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Physics	and	topology

D.J. Thouless F.D. HaldaneJ.M. Kosterlitz

Nobel	prize	2016:		"for	theoreAcal	discoveries	of	topological		
phase	transiAons		and	topological	phases	of	ma?er."
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Link	between	topology	and	physics

George	Gamow,	in	The	Great	Physicists,	from	Galileo	to	Einstein,	1961	

When Einstein wanted to interpret gravity as the curvature of four-dimensional, 
space-time continuum, he found waiting for him Riemann's theory of curved multidimensional space.  

When Heisenberg looked for some unusual kind of mathematics to describe the motion of electrons 
inside of an atom, noncommutative algebra was ready for him.  

Only the number theory and topology (analysis situs) still remain purely mathematical disciplines 
without any application to physics. Could it be that they will be called to help in our further 
understanding of the riddles of nature?

2018	:	20	new	manuscrits	every	day		
on	arXiv-Physics	with	the	word		
«	topology	»	in	Atle	or	abstract
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Gamow’s	statement	was	a	bit	too	strong…

William Thomson 
(Lord Kelvin) Peter Guthrie Tait

... every variety of combinations might exist. Thus a long chain of vortex rings, or three rings, each running 
through each other, would give each very characteristic reactions upon other such kinetic atoms. (1867) 

Also	Maxwell,	Poincaré,…
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What	topology	is	(naively)	for	a	physicist

MathemaAcal	study	of	shapes,	aiming	at	establishing	an	equivalence	between	
objects	that	can	be	transformed	into	one	another	by	a	conAnuous	deformaAon

A	change	of	class	can	only	occur	through	a	singularity:	
topological	protec,on

Number	of	handles	g	of	an	object	:	“genus”	of	a	closed	surface	in	3D	space

g = 0 g = 1 g = 2



Link	between	topology	and	geometry

Gauss	-	Bonnet	theorem:
1

4⇡

Z

S
⌦(r) d2r = 1� g

In	geometry	one	can	define	at	any	point	of	a	regular	and	orientable	closed	surface		
its	curvature												.	For	example,	one	gets	for	a	sphere		⌦(r) ⌦ = 1/R2

Extracted from the web site of Scientific American, by Keenan Crane (Columbia U.)
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Topological	protecAon	in	physics

If	a	physical	quanAty	can	be	expressed	as
Z

⇤
⌦(�) d�

where								is	a	closed	line	or	surface,	this	quanAty	may	be	:			⇤

• quanAzed	(for	instance,	conducAvity	in	Quantum	Hall	 
effect)

• topologically	protected	(unchanged	by	a	perturbaAon	 
or	disorder)

Important	both	for	conceptual	and	prac,cal	aspects

RealizaAon	of	macroscopic	standards	that	are	invariant	between	various	labs

⇢xy (k⌦)
<latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="SLNXhdTcYBt/CpfMbVJTP0OfLqw="></latexit><latexit sha1_base64="m0rEvW/dVEf400mFTIj3SnIHO60="></latexit>

Magnetic field (T)
<latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="vbygzvHLaaUKqJNJNEnfeX2UkVk="></latexit><latexit sha1_base64="ITnkOlre53YScuK3lEZ658vYZRo="></latexit>
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Geometrical	vs.	topological	order

Geometrical	order:	appears	for	systems	with	a	certain	symmetry

Example	:	rotaAon	in	variant	system
One	can	classify	energy	eigenstates	using	their	angular	momentum

L = 0

L = 1
……

non	robust:	this	order	may	  
be	broken	by	a	perturba;on

Topological	order:	defined	by	classes	of	objects	that	are	stable	by	deformaAon

By	essence,	robust	classifica;on



Goal	of	these	lectures

IntroducAon	to	topological	phases	of	ma?er,	 
from	the	point	of	view	of	atom	and	photons	gases

• EssenAally	no	interacAon	between	parAcules,	except	for	the	case	of	
Majorana	modes	[and	for	topological	phase	transiAons,	week	4]

Simple	systems:

• One	ou	two	dimensions

• Periodic	or	uniform	systems

Op;cal	la?ces,	regular	arrangement	of	wave	guides

A

B

Ozawa, Price, Amo, et al.,Topological Photonics, Rev. Mod. Phys. 91, 015006 (2019) 
Cooper, Dalibard, Spielman, Topological Bands for Ultracold Atoms,  Rev. Mod. Phys. 91, 015005 (2019)

Hasan & Kane, Topological insulators, Rev. Mod. Phys. 82, 3045 (2010) 
Qi & Zhang, Topological insulators and superconductors, Rev. Mod. Phys. 83,1057 (2011)
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Goal	for	this	first	lecture

Setup	of	the	noAons	that	will	be	essenAal	for	the	whole	series

• Berry	phase,	Bloch	sphere,	band	theory

• First	steps	towards	topological	bands	(1D	for	the	moment)

Su-Schriffer-Hegger	(SSH)	1D	model	for	polyacetylene
Kitaev	1D	model	for	a	superconductor	

Bulk	vs.	edge	states,	role	of	symmetries	(sublamce,	parAcle-hole)

A AA B B B
J J’



1.	

A	key	ingredient:	
Berry	geometrical	phase



AdiabaAc	evoluAon	in	quantum	physics

Berry 1984

Pancharatnam (1956)  
Mead & Truhlar (1979)

Quantum	system	(atom,	molecule,	macroscopic	body)		
depending	on	an	external	parameter		λ	=	(λ1	,	λ2	,…)

EvoluAon	described	by	the	Hamiltonian										:	Ĥ�
<latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="1tjixaJfsRShfZbvt29cDmJZXYM="></latexit><latexit sha1_base64="TC66JCN4q9FZYqDCflWxBmcqx3o="></latexit>

i~d| (t)i
dt

= Ĥ�(t) | (t)i
<latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="qQhvTynsywx46/JkobMCs1P8XTo="></latexit><latexit sha1_base64="wxuZQKkY4dbgJkY78suiiDkAqfs="></latexit>

What	happens	when:

• The	parameter		λ	depends	slowly	on	Ame?			

• The	parameter	λ	follows	a	closed	trajectory?			

and

�1

�2

C

�1
<latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="tqF05EHucp3EQTTq2+ikX1YBS6o="></latexit>

�2
<latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="bm7AOa0dADH/3hBIYjHJ3GKJKHM="></latexit>
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Dynamical	phase	and	geometrical	phase

Suppose	that	the	system	is	iniAally	prepared	 
in	an	eigenstate	of	the	Hamiltonian

t = 0
<latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="F5jE6hkyd1TjiXGyGvUOGeTxtFs="></latexit><latexit sha1_base64="nKiQ3sMxGqr8GGpordlknfFRHko="></latexit>

If	the	evoluAon	of	λ	is	slow	enough,	the	final	state	reads	(in	the	absence	of	
degeneracies):	

IniAal	and	final	states	coincide,	up	to	a	phase

� = �dyn + �geom
<latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="ri31i80dd1LmEa5Yvb9x8Dolfm0="></latexit><latexit sha1_base64="hZhYHg6JH2SrWk5kj7h8dtyLCfs="></latexit>

�dyn /
Z

E(t) dt
<latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="dJenAD4dYYdaMr/RdJN12qk/HtQ="></latexit><latexit sha1_base64="kGAt0NboVIUSw62+aG1P4B8rcVY="></latexit>

usual	dynamical	phase

�geom =?
<latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="rciJsqfp5cQBGJEmbXVry+FN54M="></latexit><latexit sha1_base64="lMDBD1vyiz3tCMOdUFh6fggSgP8="></latexit>

| (T )i ⇡ ei� | (0)i
<latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="4cPQf9UMiwVkTvFLFZI1uk/+qr8="></latexit><latexit sha1_base64="MfD/c7YR5PkX9rqykSVAYoFwuGQ="></latexit>

�1

�2

C
t = T

<latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="lGj1w48UG/W5x9UhiaPF4T/8Cvw="></latexit><latexit sha1_base64="9b+V+t6nFHI1HbpdhCmm2s2u0OA="></latexit>

�1
<latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="dOO4MY8Rfa5eCS+/1b80VXN5dCI="></latexit><latexit sha1_base64="tqF05EHucp3EQTTq2+ikX1YBS6o="></latexit>

�2
<latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="K+kb4IQxWYzGBM5X3UhfAQW5cxg="></latexit><latexit sha1_base64="bm7AOa0dADH/3hBIYjHJ3GKJKHM="></latexit>



14

Geometrical	phase	and	Berry	connecAon

At	each	Ame	t,	we	introduce	an	eigenstate	basis 
of	the	Hamiltonian	 Ĥ�

<latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="d8cgb78A5XbAl63M8xypbk60hlU="></latexit><latexit sha1_base64="W730T/cvIGDZnf8Z3OelLSpv0EQ="></latexit>

| (n)
� i

<latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="rmmeRLYRSEPls7dyL4zLqWyrcHc="></latexit><latexit sha1_base64="EaMhdiW+JmkMzWTha1T0eRWCixo="></latexit>

t

E

E(0)

E(1)
E(2)

Define	Berry	connecAon:

A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

The	geometrical	phase	then	reads	:	 �geom =

Z �(t)

�(0)
A(0)

� · d�
<latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="nUJGc2PzdUZvn1HbRKZHmWBk5ZI="></latexit><latexit sha1_base64="31rK2QnXAbqAmxDHAMOkdS/Pwlk="></latexit>

Depends	on	the	path	followed	to	go	from	λ(0)	to	λ(t),		
but	not	on	the	Ame	spent	to	go	along	this	path

Real	quanAty	since																		is	purely	imaginary	(or	zero)h |r i
<latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="QvpPmD4lermRvtsYQvYkAe8MEMc="></latexit><latexit sha1_base64="FiArlz5ZJSVoTRAMNfJELyQ4MNg="></latexit>

|r i =

0

B@

d
d�1

| i
d

d�2
| i
...

1

CA

<latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="qviTKxSzIqinvpbbXP0ZnM7lCYs="></latexit><latexit sha1_base64="Uek3PJ3Sui9H6kPVe6fXB64RM5Q="></latexit>



Case	of	a	closed	contour

�1

�2

C

λ:	parameter	in	1,	2	or	3	dimensions

�geom =

I

C
A(0)

� · d�
<latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="BzXIgc+RxVg3vQINbfe6hjt/Qmg="></latexit><latexit sha1_base64="uQFg4+3h/1jwY5OqYoscfLIQ1lQ="></latexit>

C
<latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="RTUP939tblheO5jQJVBl+doS77s="></latexit><latexit sha1_base64="NzDE4tpf+SaLe2Jmje9OB+ZhOsE="></latexit>

Analogy	with	magnetosta,cs:	

A�  ! A(r)
<latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="GfdQi5fvbAAXpQNKti5Q4RirqN4="></latexit><latexit sha1_base64="YPLME4NxmDQq19aRaVCTKM+cCmU="></latexit>

vector	potenAal

⌦�  ! B(r)
<latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="5ma0pinbQEXN4R1n95wpAZK178Q="></latexit><latexit sha1_base64="MP+N4KiDFSRFSFuvhbySNA/kK04="></latexit>

Berry	connecAon

Berry	curvature magneAc	field

⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

= i hr (n)
� | ⇥ |r (n)

� i
<latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="uClxQETHwrO712VuhT1jjW38Msk="></latexit><latexit sha1_base64="I0TwVpoaJ6fE57Or/F0xorjwXUw="></latexit>

Calcula;on	via	Stokes	formula:

�geom =

ZZ

⌃
n ·⌦(n)

� d2�
<latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="w3t0alvsGZHj7q+sMfFmiRE3soo="></latexit><latexit sha1_base64="mxjaL5IdM4wBe4TRau/qyc/T9MA="></latexit>

Does	not	seem	very	interes;ng	in	1D:	mere	round	trip?					

Berry curvature
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Foucault	pendulum

Wikipedia

t = 0 t = 6 hours

In	24	heures,	the	external	parameter	
—	the	hanging	point	of	the	pendulum	—	
follows	a	closed	loop

Evidenced	by	a	rotaAon	of	the	oscillaAon	plane  
for	a	linear	moAon

The	two	eigenmodes	of	the	circular	moAon	
(clockwise	and	counterclockwise	rotaAons)	
acquire	different	geometrical	phases
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Berry	curvature	and	gauge	invariance

A	gauge	change	in	quantum	mechanics	reads

| (n)
� i �! | ̃(n)

� i = ei�
(n)
� | (n)

� i
<latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="q1747nydB+NZWjO9miA3xn6WVIs="></latexit><latexit sha1_base64="pH+STWpxL5rlypwqTIARRAWHPwI="></latexit>

Berry	connecAon																																											is	not	invariant	in	this	transformaAon:A(n)
� = i h (n)

� |r (n)
� i

<latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="ejHR63fHzxE+RtFKw7KKJxaY4zM="></latexit><latexit sha1_base64="BnPk/4HKOzOa2oVsqk3JYbfAimg="></latexit>

A(n)
� �! Ã(n)

� = A(n)
� �r�(n)

�
<latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="rLaK8uOd2h+tB9HuUwbzB/Wc+QY="></latexit><latexit sha1_base64="pcGobd9pS7x0y+AjlwXW8vNPSbo="></latexit>

cf.	magnetostaAcs

Berry	curvature																																				is	unchanged:⌦(n)
� = r⇥A(n)

�
<latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="0BHz/32NbKVuTKy/5TQH/OlzbFI="></latexit><latexit sha1_base64="tC9ONH68lI/YHHHzvf4KtlJgHZw="></latexit>

⌦(n)
� �! ⌦̃

(n)
� = ⌦(n)

�
<latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ivtwl7M5EeA+lGrDVQG+zZbzD5M="></latexit><latexit sha1_base64="ceYGhaH6vaqck6yNOX2XtAkLLmg="></latexit>

ei�̃geom = ei�geom
<latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="5Nw7qOZ0PWK70779Y7sYS+Q09OE="></latexit><latexit sha1_base64="HWMKdUkyApf0eZsCJD25yHNSj38="></latexit>

same	for	the	geometrical	phase:

⌦(n)
<latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="HLSOLHLlBDDG60rNnSGXT3SGunQ="></latexit><latexit sha1_base64="OYQCOZnuHVmZ8q/g+14JBjSAnj8="></latexit>

is	a	quan;ty	that	can	be	physically	measured
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Next	order	in	the	adiabaAc	approximaAon

Up	to	now	we	looked	at	0th	order	:	 | (t)i ⇡ ei� | (0)
� i.

<latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="C9lsgFZ3Uu+cj+SVh98OrGmKUm4="></latexit><latexit sha1_base64="L3RRl1ssOWmpHLotM4Iukkv6Goc="></latexit>

The	state	of	the	system	remains	at	any	;me	 
parallel	to	the	state	we	started	from.

t

E

E(0)

E(1)
E(2)

We	will	also	need	the	1st	order	:	

| (t)i ⇡ ei� | (0)
� i+

X

n6=0

cn | (n)
� i

<latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="3Gurg1rX8YfmbG8/tdpjFdPDwho="></latexit><latexit sha1_base64="p99ykVwkv9jfJfqxlF2IGyK+q8Y="></latexit>

A	relaAvely	simple	calculaAon	gives c(n)(t) ⇡ i~ �̇ ·
h (n)

� |r (0)
� i

E(n)
� � E(0)

�
<latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="LcIJ8PEHlIZbXj01xiyooVGqpGo="></latexit><latexit sha1_base64="kTy868E223jiWp20mSQfLb990dk="></latexit>

valid	if																							at	any	Ame|c(n)| ⌧ 1
<latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="NUPhm69S9R7cG0SDyKx1Xv/XtIU="></latexit><latexit sha1_base64="vqg44r2MHzHK2H4TBAjxHV4ryVM="></latexit>

Linear	response	of	the	system	to	the	mo0on	of	the	external	parameter
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Berry’s	phase	for	a	spin	1/2



Two-level	system

Hilbert	space	with	dimension	2	:	 | i = ↵|+i + �|�i =
✓
↵
�

◆

<latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S+CDD8Y2MRe9dGWUnF11XCsxXy8="></latexit><latexit sha1_base64="S4CUbRTBPgvgMqjF/HsxyE4LtbE="></latexit>

Most	general	Hamiltonian	for	this	type	of	system:	HermiAan	2x2	matrix

Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

E0, (hx, hy, hz)
<latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="2hC2ddIiDycpsSWxFP+P6zgmvFs="></latexit><latexit sha1_base64="ya2uUkUxFjyTd4xjwQ86HkGHkus="></latexit>

:	real
:	Pauli	matrices�̂j

<latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9QTWSNs5AqH9p399Jk6SdAH1foE="></latexit><latexit sha1_base64="9fDMIQ6pW8ce72dRne4H9BuuQgM="></latexit>

�̂x =

✓
0 1
1 0

◆
, �̂y =

✓
0 �i
i 0

◆
, �̂z =

✓
1 0
0 �1

◆
.

<latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="8Vw+GQ/vLCZDn0MykY55pUHrXjc="></latexit><latexit sha1_base64="viJA+Ev1lFe1063qVDd6oclulQI="></latexit>

Example:	spin	1/2	magneAc	moment	in	a	magneAc	field

B
<latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="nP+qgTC/fQfIZbgq9bClt8HMs20="></latexit><latexit sha1_base64="qH4fs7HCCI7iik9mSfAcl1dEiDA="></latexit> µ

<latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="tHoDZemXw00BX7w81t/69pEoOv4="></latexit><latexit sha1_base64="/Z8tVBMnz+3j02cb7GVerrbkTdw="></latexit>

µ̂ = µ�̂
<latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="KkG3KKn5YwnbY4eVtyTXHvqswAY="></latexit><latexit sha1_base64="f7Uz+rdYKGMmEPOkKGlg4g3xQJk="></latexit>

Ĥ = �µ̂ ·B
<latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="zTffpopQkipX8jVgscK06SzL1O8="></latexit><latexit sha1_base64="Lyq2fw0WAOlXelmuBXn/ginwpUM="></latexit>

:	“magneAc	moment”	operator

h = µB
<latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="H3igU4lyocmdbgP4DsNFX+JvSRw="></latexit><latexit sha1_base64="/W5q1LbWHX4FTWB9pUz9++8h8/g="></latexit>

|↵|2 + |�|2 = 1
<latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="xCsgMDu5tin1DIUr9qv1f52NWhQ="></latexit><latexit sha1_base64="STH9iIXVRWoKmTEbuoBw+bSI3uM="></latexit>



✓,�

21

Bloch	sphere

Energies	and	eigenstates	of	the	Hamiltonian																																						?Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

With	this	parametrizaAon	:	 Ĥ = E0 1̂ � |h|
✓

cos ✓ e�i� sin ✓
ei� sin ✓ � cos ✓

◆

<latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="5eapih5dScnKkZ0Agiz0nlu/u8c="></latexit><latexit sha1_base64="V+9Uemm5bFv8m4Nasm21/4WcQH8="></latexit>

Eigenenergies: E(±) = E0 ± |h|
<latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="35YiS+p0oGYjQDYuDtLC8au/bHQ="></latexit><latexit sha1_base64="nx9IzutmrVcYWSxUEqjMEFgHd1k="></latexit>

Eigenstates	:	

| (�)i =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="Lq8yfcr8VV1VlkjGl24PpfoMYkw="></latexit><latexit sha1_base64="ELCeev+2vroQ/NwLCZuURQW1TEg="></latexit>

| (+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="kRcDPSgCf7iXWNZVQykIkag88d4="></latexit><latexit sha1_base64="tChr2FE7lGoICwFM7/EMPs0ansc="></latexit>

✓
1
0

◆

<latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="KwHaZ59xffqZzNmj7VcW3WnAY/I="></latexit><latexit sha1_base64="zNmsSM9wozPBepc4KmNi5llRBF4="></latexit>

✓
0
1

◆

<latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="GXLk8/gVz7z84dCxF6N4mmADdVw="></latexit><latexit sha1_base64="X288h2KkkEdD86qFYjyftT+79ck="></latexit>

x

z
✓

<latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="tfdpQqccQOH95iovsf+dcworYr4="></latexit>

�
<latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="fW+jp5Nudzg0kWqK8dsF3rv521Y="></latexit>

y

n
<latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="G4jAkzva/fMQfceaSC9QLjSskv8="></latexit><latexit sha1_base64="oR3I4HVckGtrxBSPkRDlxwCB/ko="></latexit>

unit	vector	of	spherical	coordinatesn =
h

|h|
<latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="iFyoRRIXhZLxVf2KTFpRE9EI/Mk="></latexit><latexit sha1_base64="0T7un5d0xh3C6WNMo+XqoFbspUU="></latexit>

n =

0

@
cos� sin ✓
sin� sin ✓

cos ✓

1

A

<latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="rGORENVoPHpL+hPMTgjlg62vRso="></latexit><latexit sha1_base64="AyoLv6XrX7LTm9Nu/TmM/KpoSZg="></latexit>

(✓,�)
<latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="Mvex4TYcM5Z1mbHUsV9Xp8kWdAc="></latexit><latexit sha1_base64="nW7bAET8BNSB2gWNBdcz9+bclE8="></latexit>
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Berry	curvature	and	geometrical	phase

Ĥ = E0 1̂ � h · �̂
<latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="iHotDtQi9AlGaRUviaqAVEk3lMI="></latexit><latexit sha1_base64="VlSzgTZrb5B6EVzC+H8ihp929CI="></latexit>

Case	where	the	vector	 	varies	in	Ame	and	follows	a	closed	contourh

What	is	the	geometrical	phase	acquired	by	the	state	of	the	system	when	  
it	follows	adiabaAcally														?		| (�)i

<latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="wFCtUTWsGZj6pMc07cOEDWtoQ3o="></latexit><latexit sha1_base64="jBoBjm6oR8zh/+tBsRt63u3ae1A="></latexit>

We	note	α	the	solid	angle	sustained	by  
the	trajectory							of	the	vector	h

C
<latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="ACnGIDfO1ePiaoNchaSFk90yGhs="></latexit><latexit sha1_base64="Kb6rT8hOAHNsko8dFbU9keLl85A="></latexit>

�geom.(C) = ±↵

2
<latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="/2v2JJO/o3/kGaWwUDo8vHVJfbk="></latexit><latexit sha1_base64="u8YnhdfyGvRbb0MQg8CH8pukAmk="></latexit>

For	a	trajectory	around	the	equator:

↵ = 2⇡
<latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="HPLkbN6cEaR/ecCotutojpfJnBc="></latexit><latexit sha1_base64="q1Kla6yLWRijuK3LWcO6q23S9D4="></latexit>

�geom.(C) = ±⇡
<latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="gCNBJ/js5v/3tt0UDW5T0lGCHcs="></latexit><latexit sha1_base64="JZ1CMFSLhcx5WL/a60L88adr9/8="></latexit>

C
<latexit sha1_base64="WLfVS4yvpxv1N2MbPqHPTlpGa0g="></latexit>
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2.	

Periodic	potenAal	in	Quantum	Mechanics	
and	the	SSH	problem
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Bloch	theorem

MoAon	of	a	parAcle	of	mass	 	in	the	periodic	potenAal	m V(x)

x

V (x)
a

Ĥ =
p̂
2

2m
+ V (x̂)

<latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="IrgiWNwaONi3HBLlFMCFK7VLYiM="></latexit><latexit sha1_base64="VpQFt0ytCWg7Gbx44g4qWh/275E="></latexit>

One	can	look	for	the	eigenstates	of	 	with	the	form:Ĥ

 q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

Plane	wave	with	
wavevector	q

Periodic	funcAon
uq(x+ a) = uq(x)

<latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="ezmgRttj7F1Es1ymF2sDxyTtIwU="></latexit><latexit sha1_base64="nOnLfYKVHihQN9mjDuUc7Dl0dew="></latexit>

p̂ = �i~ @x
<latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="NnNjIb+kHmhKD0wofUczYTz6WKE="></latexit><latexit sha1_base64="f3E77VO8U7xSd1+kz2cGXniF8uU="></latexit>
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The	“periodic”	Hamiltonian Ĥq
<latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="Ar7IsLjmr5stGYzG4oGzOi3+Bj8="></latexit>

Insert	Bloch’s	form																																											in	the	eigenvalue	equaAon	for	Ĥ q(x) = eiqx uq(x)
<latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="RmcqOI6lmYhDTZ6c0fCUBTm9mqE="></latexit><latexit sha1_base64="TvzuBMXW0TJEkQ8VXjySqDI6dqw="></latexit>

Ĥ  q(x) = Eq  q(x)
<latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="nB4i5SjojETGhSbUb6YIMhdDFq8="></latexit><latexit sha1_base64="IuvsQihI/RDK98NPdFJWuM2axfc="></latexit>

Ĥq uq(x) = Eq uq(x)
<latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="5ZA5NblrXNEKu5WWH/NGGcI7hY4="></latexit><latexit sha1_base64="wMcig+9JHSN56hiFYRSLIVRtNDw="></latexit>

:	Hamiltonian	for	the	periodic	partĤq
<latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="nkyDpYtlP5rSwAkJ/Vy9RaO5fy4="></latexit><latexit sha1_base64="Ar7IsLjmr5stGYzG4oGzOi3+Bj8="></latexit>

uq(x)
<latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="9Tze0OZg7jjOpQKrPmPXomaAg0w="></latexit><latexit sha1_base64="zoLBu+3Vb2siuAdlAurHPkAo8Rk="></latexit>

Example	of	a	Hamiltonian	that	depends	on	a	parameter,	here	 	q

The	noAon	of	a	geometrical	phase	will	emerge	in	a	natural	way	 
if	one	is	able	to	control	and	modify	the	wavevector	 	in	an	experimentq

Bloch	oscilla;ons

Ĥq =
~2
2m

(�i@x + q)2 + V (x)
<latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="RSFKJvDrWX4YbTcRWk7SL0IWTlE="></latexit><latexit sha1_base64="ZrHKhdLav0hUfpGJTVpJCmj5Ly8="></latexit>

Ĥ =
~2
2m

(�i@x)
2 + V (x)

<latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="/vLCCz/UmphxOBQki7mZ/v3Ml8U="></latexit><latexit sha1_base64="FGMbCv8/AfzlWKtNbRtQGjbf+0w="></latexit>
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Brillouin	zone

Consider							and		q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q +
2⇡

a
<latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="4epVYaxIzaXop5nsEp16b7ubyag="></latexit><latexit sha1_base64="vefd6xIa1wMSd8r6FizOJorXIsI="></latexit>

= eiqx
⇣
ei2⇡x/a uq+2⇡/a(x)

⌘

<latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="Hthb9C62Xc+DRagoayLHZKgNFt8="></latexit><latexit sha1_base64="tOQuej6htX8H2JSDI6F2DCmb088="></latexit>

Periodic	funcAon

 q(x) = eiqx uq(x)
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 q+2⇡/a(x) = ei(q+2⇡/a)x uq+2⇡/a(x)
<latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="KZiUbSEPMXwIy18gsgn4icYE8e8="></latexit><latexit sha1_base64="H9EjHUBc+an+t22BNQGqt83872Q="></latexit>

q
�⇡/a +⇡/a

�⇡/a +⇡/a

The	wavevector	 	can	take	any	value	but	there	are	not	all	independentq

To	avoid	double	counAng,	one	must	restrict	 	to	a	Brillouin	zone:q
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Energy	bands
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0
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aq/⇡
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)
q
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r

Example	of	a	sinusoidal	potenAal	created	by	a	standing	wave	of	light	on	atoms	

V (x) = V0 sin2(⇡x/a)
<latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="lGYv6kBUASWNvAfx4RsM18oLGOY="></latexit><latexit sha1_base64="4cIbiBdhHYm/GV68hRQFxLn5jno="></latexit>

For	each	value	of	 	one	gets	a	discrete	
set	of	energy	eigenvalues:	

q

E(0)
q  E(1)

q  E(2)
q  . . .
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When	one	groups	the	energies	found	for	all	values	of	 ,	one	obtains 
allowed	energy	bands,	separated	by	forbidden	gaps.

q
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Zak	phase

A	first	step	towards	topology

q
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�⇡/a
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+⇡/a
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�⇡/a
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+⇡/a
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The	one-way	path	from		 		to		 	corresponds	  
to	a	closed	loop	in	parameter	space

−π/a +π/a

What	happens	to	Berry	phase	in	this	case? �geom =

Z +⇡/a

�⇡/a
i huq|@quqi dq
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Zak, 1989« we have here, for the first time, the appearance of Berry’s 
phase for a one-dimensional parameter space »

Requires that         has non-zero imaginary part|uqi
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The	SSH	model

Su, Schrieffer & Heeger  
Solitons in Polyacetylene  

Phys. Rev. Lett. 42, 1698 (1979)



Hubbard	model

The	simplest	model	of	a	1D	crystal

• All	sites	are	equivalent	(zero	energy	by	convenAon)

• Only	nearest	neighbour	couplings: Ĥ = �J

X

j

|j + 1ihj|+ h.c.
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J
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Bloch	theorem:	a	single	periodic	funcAon |ui /
X

j

|ji
<latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="+emXWdsZwQAi/E0Y5ZGsQCFqHo0="></latexit><latexit sha1_base64="wHQurEiSEV4ArRvNeyMpMV5k7Rk="></latexit>

The	funcAon	 		is	real:	zero	Zak	phase,	no	topological	properAes|u⟩

| qi =
X

j

eijqa |ji
<latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="pREfIRcGB9xuLSYCOzjOY7o02YA="></latexit><latexit sha1_base64="r+A/+lOy0v/Io9tafL3I1yOiQNw="></latexit>

Eq = �2J cos(qa)
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Only	one	energy	band �1 �0.5 0 0.5 1
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Eq/J
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32

The	SSH	problem	

DescripAon	of	density	waves	with	
a	solitonic	nature	along	a	polymer	chain C C C C

C C C C

H H H H

H H H H

…
…

Dimerized	form: C C C C

C C C C

H H H H

H H H H

…
…

C C C C C C

C C C C C C

H H H H H H

H H H H H H

What	happens	at	the	juncAon	between	the	two	dimerizaAons?
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A	model	for	the	SSH	problem

Generalize	the	Hubbard	problem	with	two	possible	values	for	the	NN	coupling

J
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1 20-1

J 0
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J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
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J
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J
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Unit	cell	with	two	sites	A	and	B

Periodic	funcAon: |uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A =

✓
↵q

�q

◆
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Pseudo-spin	1/2	for	each	value	of	the	wavevector	q	

|↵q|2 + |�q|2 = 1
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Complex	coefficients	αq, βq
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Corresponding	Bloch	funcAon:	 | qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
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The	periodic	Hamiltonian

|uqi = ↵q
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|Aji
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|Bji
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◆
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SoluAon	of																																			with		Ĥ| qi = Eq | qi
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Ĥ = �J
0
X

j

|BjihAj |� J

X

j

|Bj�1ihAj | + h.c.
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jj - 1

A AA B B BJ J’

For	each	q,	one	obtains	a	2x2	system	for	the	coefficients													:	↵q,�q
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◆
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Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆
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with

Periodic	Hamiltonian	of	the	generic	type	for	the	spin	1/2	case
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Structure	of	the	periodic	Hamiltonian

A AA B B BJ J’

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆
= �h(q) · �̂
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Periodic	Hamiltonian:

with	the	vector h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
0

1

A
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:	stays	on	the	equator	of 
Bloch	sphere

hz(q) = 0
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q i
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|u(+)
q i
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Energies	:	 E(±)
q = ±|J 0 + J eiqa|
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Two	non-touching	energy	bands,	except	for J = J 0
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Energy	bands	for	the	SSH	model

A AA B B BJ J’

E(±)
q = ±|J 0 + J eiqa|
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<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>

J 0 =
3

2
J

<latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="LNYPl75k2h7mYcaAihy2PIn65Nk="></latexit>

J 0 =
2

3
J

<latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="QVXx6C/Jnxa0DWMnlPp1tMsLE1Y="></latexit>
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J 0 = J
<latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="PD4JzRT7iAHyG5TECzU2TJVq3Yk="></latexit>
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Eigenstates	and	topology	for	the	SSH

A AA B B BJ J’

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

|u(±)
q i = 1p

2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

	where	the	phase	 	is	defined	byϕq ei�q =
J 0 + J eiqa

|J 0 + J eiqa|
<latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="K4UhvjEuitJpvSNZpQfDXBnirzI="></latexit>

hx

hy

J 0

J
qa

|h(q)|

�q

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>
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J 0

J
qa

|h(q)|

�q

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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The	geometrical	Berry	-	Zak	phase

Trajectory	of	one	of	the	two	eigenstates,	say														,	on	the		Bloch	sphere|u(�)
q i

<latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="PvkA10xU+ZC6QFrh2rU2yoZWYFs="></latexit><latexit sha1_base64="D7x0+jUaZeCcsJjjS/08ibyXSdM="></latexit>
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J
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|h(q)|
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|h(q)|

�q

|u(�)
q i = 1p

2

✓
1

ei�q

◆

<latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="hg2ozoJRkuUb0ZaEdfDJhTcFTi4="></latexit><latexit sha1_base64="lwO9/3zKKeJTaejNt/jJATNRfvg="></latexit>

�Zak = ⇡
<latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="Et5l1hWWOSBP7JqfPgcHHMY5fUQ="></latexit><latexit sha1_base64="MN66mWrtXgYmjan8K+ir61mpicw="></latexit>

�Zak = 0
<latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="R4lg07O31+qG1XSg2tMQGDnvEv0="></latexit><latexit sha1_base64="2H81d/jcqQEXPH6M5qBGv/Rey7g="></latexit>

The	winding	number																					is	a	topological	invariantN = �Zak/⇡
<latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="b+36kofTMajyd9dr7XUiHQztbgQ="></latexit><latexit sha1_base64="PeBnJ2JknA7Dj0FfvR7B0BIg3gI="></latexit>

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>
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What	is	the	physical	reality	of	this	topology?

In	what	precedes,	J’	stands	for	the	intra-cell	coupling	and	J	for	the	coupling	between	
adjacent	cells

jj - 1

J J’

For	an	infinite	chain,	one	can	change	the	labelling	and	exchange	the	roles	of	J	and	J’

jj - 1

J J’

Is	the	disAncAon	between																		and																		a	mere	mathemaAcal	artefact?	[J 0 < J ]
<latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="4CSP3sySQloCemeRJzOj0+Pd4UU="></latexit><latexit sha1_base64="bWe8JGsfA/ZQP7wPpKAvyz4l3RI="></latexit>

[J 0 > J ]
<latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="ZyWnxtDGIfxBksC5hohjbphqv4M="></latexit><latexit sha1_base64="0djugh/E5/EUZ+vmm99UjZhL874="></latexit>

No!	But	it	acquires	a	physical	meaning	only	when	one	considers	  
the	border	between	two	zones	with	different	topologies.

Crucial	role	of	edge	states	in	the	link	between	Physics	and	Topology
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3.	

Edge	states	of	the	SSH	chain

The		bulk	—	edge	correspondance

Finite	and	semi-infinite	chain
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Where	we	stand	for	now

Su, Schrieffer & Heeger, Solitons in Polyacetylene, Phys. Rev. Lett. 42, 1698 (1979)

C C C C

C C C C

H H H H

H H H H

……
……

A AA B B BJ J’

Nearest neigbour coupling

The	coefficients														correspond	to	a	pseudo-spin	1/2	and	are	obtained	from:↵q,�q
<latexit sha1_base64="W9f7uOAGzArl5iL/0btqc6S4vPY="></latexit><latexit sha1_base64="W9f7uOAGzArl5iL/0btqc6S4vPY="></latexit><latexit sha1_base64="W9f7uOAGzArl5iL/0btqc6S4vPY="></latexit><latexit sha1_base64="9w8VQI21WLPekIQA81l2/V6vsoI="></latexit>

Ĥq

✓
↵q

�q

◆
= Eq

✓
↵q

�q

◆

<latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="T5posY2u6hOQn+QrfOE1kZdFuaU="></latexit><latexit sha1_base64="g4mDwQBp6T5q9dYswsg4gZn9Qyc="></latexit>

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>

with

| qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
<latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

Unit	cell	with	two	sites:	We	look	for	the	energy	eigenstates	with	the	Bloch	form
wavevector	 ,	energy	 			q Eq

|uqi =
✓
↵q

�q

◆

<latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit>
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Eigenstates	of	the	SSH

|u(±)
q i = 1p

2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

ei�q =
J 0 + J eiqa

|J 0 + J eiqa|
<latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="XgYkNr385Q6yJVrVmes7hdJVEs0="></latexit><latexit sha1_base64="K4UhvjEuitJpvSNZpQfDXBnirzI="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

Topological	case

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

Normal	case

Two-site	unit	cell:	two	eigenstates														for	each	value	of	 		in	the	Brillouin	zone		q|u(±)
q i

<latexit sha1_base64="Xf+VzIq7mc0VKEpIqTsOXIg2nf0="></latexit><latexit sha1_base64="Xf+VzIq7mc0VKEpIqTsOXIg2nf0="></latexit><latexit sha1_base64="Xf+VzIq7mc0VKEpIqTsOXIg2nf0="></latexit><latexit sha1_base64="GeZc9b0x5zKEzxhmvFzrpamlhxk="></latexit>

E(±)
q = ±|J 0 + J eiqa|

<latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="xoxfG/OvTBI8EqqUxVPl6iggtt0="></latexit>

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆
= �h(q) · �̂

<latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="t45/djZvpha0YTMYhdtq/kvZRkY="></latexit><latexit sha1_base64="AfKnOcaopQgwqa1j0uEV2HEwxWs="></latexit>

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
0

1

A

<latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="vT+PPPVPduD/sl4XIi6AoBWGAZ8="></latexit><latexit sha1_base64="pDHj9OlMIARCFIwi29t/YzpK6kU="></latexit>



Energy	band	for	the	SSH	model

E(±)
q = ±|J 0 + J eiqa|

<latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="Hh+ri/TWsCgscI3zoN3eGj3oR7E="></latexit><latexit sha1_base64="xoxfG/OvTBI8EqqUxVPl6iggtt0="></latexit>
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�2
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2

Eq/J
<latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="OHgTYX2BcOCAO6842yQTilenPyE="></latexit>

J 0 =
3

2
J

<latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="auVWOEDY3gVY31f94BZ8zih3IAo="></latexit><latexit sha1_base64="LNYPl75k2h7mYcaAihy2PIn65Nk="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>

J 0 =
2

3
J

<latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="DelaYxG722qbYb7CecacWd648W4="></latexit><latexit sha1_base64="QVXx6C/Jnxa0DWMnlPp1tMsLE1Y="></latexit>

�1 �0.5 0 0.5 1

�2

0

2

J 0 = J
<latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="9eNEqFq+nmcVV88mE+cSu6LkuiQ="></latexit><latexit sha1_base64="PD4JzRT7iAHyG5TECzU2TJVq3Yk="></latexit>

Ĥq = �
✓

0 J
0 + J e�iqa

J
0 + J eiqa 0

◆

<latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="VPYJLaFNvDATlMoMpPVCSE2RGDo="></latexit><latexit sha1_base64="gUXlDYKUm/SFPrzgo8ttW/GjMUY="></latexit>
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�4

�2

0

2

4

E
/J

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

Eq/J
<latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="GO1rbdwC/OlGnsxwyw6mftJYdJs="></latexit><latexit sha1_base64="OHgTYX2BcOCAO6842yQTilenPyE="></latexit>

NORMALTOPOLOGICAL
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The	finite	SSH	chain A AA B B B

Numerical	determinaAon	of	eigenstates	(no	Bloch	theorem	anymore!	)

0 0.5 1 1.5 2

�2

0

2

J 0/J

E
/J

0 0.5 1 1.5 2

�2

0

2

J 0/J

E
/J

E/J
<latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="O31J6aLEYYTixWxZMIbO5muL9Hk="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

Chain	with	10	cells
• One	recovers	the	bands	of	
the	infinite	chain

• One	finds	a	symmetric	spectrum	
with	respect	to	E = 0

• In	the	topological	zone	 ,	states	 
with	a	quasi-null	energy	appear

J′� < J

These	states	are	localized	on	the	edge

J’ J J’J’ J



Edge	states	for	the	finite	SSH	chain	(20	sites	=	10	cells)	

2 4 6 8 10 12 14 16 18 20

2 4 6 8 10 12 14 16 18 20

0 0.5 1 1.5 2

�2

0
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J 0/J

E
/J

E/J
<latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="O31J6aLEYYTixWxZMIbO5muL9Hk="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

Symmetric	probability	distribuAon,	originaAng	from	the	symmetry	of	the	chain

But	this	symmetry	is	fragile!

Response	to	an	energy	shix	
J/100	of	the	site	A1 2 4 6 8 10 12 14 16 18 20

2 4 6 8 10 12 14 16 18 20
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Edge	states	and	phase	winding
Delplace, Ullmo &  

Montambaux (2011)

Look	for	the	edge	states	of	the	finite	chain	as	standing	waves

B

qa
<latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="n66FT/tm9f0nlOYykIkimlAJQmw="></latexit>

⇡
<latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="cCmvg6cwO/xm0MYF/Wmz/8+w5Kc="></latexit>

F (q)
<latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="V9keTgjet+cZq7zV/aQEsKSJWQ0="></latexit>

⇡
<latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="cCmvg6cwO/xm0MYF/Wmz/8+w5Kc="></latexit>

N⇡
<latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="NnlmmEgdFu2BBMQ8AaCeTHm4ms4="></latexit>

(N + 1)⇡
<latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="omYN0TuQRo1J26tb8LWR9Cd3UNw="></latexit>

0
<latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="M540mq7zxH1zapDntjam0Gs3uvw="></latexit>

0
<latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="M540mq7zxH1zapDntjam0Gs3uvw="></latexit>

2⇡
<latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="MNbnm/a4jT1//O79UOj8CzVOsYA="></latexit>

Normal	case	(no	phase	winding)	
�q = 0

<latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="Yi6lUmXkOmxh0q1lYTse9t74U3E="></latexit>

for																	andqa = 0
<latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="A1sUwPbHvkxcrRgO1pkYmZgfuSE="></latexit>

qa = ⇡
<latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="n3nt0L6v89ItxyFOA2jKRDMCuww="></latexit>

N	soluAons:	no	state	is	missing

Topological	case	(phase	winding)	
�q = 0

<latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="Yi6lUmXkOmxh0q1lYTse9t74U3E="></latexit>

for									qa = 0
<latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="A1sUwPbHvkxcrRgO1pkYmZgfuSE="></latexit>

�q = ⇡
<latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="FdkeVrKArhJaDwZuqrQogKTsNiQ="></latexit>

for									qa = ⇡
<latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="n3nt0L6v89ItxyFOA2jKRDMCuww="></latexit>

N-1	soluAons:	One	state	is	missing!

A AA B B

1 2 N
↵| (�)

q i + �| (�)
�q i

<latexit sha1_base64="+TWRyGGyr+LLYzseMrOCDKLbgOg="></latexit><latexit sha1_base64="+TWRyGGyr+LLYzseMrOCDKLbgOg="></latexit><latexit sha1_base64="+TWRyGGyr+LLYzseMrOCDKLbgOg="></latexit><latexit sha1_base64="+R/czHn6wRfTgrXIjFKFjxiC2+o="></latexit>

B A

Boundary	condiAons:	zero	amplitude	on	sites	B0	et	AN+1

F (q) ⌘ (N + 1)qa� �q = 0 modulo ⇡
<latexit sha1_base64="KZFgxtUJC4buS9xCVsLk+cbsgwM="></latexit><latexit sha1_base64="KZFgxtUJC4buS9xCVsLk+cbsgwM="></latexit><latexit sha1_base64="KZFgxtUJC4buS9xCVsLk+cbsgwM="></latexit><latexit sha1_base64="BmOhbJ6HxSMaHUZY+HhQhcEFOrQ="></latexit>

q � 0
<latexit sha1_base64="uacE9piwrfjcHG5dIZoHrHEkWPQ="></latexit><latexit sha1_base64="uacE9piwrfjcHG5dIZoHrHEkWPQ="></latexit><latexit sha1_base64="uacE9piwrfjcHG5dIZoHrHEkWPQ="></latexit><latexit sha1_base64="chuMFjwWXQZzt2Uf41kakIkgRzI="></latexit>

✓
1

ei�q

◆

<latexit sha1_base64="bu4ZaQnW8FqcO398++7JoXkPCVU="></latexit><latexit sha1_base64="bu4ZaQnW8FqcO398++7JoXkPCVU="></latexit><latexit sha1_base64="bu4ZaQnW8FqcO398++7JoXkPCVU="></latexit><latexit sha1_base64="6Xbf9ANjOvAzYghdkbhcy4yIKdM="></latexit>

✓
1

e�i�q

◆

<latexit sha1_base64="pnSs9+edeLYFgxY+RvWjojt6Kx0="></latexit><latexit sha1_base64="pnSs9+edeLYFgxY+RvWjojt6Kx0="></latexit><latexit sha1_base64="pnSs9+edeLYFgxY+RvWjojt6Kx0="></latexit><latexit sha1_base64="+ZTEuZRJ9l1KKFP2Uv3X2wx7LS8="></latexit>
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qa
<latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="ZYzO9rElv5lK87G6/ZB0ugdAA8U="></latexit><latexit sha1_base64="n66FT/tm9f0nlOYykIkimlAJQmw="></latexit>

⇡
<latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="cCmvg6cwO/xm0MYF/Wmz/8+w5Kc="></latexit>

F (q)
<latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="LjvAClpBzbyfNe4dTivOWhMbwnI="></latexit><latexit sha1_base64="V9keTgjet+cZq7zV/aQEsKSJWQ0="></latexit>

⇡
<latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="KUPfjP1IlPGhiB0i20jstSVA7gk="></latexit><latexit sha1_base64="cCmvg6cwO/xm0MYF/Wmz/8+w5Kc="></latexit>

N⇡
<latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="zysDUkzI6yRjz/UbA0RR/FyMUa4="></latexit><latexit sha1_base64="NnlmmEgdFu2BBMQ8AaCeTHm4ms4="></latexit>

(N + 1)⇡
<latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="PHVaLqKfV5uoeubSqXsFHQs9Itk="></latexit><latexit sha1_base64="omYN0TuQRo1J26tb8LWR9Cd3UNw="></latexit>

0
<latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="M540mq7zxH1zapDntjam0Gs3uvw="></latexit>

0
<latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="M540mq7zxH1zapDntjam0Gs3uvw="></latexit>

2⇡
<latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="MNbnm/a4jT1//O79UOj8CzVOsYA="></latexit>

Normal	case	(no	phase	winding)
�q = 0

<latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="Yi6lUmXkOmxh0q1lYTse9t74U3E="></latexit>

for																	and	qa = 0
<latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="A1sUwPbHvkxcrRgO1pkYmZgfuSE="></latexit>

qa = ⇡
<latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="n3nt0L6v89ItxyFOA2jKRDMCuww="></latexit>

N	soluAons:	no	state	is	missing

Topological	case	(phase	winding)	
�q = 0

<latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="ipVd0P37adAqS81iuGnmX3zWllk="></latexit><latexit sha1_base64="Yi6lUmXkOmxh0q1lYTse9t74U3E="></latexit>

for									qa = 0
<latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="zAaTzlpRGjw/dsfe9h0RPbTCHDg="></latexit><latexit sha1_base64="A1sUwPbHvkxcrRgO1pkYmZgfuSE="></latexit>

�q = ⇡
<latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="KKkHhCRK115NozYCB80F2uxHdyE="></latexit><latexit sha1_base64="FdkeVrKArhJaDwZuqrQogKTsNiQ="></latexit>

for									qa = ⇡
<latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="WzCw2DFtZLOKcCO7tCgAjOIatS4="></latexit><latexit sha1_base64="n3nt0L6v89ItxyFOA2jKRDMCuww="></latexit>

0 0.5 1 1.5 2

�2

0

2

J 0/J

E
/J

E/J
<latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="KOyo/eIHsEKCmKBwq2BJGJBE2/c="></latexit><latexit sha1_base64="O31J6aLEYYTixWxZMIbO5muL9Hk="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>
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The	symmetry	of	the	spectrum

Sublamce	symmetry	(or	chiral	symmetry)	described	by	the	unitary	operator

Ŝ = P̂A � P̂B
<latexit sha1_base64="Oaw6HJAa++z+MGCmyndGad3GRQg="></latexit><latexit sha1_base64="Oaw6HJAa++z+MGCmyndGad3GRQg="></latexit><latexit sha1_base64="Oaw6HJAa++z+MGCmyndGad3GRQg="></latexit><latexit sha1_base64="wtfne6pUsTEF1Hpz2OG/Qyxn5/Q="></latexit>

P̂A, P̂B
<latexit sha1_base64="WqgB/kMnyTye+hHy7zP24gUh23w="></latexit><latexit sha1_base64="WqgB/kMnyTye+hHy7zP24gUh23w="></latexit><latexit sha1_base64="WqgB/kMnyTye+hHy7zP24gUh23w="></latexit><latexit sha1_base64="OMU8HoYGuC5bo0yzHgOyPl7LDcI="></latexit>

:	projectors	on	the	sublamces A,B
<latexit sha1_base64="djizrqWtPvhV4jNR0WWaJNK+5Ks="></latexit><latexit sha1_base64="djizrqWtPvhV4jNR0WWaJNK+5Ks="></latexit><latexit sha1_base64="djizrqWtPvhV4jNR0WWaJNK+5Ks="></latexit><latexit sha1_base64="wacAc3+v9M6O4oMszF11lPEnQp0="></latexit>

The	absence	of	couplings	of	the	type																or																	implies	thatA�A
<latexit sha1_base64="XukjDSBFwNkFcN+pfRLdEr/85Xw="></latexit><latexit sha1_base64="XukjDSBFwNkFcN+pfRLdEr/85Xw="></latexit><latexit sha1_base64="XukjDSBFwNkFcN+pfRLdEr/85Xw="></latexit><latexit sha1_base64="fZCcRcO9XS4K75xuEeTEwo7jlmw="></latexit>

B �B
<latexit sha1_base64="kBInyl3Y+EISIfi4ykHWXqgo+H8="></latexit><latexit sha1_base64="kBInyl3Y+EISIfi4ykHWXqgo+H8="></latexit><latexit sha1_base64="kBInyl3Y+EISIfi4ykHWXqgo+H8="></latexit><latexit sha1_base64="TkL/VMYsc1im1kt+4hZoKmlI300="></latexit>

P̂AĤP̂A = 0
<latexit sha1_base64="9+0nNhvJhqkiPcnbs5pMpL+PQos="></latexit><latexit sha1_base64="9+0nNhvJhqkiPcnbs5pMpL+PQos="></latexit><latexit sha1_base64="9+0nNhvJhqkiPcnbs5pMpL+PQos="></latexit><latexit sha1_base64="bn1p42EBrGYW4j/GM9h//eshFyU="></latexit>

P̂BĤP̂B = 0
<latexit sha1_base64="y8uJwuo3lXwupvMK7SpPcofLGdU="></latexit><latexit sha1_base64="y8uJwuo3lXwupvMK7SpPcofLGdU="></latexit><latexit sha1_base64="y8uJwuo3lXwupvMK7SpPcofLGdU="></latexit><latexit sha1_base64="mPlW0dfl33kkamcceuLedLglFpo="></latexit>

which	entails ĤŜ = �ŜĤ
<latexit sha1_base64="+cUj32Vo8uXOzjbmZxKKObMKHIE="></latexit><latexit sha1_base64="+cUj32Vo8uXOzjbmZxKKObMKHIE="></latexit><latexit sha1_base64="+cUj32Vo8uXOzjbmZxKKObMKHIE="></latexit><latexit sha1_base64="arLGQyLyIhPzEarypytcdDR5ic4="></latexit>

An,-commuta,on	rela,on

If									is	an	eigenstate	of						with	the	eigenvalue	 ,		
then													is	an	eigenstate	with	the	eigenvalue	 	

E
−E

| i
<latexit sha1_base64="d+rftl013ebLm6evlGdNVj64rKw="></latexit><latexit sha1_base64="d+rftl013ebLm6evlGdNVj64rKw="></latexit><latexit sha1_base64="d+rftl013ebLm6evlGdNVj64rKw="></latexit><latexit sha1_base64="jW3k9Xbagkx2eIp6p5nh7uxU/0Q="></latexit>

Ĥ
<latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="sxlCi2IV9Mxe00Xoj/K4dmiGroA="></latexit><latexit sha1_base64="VB57N1U0pBIshoVbdV72m2lIAc4="></latexit>

Ŝ| i
<latexit sha1_base64="sH6tXqeMCRIQhU223/uFtyQ6df4="></latexit><latexit sha1_base64="sH6tXqeMCRIQhU223/uFtyQ6df4="></latexit><latexit sha1_base64="sH6tXqeMCRIQhU223/uFtyQ6df4="></latexit><latexit sha1_base64="4ebUgIZHLnlTsUHeG0o8lIwvjao="></latexit>

Ĥ

⇣
Ŝ | i

⌘
= �Ŝ

⇣
Ĥ | i

⌘

<latexit sha1_base64="1l3DsonzdriZJkBlE3FxT2/Z1bs="></latexit><latexit sha1_base64="1l3DsonzdriZJkBlE3FxT2/Z1bs="></latexit><latexit sha1_base64="1l3DsonzdriZJkBlE3FxT2/Z1bs="></latexit><latexit sha1_base64="0ZyaVgkNdubytufcJ7Tmr5/IN5I="></latexit>

= �E
⇣
Ŝ | i

⌘

<latexit sha1_base64="J9lylZuXEGCZa9/6MR3g0AXVIUE="></latexit><latexit sha1_base64="J9lylZuXEGCZa9/6MR3g0AXVIUE="></latexit><latexit sha1_base64="J9lylZuXEGCZa9/6MR3g0AXVIUE="></latexit><latexit sha1_base64="tyWzgTTr+eVp5IN++l7/JphxH40="></latexit>

Explain	the	observed	symmetry

E $ �E
<latexit sha1_base64="DDk2HmmQ3s/1Itnk3bdpfz6VQ+8="></latexit><latexit sha1_base64="DDk2HmmQ3s/1Itnk3bdpfz6VQ+8="></latexit><latexit sha1_base64="DDk2HmmQ3s/1Itnk3bdpfz6VQ+8="></latexit><latexit sha1_base64="JFdcxpsnfcRfOx7gySjwsuicEBI="></latexit>



50

The	semi-infinite	chain

…….A AA B B B
a1

<latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="GExOt2Db1jmb0e7LaapeyLr3obk="></latexit>

a2
<latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="ZaG6hlcF9Gl/Z4XAC4SG1CU9PY8="></latexit>

a3
<latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="sBEwVfoeH9eRboDcVBR12Bp9O0s="></latexit>

b1
<latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="LbGLsUNsxcg2KnN52YSg+7rdryg="></latexit>

b2
<latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="OyUDENHcHMsf+fhogCDj7G2Zr4E="></latexit>

b3
<latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="tbGZcaO5C50TQibV0xuCrAfg9XY="></latexit>

DeterminaAon	of	eigenstates:	one	expects	a	spectrum		
equal	to	the	infinite	case	+	possibly	one	edge	state

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>J

<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

SoluAon	using	a	transfert	matrix:
✓
aj+1

bj+1

◆
= M̂

✓
aj
bj

◆

<latexit sha1_base64="gkg6q40MV2c4QrgmrqhCmOPk5Go="></latexit><latexit sha1_base64="gkg6q40MV2c4QrgmrqhCmOPk5Go="></latexit><latexit sha1_base64="gkg6q40MV2c4QrgmrqhCmOPk5Go="></latexit><latexit sha1_base64="F41DBdWK1xzdjlmaLz1JaOU+y1o="></latexit>

M̂
<latexit sha1_base64="16koOI8gxdV8uQ/2wHxWj4LaSEo="></latexit><latexit sha1_base64="16koOI8gxdV8uQ/2wHxWj4LaSEo="></latexit><latexit sha1_base64="16koOI8gxdV8uQ/2wHxWj4LaSEo="></latexit><latexit sha1_base64="5Tgzq1RXWS+kZFEZzSv4WQkZxCM="></latexit>

:	real	matrix	with	determinant	1

| i =
+1X

j=1

(aj |Aji + bj |Bji)
<latexit sha1_base64="9X6nnYzyhekCKnnOYYQpZORmn/Y="></latexit><latexit sha1_base64="9X6nnYzyhekCKnnOYYQpZORmn/Y="></latexit><latexit sha1_base64="9X6nnYzyhekCKnnOYYQpZORmn/Y="></latexit><latexit sha1_base64="gmNtdM6r6C0JQHf1IIdo4fU4+i0="></latexit>

inserted	in Ĥ| i = E | i
<latexit sha1_base64="vE6P5ZKzCAu8qEE7sw3dAQPm92U="></latexit><latexit sha1_base64="vE6P5ZKzCAu8qEE7sw3dAQPm92U="></latexit><latexit sha1_base64="vE6P5ZKzCAu8qEE7sw3dAQPm92U="></latexit><latexit sha1_base64="83I9yLcRTFnrOrFuoeaqxgVQU6Q="></latexit>

�J 0b1 = E a1
<latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LygeZsKXeZSgRaBri0jK50o+8xc="></latexit>

�J 0a1 � Ja2 = E b1
<latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="WbZCbPPw7Awk5GW9UqpjMzQfZDw="></latexit>

�J 0bj � Jbj�1 = E aj
<latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="mTU3EmNhthIDTO7hCP/RORIZiTE="></latexit> j � 2

<latexit sha1_base64="AIMhbGO2NwzcqmDh1i2yj7v5b28="></latexit><latexit sha1_base64="AIMhbGO2NwzcqmDh1i2yj7v5b28="></latexit><latexit sha1_base64="AIMhbGO2NwzcqmDh1i2yj7v5b28="></latexit><latexit sha1_base64="dzwnO7kop5QK2dB4tERj9Sngsws="></latexit>�J 0aj � Jaj+1 = E bj
<latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="BkVEv3HkV19rPHfv0KIJPPduSJc="></latexit>
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The	edge	state	for	the	semi-infinite	chain

If	there	is	only	one	edge	state,	the	symmetry	of	the	spectrum	imposes	that	E = 0

�J 0b1 = E a1
<latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LBukaqcsrIcOM5HpACyXcKW7vIs="></latexit><latexit sha1_base64="LygeZsKXeZSgRaBri0jK50o+8xc="></latexit>

�J 0a1 � Ja2 = E b1
<latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="szzr/cOjvAeKMggxJXOSvXxaDRg="></latexit><latexit sha1_base64="WbZCbPPw7Awk5GW9UqpjMzQfZDw="></latexit>

�J 0bj � Jbj�1 = E aj
<latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="oYHCZzsdlvmNonuS6gYbH3kTLl4="></latexit><latexit sha1_base64="mTU3EmNhthIDTO7hCP/RORIZiTE="></latexit>

�J 0aj � Jaj+1 = E bj
<latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="TtBDLwDZ69XlVdzgGB2uXrfIYGM="></latexit><latexit sha1_base64="BkVEv3HkV19rPHfv0KIJPPduSJc="></latexit>

…….A AA B B B
a1

<latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="mIU4YBRKkN7Pdn9rcvNHlrd6cow="></latexit><latexit sha1_base64="GExOt2Db1jmb0e7LaapeyLr3obk="></latexit>

a2
<latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="n4+XQY9GekZ56FgG5GawzWVOVhY="></latexit><latexit sha1_base64="ZaG6hlcF9Gl/Z4XAC4SG1CU9PY8="></latexit>

a3
<latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="57cA+2/fzaDuXFW8w8y2iNe0sKI="></latexit><latexit sha1_base64="sBEwVfoeH9eRboDcVBR12Bp9O0s="></latexit>

b1
<latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="BsatcnMcG1agyYy779X+pn0cgvM="></latexit><latexit sha1_base64="LbGLsUNsxcg2KnN52YSg+7rdryg="></latexit>

b2
<latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="EvXc9iW0/Fa/zU97ybontaT+RrQ="></latexit><latexit sha1_base64="OyUDENHcHMsf+fhogCDj7G2Zr4E="></latexit>

b3
<latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="9wD0xFPHlgG5wYExVO0T7U9XA2U="></latexit><latexit sha1_base64="tbGZcaO5C50TQibV0xuCrAfg9XY="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Physically	acceptable	result	if	and	only	if																	:J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

Topological	region

Inject																in	this	set	of	equaAons:E = 0
<latexit sha1_base64="OlbD6uNMLUDWFsEAFME3Rkh2DxM="></latexit><latexit sha1_base64="OlbD6uNMLUDWFsEAFME3Rkh2DxM="></latexit><latexit sha1_base64="OlbD6uNMLUDWFsEAFME3Rkh2DxM="></latexit><latexit sha1_base64="4M11ipTVj6Y97oBakwk2N6WGOyw="></latexit>

																		then	by	recursion	b1 = 0
<latexit sha1_base64="1KyNPzDvhlu56+HBzAyhKlvbXFY="></latexit><latexit sha1_base64="1KyNPzDvhlu56+HBzAyhKlvbXFY="></latexit><latexit sha1_base64="1KyNPzDvhlu56+HBzAyhKlvbXFY="></latexit><latexit sha1_base64="HITR/MSwtHD7CHsVb4ffUWHjS3s="></latexit>

bj = 0 8j
<latexit sha1_base64="kU+CxOYRQ6pYHJKAu2DWgc3TyUI="></latexit><latexit sha1_base64="kU+CxOYRQ6pYHJKAu2DWgc3TyUI="></latexit><latexit sha1_base64="kU+CxOYRQ6pYHJKAu2DWgc3TyUI="></latexit><latexit sha1_base64="6bp7PzdX5IQhfiEQ83RoiXFT/yE="></latexit>

aj+1 = �J 0

J
aj

<latexit sha1_base64="uuU9ys0eIliwhNfBD1cEMaG9g2Y="></latexit><latexit sha1_base64="uuU9ys0eIliwhNfBD1cEMaG9g2Y="></latexit><latexit sha1_base64="uuU9ys0eIliwhNfBD1cEMaG9g2Y="></latexit><latexit sha1_base64="BW1P00G1uXM+pfxegw5daGrAJOk="></latexit>

then	by	recursion aj /
✓
�J 0

J

◆j

<latexit sha1_base64="QbLhWBxkgRL3oqj0RJl4FQz1Ji0="></latexit><latexit sha1_base64="QbLhWBxkgRL3oqj0RJl4FQz1Ji0="></latexit><latexit sha1_base64="QbLhWBxkgRL3oqj0RJl4FQz1Ji0="></latexit><latexit sha1_base64="mMlh0Pao1+e90OyU6JLcbc7j5dY="></latexit>



Spectrum	for	the	semi-infinite	chain

Topological	case

E
<latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="zmqt4zYl8t497YyG9jIEfdcL5Nk="></latexit>

J 0 + J
<latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="E+b952bLrYoG7xbn6dmseHARt8U="></latexit>

J � J 0
<latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="ergrbsUrGHOG3mJUg5znvCk5TeQ="></latexit><latexit sha1_base64="A452ds2YOBcVBwLrqRf6JIR8U68="></latexit>

�J + J 0
<latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="PXRs4Nzwgl+CzHvAx4rZAEmcoL4="></latexit><latexit sha1_base64="k8Kd6dUtXUh5nuNToIK5yiMrtaw="></latexit>

�J � J 0
<latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="f9fVHvlRTPkL/IzphB9qiFklh7U="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

Normal	case

E
<latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="zmqt4zYl8t497YyG9jIEfdcL5Nk="></latexit>

J 0 + J
<latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="+xh2a6RE2U0KL73y2IDT0QU+bSc="></latexit><latexit sha1_base64="E+b952bLrYoG7xbn6dmseHARt8U="></latexit>

�J � J 0
<latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="w4LaGR8imANEQ1pIFfyDoRhM7L8="></latexit><latexit sha1_base64="f9fVHvlRTPkL/IzphB9qiFklh7U="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

J 0 � J
<latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="KmuVp8ug2g/2jwu4y1rL7CQ9OV4="></latexit><latexit sha1_base64="hfmq4AOM18WR3wm+7NfXqFkuyZ0="></latexit>

�J 0 + J
<latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="SLF+UE0M5M1WgU3lZ9YtgQjs940="></latexit><latexit sha1_base64="IHrqK+iUR0gLS/iiZFjrdLVKC14="></latexit>

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

Edge	state
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JuncAon	between	two	semi-infinite	chains

The	semi-infinite	chain	can	be	seen	as	a	fracAon	of	an	infinite	chain:	

…….A AA B B B
J 0

<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>
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Lex	:	 J = 0 < J 0
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Normal
Right:	

Normal	or	topological

One	can	show	within	the	SSH	model	that	the	edge	state	appears	when	one	connects		
two	chains	with	a	different	nature

Normal	 J < J 0
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Topological	 J > J 0
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and	it	remains	true	even	for	a	sox	juncAon	(J	and	J’	vary	slowly	in	space)

No	edge	state	for	a	Normal-Normal	or	Topological-Topological	juncAon

J 0
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	 		or	 		J < J′� J′� < J
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The	SSH	model	in	photonics

P. ST-JEAN, V. GOBLOT, E. GALOPIN, A. LEMAÎTRE, T. OZAWA,  
L. LE GRATIET, I. SAGNES, J. BLOCH & A. AMO  

Lasing in topological edge states of a one-dimensional lattice  
Nature Photonics 11, p. 651 (2017)

Haldane & Raghu (2008), Wang, Chong et al. (2009)
SSH in the microwave domain: Poli, Bellec et al. (2015)

see also Weimann, Kremer et al. (2017)
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The	elementary	cell

Micro-pilar	composed	of	circular	GaAs	quantum	wells	 
placed	between	two	Bragg	mirrors,	and	irradiated	 
with	non-resonant	light

The	amplitude	of	the	electromagneAc	field	in	this	pilar		
corresponds	to	the	coefficients	aj	and	bj	introduced	above	

s	mode	with	cylindrical	symmetry

Field	modes	(polariton)	in	this	pilar,	observed	with	a	good	energy	resolu,on

Mesure	in	real	space:	image	of	the	micro-pilar
Mesure	in	momentum	space:	diffracAon	in	various	direcAons

p	mode	with	two	orbitals	px	and	py			
doubly	degenerate



Chain	composed	with	adjacent	pilars

Zig-zag	disposiAon	of	the	chain	and	coupling	of 
the	fields	between	adjacent	micro-pilars	by	  
evanescent	waves

For	the	s	mode	(isotropic),	all	couplings	are	equal:		
Hubbard	Hamiltonian

For	p	modes,	the	coupling	for	“aligned	modes”	
is	different	from	“facing	modes”

ttrans	=	0.15	tlong

Plays	the	role	of	the	coefficients	J	and	J’	of	SSH

Inversion	of																			into																		when	
one	passes	from	the	orbital	px	to	the	orbital	py

[J 0 > J ]
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[J 0 < J ]
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The	bulk	states

IrriadiaAon	of	the	center	of	the	chain	(negligible	role	of	edge	states)

Energy	as	a	funcAon	of	the	momentum	q	:

qa/⇡
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Energy	bands	in	the	“unfolded”	representaAon

Single	band	of	the	Hubbard	
model	: E = E0 � 2J cos(qa)
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Two	bands	of	the	SSH	
model	with	a	gap



58

Edge	states

IrradiaAon	of	one	end	of	the	chain

qa/⇡
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Emergence	of	energy	states	in	the	
SSH	gap:	Edge	states!

Which	topology	for	these	states?

They	correspond	to	the	orbital	
py	for	which J 0 < J
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in-situ	measurement
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A	topological	laser	

Increase	the	light	power	
on	the	chain

Above	a	certain	threshold,	 
lasing	on	the	edge	state

Decrease	of	the	spectral	width

Robust	lasing	effect	with	respect	
to	defects	that	may	appear	during	
the	fabrica,on
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The	SSH	model	with	cold	atoms

Sylvain de Léséleuc,..., Hans Peter Büchler, Thierry Lahaye, Antoine Browaeys, 
Science,  23 Aug 2019, Vol. 365, pp. 775-780
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Chain	of	N=14	tweezers

Each	tweezer	contains	iniAally	one	atom	in	the	Rydberg	internal	state	60S1/2 ≡ |0⟩

A	“parAcle”	is	an	excitaAon	to	the	Rydberg	state	60P1/2 ≡ |1⟩
The	“parAcle”	jumps	between	neighboring	sites	by	resonant	dipole-dipole	interacAon
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The	single	parAcle	spectrum	for	this	finite	SSH	chain

NB.	The	upper	band	is	not	visible	
due	to	a	suppressed	coupling	to		
the	microwave	probe

Microwave	spectroscopy:		
coherent		creaAon	of	a	“parAcle”	only		
if	an	eigenstate	energy	matches	the		
microwave	detuning	
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Many-body	ground	state	of	the	14-site	chain

The	“parAcles”	can	be	viewed	as	hard-core	bosons

Calculated spectrum, with a 4-fold 
degenerate ground state

For	strongly	interacAng	bosons,	the	degeneracy	remains,	even	in	the	presence		
of	a	coupling	violaAng	the	sub-lamce	symmetry	(not	true	for	free	fermions)

For	nearest	neighbor	hoppings:				Bosonic	many-body	GS																																		Free	fermion	GS
Jordan-Wigner	transformaAon
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4.	

Majorana	states	in	a	1D	chain

A.Y. Kitaev 
Unpaired Majorana fermions in quantum wires 

Physics Uspekhi 44, 131(2001)



The	Kitaev	model

The	simplest	model	for	a	topological	superconductor

1D	chain,	spin	plays	no	role

Emergence	of	edge	states	in	a	finite	chain	at	E	=	0

Same	as	the	SSH	model	for	non-interacAng	parAcles?

No:	addi;onal	robustness	due	to	the	par;cle-hole	symmetry,	  
origina;ng	from	the	interac;on	in	a	superconductor

RepresentaAon	as	Majorana	modes:
crea;on	operator=	annihila;on	operator

J
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Fermions	:	at	most	one	parAcle	per	site
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Kitaev	Hamiltonian

Fermions	with	a	frozen	spin	degree	of	freedom

Relevant	operators:																annihilates	and	creates	a	parAcle	on	site	j		âj , â
†
j

<latexit sha1_base64="73x37sGmtuL2E/NXqdSoabW/IjQ="></latexit><latexit sha1_base64="73x37sGmtuL2E/NXqdSoabW/IjQ="></latexit><latexit sha1_base64="73x37sGmtuL2E/NXqdSoabW/IjQ="></latexit><latexit sha1_base64="PCaookB3AMzEuZBOpnbx1WtGZ9s="></latexit>

• 1D	Hubbard	chain,	with	nearest-neighbour	hopping:

�J
X

j

â†j+1âj + h.c.
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• Coupling	to	a	superconductor	reservoir	which	injects	or	removes	pairs	of	parAcles	
on	the	chain	on	neighbouring	sites:

�
X

j

⇣
â†j+1â

†
j + âj âj+1

⌘
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:	superconducAng	gap�
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Δ Δ

• ParAcle	number	is	not	conserved	in	this	model:	one	adds	a	chemical	potenAal	term,	  
which	controls	the	average	number	of	parAcles	on	the	chain

avec�µN̂p
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N̂p =
X

j

â†j âj
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The	Bogoliubov	-	de	Gennes	approach

N	sites	problem,		Hilbert		space	with	dimension		 	:	exponenAal	increase	with	 			2N N

For	a	Hamiltonian	 	that	is	quadraAc	in	 		,	considerable	reducAon	of	the	size:Ĥ ̂aj, ̂a†
j

Ĥ =
1

2
Â

†
ĤBdG Â
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ĤBdG =

✓
M̂1 M̂2

�M̂
⇤
2 �M̂

⇤
1

◆
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The	Bogoliubov-de	Gennes	Hamiltonian	is	a	 	square	matrix2N × 2N

Â =

0

BBBBBBBB@

â1
...

âN
â†1
...

â†N

1

CCCCCCCCA
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Once	the	energies	 		and	the	eigenvectors	of	 	are	known,	one	can	write	 	asEj ĤBdG Ĥ

Ĥ =
1

2

2NX

j=1

Ej b̂
†
j b̂j
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Â† =
�
â†1 . . . â†N â1 . . . âN

�
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Nambu	
spinor
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ParAcle	hole	symmetry

We	started	with	a	 	sites	problem,	hence	a	Hilbert	space	with	dimension	 	N 2N

We	diagonalized	 	by	introducing	 	modes	(fermionic	quasi-parAcles):ĤBdG 2N

Ĥ =
1

2

2NX

j=1

Ej b̂
†
j b̂j

<latexit sha1_base64="Ma2FHLYv3Wf5cHR8SbZnvMLvpHQ="></latexit><latexit sha1_base64="Ma2FHLYv3Wf5cHR8SbZnvMLvpHQ="></latexit><latexit sha1_base64="Ma2FHLYv3Wf5cHR8SbZnvMLvpHQ="></latexit><latexit sha1_base64="mFlvWIYaWT0fHWpO7dKb9fLr2eE="></latexit>

Each	mode	can	be	empty	or	occupied:													
	independent	states???22N

Ej � 0
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Ĥ =
1

2

2NX

j=1

Ej b̂
†
j b̂j
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Ĥ =
NX

j=1

Ej

⇣
b̂
†
j b̂j � 1/2

⌘
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In	summary:

No!	The	spectrum	 	is	symmetric	and	each	excitaAon	appears	twice{Ej}

mode	with	energy	E	:	

mode	with	energy	-E	:	 b̂�E = b̂†E
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<latexit sha1_base64="KO52EmXBbX4bfnYcZ9Qb+CPCogA="></latexit><latexit sha1_base64="KO52EmXBbX4bfnYcZ9Qb+CPCogA="></latexit><latexit sha1_base64="KO52EmXBbX4bfnYcZ9Qb+CPCogA="></latexit><latexit sha1_base64="IIP8VcqHHJJgJMJDYbi/7MOfGxk="></latexit>

AnnihilaAon	of	a	quasi-parAcle	-E					 			CreaAon	of	a	quasi-parAcle	+E⟺

b̂E =
NX

i=1

uiâi + viâ
†
i

<latexit sha1_base64="uvdFZNyjyJ+TkRps+K+seHH1c3Q="></latexit><latexit sha1_base64="uvdFZNyjyJ+TkRps+K+seHH1c3Q="></latexit><latexit sha1_base64="uvdFZNyjyJ+TkRps+K+seHH1c3Q="></latexit><latexit sha1_base64="cFY/w2ULVpS3gI7ILYrpdTLLxfM="></latexit>

b̂†E =
NX

i=1

u⇤
i â

†
i + v⇤i âi

<latexit sha1_base64="EQ+jX+8Il296G9PJu6wHSTBvHI4="></latexit><latexit sha1_base64="EQ+jX+8Il296G9PJu6wHSTBvHI4="></latexit><latexit sha1_base64="EQ+jX+8Il296G9PJu6wHSTBvHI4="></latexit><latexit sha1_base64="kVmnBya51N8Fig1f57lHZCi5Rak="></latexit>
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The	infinite	Kitaev	chain

TranslaAon	invariant	system:	Bloch	theorem

â†q /
X

j

eiqja â†j
<latexit sha1_base64="+g/yPAMu477a1gSrHlFxRnQBiwY="></latexit><latexit sha1_base64="+g/yPAMu477a1gSrHlFxRnQBiwY="></latexit><latexit sha1_base64="+g/yPAMu477a1gSrHlFxRnQBiwY="></latexit><latexit sha1_base64="fJONn0yNfDo+BAwX75WDn64jWj4="></latexit>

:	creates	a	parAcle	with	momentum	q

B-dG	formalism	reduces	in	this	case	to	a	series	of	 	matrices	2 × 2

Ĥ =
1

2

X

q

�
â
†
q â�q

�
Ĥq

✓
âq

â
†
�q

◆

<latexit sha1_base64="c64sDJEJsF0SHeoWQl5jWXEgyH4="></latexit><latexit sha1_base64="c64sDJEJsF0SHeoWQl5jWXEgyH4="></latexit><latexit sha1_base64="c64sDJEJsF0SHeoWQl5jWXEgyH4="></latexit><latexit sha1_base64="V1LPqiCUERgOPvIwU9EDjWKwg0k="></latexit>

Ĥq =

✓
� [2J cos(qa) + µ] �2i� sin(qa)

2i� sin(qa) 2J cos(qa) + µ

◆

<latexit sha1_base64="TFbNnnBym5U9ZuPJv8fMHqM0MEg="></latexit><latexit sha1_base64="TFbNnnBym5U9ZuPJv8fMHqM0MEg="></latexit><latexit sha1_base64="TFbNnnBym5U9ZuPJv8fMHqM0MEg="></latexit><latexit sha1_base64="UGCOPs5AHTJfd7mP0h7FoMs8gG4="></latexit>

Ĥq = �h(q) · �̂
<latexit sha1_base64="i1nuJ2bAaxiBqM1RD29hDmjmKto="></latexit><latexit sha1_base64="i1nuJ2bAaxiBqM1RD29hDmjmKto="></latexit><latexit sha1_base64="i1nuJ2bAaxiBqM1RD29hDmjmKto="></latexit><latexit sha1_base64="uuRVN9uk6YioES8t3XqVv5o1KZY="></latexit>

h =

0

@
0

�2� sin(qa)
2J cos(qa) + µ

1

A

<latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="pOWCoE0IAnfYUOdjp9ZllVN0Ykw="></latexit>

Pseudo-spin	1/2	problem,	as	for	SSH	model

What	is	the	trajectory	of																								on	the	Bloch	sphere?n =
h

|h|
<latexit sha1_base64="YPqKs0o4oUyNJVIT7N6YWz6Gm10="></latexit><latexit sha1_base64="YPqKs0o4oUyNJVIT7N6YWz6Gm10="></latexit><latexit sha1_base64="YPqKs0o4oUyNJVIT7N6YWz6Gm10="></latexit><latexit sha1_base64="ei1bjF97V2Phtq0p0chQDepl1Co="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

a
<latexit sha1_base64="wrBq5d/dB1xxDiNj8wcGcJG8UgU="></latexit><latexit sha1_base64="wrBq5d/dB1xxDiNj8wcGcJG8UgU="></latexit><latexit sha1_base64="wrBq5d/dB1xxDiNj8wcGcJG8UgU="></latexit><latexit sha1_base64="eLQlKSatbhEfapp62oEaIq9Ff2s="></latexit>

�⇡/a  q < ⇡/a
<latexit sha1_base64="ogzUCxO2xZC3NmecCWCWBXA2BtY="></latexit><latexit sha1_base64="ogzUCxO2xZC3NmecCWCWBXA2BtY="></latexit><latexit sha1_base64="ogzUCxO2xZC3NmecCWCWBXA2BtY="></latexit><latexit sha1_base64="vWOFzetJ0qr9leHwcCue1bPRRz0="></latexit>



Possible	topologies	for	Kitaev	chain

h =

0

@
0

�2� sin(qa)
2J cos(qa) + µ

1

A

<latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="eh7+wCHWB70e/tTMPKvXaSR5Smk="></latexit><latexit sha1_base64="pOWCoE0IAnfYUOdjp9ZllVN0Ykw="></latexit>

:	always	on	the	meridian hx = 0
<latexit sha1_base64="9jLa9MkvbMC2frzgkYFZG3s+NnU="></latexit><latexit sha1_base64="9jLa9MkvbMC2frzgkYFZG3s+NnU="></latexit><latexit sha1_base64="9jLa9MkvbMC2frzgkYFZG3s+NnU="></latexit><latexit sha1_base64="sxHJul90WF2iun0TeDSuTyw5U0Q="></latexit>

|µ| < 2J
<latexit sha1_base64="ICosW3FlK0JUHhJr/wkFBEOlftE="></latexit><latexit sha1_base64="ICosW3FlK0JUHhJr/wkFBEOlftE="></latexit><latexit sha1_base64="ICosW3FlK0JUHhJr/wkFBEOlftE="></latexit><latexit sha1_base64="/ly6CmsNMk2HolQAP8KPIYSxHMw="></latexit>

µ > 2J
<latexit sha1_base64="dq/XRiojDT28suLi/xVXStQdn28="></latexit><latexit sha1_base64="dq/XRiojDT28suLi/xVXStQdn28="></latexit><latexit sha1_base64="dq/XRiojDT28suLi/xVXStQdn28="></latexit><latexit sha1_base64="JJuwemKNtSM8boeUOG9zYAKCa8c="></latexit>

µ < �2J
<latexit sha1_base64="QqsNSw8xUq7eEM6lyHwc0y8o6dc="></latexit><latexit sha1_base64="QqsNSw8xUq7eEM6lyHwc0y8o6dc="></latexit><latexit sha1_base64="QqsNSw8xUq7eEM6lyHwc0y8o6dc="></latexit><latexit sha1_base64="tM0R60JrwQH62rgGq/BhrQI4owU="></latexit>

topologicalnormal normal

small	filling large	fillingintermediate	
filling

Energies	of														:	ĤBdG
<latexit sha1_base64="frMrghwS/8pnKKf2QzL4SZobFgI="></latexit><latexit sha1_base64="frMrghwS/8pnKKf2QzL4SZobFgI="></latexit><latexit sha1_base64="frMrghwS/8pnKKf2QzL4SZobFgI="></latexit><latexit sha1_base64="Wr20pkHgXkoO0NkClKj1FKO2P+0="></latexit>

Eq = |h(q)| =
n
4�2 sin2(qa) + [2J cos(qa) + µ]2

o1/2

<latexit sha1_base64="Qy5QVkBHYnpabY9lEqknXNG/YAA="></latexit><latexit sha1_base64="Qy5QVkBHYnpabY9lEqknXNG/YAA="></latexit><latexit sha1_base64="Qy5QVkBHYnpabY9lEqknXNG/YAA="></latexit><latexit sha1_base64="N5ei8LfUXkTzR+mXl21fbBq1VJg="></latexit>
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Majorana	modes	in	Kitaev	chain
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Finite	vs.	infinite	Kitaev	chain

�3 �2 �1 0 1 2 3
�6

�4

�2

0

2

4

6

E
/J

ParAcular	case	:	� = J
<latexit sha1_base64="r3TNM7vw/vGxuitKI8Ty4NVxC/k="></latexit><latexit sha1_base64="r3TNM7vw/vGxuitKI8Ty4NVxC/k="></latexit><latexit sha1_base64="r3TNM7vw/vGxuitKI8Ty4NVxC/k="></latexit><latexit sha1_base64="OqH5pcSf4XRDxGMPKigGDZIqbvM="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Δ Δ

µ/J
<latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="Gq+81GFWu9cLshgARqfvewumFOM="></latexit>

Bands	for	an	infinite	chain

�3 �2 �1 0 1 2 3
�6

�4

�2

0

2

4

6

µ/J

E
/J

A	mode	 	with	 	appears	 
in	the	topological	region	

(E, − E) E ≈ 0
|μ | < 2J

µ/J
<latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="wC1MWSAeHYD0iTCY05MJUWAiX+o="></latexit><latexit sha1_base64="Gq+81GFWu9cLshgARqfvewumFOM="></latexit>

20	sites	chain

Edge	state

= ±
�
4J2 + 4Jµ cos(qa) + µ2

 1/2

<latexit sha1_base64="MJLSWgZbDFbpuK/yhVrKcpcWjtc="></latexit><latexit sha1_base64="MJLSWgZbDFbpuK/yhVrKcpcWjtc="></latexit><latexit sha1_base64="MJLSWgZbDFbpuK/yhVrKcpcWjtc="></latexit><latexit sha1_base64="z6/IUNQ1aPAoyZCOMDD1DEJJyL8="></latexit>

±
n
4�2 sin2(qa) + [2J cos(qa) + µ]2

o1/2

<latexit sha1_base64="m5sWb1VmXTHy5N7q4uo/jE8xYdg="></latexit><latexit sha1_base64="m5sWb1VmXTHy5N7q4uo/jE8xYdg="></latexit><latexit sha1_base64="m5sWb1VmXTHy5N7q4uo/jE8xYdg="></latexit><latexit sha1_base64="G2+tC4rElT4mJ8qGZ3+HLo3CzyY="></latexit>

TOPOLOGICAL

N
O
RM

AL

N
O
RM

AL



The	case	μ	=	0

The	choice																														leads	to	a	Hamiltonian	that	can	be	analyAcally	handled:µ = 0, � = J
<latexit sha1_base64="ogXg45pySypBC2qZoQIui5ZKS4Y="></latexit><latexit sha1_base64="ogXg45pySypBC2qZoQIui5ZKS4Y="></latexit><latexit sha1_base64="ogXg45pySypBC2qZoQIui5ZKS4Y="></latexit><latexit sha1_base64="vm/tNUCrqPWnivUWah/xiOyNJ3Y="></latexit>

=
NX

j=1

Ej

✓
b̂†j b̂j �

1

2

◆

<latexit sha1_base64="ItH/yHI4JWNO1Ot1SjapbLi8aS0="></latexit><latexit sha1_base64="ItH/yHI4JWNO1Ot1SjapbLi8aS0="></latexit><latexit sha1_base64="ItH/yHI4JWNO1Ot1SjapbLi8aS0="></latexit><latexit sha1_base64="dxB7uytTQATE1TtrwYvasI5pKFc="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Δ Δ

N	sites	segment	

Ej = 2J pour j = 1, . . . , N � 1
<latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="DIONIuCyhoym6ZH96M3SPeuWi7w="></latexit>

EN = 0
<latexit sha1_base64="67InXETYUD5Y0qeSZjKRMIqErxw="></latexit><latexit sha1_base64="67InXETYUD5Y0qeSZjKRMIqErxw="></latexit><latexit sha1_base64="67InXETYUD5Y0qeSZjKRMIqErxw="></latexit><latexit sha1_base64="KlgcNZKOBHt2ZDJYKaM+whuPj10="></latexit>

Quasi-parAcle	energies:
Ej = 2J pour j = 1, . . . , N � 1

<latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="i+9kqfGBFUE+VNQ1B1ZV/eg/cfU="></latexit><latexit sha1_base64="DIONIuCyhoym6ZH96M3SPeuWi7w="></latexit>

Eigenmodes:
b̂j =

i

2

⇣
â†j � âj + â†j+1 + âj+1

⌘
pour j = 1, . . . , N � 1

<latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="NgBvfGPk2EzcEemoF0wON9jnXXs="></latexit>

b̂N =
i

2

⇣
â†N � âN + â†1 + â1

⌘

<latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="42heP6ZUxX9nYsnqmoQ9crhkC3Q="></latexit>

b̂j =
i

2

⇣
â†j � âj + â†j+1 + âj+1

⌘
pour j = 1, . . . , N � 1

<latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="ZNy+xYNdCbYb4CZQt8ERLOGFzH4="></latexit><latexit sha1_base64="NgBvfGPk2EzcEemoF0wON9jnXXs="></latexit>

Ĥ = J

N�1X

j=1

⇣
�â

†
j âj+1 � â

†
j+1âj + âj âj+1 + â

†
j+1â

†
j

⌘

<latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="Vv/hPxGm+RzRFSe3pIHa+S9Ob9c="></latexit>
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The	ground	state
J

<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Δ

Ĥ =
NX

j=1

Ej

✓
b̂
†
j b̂j �

1

2

◆

<latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="lB83hXNZE5IZNNC+B175B8um7wc="></latexit>

Ground	state	obtained	by	solving

Ej � 0
<latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="wUOett7vd97Htt//aZhiXiWwBMU="></latexit>

b̂j | 0i = 0, j = 1, . . . , N
<latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="hrXKOn99hNJsrPfd/8dpNrWhkPk="></latexit>

A	unique	soluAon	but…

The	mode	j	=	N		has	a	zero	energy:																															has	the	same	energy	as| 1i = b̂†N | 0i
<latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="Lcsn6OK4c4hvI09L9nLy0uYzKG4="></latexit>

| 0i
<latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="j3YoXiuAwT8eaJ4p5PrKP4IPlHo="></latexit>

Doubly	degenerate	ground	state:	 {| 0i, | 1i}
<latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="fgl3U1juKKkn/saeIeTnPRpaHeI="></latexit>

| 0i = |1000i+ |0100i+ |0010i+ |0001i
<latexit sha1_base64="X7nz0q3qDsgdFem6hnc1lLFh2cg="></latexit><latexit sha1_base64="X7nz0q3qDsgdFem6hnc1lLFh2cg="></latexit><latexit sha1_base64="X7nz0q3qDsgdFem6hnc1lLFh2cg="></latexit><latexit sha1_base64="lrDIz3jW8gK63aO5vARsV2HikVY="></latexit>

+|1110i+ |1101i+ |1011i+ |0111i
<latexit sha1_base64="s8hUxRY5mIaOJubJ5hpyZnNHGlk="></latexit><latexit sha1_base64="s8hUxRY5mIaOJubJ5hpyZnNHGlk="></latexit><latexit sha1_base64="s8hUxRY5mIaOJubJ5hpyZnNHGlk="></latexit><latexit sha1_base64="AewKJinIkVziheHg+gNYaBe909g="></latexit>

Example	of	the	4	site	chain	(dimension	of	Hilbert	space	24=16)

1	part. 3	part.

| 1i = |1100i+ |1010i+ |1001i+ |0110i+ |0101i+ |0011i
<latexit sha1_base64="isj9co7GWuc44v+jvgTuT/dtwzE="></latexit><latexit sha1_base64="isj9co7GWuc44v+jvgTuT/dtwzE="></latexit><latexit sha1_base64="isj9co7GWuc44v+jvgTuT/dtwzE="></latexit><latexit sha1_base64="9IsKCMUDI4TmSSl7b58iuD/lEoY="></latexit>

+|0000i+ |1111i
<latexit sha1_base64="aDaK9xelHoBZhyyVzPka3bpG+T4="></latexit><latexit sha1_base64="aDaK9xelHoBZhyyVzPka3bpG+T4="></latexit><latexit sha1_base64="aDaK9xelHoBZhyyVzPka3bpG+T4="></latexit><latexit sha1_base64="+Ylk8Lzop/lOnaIUKn150pjy67c="></latexit>

2	part. 0	part. 4	part.
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Ĥ =
NX

j=1

Ej

✓
b̂
†
j b̂j �

1

2

◆

<latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="gjCMGsLHRQy/ncnhyebfsQxAziY="></latexit><latexit sha1_base64="lB83hXNZE5IZNNC+B175B8um7wc="></latexit>

Ej � 0
<latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="3kqtKBo4h4AxVQT5r1yOD7klzcE="></latexit><latexit sha1_base64="wUOett7vd97Htt//aZhiXiWwBMU="></latexit>

b̂j | 0i = 0, j = 1, . . . , N
<latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="QHFClVf7Nx4Au0+6mwDV42VXL2w="></latexit><latexit sha1_base64="hrXKOn99hNJsrPfd/8dpNrWhkPk="></latexit>

DescripAon	in	terms	of	«	Majorana	»	operators: b̂N =
i

2

⇣
â†N � âN + â†1 + â1

⌘

<latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="U2b4OTJHxe7VZfIYYgn7/A2wlQM="></latexit><latexit sha1_base64="42heP6ZUxX9nYsnqmoQ9crhkC3Q="></latexit>

�̂1,+ = â1 + â†1
<latexit sha1_base64="KXTR3M083pTNi7O9EsFPj91vJv0="></latexit><latexit sha1_base64="KXTR3M083pTNi7O9EsFPj91vJv0="></latexit><latexit sha1_base64="KXTR3M083pTNi7O9EsFPj91vJv0="></latexit><latexit sha1_base64="HmuIzmp7zvssMlNt18bsBkX8uPI="></latexit>

�̂N,� = i
⇣
â†N � âN

⌘

<latexit sha1_base64="xg/oGMHutmvwXb2LI/udDz5ylEQ="></latexit><latexit sha1_base64="xg/oGMHutmvwXb2LI/udDz5ylEQ="></latexit><latexit sha1_base64="xg/oGMHutmvwXb2LI/udDz5ylEQ="></latexit><latexit sha1_base64="E7WCqrErpUZdy7Y7o7utAPCatc4="></latexit>

b̂†N b̂N =
1

2
+ i �̂N,� �̂1,+

<latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="IDfQEl0JRcJuCyXQ8/h1hZyPbQI="></latexit>

The	ground	state
J

<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

Δ

Ground	state	obtained	by	solving

A	unique	soluAon	but…

The	mode	j	=	N		has	a	zero	energy:																															has	the	same	energy	as| 1i = b̂†N | 0i
<latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="hTIuhIV8Pkz1B84RuztpTfGHRNo="></latexit><latexit sha1_base64="Lcsn6OK4c4hvI09L9nLy0uYzKG4="></latexit>

| 0i
<latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="G6C7OtCiry4Ix2H0zIvO+JM4Yuk="></latexit><latexit sha1_base64="j3YoXiuAwT8eaJ4p5PrKP4IPlHo="></latexit>

Doubly	degenerate	ground	state:	 {| 0i, | 1i}
<latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="74DOsz0Z1CJWSdqiLy8aPrJn2bk="></latexit><latexit sha1_base64="fgl3U1juKKkn/saeIeTnPRpaHeI="></latexit>
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Majorana	operators

Majorana	(1937):	Dirac	equaAon	is	wri?en	for	a	complex	field,	where	
parAcles	and	anAparAcles	play	disAnct	roles

Majorana	proposes	to	split	it	into	two	equaAons	for	real	fields,	in	which	
parAcles	et	anAparAcles	are	the	same

Do	such	elementary	par0cles	exist???		Open	ques0on…

In	condensed	ma?er	or	AMO	physics,	one	works	with	“real”	fermions,	but	one	can	
find	emergent	quasi-parAcles	or	modes

StarAng	from	a	mode										,	one	can	introduce	the	operators		â, â†
<latexit sha1_base64="jDZ+8t3tGMW1zDL13gQ+7uDACZM="></latexit><latexit sha1_base64="jDZ+8t3tGMW1zDL13gQ+7uDACZM="></latexit><latexit sha1_base64="jDZ+8t3tGMW1zDL13gQ+7uDACZM="></latexit><latexit sha1_base64="9oJCcAVaqeAU3ioV96VsyEoy1d8="></latexit>

�̂+ = â+ â†
<latexit sha1_base64="Q5MGuoyZUUt5d7B030E2xVfDA3s="></latexit><latexit sha1_base64="Q5MGuoyZUUt5d7B030E2xVfDA3s="></latexit><latexit sha1_base64="Q5MGuoyZUUt5d7B030E2xVfDA3s="></latexit><latexit sha1_base64="e/ty4e5L966thoiQ5ryRpzL9X9M="></latexit>

�̂� = i
�
â� â†

�
<latexit sha1_base64="7M/lN6Z/42iKLMkcaaDyJK492Vk="></latexit><latexit sha1_base64="7M/lN6Z/42iKLMkcaaDyJK492Vk="></latexit><latexit sha1_base64="7M/lN6Z/42iKLMkcaaDyJK492Vk="></latexit><latexit sha1_base64="D0GwwJexgVrxX85F600/SGi9yYU="></latexit>

Ettore Majorana
1906-19??

• HermiAan,	saAsfy	canonical	anA-commutaAon	rules	for	fermions

• “Majorana-type”	behavior: �̂2
� = �̂†

��̂� = 1̂
<latexit sha1_base64="FAJFdS9hAO93+6tEyUT+lZ3AaVM="></latexit><latexit sha1_base64="FAJFdS9hAO93+6tEyUT+lZ3AaVM="></latexit><latexit sha1_base64="FAJFdS9hAO93+6tEyUT+lZ3AaVM="></latexit><latexit sha1_base64="abcEUuZv4afrKxqTMlsgwMx/8A4="></latexit>

and	the	same	for	 �̂+
<latexit sha1_base64="uCwluf5JNdWMBTprtbw6NIaQIn8="></latexit><latexit sha1_base64="uCwluf5JNdWMBTprtbw6NIaQIn8="></latexit><latexit sha1_base64="uCwluf5JNdWMBTprtbw6NIaQIn8="></latexit><latexit sha1_base64="Xtae7yZfV7XgM06bLhp9ayZOiaA="></latexit>
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Use	of	Majorana	opertors

Oxen	a	mere	useless	rewriAng…	but	they	are	really	relevant	for	the	Kitaev	problem

�̂1,+
<latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="QigDn5CHxcCzdlC6ITw0uo7HuUY="></latexit>

�̂1,�
<latexit sha1_base64="3eYGNdRF0hhlxoXnFM0T4uLruuw="></latexit><latexit sha1_base64="3eYGNdRF0hhlxoXnFM0T4uLruuw="></latexit><latexit sha1_base64="3eYGNdRF0hhlxoXnFM0T4uLruuw="></latexit><latexit sha1_base64="4KngEwdR88tXfM6a6rfYwVOmJLo="></latexit>

�̂2,�
<latexit sha1_base64="hlQqBXe6d0M8rieh35vLd9CXS1U="></latexit><latexit sha1_base64="hlQqBXe6d0M8rieh35vLd9CXS1U="></latexit><latexit sha1_base64="hlQqBXe6d0M8rieh35vLd9CXS1U="></latexit><latexit sha1_base64="o/77RoLCoyGq+WHSeSIjl13hqhs="></latexit>

�̂2,+
<latexit sha1_base64="NlAfQc+RCL9vMOazVyA40wQ6YwA="></latexit><latexit sha1_base64="NlAfQc+RCL9vMOazVyA40wQ6YwA="></latexit><latexit sha1_base64="NlAfQc+RCL9vMOazVyA40wQ6YwA="></latexit><latexit sha1_base64="4LBWnTbKiLZlOmnqcXmJOV3js8k="></latexit>

�̂3,+
<latexit sha1_base64="12obe+bLl8OY3Dnvbxh/X/REb7c="></latexit><latexit sha1_base64="12obe+bLl8OY3Dnvbxh/X/REb7c="></latexit><latexit sha1_base64="12obe+bLl8OY3Dnvbxh/X/REb7c="></latexit><latexit sha1_base64="LaDFX+G1RxE9kvAz7lz/62nNSSo="></latexit>

�̂3,�
<latexit sha1_base64="qLq7llOgM3ZFak/vQlwC4n4CeYs="></latexit><latexit sha1_base64="qLq7llOgM3ZFak/vQlwC4n4CeYs="></latexit><latexit sha1_base64="qLq7llOgM3ZFak/vQlwC4n4CeYs="></latexit><latexit sha1_base64="Ju+6pWj8ZKAVBYtFdeIzIF0zYKs="></latexit>

�̂4,�
<latexit sha1_base64="QK3E+G8gXzkw4XgpZtMxJs8KLkg="></latexit><latexit sha1_base64="QK3E+G8gXzkw4XgpZtMxJs8KLkg="></latexit><latexit sha1_base64="QK3E+G8gXzkw4XgpZtMxJs8KLkg="></latexit><latexit sha1_base64="Aq/yb8ELM31MtjMaE+3/mdPrmJQ="></latexit>

�̂4,+
<latexit sha1_base64="vV6tXSjX+lNu32E5TyPBumDOr1E="></latexit><latexit sha1_base64="vV6tXSjX+lNu32E5TyPBumDOr1E="></latexit><latexit sha1_base64="vV6tXSjX+lNu32E5TyPBumDOr1E="></latexit><latexit sha1_base64="lQRyjKX7Nl4G3MI7KSeuBxpDJaA="></latexit>

= J
N�1X

j=1

⇣
âj � â†j

⌘ ⇣
âj+1 + â†j+1

⌘

<latexit sha1_base64="KIHSYfCv8XQ4o5xUDqagERhDuEI="></latexit><latexit sha1_base64="KIHSYfCv8XQ4o5xUDqagERhDuEI="></latexit><latexit sha1_base64="KIHSYfCv8XQ4o5xUDqagERhDuEI="></latexit><latexit sha1_base64="H70TstlGeUGWkOI5TBj7oNhHp/w="></latexit>

= i J
NX

j=1

�̂j,� �̂j+1,+

<latexit sha1_base64="6234R+ZG1S3GOMNnZ65Uw4v16m8="></latexit><latexit sha1_base64="6234R+ZG1S3GOMNnZ65Uw4v16m8="></latexit><latexit sha1_base64="6234R+ZG1S3GOMNnZ65Uw4v16m8="></latexit><latexit sha1_base64="DLtml4gsLE3LrukflSHAdVv6xLs="></latexit>

and	the	delocalized	mode																																																		stays	at	zero	energyb̂†N b̂N =
1

2
+ i �̂N,� �̂1,+

<latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="0+VNh191jeGHKnvRPzeBFKT4I98="></latexit><latexit sha1_base64="IDfQEl0JRcJuCyXQ8/h1hZyPbQI="></latexit>

In	order	to	give	a	non-zero	energy	to	this	mode	and	lix	the	ground	state	degeneracy,  
one	needs	a	non-local	perturbaAon	that	couples	the	two	ends	of	the	chain

Topological	robustness

Ĥ = J

N�1X

j=1

⇣
�â

†
j âj+1 � â

†
j+1âj + âj âj+1 + â

†
j+1â

†
j

⌘

<latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="fnhz2Mc/XK1ir8OuvTdo7FAtzac="></latexit><latexit sha1_base64="Vv/hPxGm+RzRFSe3pIHa+S9Ob9c="></latexit>
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AddiAonal	remarks

The	two	Majorana	modes	correspond	to	a	single	fermionic	excitaAon,		
with	the	mode	 	which	can	be	empty	or	occupiedb̂†

N

Frac;onal	quasi-par;cle

To	be	contrasted	with	the	SSH	model,	where	each	of	the	two	edge	states		
can	be	empty	or	occupied	(i.e.	4-fold	degeneracy	for	polarized	fermions)

The	fact	that	we	considered	here	“spinless”	fermions	is	essenAal.		
For	spin	1/2	parAcles,	the	number	of	modes	is	doubled	
	

Two	Majorana	modes	at	each	end

Then	a	spin-orbit	perturbaAon	could	couple	these	two	modes,	making		
it	as	a	normal	fermionic	excitaAon:	back	to	a	SSH-type	problem	!
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Majorana	modes	in	quantum	informaAon

Degree	of	freedom	protected	from	decoherence
�̂1,+

<latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="QigDn5CHxcCzdlC6ITw0uo7HuUY="></latexit>

�̂N,�
<latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="xUS75jYTnGHbq4dzJqitPvyN5IA="></latexit>

• First	approach:	use	the	two	ground	states																				of	the	chain	to	encode	a	qbit

Problem:	Difficult	to	manipulate	because	they	have	number	of	parAcles 
with	opposite	pariAes

Linear	combinaAons	of																				and

• Second	approach:	use	(at	least)	two	chains	and	braid	them	to	manipulate	
the	states

�̂1,+
<latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="oOzPeAyRmjF1wvMU1Mhkuah22fA="></latexit><latexit sha1_base64="QigDn5CHxcCzdlC6ITw0uo7HuUY="></latexit>

�̂N,�
<latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="yXpaq2moGQWhCVJPfZKZMkck0k4="></latexit><latexit sha1_base64="xUS75jYTnGHbq4dzJqitPvyN5IA="></latexit>

�̂0
N,�

<latexit sha1_base64="xPtD2aPVMfRWvGEZMn4jepDhQDY="></latexit><latexit sha1_base64="xPtD2aPVMfRWvGEZMn4jepDhQDY="></latexit><latexit sha1_base64="xPtD2aPVMfRWvGEZMn4jepDhQDY="></latexit><latexit sha1_base64="qrrK+2npEpTkCikJQj3/HM6Ss3M="></latexit>

�̂0
1,+

<latexit sha1_base64="iRUv3v9oSSGvGfsRSK1JJLFwWGw="></latexit><latexit sha1_base64="iRUv3v9oSSGvGfsRSK1JJLFwWGw="></latexit><latexit sha1_base64="iRUv3v9oSSGvGfsRSK1JJLFwWGw="></latexit><latexit sha1_base64="OhXaRruZGUoklL+bINT7ADflL+k="></latexit>

One	can	then	work	in	a	degenerate	subspace	with	a	well	defined	and	fixed	parity:

| 0, 
0
0i

<latexit sha1_base64="p++RUbLBy6lToM4Lz4wuPLhshuk="></latexit><latexit sha1_base64="p++RUbLBy6lToM4Lz4wuPLhshuk="></latexit><latexit sha1_base64="p++RUbLBy6lToM4Lz4wuPLhshuk="></latexit><latexit sha1_base64="p1Yw92Jh3ccfWNY2uvQOrRMGilg="></latexit>

| 1, 
0
1i

<latexit sha1_base64="3ywo9Pnh2SaJl8eFm+8BO8jOt4s="></latexit><latexit sha1_base64="3ywo9Pnh2SaJl8eFm+8BO8jOt4s="></latexit><latexit sha1_base64="3ywo9Pnh2SaJl8eFm+8BO8jOt4s="></latexit><latexit sha1_base64="FIXibsD4szvh4kC3AjjLjx4Blac="></latexit>

| 0i, | 1i
<latexit sha1_base64="V+6TkfLn/pCJg9hkjGzkeu3atbg="></latexit><latexit sha1_base64="V+6TkfLn/pCJg9hkjGzkeu3atbg="></latexit><latexit sha1_base64="V+6TkfLn/pCJg9hkjGzkeu3atbg="></latexit><latexit sha1_base64="+98uZoVEdk2pwxtldNDPnv8OtMQ="></latexit>
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Majorana	modes	in	the	lab

SemiconducAng	nanowire	(InGaAs)	in	contact	with		
two	electrodes,	one	normal	and	one	
superconductor

V. Mourik et al, Science 336, 1003 (2012)
Delft

Chain	of	iron	atoms	deposited	on	the	
surface	of	a	superconductor

S. Nadj-Perge et al., Science 346, 602 (2014)

Princeton

And	cold	atoms?	Several	projects	underway…	
S. Nascimbene, J. Phys. B 46, 134005 (2013) 

Wang et al., Science 362, 333 (2018), Liu et al, Phys. Rev. X  8, 041056 (2018),  
Yuan et al., Nat. Phys. 15, 1046 (2019),…
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Summary

It	is	difficult	to	disAnguish	a	normal	from	a	superfluid	phase	by	looking		
only	at	the	bulk	of	the	material:	same	band	structure

The	topology	is	revealed	when	looking	at	the	edges

Nevertheless	some	symmetries	play	a	crucial	role

Sub-la?ce	(chiral)	symmetry,	par;cle	hole	symmetry
The	presence	of	these	symmetries	guarantees	the	robustness	of	the	topological	phase

When	happens	when	this	symmetry	is	lost?

E
<latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="sVMFP9E1BuUoCpT+E7O6wTILeao="></latexit><latexit sha1_base64="zmqt4zYl8t497YyG9jIEfdcL5Nk="></latexit>

The	classificaAon	of	topological	ma?er	is	not	performed	
as	in	Landau	theory,	where	one	looks	for	the	breaking	of	
a	spaAal	symmetry	(e.g.	ferromagneAsm)

One	must	look	at	the	topology	associated	to	eigenstates




