M0="></latexit><latexit sha1_base64="tt38cuwLg3hOsv2VLpILGNG/8M0="></latexit><latexit sha1_base64="tt38cuwLg3hOsv2VLpILGNG/8M0="></latexit><latexit sha1_base64="p/OCT/EBkj3Z0yjn/h3xeY2lNco="></latexit>

One	can	then	show:	
nX

j=1

⌦(j)
q = 0

<latexit sha1_base64="xEgI/EBb10URSGxAxdj41OVGAt4="></latexit><latexit sha1_base64="xEgI/EBb10URSGxAxdj41OVGAt4="></latexit><latexit sha1_base64="xEgI/EBb10URSGxAxdj41OVGAt4="></latexit><latexit sha1_base64="UFYDlvpoa4/9BTRWsrajqmR9OuU="></latexit>

for	each	q	and	thus:
nX

j=1

C(j) = 0

<latexit sha1_base64="K5H4bwN2paP8gX0bxnQ84rmuvZo="></latexit><latexit sha1_base64="K5H4bwN2paP8gX0bxnQ84rmuvZo="></latexit><latexit sha1_base64="K5H4bwN2paP8gX0bxnQ84rmuvZo="></latexit><latexit sha1_base64="oAx+OneGWp8yuQptDToGM+Ct/yE="></latexit>

For	a	unit	cell	with	two	sites: C(+) = �C(�)
<latexit sha1_base64="bKV3yNMkf/zkkpdgIIE9+Bb+COA="></latexit><latexit sha1_base64="bKV3yNMkf/zkkpdgIIE9+Bb+COA="></latexit><latexit sha1_base64="bKV3yNMkf/zkkpdgIIE9+Bb+COA="></latexit><latexit sha1_base64="QKrRZv/JCmJkxv/vohvi139RO4Y="></latexit>

Hint	for	the	proof:

⌦(j)
q = i

X

j0 6=j

hu(j)
q | rqĤq |u(j0)

q i ⇥ hu(j0)
q | rqĤq |u(j)

q i
⇣
E

(j)
q � E

(j0)
q

⌘2

<latexit sha1_base64="aPeiqCbmxf0hixS9pY8vGtupEmQ="></latexit><latexit sha1_base64="aPeiqCbmxf0hixS9pY8vGtupEmQ="></latexit><latexit sha1_base64="aPeiqCbmxf0hixS9pY8vGtupEmQ="></latexit><latexit sha1_base64="DMsaxIyn1oGoXTzbMpH+RWDCud4="></latexit>

use
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2.	

Time-modula3on	and	topology

Opening of a gap in a graphene  
sheet using circularly polarized light

T. Oka & H. Aoki 
Phys. Rev. B 79, 081406 (2009) 

Photovoltaic Hall effect in graphene
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Shaken	laHces

How	to	create	a	complex	tunnel	coupling	such	as A1 A2
J 0 ei�0

<latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="/5rxLTDxO5nh9C9GWuxzINxSFYI="></latexit><latexit sha1_base64="HwcrAhj/CTHoynX9F8f5RK6eplc="></latexit>

A	possible	answer:	shake	the	laKce

For	cold	atoms,	this	can	be	achieved	by	modula3ng	the	phase	of	the	standing	
waves	forming	the	laHce

ei(kx�!t)
<latexit sha1_base64="pzRk2yVyx36mwtlNvTspaXIS4yM="></latexit><latexit sha1_base64="pzRk2yVyx36mwtlNvTspaXIS4yM="></latexit><latexit sha1_base64="pzRk2yVyx36mwtlNvTspaXIS4yM="></latexit><latexit sha1_base64="0CX/nqfsgm8F4JyAkP7s+sy2Zic="></latexit>

ei(�kx�!t) ei'(t)
<latexit sha1_base64="KdBd1hl0LGX1aC9iqmg0Yv2bsXw="></latexit><latexit sha1_base64="KdBd1hl0LGX1aC9iqmg0Yv2bsXw="></latexit><latexit sha1_base64="KdBd1hl0LGX1aC9iqmg0Yv2bsXw="></latexit><latexit sha1_base64="q/HTdknqq14TYXizAoEMxTr4F3w="></latexit>

laHce	nodes	in	 kxj(t) = j⇡ + '(t)
<latexit sha1_base64="TyIMav6wWzCkpnNTFMrawnRB9y8="></latexit><latexit sha1_base64="TyIMav6wWzCkpnNTFMrawnRB9y8="></latexit><latexit sha1_base64="TyIMav6wWzCkpnNTFMrawnRB9y8="></latexit><latexit sha1_base64="sdP0up7vYh4pk6NVOQNiZVLUWBw="></latexit>
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Iner3al	force	in	a	shaken	laHce

In	the	absence	of	modula3on

P̂↵ = |r↵ihr↵|
<latexit sha1_base64="1GIc+EGjQVDSXvFoJ9tpm4atk30="></latexit><latexit sha1_base64="1GIc+EGjQVDSXvFoJ9tpm4atk30="></latexit><latexit sha1_base64="1GIc+EGjQVDSXvFoJ9tpm4atk30="></latexit><latexit sha1_base64="ANkfdghroDgPUCWxt+gHxCSzETE="></latexit>

J (0)
↵,�

<latexit sha1_base64="hLCe332wT30cKIVd1aJz8Hiw9Xw="></latexit><latexit sha1_base64="hLCe332wT30cKIVd1aJz8Hiw9Xw="></latexit><latexit sha1_base64="hLCe332wT30cKIVd1aJz8Hiw9Xw="></latexit><latexit sha1_base64="sjom4vg7Wbi9R7pktM8D2aQLJ4A="></latexit>

:	real	and	posi3ve

For	a	global	mo3on	of	the	laHce	with	the	trajectory							,	switch	to	the	moving	
frame:	iner3al	force	on	the	par3cles F t = �m⇢̈t

<latexit sha1_base64="UvlcwHlfMWobNL2BVtCOSBXnuzs="></latexit><latexit sha1_base64="UvlcwHlfMWobNL2BVtCOSBXnuzs="></latexit><latexit sha1_base64="UvlcwHlfMWobNL2BVtCOSBXnuzs="></latexit><latexit sha1_base64="v2Caw1ypB2uceQ1Dne/dlcfSphY="></latexit>

⇢t
<latexit sha1_base64="BADWqFLk9ESJb+wmvs9Fh09q+Mc="></latexit><latexit sha1_base64="BADWqFLk9ESJb+wmvs9Fh09q+Mc="></latexit><latexit sha1_base64="BADWqFLk9ESJb+wmvs9Fh09q+Mc="></latexit><latexit sha1_base64="zbTv2NZSgPfRT5omw4oggxJz53Q="></latexit>

Hamiltonian	in	this	frame	:

with	: r̂ =
X

↵

r↵ P̂↵

<latexit sha1_base64="Rqvr4vgcb4sWYfD5VzOwagoXhek="></latexit><latexit sha1_base64="Rqvr4vgcb4sWYfD5VzOwagoXhek="></latexit><latexit sha1_base64="Rqvr4vgcb4sWYfD5VzOwagoXhek="></latexit><latexit sha1_base64="E/ozkSEl6FOBb0Bf1Nb0rlJUewY="></latexit>

Unitary	transform	(same	as	in	the	previous	lecture):

Ût = exp[�i r̂ ·At]
<latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="K4i6Oin4Vtkfahrz4DpNG8ZW5/8="></latexit>

At =
1

~

Z t

F t0 dt
0 = �m

~ ⇢̇t
<latexit sha1_base64="3eOpEXgS0aZwRP0ToXOwkTbw0VE="></latexit><latexit sha1_base64="3eOpEXgS0aZwRP0ToXOwkTbw0VE="></latexit><latexit sha1_base64="3eOpEXgS0aZwRP0ToXOwkTbw0VE="></latexit><latexit sha1_base64="ChaNjB1UdYDaZu1rsfhfTMo3MIg="></latexit>

Ĥrest =
X

↵

E↵P̂↵ �
X

↵,�

J
(0)
↵,� |r↵ihr� |

<latexit sha1_base64="iCFU98aTuu0KEnHt0ICq+E/ur+0="></latexit>

Ĥt = Ĥrest � F t · r̂
<latexit sha1_base64="YefIoqDSJHtQUfMpnU8z+ztRgUM="></latexit>



Iner3al	force	in	a	shaken	laHce	(2)

Ût = exp[�i r̂ ·At]
<latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="8uvhyLAT05YrCJitvLQ9/SGvDBc="></latexit><latexit sha1_base64="K4i6Oin4Vtkfahrz4DpNG8ZW5/8="></latexit>

Hamiltonian	afer	unitary	transform																																												with	 At = �m

~ ⇢̇t
<latexit sha1_base64="ZcO0xxJScVkrXwy7RilQSl4SNZg="></latexit><latexit sha1_base64="ZcO0xxJScVkrXwy7RilQSl4SNZg="></latexit><latexit sha1_base64="ZcO0xxJScVkrXwy7RilQSl4SNZg="></latexit><latexit sha1_base64="RKLOybeVTgl0uq2NFzGpajtPtew="></latexit>

ˆ̃
Ht =

X

↵

E↵|r↵ihr↵|�
X

↵,�

J↵,�(t) |r↵ihr� |
<latexit sha1_base64="KRbznOZ6U0nMCoqHE6urCC07cTM="></latexit><latexit sha1_base64="KRbznOZ6U0nMCoqHE6urCC07cTM="></latexit><latexit sha1_base64="KRbznOZ6U0nMCoqHE6urCC07cTM="></latexit><latexit sha1_base64="d581lKaJl5bQJcpQ3rLNv6ImOzA="></latexit>

J↵,�(t) = J (0)
↵,� eim(r↵�r�)·⇢̇/~

<latexit sha1_base64="I+cAme9d6HtxHQh8V1kDoO+cR0k="></latexit><latexit sha1_base64="I+cAme9d6HtxHQh8V1kDoO+cR0k="></latexit><latexit sha1_base64="I+cAme9d6HtxHQh8V1kDoO+cR0k="></latexit><latexit sha1_base64="isZTwRldWDTxzs/IUih8TLz5KPQ="></latexit>

Effec3ve	tunnel	coefficients	with	3me-modula3on	:

Limit	of	a	high-frequency	modula8on	(compared	to	Bohr	frequencies)

Expand								in	Fourier	series:ˆ̃
Ht

<latexit sha1_base64="nA9U7CSs5a6GfH/kaAzZwkSThng="></latexit><latexit sha1_base64="nA9U7CSs5a6GfH/kaAzZwkSThng="></latexit><latexit sha1_base64="nA9U7CSs5a6GfH/kaAzZwkSThng="></latexit><latexit sha1_base64="w1ga0e2y/pqXbzbAsaBiI7igtQI="></latexit>

Ĥt = Ĥ
(0) +

X

n>0

⇣
Ĥ

(n)ein!t + Ĥ
(�n)e�in!t

⌘

<latexit sha1_base64="u7aybddl1vkCwsC9OaMLyjbudeg="></latexit><latexit sha1_base64="u7aybddl1vkCwsC9OaMLyjbudeg="></latexit><latexit sha1_base64="u7aybddl1vkCwsC9OaMLyjbudeg="></latexit><latexit sha1_base64="Bckx2Toia6LAVM+G2akbjnt/JOE="></latexit>

and	keep	only	terms	of	order	0	and	1	in	the	expansion	in	terms	of	 	:1/ω

Ĥe↵ = Ĥ
(0) +

1

~!
X

n>0

1

n

h
Ĥ

(n)
, Ĥ

(�n)
i
+O(1/!2)

<latexit sha1_base64="q0WgorZpmIwlUcG8peuLKfXwBsI="></latexit><latexit sha1_base64="q0WgorZpmIwlUcG8peuLKfXwBsI="></latexit><latexit sha1_base64="q0WgorZpmIwlUcG8peuLKfXwBsI="></latexit><latexit sha1_base64="72a6BepWPGWjgW4BFBI37TW05Fk="></latexit>

Modula8on	of	tunneling	along	a	link															Vibra8on	of	the	la9ce	along	this	link

Ĥrest =
X

↵

E↵|r↵ihr↵|�
X

↵,�

J
(0)
↵,� |r↵ihr� |

<latexit sha1_base64="NQJNHTEvhEYIOfJz5epmFyhcAG8="></latexit>

e.g. Goldman & Dalibard 2014



Emergence	of	a	NNN	coupling

Couplings	in	the	sta3c	laHce: �J
X

↵=1,2,3

|A↵ihB|+H.c.

<latexit sha1_base64="DbjY521PxnGtt3zzpuweYHACQ9c="></latexit><latexit sha1_base64="DbjY521PxnGtt3zzpuweYHACQ9c="></latexit><latexit sha1_base64="DbjY521PxnGtt3zzpuweYHACQ9c="></latexit><latexit sha1_base64="gpWWrx8nsC7L4zReh7nSAhog7pw="></latexit>

Coupling	to	Aα	with	modula3on:	 �J e
�i sin(!t+'↵)|A↵ihB|+H.c.

<latexit sha1_base64="9IX2kElKKnZQCnVj1rJM6tpXz9k="></latexit><latexit sha1_base64="9IX2kElKKnZQCnVj1rJM6tpXz9k="></latexit><latexit sha1_base64="9IX2kElKKnZQCnVj1rJM6tpXz9k="></latexit><latexit sha1_base64="uKYO5iQ2iRL0o3CoA+UUpN/YUrg="></latexit>

First	term	in														for	the	effec3ve	Hamiltonian	:1/~!
<latexit sha1_base64="rdbOpxJ8jaOE/mvF2S7njIXgfbc="></latexit><latexit sha1_base64="rdbOpxJ8jaOE/mvF2S7njIXgfbc="></latexit><latexit sha1_base64="rdbOpxJ8jaOE/mvF2S7njIXgfbc="></latexit><latexit sha1_base64="Jc/85ZKFOkSEBNBRw4BP/YyHECY="></latexit>

1

~!

h
Ĥ

(1)
, Ĥ

(�1)
i

<latexit sha1_base64="cwebqUDsjwW/LztMFKIuLVXhVYA="></latexit><latexit sha1_base64="cwebqUDsjwW/LztMFKIuLVXhVYA="></latexit><latexit sha1_base64="cwebqUDsjwW/LztMFKIuLVXhVYA="></latexit><latexit sha1_base64="hPJZ4uZnDYcAisYywLe45YRGcgE="></latexit>

B

A1

A3A2

with	(among	others)	:	 Ĥ(1) = ei�y |A1ihB|+ . . .
<latexit sha1_base64="RzrFRWY9b45wV7/Y5seDShQ7pG8="></latexit><latexit sha1_base64="RzrFRWY9b45wV7/Y5seDShQ7pG8="></latexit><latexit sha1_base64="RzrFRWY9b45wV7/Y5seDShQ7pG8="></latexit><latexit sha1_base64="6bfPpc2EzGPot4bSekNwkm6mysQ="></latexit>

Ĥ
(�1) = e�i�x |BihA3|+ . . .

<latexit sha1_base64="WJizhGQRhgqWEvwWyaesm6XHkZ8="></latexit><latexit sha1_base64="WJizhGQRhgqWEvwWyaesm6XHkZ8="></latexit><latexit sha1_base64="nIC3lMtwz0O0RqDJ5bjjjMqkebE="></latexit>

which	contributes	to	the	commutator	with	:	 ei(�y��x) |A1ihA3|+ . . .
<latexit sha1_base64="1rE9BK6VXMWZV+UBwnNif9Kxzfk="></latexit><latexit sha1_base64="1rE9BK6VXMWZV+UBwnNif9Kxzfk="></latexit><latexit sha1_base64="RKHfVO+YHBOYQx1i2R7kpj5Nk2g="></latexit>

				Bingo!

Op3mal	choice																															(circular	modula3on)	leading	to:�y � �x = ⇡/2
<latexit sha1_base64="a1zp+iu0tDBbeKJC71S+WAOd1qI="></latexit><latexit sha1_base64="a1zp+iu0tDBbeKJC71S+WAOd1qI="></latexit><latexit sha1_base64="a1zp+iu0tDBbeKJC71S+WAOd1qI="></latexit><latexit sha1_base64="cbVAagTYURn/wWVfcSoEPFhpI9I="></latexit>

� J̄ 0
⇣
e
+i⇡/2|A2ihA1|+ e

+i⇡/2|A1ihA3|
⌘

+ H.c.
<latexit sha1_base64="vUPBvACjnjiPOKs1iAvUoZXEyZk="></latexit><latexit sha1_base64="vUPBvACjnjiPOKs1iAvUoZXEyZk="></latexit><latexit sha1_base64="vUPBvACjnjiPOKs1iAvUoZXEyZk="></latexit><latexit sha1_base64="T/b2eBbaQl9PV927OxfgeMbbWb4="></latexit>

J̄ 0 = 2
J2

~! J 2
1 ()

<latexit sha1_base64="xnDBWIs/SumA0Gu4BicqPLNcRdQ="></latexit><latexit sha1_base64="xnDBWIs/SumA0Gu4BicqPLNcRdQ="></latexit><latexit sha1_base64="xnDBWIs/SumA0Gu4BicqPLNcRdQ="></latexit><latexit sha1_base64="VbYhExIIcOMlgit4NoPsKDP0ZjA="></latexit>

 = ma⇢̇0/~
<latexit sha1_base64="aV8eXJv2+AFVnnsOkPX7itEsQW4="></latexit><latexit sha1_base64="aV8eXJv2+AFVnnsOkPX7itEsQW4="></latexit><latexit sha1_base64="aV8eXJv2+AFVnnsOkPX7itEsQW4="></latexit><latexit sha1_base64="/12lj6JZPFwLVdDTOn6M3F/G5X8="></latexit>

same	for	B	sites

x

y



The	Zurich	experiment

40K	atoms	(fermions)	prepared	in	a	
wave	packet	at	the	center	of	the	 
Brillouin	zone	of	the	lowest	band

Brick-wall	laHce	where	one	controls 
the	on-site	energy ±�

<latexit sha1_base64="Nq5jFhv0Pto805GK6sO1HU70CWs="></latexit><latexit sha1_base64="Nq5jFhv0Pto805GK6sO1HU70CWs="></latexit><latexit sha1_base64="Nq5jFhv0Pto805GK6sO1HU70CWs="></latexit><latexit sha1_base64="I37WsrD8yRIe3KmpZBOsR1fCyMk="></latexit>

G. Jotzu et al., Nature 515, 237 (2014)

Idea:	probe	the	topology	using	the	response	to	an	external	force

�1 �0.5
0 0.5

�1�0.5
00.5

0

0.5

1

q · a1/⇡q · a2/⇡

⌦
q

0

0.2

0.4

0.6

0.8

�1 �0.5
0 0.5

�1�0.5
00.5

�0.5

0

0.5

q · a1/⇡q · a2/⇡

⌦
q

�0.4

�0.2

0

0.2

0.4

Topological Normal



The	Zurich	experiment	(2)

~ dq

dt
= F

<latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="8YtoZ86+Z6RLtNeMtMKeXS6bZDQ="></latexit>

~dr
dt

= ~v = rqE
(0)
q +⌦q ⇥ F

<latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="rielQoOC1xFD1KwZYDL11RNbSHw="></latexit> Group  
velocity

Anomalous 
velocity

qx

qy

⇡/a�⇡/a

Magne3c	gradient	crea3ng	a	force											;	what	is	the	drif	along	 ?y±Fx
<latexit sha1_base64="vddB7B6Sh/OkxKiuqyTBizJtu64="></latexit><latexit sha1_base64="vddB7B6Sh/OkxKiuqyTBizJtu64="></latexit><latexit sha1_base64="vddB7B6Sh/OkxKiuqyTBizJtu64="></latexit><latexit sha1_base64="khwwcsAEV4cDC+G0IQON892Fozg="></latexit>

0 0.5 1 1.5 2

�4

�2

0

2

4

C = +1
<latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="63LwSJkrDVcYiqPAUhI1GSMbWmc="></latexit><latexit sha1_base64="dqIWGFMAbuWFF7HRnVs432tx4Ss="></latexit>

C = �1
<latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="xpW81q2071oiyC+a3d7B1wSqOr8="></latexit><latexit sha1_base64="LsCf6ilflTkdrpNaAhFTTcr/7D4="></latexit>

C = 0
<latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="nhDB+NPJbv9DwtzSszf8vJ72uBM="></latexit><latexit sha1_base64="30S9Od1CtIxOhvYkjPorPh9zbg0="></latexit>

�/J 0
<latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="OA9m5Iv4dRHQ7NVfYDMKAzPA7Oo="></latexit><latexit sha1_base64="4nqQt/3w6xDMSxnS/Gh+Y6kdejs="></latexit>

�0/⇡
<latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="Rog4ntYcnSRwyaBnoO+V9uvYohU="></latexit><latexit sha1_base64="WiX7cwEvsxl04fcui3qU0VE4K9A="></latexit>

aqx
⇡�⇡

⇡

⇡

aqy

�0
<latexit sha1_base64="GJRp9DLtYZS3UIsbj4h9aIgrBgQ="></latexit><latexit sha1_base64="GJRp9DLtYZS3UIsbj4h9aIgrBgQ="></latexit><latexit sha1_base64="GJRp9DLtYZS3UIsbj4h9aIgrBgQ="></latexit><latexit sha1_base64="cf0xKw6sAYcUGCx/S1r/5htWV5Q="></latexit>

Topological

aqx
⇡�⇡

⇡

⇡

aqy

� [Hz]
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3.	

Edge	channels
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Edges	states:	1D	vs.	2D

Reminder	on	the	1D	case	
(e.g.	SSH) E
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Topological TopologicalNormal	
(or	vacuum)

Switch	to	2D	and 
assume	that	the	lowest	 
band	is	topological	
(for	example	Haldane)
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Why	an	edge	state	must	exist
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For	an	infinite	plan	and	a	filled	band
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For	a	half-plane,	we	keep	transla3on	invariance	along	the	 	axis:		
Bloch	theorem	is	s3ll	valid	along	this	direc3on
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Is	there	a	current	along	y	?

If	this	is	the	case,	how	can	one	
avoid	the	accumula3on	of		
par3cles	on	the	line	y=0	?



29

Why	an	edge	state	must	exist	(2)

Topological

Vacuumy
x

Fx
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The	edge	channel	creates	a	detour	to	send	par3cles	in	the	upper	band.	
Once	in	the	upper	band,	the	par3cles	travel	back	since

C = �1 ) Jy < 0
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Robust	channel	as	long	as	the	two	bands	do	not	touch

Simple	example	of	the	bulk-edge	correspondence
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Edge	channels	and	skipping	orbits

Plane			vs.			half-plane	for	the	brick-wall	laHce	(topological	case)
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Equivalent	of	the	skipping	orbits  
for	the	quantum	Hall	effect

Single	mode	edge	channel	with	the	group	velocity	: 1
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Edge	states	for	a	ribbon

Infinite	ribbon	along	 	with	six	lines	along	 	
															Diagonalisa3on	of	a	12x12	matrix	for	each	value	of	qx
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Reservoir	and	quan3zed	transport

A	reservoir	imposes	its	chemical	poten3al	μ	to	the	ribbon	(s3ll	6	lines	along	y)
Periodic	boundary	condi3ons	along	x	(here	nx=20	sites)	:	qx	is	quan3zed

Opposite	currents	along	the	x	axis	on	the	lower	edge	and	the	upper	edge	of	the	ribbon
No	current	along	y

Let	us	apply	a	force	Fx	along	the	x	axis:	what	happens?

μ
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Force	Fx	:	Bloch	oscilla3ons	along	x	:

In	a	3me	step																												,	the	moments	qx	increase	by	a	quantum

~q̇x = Fx
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Reservoir	and	quan3zed	transport
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A	photonic	hexagonal	laHce

Wave	guides	engraved	by	a	laser	in	in	a	piece	of	glass	(refrac3on	index	1.45),	 
generated	by	a	small	index	varia3on(10-3):	hexagonal	laHce	in	the	 	planexy
Evanescent	wave	coupling	between	neighboring	guides	by	(distance	15	μm)

Propaga3on	over	a	distance	of	10	cm	along	the	 	axisz

M. Rechtsman et al., Nature 496, 196 (2013) ; Technion & Jena

Iden8cal	to	the	2D	Schrödinger	equa8on	for	a	massive	par8cle:	graphene
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Openeing	a	topological	gap

Wave	guides	with	helicoidal	shape:	equivalent	to	a	modulated	laHce

Helix	pitch:	5mm	(20	cycles	over	the	10	cm	propaga3on	length)	

Illuminated	zone	in	the	entrance	 
plane	of	the	waveguides

Intensity	distribu8on	in	the	exit	plane

Helix	radius:	8	μm
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Chiral	edge	states

• No	diffusion	towards	the	bulk	of	the	sample

• Light	travelled	in	a	chiral	way,	going	only	
towards	the	right	of	the	excita3on	zone

Only	the	edge	channel	is	significantly	populated

• The	edge	channel	is	robust:	no	back-reflexion	
at	the	top	right	corner

The	non-sensi7vity	to	added	defects	was	also	checked

Illuminated	zone	in	 
the	entrance	plane

Intensity	distribu8on	 
in	the	exit	plane



Summary	for	this	part

Construc3on	and	study	of	a	2-site	unit	cell	
model	(Haldane	or	brick-wall)	leading	to	
topological	bands

Model	that	can	be	implemented	using	a	temporal	
varia3on	of	some	parameters	of	the	Hamiltonian,	
both	for	atoms	and	for	guided	light

New	physical	criterion	to	characterize	a	
topological	band:	edge	channels	that	correspond	
currents	travelling	in	a	chiral	way	on	the	border	
of	the	sample
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Topological	ma+er	and		
its	explora3on	with	quantum	gases			

The	Harper	-	Hofstadter	model:	
Recovering	the	Hall	effect



Summary	of	what	we	have	seen	so	far

Characteriza3on	of	topological	bands	in	1	and	2	dimensions

• Quan;zed	conduc;vity	for	a	filled	band

Ly

Iy

Iy

Fx

JyBz

External	force	along	the	 	axisx
Par3cle	current	along	the	 	axisy

�yx =
C

2⇡~
<latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="/DYhcv4xVF7M/llVzXXa5+W8rk0="></latexit><latexit sha1_base64="XwZaJ7KNJJ3sBeaQCk220kswl0A="></latexit>

Jy = �yxFx
<latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="d3a5AJ6ehcBTDlZh4KB2gudG1Mk="></latexit><latexit sha1_base64="7iEPDgWZIRXVCRlBFFy0Q4t9cLk="></latexit>

avec

C
<latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="wFt3LLoJZIhO72FSC2IQaNsS2Jc="></latexit><latexit sha1_base64="BfGOxxoUv47Yt1/iw/dkufqnWV0="></latexit>

:	Chern	number	(integer)	associated	to	the	band

�1 �0.5 0 0.5 1

0

0.5

1

1.5

qxa/⇡
E

q

B(�)

B(+)

E(bord)
qx

• Existence	of	edge	states/channels

Single	mode	propaga3on		
channel	at	the	interface	 
between	the	two	regions

Vacuum

Topological
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Construc3on	of	models	leading	to	topological	bands

A AA B B BJ J’

A

B

a
a1a2

SSH Haldane

Two-site	unit	cell							

The	periodic	Hamiltonian									is	a	2x2	matrix	

• Simple	calcula3on

• Pseudo-spin	1/2	
Geometrical	analysis	using	  
the	Bloch	sphere

Ĥq
<latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="8Eb1niZ2fhjp1JR0FFeMzd+0nck="></latexit>

Summary	of	what	we	have	seen	so	far	(2)
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Goal	of	this	lecture

Historically,	the	no3on	of	a	topological	band	first	appeared	with	a	spa3ally	
con3nuous	problem

2D	electron	gas	(quantum	well)

B
<latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="P0Q+iRPXF9qgO91cmiA0dxB1Fps="></latexit>

Here	also	the	Hall	conductance	σyx	is	quan3zed:		
What	is	the	link	with	the	discre3zed	models	we	have	studied	so	far?
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Outline

1.	The	Harper-Hofstadter	model

Going	from	a	con3nuous	to	a	discrete	model
Tight-binding	regime,	but	with	a	“large”	unit	cell

Only	nearest-neighbor	couplings

2.	Implementa8on	with	cold	atoms

Measurement	of	a	Chern	number

3.	Implementa8on	in	photonics
Edge	states	and	topological	laser



The	Landau	levels

B
<latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="P0Q+iRPXF9qgO91cmiA0dxB1Fps="></latexit>

Par3cle	with	charge	e	freely	moving	in	the	 
xy	plane	in	the	presence	of	a	magne3c	field

Ĥ =
(p̂� eA(r̂))2

2m
<latexit sha1_base64="4GogmKxav65JY45pkAab3apxwSo="></latexit><latexit sha1_base64="4GogmKxav65JY45pkAab3apxwSo="></latexit><latexit sha1_base64="4GogmKxav65JY45pkAab3apxwSo="></latexit><latexit sha1_base64="Fb978pZUKKQwdEpP0BebtKUn6iA="></latexit>

p̂ = �i~rr
<latexit sha1_base64="mc9ynGt/6O0/yjsRlaKpNpjSsIQ="></latexit><latexit sha1_base64="mc9ynGt/6O0/yjsRlaKpNpjSsIQ="></latexit><latexit sha1_base64="mc9ynGt/6O0/yjsRlaKpNpjSsIQ="></latexit><latexit sha1_base64="y8L4QbZtsljysoMhNZehUpWKHDA="></latexit>

r⇥A = B
<latexit sha1_base64="+3xuGAFXtVWPgUMxcMLrYFckp0A="></latexit><latexit sha1_base64="+3xuGAFXtVWPgUMxcMLrYFckp0A="></latexit><latexit sha1_base64="+3xuGAFXtVWPgUMxcMLrYFckp0A="></latexit><latexit sha1_base64="vsqduxHYz4wiIKPRsh34Lza6EoE="></latexit>

for	example:	 A(r) = �Byux
<latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="ftcgrUIU1Cs3HSv9bHMnCsbaLas="></latexit>

canonical	momentum

Possible	approach:	use	of	the	kine7c	momentum ⇧̂ = p̂� eA(r̂)
<latexit sha1_base64="otbPjg1h3tZ6u61skOlrszY9MBo="></latexit><latexit sha1_base64="otbPjg1h3tZ6u61skOlrszY9MBo="></latexit><latexit sha1_base64="otbPjg1h3tZ6u61skOlrszY9MBo="></latexit><latexit sha1_base64="1uf6DHsCHmtzV7cbSUpo9yucGjY="></latexit>

[⇧̂x, ⇧̂y] = i ~eB
<latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="ArJZUoWXo6ZNEOYF5Xfrozhtb/I="></latexit>

The	Hamiltonian	reads																																											withĤ =
1

2m

⇣
⇧̂2

x + ⇧̂2
y

⌘

<latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="TBb9BumfmqnFJcho/glu1BkA+/s="></latexit>

Formal	analogy	with	a	1D	Harmonic	oscillator

Ĥ =
~!
2

⇣
X̂

2 + P̂
2
⌘

[X̂, P̂ ] = i
<latexit sha1_base64="PrqtzIqvd7+YiieSaPlMIDRRT9Y="></latexit>
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Landau	levels	(2)

The	analogy	with	the	formalism	of	a	1D	Harmonic	oscillator	indicates	that	
the	energy	spectrum	consists	in	equally	spaced	energy	levels

Ĥ =
1

2m

⇣
⇧̂2

x + ⇧̂2
y

⌘

<latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="/DoRAfPdEtbVX8k3Z6UKj09uudo="></latexit><latexit sha1_base64="TBb9BumfmqnFJcho/glu1BkA+/s="></latexit>

[⇧̂x, ⇧̂y] = i ~eB
<latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="BOvvp0Ocjtg2SjPE3ABhnZDcS74="></latexit><latexit sha1_base64="ArJZUoWXo6ZNEOYF5Xfrozhtb/I="></latexit>

En = ~!c (n+ 1/2) avec !c = eB/m
<latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="Hjay7ivsJABoH5uZ2oFnbRna3QQ="></latexit>

En = ~!c (n+ 1/2) avec !c = eB/m
<latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="T0LZStjmAF/TbW/Nyydh83ss1Yw="></latexit><latexit sha1_base64="Hjay7ivsJABoH5uZ2oFnbRna3QQ="></latexit>

:	cyclotron	frequency

...

n = 0
<latexit sha1_base64="9wFPuLkU2oiyqOs6Ybw16ajCVPw="></latexit><latexit sha1_base64="9wFPuLkU2oiyqOs6Ybw16ajCVPw="></latexit><latexit sha1_base64="9wFPuLkU2oiyqOs6Ybw16ajCVPw="></latexit><latexit sha1_base64="ua5NapmxGDUxr3zM5vuV/88HdX8="></latexit>

n = 1
<latexit sha1_base64="ley4wRaM2vqwD4xkL7e0SVj0exE="></latexit><latexit sha1_base64="ley4wRaM2vqwD4xkL7e0SVj0exE="></latexit><latexit sha1_base64="ley4wRaM2vqwD4xkL7e0SVj0exE="></latexit><latexit sha1_base64="RwLaCacV+1JOetrglRePczphATQ="></latexit>

n = 2
<latexit sha1_base64="Hah/9pv3XU25k5WggjNlY6BZefY="></latexit><latexit sha1_base64="Hah/9pv3XU25k5WggjNlY6BZefY="></latexit><latexit sha1_base64="Hah/9pv3XU25k5WggjNlY6BZefY="></latexit><latexit sha1_base64="3i9pq7VR8n7I9mamGtyOOfv+ti0="></latexit>

~!c
<latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="hKoRgE/Vihm2El7kAJhChE/XdMQ="></latexit>

~!c
<latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="kr++/oissMmx0vvGVCmCaV7J2B0="></latexit><latexit sha1_base64="hKoRgE/Vihm2El7kAJhChE/XdMQ="></latexit>

Each	energy	level	has	a	macroscopic	degeneracy:

S
<latexit sha1_base64="bqEPSN8EmaNT/15U5UAPdAlmdQw="></latexit><latexit sha1_base64="bqEPSN8EmaNT/15U5UAPdAlmdQw="></latexit><latexit sha1_base64="bqEPSN8EmaNT/15U5UAPdAlmdQw="></latexit><latexit sha1_base64="GNDuQTzKXgc+J04E1aRZXB5foJ0="></latexit>

:	area	of	the	sample

` = (~/eB)1/2
<latexit sha1_base64="BqvJaSFqkweumrJdabO1ohn5NVc="></latexit><latexit sha1_base64="BqvJaSFqkweumrJdabO1ohn5NVc="></latexit><latexit sha1_base64="BqvJaSFqkweumrJdabO1ohn5NVc="></latexit><latexit sha1_base64="w7OEvzLHbxUCm3zq5qe320Ucedo="></latexit>

magne3c	length

Flat	energy	bands	with	 C = 1
<latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="/3HmxsdZcWYl9wDKJd5pJ7bE/H8="></latexit>

degeneracy =
S

2⇡`2
<latexit sha1_base64="rlAQhW6vHCZvg+oabQSuXT6zhuo="></latexit>
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Square	laHce	and	magne3c	field

B
<latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="TR45J8+l5BIswm9OEcHcITKiz1s="></latexit><latexit sha1_base64="P0Q+iRPXF9qgO91cmiA0dxB1Fps="></latexit>

Discre3ze	the	xy	plane:

Aj : rj = a (jxux + jyuy)
<latexit sha1_base64="RC/kFeFI/QHsrvNi/CqSkz6KS/s="></latexit><latexit sha1_base64="RC/kFeFI/QHsrvNi/CqSkz6KS/s="></latexit><latexit sha1_base64="RC/kFeFI/QHsrvNi/CqSkz6KS/s="></latexit><latexit sha1_base64="GeVEm/psztzIXsGBeBK40IouS9U="></latexit>

ux
<latexit sha1_base64="XUTtfwyHVJeaQmNQbLIgOeluFQ0="></latexit><latexit sha1_base64="XUTtfwyHVJeaQmNQbLIgOeluFQ0="></latexit><latexit sha1_base64="XUTtfwyHVJeaQmNQbLIgOeluFQ0="></latexit><latexit sha1_base64="A6wEzXLA6XdDvVCueOTqH81ZcfI="></latexit>

uy
<latexit sha1_base64="A7vQ6tpiOCo9WYE+eiCKLCFli1M="></latexit><latexit sha1_base64="A7vQ6tpiOCo9WYE+eiCKLCFli1M="></latexit><latexit sha1_base64="A7vQ6tpiOCo9WYE+eiCKLCFli1M="></latexit><latexit sha1_base64="3vFcyzo8fSpO2DWx76dJKFKLQ6o="></latexit>

Nearest	neighbor	coupling:

in	the	absence	of	a	magne7c	field

Energy	band: Eq = �2J [cos(qxa) + cos(qya)]
<latexit sha1_base64="53N4OLBr6xVY20/B0V3x2E5yl9g="></latexit><latexit sha1_base64="53N4OLBr6xVY20/B0V3x2E5yl9g="></latexit><latexit sha1_base64="53N4OLBr6xVY20/B0V3x2E5yl9g="></latexit><latexit sha1_base64="5O05/+t2UE7R5wawP4bA1usXxfs="></latexit>

With	the	magne3c	field:

Role	of	the	phase	factor:	ensure	the	non-zero	Aharonov-Bohm	phase	on	a	contour

J remplaced by J exp[ i �(j ! j0)]
<latexit sha1_base64="0WDDzRKVqF52js/mQSBicZEwJhQ="></latexit>

Ĥ0 = �J

X

hj,j0i

|Aj0ihAj |
<latexit sha1_base64="Ndkf5zVlRx8F3+HmXW3qUjce9b0="></latexit><latexit sha1_base64="Ndkf5zVlRx8F3+HmXW3qUjce9b0="></latexit><latexit sha1_base64="Ndkf5zVlRx8F3+HmXW3qUjce9b0="></latexit><latexit sha1_base64="LSgrs/DE3Xfsw5QsbxmP63STzDk="></latexit>

(2D	Hubbard	model)
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Choice	of	the	phase	factor J exp[ i �(j ! j0)]
<latexit sha1_base64="VH2oJ5UXd8TEdGisSWki0jCkykk="></latexit><latexit sha1_base64="VH2oJ5UXd8TEdGisSWki0jCkykk="></latexit><latexit sha1_base64="VH2oJ5UXd8TEdGisSWki0jCkykk="></latexit><latexit sha1_base64="TCNZrxH38LxhwqYn+Ts1YNXTZ2E="></latexit>

Arbitrary	contour	on	the	square	laHce

�(C) ⌘
X

contour

�(j ! j0)

<latexit sha1_base64="I+AKvOdPrBk5znNTa9HANlXYsbk="></latexit><latexit sha1_base64="I+AKvOdPrBk5znNTa9HANlXYsbk="></latexit><latexit sha1_base64="I+AKvOdPrBk5znNTa9HANlXYsbk="></latexit><latexit sha1_base64="vX6+FbMAp1qe7aMSNBlP+PMKA10="></latexit>

C

must	be	propor3onal	to	the	flux	 	of		
the	magne3c	field	across					:	

ϕ
C

<latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="UQBurgSSo3uKOI6JosAytLIX99o="></latexit>

�(C) = e

~� mod (2⇡)
<latexit sha1_base64="UKh/bAcQDaF7A4bqqVobpSx8h1s="></latexit><latexit sha1_base64="UKh/bAcQDaF7A4bqqVobpSx8h1s="></latexit><latexit sha1_base64="UKh/bAcQDaF7A4bqqVobpSx8h1s="></latexit><latexit sha1_base64="Qi7/RIv7m6f/zIMMUoXGKfyPsZg="></latexit>

A	possible	solu3on	(Peierls)	:	Take	the	vector	poten3al	 	for	the	con3nuous	case	
and	set	for	each	link	of	the	laHce

A(r)

�(j ! j0) =
e

~

Z aj0

aj
A(r) · dr

<latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="tPZrGta3a+83fBtyusEV4OvXNdg="></latexit>

j
<latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="mG+rDQI/zOesbg37xr0k1UE3P3s="></latexit>�(j0 ! j) = ��(j ! j0)

<latexit sha1_base64="4VJeczqqNDTPfSNu/ahu1UCQJvE="></latexit><latexit sha1_base64="4VJeczqqNDTPfSNu/ahu1UCQJvE="></latexit><latexit sha1_base64="4VJeczqqNDTPfSNu/ahu1UCQJvE="></latexit><latexit sha1_base64="sfrBtk67+5PXHy5w6G5ze6ZhLXc="></latexit>

(						hermi3an)Ĥ
<latexit sha1_base64="t0XLXqLBmBoObxVAm7t61ta2P/I="></latexit><latexit sha1_base64="t0XLXqLBmBoObxVAm7t61ta2P/I="></latexit><latexit sha1_base64="t0XLXqLBmBoObxVAm7t61ta2P/I="></latexit><latexit sha1_base64="JildW7iTozUPVdbeXjkOJ2gJ7Ds="></latexit>

j + ux
<latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="ycBXFXQwVh9hQo93IG/m8um6r48="></latexit>
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Magne3c	flux	per	unit	cell

j
<latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="69XV2Qu6bvyIe/CWlhPmAx7CZb0="></latexit><latexit sha1_base64="mG+rDQI/zOesbg37xr0k1UE3P3s="></latexit>

With	this	discre3za3on	of	space,	the	magne3c	field	 
is	defined	by	its	flux	through	a	unit	cell	withe	area	a2

Two	values	 	and	 	correspond	to	the	same	tunnel	coefficientsΦcell Φcell + 2π

J remplacé par J exp[ i �(j ! j0)]
<latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="6n8WxFYRPN5cuTKDdhVPlDwN1ow="></latexit>

and	thus	to	the	same	physical	situa3on

One	usually	sets		 	and	choose	 	such	thatΦcell = 2π α α

0  ↵ < 1
<latexit sha1_base64="I5vslhbJHzapEfjsPX+B2jsLAIk="></latexit><latexit sha1_base64="I5vslhbJHzapEfjsPX+B2jsLAIk="></latexit><latexit sha1_base64="I5vslhbJHzapEfjsPX+B2jsLAIk="></latexit><latexit sha1_base64="aBm1AEUza3yLT4IB2fVcuTOA9rw="></latexit>

In	what	follows	we	will	typically	have ↵ = 1/4
<latexit sha1_base64="OH+fs9kbmF9QVT0FMSbGGV68/kw="></latexit><latexit sha1_base64="OH+fs9kbmF9QVT0FMSbGGV68/kw="></latexit><latexit sha1_base64="OH+fs9kbmF9QVT0FMSbGGV68/kw="></latexit><latexit sha1_base64="c0Tfx7PzNEwx12ltgp0TaV1ehRM="></latexit>

j + ux
<latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="W8RMOXgmkz2RdvgKEZlkSx4DVpc="></latexit><latexit sha1_base64="ycBXFXQwVh9hQo93IG/m8um6r48="></latexit>

j + uy
<latexit sha1_base64="nPxBWroMsi6XsrpoTVG7obI4L9I="></latexit><latexit sha1_base64="nPxBWroMsi6XsrpoTVG7obI4L9I="></latexit><latexit sha1_base64="nPxBWroMsi6XsrpoTVG7obI4L9I="></latexit><latexit sha1_base64="ln0FWeiO+bSPnw0m0EVzL6eUUJ0="></latexit>

�cell ⌘
X

4 links

�(j ! j0)

<latexit sha1_base64="QkZTK2x3deVKR3tRL+lCQ3KfzI8="></latexit>
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The	magne3c	unit	cell

When	replacing	the	tunnel	coefficient	 	by									
																																								,	we	loose	the	spa3al	  
periodicity	of	the	ini3al	laHce	

J
J remplacé par J exp[ i �(j ! j0)]

<latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="6n8WxFYRPN5cuTKDdhVPlDwN1ow="></latexit>

Complete	loss?	  
Not	always:	example	of	the	flux	α	=	1/4

�cell =
⇡

2
<latexit sha1_base64="zcl2sgsxkkR63laUhNtCMElGAXw="></latexit>

Gauge	choice: A(r) = �Byux
<latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="mGpZWCwVNHsDC5Cf7O0NaZ9k0MM="></latexit><latexit sha1_base64="ftcgrUIU1Cs3HSv9bHMnCsbaLas="></latexit>

�(j ! j0) =
e

~

Z aj0

aj
A(r) · dr

<latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="41lElwWRLRNKvvwQw+AvBFxxKtw="></latexit><latexit sha1_base64="tPZrGta3a+83fBtyusEV4OvXNdg="></latexit>

J remplacé par J exp[ i �(j ! j0)]
<latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="iGXx2TpndvGa0rOTMYQRAALr7nQ="></latexit><latexit sha1_base64="6n8WxFYRPN5cuTKDdhVPlDwN1ow="></latexit>

What	are	the	tunnel	coefficients

according	to	the	prescrip3on

?

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

e�i⇡/2 = �i
<latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="2+FXKYRR1vs6xtOGGqb1Mh+97Ak="></latexit>

e�i⇡ = �1
<latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="jbYSoJJhgAG6B5tlifzOKxDLf9s="></latexit>

e�3i⇡/2 = i
<latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="OehjTBqf4zFIhwi9XNGk+yDn8Mw="></latexit>

e�3i⇡/2 = i
<latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="bCdHVisL4IbDPE/LV097/0IJeNE="></latexit><latexit sha1_base64="OehjTBqf4zFIhwi9XNGk+yDn8Mw="></latexit>

e�4i⇡/2 = 1
<latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="wei3gqlrRrWjLNDXbKdfeLJqwLo="></latexit>

e�4i⇡/2 = 1
<latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="RfniJr+Sh0/61EpUDCap2HhYwrg="></latexit><latexit sha1_base64="wei3gqlrRrWjLNDXbKdfeLJqwLo="></latexit>

e�i⇡ = �1
<latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="Cmgj+6THbQrI1nG0CFcPIVPChFM="></latexit><latexit sha1_base64="jbYSoJJhgAG6B5tlifzOKxDLf9s="></latexit>

e�i⇡/2 = �i
<latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="YpDvjW1vuDAspp4xWtZ3oiMU6pc="></latexit><latexit sha1_base64="2+FXKYRR1vs6xtOGGqb1Mh+97Ak="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>

1
<latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="K+fGWWdqAusZ5JOXj44dud2BMvE="></latexit><latexit sha1_base64="y1XF1QEyrRRExqs6bN6fTGLOHKI="></latexit>y = 0

<latexit sha1_base64="l4wEvqbPHOPPTFjJXERlS7GN4Yg="></latexit><latexit sha1_base64="l4wEvqbPHOPPTFjJXERlS7GN4Yg="></latexit><latexit sha1_base64="l4wEvqbPHOPPTFjJXERlS7GN4Yg="></latexit><latexit sha1_base64="I1CjUNlhIl8AS1JImsRh+0rZn5s="></latexit>

We	now	have	a	4-site	unit	cell
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The	choice	of	the	magne3c	unit	cell

For	a	given	flux																											,	several	possible	choices�cell = 2⇡ ↵
<latexit sha1_base64="aSZY13nL8CiV+Iu+54DJDYej8qc="></latexit>

Example	for	flux	α	=	1/4	:

1

�i

�1

i

1

1

1

1

�i

+i

�i

1 +i 1

�i 1 �i

All	choices	lead	to	the	same	predic3ons	for	physical		
proper3es	(spectrum,	Chern	number):	gauge	invariance

We	recover	the	con3nuous	limit	for				↵ = 1/p ! 0
<latexit sha1_base64="ktTTCR9HJtLolzIsY7NkOwv98F4="></latexit><latexit sha1_base64="ktTTCR9HJtLolzIsY7NkOwv98F4="></latexit><latexit sha1_base64="ktTTCR9HJtLolzIsY7NkOwv98F4="></latexit><latexit sha1_base64="VIDT3kyl2Vhlv873/nZvO0Uluf0="></latexit>

Landau	gauge “Square”	gauge
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Energies	and	topology	for	flux	α	=	1/4

�1 �0.5 0 0.5 1 �1
0

1

�1

0

1

2qxa/⇡
2qya/⇡

E
/(
2J

)

�1 �0.5 0 0.5 1�0.2
00.2

�2

0

2

qxa/⇡qya/⇡

E
q

Landau	gauge “Square”	gauge

Nearly	flat	lowest	band:	this	is	interes3ng	when	one	looks	for	
strongly	correlated	states	in	the	presence	of	interac3ons

�0.5 0 0.5 1
�0.2

0
0.2

0.5

1

1.5

qxa/⇡
qya/⇡

⌦
(0

)
q

0

0.5

1

1.5 Berry	curvature	of	the	lowest	band

posi3ve	everywhere

C =
1

2⇡

ZZ

ZB
⌦q d2q = 1

<latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="N88Uyy6US9HAhyCOeiVPZaeY5EY="></latexit><latexit sha1_base64="5PaSipO/EgamPI1YwCxiTPAzo9I="></latexit>



Berry	curvature	for	the	Harper-Hofstadter	problem

Flux	α	=	1/p,		with		p		integer	(assumed	even	here)						

• Magne3c	unit	cell	with		p		sites

• The	lowest	energy	band	for		B=0		splits	in		p		bands,	symmetric	/	E	=	0

...

...

p

2
� 1

<latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="pmJcR5iA9AiJODiN+i6wfmsJk/0="></latexit>

bands,	each	with	 C = 1
<latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="/3HmxsdZcWYl9wDKJd5pJ7bE/H8="></latexit>

p

2
� 1

<latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="0Ty7XzFLuAsPDX9BnGaucMoc3qk="></latexit><latexit sha1_base64="pmJcR5iA9AiJODiN+i6wfmsJk/0="></latexit>

bands,	each	with	 C = 1
<latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="O9NqtkM06JolXHq7gn563gKyRCM="></latexit><latexit sha1_base64="/3HmxsdZcWYl9wDKJd5pJ7bE/H8="></latexit>

2	central	bands	in	contact	at	Dirac	points C = �p+ 2
<latexit sha1_base64="fQu2CeWwAvnflC6cH8OX2lJalas="></latexit><latexit sha1_base64="fQu2CeWwAvnflC6cH8OX2lJalas="></latexit><latexit sha1_base64="fQu2CeWwAvnflC6cH8OX2lJalas="></latexit><latexit sha1_base64="5FJWgL6Bb80vtEqGsjrSqkPsYwU="></latexit>

Thouless et al (TKNN), 1982
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The	general	spectrum:	Hofstadter	bu+erfly

Calculated	here	for	ra3onal	fluxes

↵ = p0/p
<latexit sha1_base64="TDNCW9gpGhFsyw1AXMq99QDd3TQ="></latexit><latexit sha1_base64="TDNCW9gpGhFsyw1AXMq99QDd3TQ="></latexit><latexit sha1_base64="TDNCW9gpGhFsyw1AXMq99QDd3TQ="></latexit><latexit sha1_base64="ufB3/gef6i/QuHKsAG/ft6NiPtY="></latexit>

1  p, p0  100
<latexit sha1_base64="xz5e6fNGZM/85JMslv84Gtabmoc="></latexit><latexit sha1_base64="xz5e6fNGZM/85JMslv84Gtabmoc="></latexit><latexit sha1_base64="xz5e6fNGZM/85JMslv84Gtabmoc="></latexit><latexit sha1_base64="zNV9e8P48JYr80WM4bCvJEn7djw="></latexit>

Fractal	

α	=	1/4

Very	narrow	and	equally	spaced	levels:	one	recovers	the	Landau	spectrum
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2.	

Implementa3on	with	cold	atoms

M. AIDELSBURGER, M. LOHSE, C. SCHWEIZER, M. ATALA, J. T. BARREIRO,  
S. NASCIMBÈNE, N. R. COOPER, I. BLOCH & N. GOLDMAN  

Measuring the Chern number of Hofstadter bands with ultracold bosonic atoms  

Nature Physics 11, p. 162 (2015)
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Use	of	a	superlaHce

Target:	flux		α	=	1/4	
1

1

1

�i

+i

�i

1 +i 1

�i 1 �i

�1 �0.5 0 0.5 1 �1
0

1

�1

0

1

2qxa/⇡
2qya/⇡

E
/(
2J

)

How	to	create	complex	tunnel	matrix	elements?	
How	to	put	atoms	in	the	lowest	band?

2D	op3cal	laHce	(λ=0.77	μm)	
	and	addi3onal	superlaHce	(2λ)
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Use	of	a	superlaHce

Start	with	a	simple	square	laHce:	All	tunnel	matrix	elements	equal	to	J

Add	a	superlaHce	along	the	x	axis:

A B

C D

EA = EC = 0, EB = ED = �
<latexit sha1_base64="1cCNfTYkuCRvqs9PI0TrbA1AJTY="></latexit><latexit sha1_base64="1cCNfTYkuCRvqs9PI0TrbA1AJTY="></latexit><latexit sha1_base64="1cCNfTYkuCRvqs9PI0TrbA1AJTY="></latexit><latexit sha1_base64="gbUZtk+z/p/r77gmbqUyTWkKpYw="></latexit>

Tunneling	is	blocked	along	the	x	axis

Modula3on	at	frequency																			:	recover	tunneling	along	x	with	a	phase	
controlled	by	the	modula3on

�/(2⇡~)
<latexit sha1_base64="WnsmgnfVFemePNqjKayXXEsGVGc="></latexit><latexit sha1_base64="WnsmgnfVFemePNqjKayXXEsGVGc="></latexit><latexit sha1_base64="WnsmgnfVFemePNqjKayXXEsGVGc="></latexit><latexit sha1_base64="7Qy/oAyIDNyXzD4R2eulHVISkJw="></latexit>

Add	another	superlaHce	along	x	and	y		

EA = ��, EB = EC = 0, ED = +�
<latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="NroaOISXmr8ETQFY1nLULUwyOB4="></latexit>

:	control	parameter�
<latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="X70zCPxkJU9QExxL57OLVITO1Ag="></latexit>
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Prepara3on	of	atoms	in	the	topological	band

EA = ��, EB = EC = 0, ED = +�
<latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="j4jIss1eFYig9Bn8ZzcjJN74J/0="></latexit><latexit sha1_base64="NroaOISXmr8ETQFY1nLULUwyOB4="></latexit>

large	and	posi3ve:	all	atoms	go	on	the	A	sites�
<latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="cPH0iJVENkkxKDRndHN6tVObTWU="></latexit><latexit sha1_base64="X70zCPxkJU9QExxL57OLVITO1Ag="></latexit>

A B

C D

Slowly	decrease	δ	un3l		δ=0	:	Harper-Hofstadter	Hamiltonian

For	the	detec3on:	inverse	path	and	“band-mapping”	technique



The	Chern	number	measurement

Uniform	popula3on	of	the	states													of	a	given	band

A	previously	obtained	result	gives	for	the	velocity	of	the	center-of-mass	along	 :		y

| (n)
q i

<latexit sha1_base64="fjGy5XMfCSy+5VDp83jrNeuCokE="></latexit><latexit sha1_base64="fjGy5XMfCSy+5VDp83jrNeuCokE="></latexit><latexit sha1_base64="fjGy5XMfCSy+5VDp83jrNeuCokE="></latexit><latexit sha1_base64="Cl5gy5vjVE/vXA+FskBFUjbMLHs="></latexit>

Apply	a	force	 	along	the	 	axis	(dipole	force	of	an	auxiliary	beam)	Fx x
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<latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="ZsXd/Hddn39PCXhcWI1uLshBYvQ="></latexit>

t (ms)
<latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="mT4KYbsJUxKMLMdpACZOUm0YuRk="></latexit>

Linear	varia3on	at	the	origin

C = 0.9 (2)
<latexit sha1_base64="3HF6hcYQlJ3SUQTVZ4UlvMyKClY="></latexit><latexit sha1_base64="3HF6hcYQlJ3SUQTVZ4UlvMyKClY="></latexit><latexit sha1_base64="3HF6hcYQlJ3SUQTVZ4UlvMyKClY="></latexit><latexit sha1_base64="mXcV2Rxb5zZAoZg4Km5RC2SFm3M="></latexit>

AIDELSBURGER et al, 
2015

vy = C 2

⇡

Fxa2

~
<latexit sha1_base64="cYnrLk/JoLdBFfbsiGsxnuDqP/U="></latexit><latexit sha1_base64="cYnrLk/JoLdBFfbsiGsxnuDqP/U="></latexit><latexit sha1_base64="cYnrLk/JoLdBFfbsiGsxnuDqP/U="></latexit><latexit sha1_base64="elegjdPRo2UWyOvLgcmLwyQ4i9M="></latexit>



A	non-trivial	problem:	Hea3ng!
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<latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="NaUi/HFXKziElxgZZxySyI7bTd8="></latexit><latexit sha1_base64="ZsXd/Hddn39PCXhcWI1uLshBYvQ="></latexit>

t (ms)
<latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="gS57H3UVV5Q0KIdOZA+CZxOU/sE="></latexit><latexit sha1_base64="mT4KYbsJUxKMLMdpACZOUm0YuRk="></latexit>

�1 �0.5 0 0.5 1 �1
0

1

�1

0

1

2qxa/⇡
2qya/⇡

E
/(
2J

)
At	long	3me,	all	bands	are	equally	populated:

Hea3ng	linked	to	the	temporal	modula3on	combined	with	two-body	interac3on:	
transfer	of	the	micro-mo3on	energy	to	the	slow	mo3on

4X

j=1

C(j) = 0

<latexit sha1_base64="GiFJXR3s9CKQKbm8UQodXcfGndM="></latexit><latexit sha1_base64="GiFJXR3s9CKQKbm8UQodXcfGndM="></latexit><latexit sha1_base64="GiFJXR3s9CKQKbm8UQodXcfGndM="></latexit><latexit sha1_base64="JRZfnukHnYSAJv36tNRozhvBFiQ="></latexit>

The	displacement	along	 	stopsy
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3.	

Hall	effect	in	photonics

Mohammad HAFEZI, S MITTAL, J FAN, A MIGDALL & JM TAYLOR  
Imaging topological edge states in silicon photonics 

Nature Photonics 7, p. 1001 (2013) 

Miguel A. BANDRES, Steffen WITTEK, Gal HARARI, Midya PARTO, Jinhan REN, Mordechai SEGEV, 
Demetrios N. CHRISTODOULIDES & Mercedeh KHAJAVIKHAN  

Topological insulator laser : Experiments 
Science 359, p. 4005 (2018)



Elementary	bricks

Goal:	Harper-Hofstadter	laHce	with	an	ajustable	flux	α

Ring-shaped	waveguide,	 
resonant	with	light	(Q>104),	

in	silica	for	the	passive	version

BANDRES et al, Science 2018

Plays	the	role	of	a	laHce	site

10	μm

Link	between	two	sites,	
non	resonant
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Coupling	between	two	rings

Suppose	(for	the	moment)	that	light	rotates	in	the	posi3ve	sense	on	the	site	resonators

A1 A2

ei�1!2

Transfer	from	ring	A1	to	ring	A2	along	
the	upper	part	of	the	link

ei�(1!2)
<latexit sha1_base64="Bb2XMy4LrLlxWgqgKa7f2TNUtso="></latexit><latexit sha1_base64="Bb2XMy4LrLlxWgqgKa7f2TNUtso="></latexit><latexit sha1_base64="Bb2XMy4LrLlxWgqgKa7f2TNUtso="></latexit><latexit sha1_base64="uLWL4uDPjAmrCVCavTjd5WE6I4A="></latexit>

Transfer	from	ring	A2	to	ring	A1	along	 
the	lower	part	of	the	link

A1 A2

ei�2!1

One	can	thus	achieve	: �(2 ! 1) = ��(1 ! 2)
<latexit sha1_base64="UqjYHyMwyUzc2TCiGjGzK2WaZMI="></latexit><latexit sha1_base64="UqjYHyMwyUzc2TCiGjGzK2WaZMI="></latexit><latexit sha1_base64="UqjYHyMwyUzc2TCiGjGzK2WaZMI="></latexit><latexit sha1_base64="csKD2d5MkpaOJ65ssMe5L0F9c3U="></latexit>

ei�(2!1)
<latexit sha1_base64="oZtsM7K5SL/XdxkRpCsRc4Ukjxk="></latexit><latexit sha1_base64="oZtsM7K5SL/XdxkRpCsRc4Ukjxk="></latexit><latexit sha1_base64="oZtsM7K5SL/XdxkRpCsRc4Ukjxk="></latexit><latexit sha1_base64="aushRHv3/fzVnHiv9qQyKHh6l8s="></latexit>



A	square	cell	of	the	Harper-Hofstadter	laHce

A1 A2

A3 A4

x12
<latexit sha1_base64="OSjD1NiedRyLS00B6JRWz1q8raM="></latexit><latexit sha1_base64="OSjD1NiedRyLS00B6JRWz1q8raM="></latexit><latexit sha1_base64="OSjD1NiedRyLS00B6JRWz1q8raM="></latexit><latexit sha1_base64="uIhmY2Iqyoc0Pl5sGkqo78Dh5+I="></latexit>

x34
<latexit sha1_base64="9SB3gaqA4swDp0HftCQ+zqJ+3Cg="></latexit><latexit sha1_base64="9SB3gaqA4swDp0HftCQ+zqJ+3Cg="></latexit><latexit sha1_base64="9SB3gaqA4swDp0HftCQ+zqJ+3Cg="></latexit><latexit sha1_base64="nfelf6Qa73SE2NPR7OdKK/r+Mjs="></latexit>

x34 6= x12
<latexit sha1_base64="F/jVGYXqbbLjUs4GUAnnT25Kzk8="></latexit><latexit sha1_base64="F/jVGYXqbbLjUs4GUAnnT25Kzk8="></latexit><latexit sha1_base64="F/jVGYXqbbLjUs4GUAnnT25Kzk8="></latexit><latexit sha1_base64="1DAyDf2Smm2nI0D8LBkJcnhs8ss="></latexit>

�(3 ! 4) 6= �(1 ! 2)
<latexit sha1_base64="nTnDZttiT/Ji2C/6Nfcr4F4K60A="></latexit><latexit sha1_base64="nTnDZttiT/Ji2C/6Nfcr4F4K60A="></latexit><latexit sha1_base64="nTnDZttiT/Ji2C/6Nfcr4F4K60A="></latexit><latexit sha1_base64="X7FGZym8suPUcTj0enxmzh4VeTI="></latexit>

Direct	implementa7on 
	of	Landau	gauge

The	accumulated	phase	on	a	unit	cell 
is	a	func3on	of	the	difference x34 � x12

<latexit sha1_base64="l9r+Zb+/pNiA40fjwtRVc6sGUaU="></latexit><latexit sha1_base64="l9r+Zb+/pNiA40fjwtRVc6sGUaU="></latexit><latexit sha1_base64="l9r+Zb+/pNiA40fjwtRVc6sGUaU="></latexit><latexit sha1_base64="msYJ7algmrwKc8LBIL0rLSJTjCA="></latexit>

Allows	one	to	adjust	the	flux �cell = 2⇡ ↵
<latexit sha1_base64="aSZY13nL8CiV+Iu+54DJDYej8qc="></latexit>
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Observa3on	of	edge	channels

HAFEZI et al. (2013)

Square	laHce	with	8x8	rings	linked		
together	with		α	=	0.15

The	light	is	injected	on	one	of	the	
outer	rings

Measurement	of	the	light	sca+ered	by	each	ring
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What	about	3me-reversal	symmetry?

Here	no	op3cal	component	breaks	3me-reversal	symmetry	(one	would	need	
some	Faraday	effect)

By	imposing	an	orienta3on	of	the	propaga3on	in	the	rings,	we	took	into	
account	only	half	of	the	possible	configura3ons

A1 A2

ei�1!2

A1 A2

One	passes	from	flux		α	to	flux		-α		by	exchanging	the	rota3on	sign

Spin	Hall	effect	:									each	have	a	non-trivial	topology	with	opposite	effects|±i
<latexit sha1_base64="SrNe8bz1h41zmMbXCHK58B1RwbM="></latexit><latexit sha1_base64="SrNe8bz1h41zmMbXCHK58B1RwbM="></latexit><latexit sha1_base64="SrNe8bz1h41zmMbXCHK58B1RwbM="></latexit><latexit sha1_base64="YAiHVnnZ48Root18cCz2pnelU6s="></latexit>

Robust	as	long	as	retro-diffusion	is	negligible



Implementa3on	in	ac3ve	photonics:	topological	laser

BANDRES et al., Science, 2018, Technion + Orlando

Plaxorm	with	a	InGaAsP	quantum	well	pumped	with	1.06	μm	light
LaHce	of	10x10	resonators,	coupled	by	links	achieving	a	flux	α	=	1/4	

Mesurement	of	the	light	directly	emi+ed	by	the	resonators,	as	well	as	
in	input-output	couplers	at	the	corner	of	the	sample
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Characteris3cs	of	the	topological	laser

BANDRES et al. 
Science 2018

Be+er	efficiency	than	the	same	device	with	α	=	0

No	losses	linked	to	the	diffusion		
towards	the	bulk	of	the	sample

Narrower	spectrum	for	the	topological	laser

Avoid	the	non-homogenous	
broadening	due	to	disorder	
in	the	sample



A	few	perspec3ves	(among	many)…

• Use	of	atomic	internal	structure	
• Synthe3c	dimensions	
• Quench	dynamics	
• Dynamical	gauge	fields



In	the	process																																																		,	the		phase							gets	“printed”	on		
the	atomic	wave	func3on:	equivalent	to	a	complex	tunnel	matrix	element

70

Op3cal	transi3on	and	laser	assisted	tunneling

Two-site	problem	in	real	space	{A,	B},	and	two	internal	states	 |a⟩, |b⟩

An	atom	in	the	internal	state										(resp.						)	is	trapped	on	site	A		(resp.	B)						|bi
<latexit sha1_base64="tK3mqTGFp8poJ6iPSezbqO56V4A="></latexit><latexit sha1_base64="tK3mqTGFp8poJ6iPSezbqO56V4A="></latexit><latexit sha1_base64="tK3mqTGFp8poJ6iPSezbqO56V4A="></latexit><latexit sha1_base64="+J+RgRroPhOTl5/nDVjSVY5A99A="></latexit>

|ai
<latexit sha1_base64="EA1r7FJx6QCY5mHymeVVPiCiTIM="></latexit><latexit sha1_base64="EA1r7FJx6QCY5mHymeVVPiCiTIM="></latexit><latexit sha1_base64="EA1r7FJx6QCY5mHymeVVPiCiTIM="></latexit><latexit sha1_base64="2Pvmja0JM+dX+wNcwI/03xUzK6E="></latexit>

x

y

A
A B

ei(ky��)

|ai

|bi

x

y

A
A B

ei(ky��)

|ai

|bi

|ai + photon �! |bi
<latexit sha1_base64="XgCpdYHbWhzcOqoGgKr80uCThRA="></latexit><latexit sha1_base64="XgCpdYHbWhzcOqoGgKr80uCThRA="></latexit><latexit sha1_base64="XgCpdYHbWhzcOqoGgKr80uCThRA="></latexit><latexit sha1_base64="4kow5hV5HwaINbY1eyvNZz3+ie4="></latexit>

�
<latexit sha1_base64="DWGP5OAT9a7SKcm+IKzBWBaJoW8="></latexit><latexit sha1_base64="DWGP5OAT9a7SKcm+IKzBWBaJoW8="></latexit><latexit sha1_base64="2ArnZElJll0s9kNDQfXeyqwYf/s="></latexit>

Can	be	generalized	to	a	whole	op8cal	la9ce
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Synthe3c	dimensions

The	internal	states	of	an	atom	can	play	the	role	of	one	of	the	two	dimensions	of	the	 	planexy

Example	of	a	3-line	ribbon	with	an	atom	of	angular	momentum	J	=	1

|m = �1i

|m = 0i

|m = +1i

(j � 2)a (j � 1)a ja (j + 1)a (j + 2)a
x

<latexit sha1_base64="ouIwR1s+TMrJl3UzSZaHvrFHjBo="></latexit><latexit sha1_base64="ouIwR1s+TMrJl3UzSZaHvrFHjBo="></latexit><latexit sha1_base64="ouIwR1s+TMrJl3UzSZaHvrFHjBo="></latexit><latexit sha1_base64="YNPlClsjgYY+EWeBw0lOrH/b3S4="></latexit>

m = �1
<latexit sha1_base64="1fS45Zr7MoHAQkNOdrPGaCNho84="></latexit><latexit sha1_base64="1fS45Zr7MoHAQkNOdrPGaCNho84="></latexit><latexit sha1_base64="1fS45Zr7MoHAQkNOdrPGaCNho84="></latexit><latexit sha1_base64="E4r6sJzK7CQlnQO/XVHK/JhZWDU="></latexit>

m = +1
<latexit sha1_base64="vTNVZvhYkMdTF25O2u8ggriteek="></latexit><latexit sha1_base64="vTNVZvhYkMdTF25O2u8ggriteek="></latexit><latexit sha1_base64="vTNVZvhYkMdTF25O2u8ggriteek="></latexit><latexit sha1_base64="OPWcL5hzYeF4/ooX7y7ndMroIuw="></latexit>

m = 0
<latexit sha1_base64="0r6ipA+by8kcnLsn5hvgWjNzSDo="></latexit><latexit sha1_base64="0r6ipA+by8kcnLsn5hvgWjNzSDo="></latexit><latexit sha1_base64="0r6ipA+by8kcnLsn5hvgWjNzSDo="></latexit><latexit sha1_base64="0sWwH/QYxGHOuJaFLfw70BvYSyE="></latexit>

Normal	laHce	along	x	and	synthe3c	along	y		

Observa8on	of	edge	states	(Florence,	Maryland,	Boulder),	but	no	real	bulk

Proposed by Celi et al, 2014
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A	new	playground	for	synthe3c	dimensions:	
Atomic	species	with	large	spin

Dysprosium	atoms	(162Dy)	have	a	J=8	ground	state:	17	Zeeman	sublevels

• Con3nuous	mo3on	along	real	 	
		
• Nearest	neighbor	hopping	along	
synthe3c	 ,	via	s3mulated	Raman	
transi3ons

x

y

Effec3ve	stripe	geometry:

PhD: T. Chalopin, A. Evrard, A. Fabre, T. Satoor                  Postdoc: V. Makhalov 
Permanent: R. Lopes, S. Nascimbene, J.Dalibard
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Families	of	coupled	states	: F(p) = {|gm, p�m~Ki, m = �8, . . . , ,+8}
<latexit sha1_base64="es13LO5e0u9GvWmAzTvYJOVM4n8="></latexit>

Energy	diagram	for	a	vanishing	Raman	coupling:	17	parabolas

p/~K
<latexit sha1_base64="tH3TQeNb1e2lEdHHL9wfmdMruRQ="></latexit>

Reaching	a	flat	lowest	band

E

Erecoil
<latexit sha1_base64="zO8LbiQeZyUeLAo5lWY7tSHbDhc="></latexit>

These	quasi-flat	bands		
can	be	viewed	as	 
synthe3c	Landau	levels

Erecoil ⌘ ~2K2/2m
<latexit sha1_base64="fiUKezjzOVTRK/4QkAz312TJAxM="></latexit>
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-5
p/~K

<latexit sha1_base64="tH3TQeNb1e2lEdHHL9wfmdMruRQ="></latexit>

~⌦ = Erecoil
<latexit sha1_base64="nLxtTKVjAVRDDge1uKg0Xosrlj0="></latexit>

Ĥ =
p̂
2

2m
� ~⌦

2

⇣
Ĵ+e

iKx + Ĵ�e
�iKx

⌘

<latexit sha1_base64="MkKPN8FZv6w7PuEWtZlmNfUEAIg="></latexit>
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Prepara3on	at	a	given	quasi-momentum	

� � � � � �
�

�

p [~K ]

E
[E

]

|m = �Ji ! p = �J~K

Start	with	a	polarized		162Dy	BEC	in	 |mz = �8i
<latexit sha1_base64="IcjQ77QizNFjKpGveKuUfDtop+I="></latexit>

Raman	coupling ⌦ = 0
<latexit sha1_base64="jWr/L+ZYiwfoFzyUC84SN9SCKE8="></latexit>

20000	atoms,	kBT ⇠ 0.2Erecoil
<latexit sha1_base64="JyVDZF0bGBc1G5OyyQH2v9R3d7o="></latexit>

� � � � � �
�

�

p [~K ]

E
[E

]

⌦ = E /~

Adiaba3cally	raise	the	coupling	Ω	
⌦/2⇡ ⇠ 12 kHz

<latexit sha1_base64="OWnTa0F1dCLUXtT4r0X2HyfGCa8="></latexit>

� � � � � �
�

�

p [~K ]

E
[E

]

F p

� = ! � ! � ! !

p = ~K (�J + ~�/( E ))

Apply	a	force		 	along	the	real	dimension:F
ṗ = F

<latexit sha1_base64="CkclHJBtvBLLzEIjt8wAP9J6dXQ="></latexit>

p(t) = p0 + Ft
<latexit sha1_base64="tUUFWxG5IGuCd2XeWSviHr7Aiuk="></latexit>
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Diagnosis	along	the	real	(x)	and	synthe3c	(y)	direc3ons

� � � � � �
�

�

p [~K ]

E
[E

]

F p

� = ! � ! � ! !

p = ~K (�J + ~�/( E ))

Flat	band	: hvi = dE

dp
⇡ 0

<latexit sha1_base64="EHHkq63RhwFfx1YK593Mkfcn878="></latexit>
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Observing	cyclotron	orbits

� � � � � �
�

�

p [~K ]

E
[E

]

F p

� = ! � ! � ! !

p = ~K (�J + ~�/( E ))

p/~K
<latexit sha1_base64="tH3TQeNb1e2lEdHHL9wfmdMruRQ="></latexit>

• Prepare	a	LLL	state	at	a	given	momentum	p

• Sudden	(small)	velocity	kick	popula3ng	
slightly	the	second	LL

• Monitor	the	evolu3on	of															and 
[hence										]	

mz(t)
<latexit sha1_base64="rgffBPznHOmHF0GbXGVdFelc66A="></latexit>

v(t)
<latexit sha1_base64="UFFJJotA/r9cx2mhq3PQ3B6kbZE="></latexit>

x(t)
<latexit sha1_base64="RetCcXdKJdGsPT/P5oCqm2oZhJo="></latexit>
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Trajectories	with	one	point	every	2	microseconds
Cyclotron	period							20	microseconds	⇠

<latexit sha1_base64="MequlXYZoHFZkx1AJh5Pjrpjvko="></latexit>

Band	with	the	same	topology	as	the	lowest	Landau	level
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Dressed	states	and	adiaba3c	following

Leave	the	3ght-binding	regime	to	come	back	to	a	situa3on	closer	to	the	original 
quantum	Hall	effect.		Consider	a	Jg=1/2		—	Je=3/2	transi3on	(alcali-metal	atom)

Jg=1/2

Je=3/2

At	any	point	 	,	dressed	states	of	the	ground-level	manifoldr |�(±)
r i

<latexit sha1_base64="OInCMbCOhMOmj1/FmWKXJZmyDHk="></latexit><latexit sha1_base64="OInCMbCOhMOmj1/FmWKXJZmyDHk="></latexit><latexit sha1_base64="OInCMbCOhMOmj1/FmWKXJZmyDHk="></latexit><latexit sha1_base64="plnHqQ0gPoPLgPy8Uc8O5p5RN58="></latexit>

What	happens	when	the	atom	moves	slowly	enough	to	
follow	adiaba3cally	one	of	these	dressed	states?



Flux	laHces

The	adiaba3c	following	of	a	dressed	state	gives	rise	to	a	geometrical	phase

Berry	connec3on: A(r)
<latexit sha1_base64="2pTqttTzZJeW8K50A4QwCmS2K5A="></latexit><latexit sha1_base64="2pTqttTzZJeW8K50A4QwCmS2K5A="></latexit><latexit sha1_base64="2pTqttTzZJeW8K50A4QwCmS2K5A="></latexit><latexit sha1_base64="zKIjpmNOrOPE9nArfosVaCj3ESw="></latexit>

Berry	curvature: B(r) = r⇥A(r)
<latexit sha1_base64="w++NjX30r7JmCYblw2i3qLIIT6w="></latexit><latexit sha1_base64="w++NjX30r7JmCYblw2i3qLIIT6w="></latexit><latexit sha1_base64="w++NjX30r7JmCYblw2i3qLIIT6w="></latexit><latexit sha1_base64="2IL8l1DO5V3tBEm0KJtwfq8w5Ug="></latexit>

Ar7ficial	magne7c	field	in	posi7on	space

Flux	la9ces:	periodic	laHces	for	which	this	ar3ficial	field	leads	to	topological	bands

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

Cooper 2011, 
Cooper & Dalibard 2011, 2013
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Eq
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Evolu3on	of	topological	features	in	a	quench

What	happens	to	the	edge	excita3ons?

How	do	the	topological	characteris3cs		
influence	the	post-quench	dynamics?

Caio, Cooper & Bhaseen, Quantum Quenches in Chern Insulators, PRL 115, 236403 (2015)

Recent	experimental	inves3ga3on	by	the	Hamburg	group

Measurement	
of	the	azimuthal	
angle	 	of	the		
vector	 	on	  
the	Bloch	sphere

ϕq
h(q)

Sta8c

Post-quench:	
dynamical	
vorices

Fläschner et al,  
Nature Physics 14, 265 (2018) 

Tarnowski et al, 
Nature Communications 10, 1728 (2019)
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A	new	development:	Dynamical	gauge	fields	

The	phase	and/or	the	amplitude	of	the	tunneling	for	site	 	to	site	 	is	
controlled	by	an	atomic	species,	described	itself	by	quantum	mechanics	

i j

C. Chin, Nat. Phys. 15 1106,  
Nov. 2019

Zurich group: F. Görg et al., Nat. Phys. 15, 1161 (2019). 
Munich group: C. Schweizer et al. Nat. Phys. 15, 1168 (2019)

Towards	the	simula;on	of	models	of	par;cle	physics,	such	as	laJce	quantum	chromodynamics?



Conclusions

Objec3ve	of	these	first	3	weeks:	Introduc3on	to	the	topological	classifica3on	
of	states	of	ma+er,	very	different	from	geometrical	symmetries

• Restric3on	to	1D	or	2D	periodic	systems
Winding	numbers	or	Chern	numbers	for	energy	bands

• Illustra3ons	from	atomic	or	photonic	systems Bandres et al, 2018

What	we	have	seen	is	only	a	small	frac3on	of	the	whole	zoo	of	possible	
topological	insulators	and	superconductors

General	classifica7on	of	these	phases	in	N	dimensions:	  
the	“ten-fold	way”	based	on	three	(non-geometrical)	symmetries

Time-reversal symmetry        Particle hole symmetry       Sub-lattice (or chiral) symmetry
T P S
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Dimension of space (for a gapped bulk material)

The	periodic	table	for	topological	insulators	and	superconductors

Adapted from Chiu et al., Rev. Mod. Phys. 88, 035005 (2016)

SSH Kitaev	chain Haldane	model
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D.J. Thouless F.D. HaldaneJ.M. Kosterlitz

Nobel	prize	2016:			
"for	theore3cal	discoveries	of	topological	phase	transi3ons		and	topological	phases	of	ma+er."
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