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A	short	summary	of	last	week	lecture

Simple	1D	periodic	problems,	like	the	SSH	model

Iden%fica%on	of	a	topological	classifica%on

A AA B B BJ J’
EA = EB = 0

<latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="m69cUye/b/iLIq9K7D9T3Dh4dY4="></latexit><latexit sha1_base64="hy9So9zFhJVHhoil+2SEvUsyZ5Q="></latexit>

Two-site	unit	cell	
+	

Bloch	theorem

Eigenstates eiqx uq(x)
<latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="M8m/jQVp++4lLngfVOHr/54lnic="></latexit><latexit sha1_base64="LS2LiwPc3ly17FeAqU1z52QFwFw="></latexit>

periodic

RepresentaAon		
by	a		

pseudo-spin	1/2
|u(±)

q i = 1p
2

✓
1

⌥ei�q

◆

<latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="K3aOFNY0T/7hVC1SaFBg15v5yJs="></latexit><latexit sha1_base64="flzDMp1mPABG+PRW2Z1GrGLqWck="></latexit>

�⇡/a  q < ⇡/a
<latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="zA35gEgfq9YCrYqbcOtGC4A0rW8="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit>

<latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit><latexit sha1_base64="WwRym7gGHMLR1uYIizpEsa/Ft4w="></latexit>

Bloch	momentum	q:	

Principle	behind	this	classifica1on:



Topological	characterizaAon	of	an	energy	band	based	on	the	winding	of	its	eigenstates	
on	the	Bloch	sphere	when	the	quasi-momentum	 	spans	the	Brillouin	zoneq

|u(�)
q i = 1p

2

✓
1

ei�q

◆

<latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="VOuEb4gIEOXKYKksoBVvmUj+GTw="></latexit><latexit sha1_base64="OBLqIgEzIOf66iIGgDJGCE6uZWM="></latexit>

For	the	SSH	model,																																									remains	on	the	equator	of	the	sphere

J 0 < J
<latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="gbkrghMvBl7memms5NbyJZrYAxo="></latexit><latexit sha1_base64="oUCn/wERAz0zHUygE33gJL7a5qk="></latexit>

Topological	case

J 0 > J
<latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="8SxMPD0cPayENaz+6JALID+0jYo="></latexit><latexit sha1_base64="k2iG5savXdfwCZsXvP1srnQ1rQQ="></latexit>

Normal	case

A AA B B BJ J’

Physical	manifesta1on	of	this	topological	classifica1on:	robust	edge	states

Normal	 Topological	

A	short	summary	of	last	week	lecture	(2)
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Next	goal	

• What	happens	when	we	loose	the	symmetry	that	protects	the	topological	 
classificaAon,	i.e.	the	restricAon	to	the	equator	of	the	Bloch	sphere	?

We	will	slightly	enrich	the	1D	SSH	model:	We	release	the	constraint	EA = EB
<latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="Da7BVapi0lfUm/hTjrCrVLpp8EM="></latexit><latexit sha1_base64="CNqfQM3u2qaGz6OZKZvFV+xN5kw="></latexit>

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

We	keep	a	unit	cell	with	two	sites:	the	pseudo	spin	1/2	approach	remains	valid

• Switch	to	a	Ame-dependent	problem	for	Rice-Mele	model;	Time	plays	the	role	of	a	
syntheAc	dimension,	leading	to	an	effecAve	2D	problem:	new	topological	classificaAon!	

Adiaba&c	pump	and	quan&za&on	of	the	displacement	in	a	periodic	evolu&on

1D	Rice-Mele	model
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1.	

Beyond	SSH:	the	Rice-Mele	model

M.J. Rice and E.J. Mele 
Elementary excitations of a linearly conjugated diatomic polymer  

Phys. Rev. Lett. 49, 1455 (1982)

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>
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Reminder	on	two-site	Hamiltonians

A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

Infinite	periodic	chain	described	by	a	Aght-binding	model

| qi =
X

j

ei jqa (↵q|Aji+ �q|Bji)
<latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="M4Y3QWa7mhwZk0f5UcvdjbVzHO0="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

<latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit><latexit sha1_base64="yld2OFo+J83P1nQWtDuKyJ8q+lA="></latexit>

|uqi = ↵q

⇣X

j

|Aji
⌘

+ �q

⇣X

j

|Bji
⌘

<latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="bRStKU5HWGsuEKL1WWhdyFrwzn8="></latexit><latexit sha1_base64="JRIRLetUXmEcfMvLa9R/bditgo0="></latexit>

|uqi =
✓
↵q

�q

◆

<latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="MShIPzs3bo1MlGpD+DLWP/IBN/s="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit> <latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit><latexit sha1_base64="jN6sw1TrWFHOG0I3B6CXoSlpB9M="></latexit>

Periodic	Hamiltonian	allowing	one	to	find												:	2x2	hermiAan	matrix	|uqi
<latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="CLgd8YhX0GmrzQj0OF4d5abrtPc="></latexit><latexit sha1_base64="BWXe/2gDkc2ZZplPiAcgRVpGhWM="></latexit>

Ĥq = E0(q) 1̂ � h(q) · �̂
<latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="8NQgKEJ3AgqqAYh1lyyv3YZXg0s="></latexit><latexit sha1_base64="tGW7M8c2lW4OQ32ANGJU5HeZ+7Q="></latexit>

�̂ = {�̂x, �̂y, �̂z}
<latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="iF/x6M+i0c3QN61SJ52p14vZ4tw="></latexit><latexit sha1_base64="SmVkzgiWcf0wMeEAq8BmQ45qb6w="></latexit>

:	Pauli	matrices

h =

0

@
hx

hy

hz

1

A

<latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="neqEhBic+jfrShVZURxV9UW7X7c="></latexit><latexit sha1_base64="4nG5yXcow8QVl/cqmj9894kJGkg="></latexit>

:	three	real	components
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ParametrizaAon	in	terms	of	energy	and	angles

For	the	pseudo-spin	1/2	the	problem	is	fully	characterized	by E0(q),h(q)
<latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="PQ+W0Wa8gwcyUHOC4fOno14kJtE="></latexit><latexit sha1_base64="ca6iMy6miUuwL7nVIo6s6rKnQWU="></latexit>

Parametrize	the	vector	 	by	its	modulus	 	
and	the	angles	in	spherical	coordinates	

h |h |

x

z
✓

<latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="oJ9AVu9EZ4zUPMtJWhKnhxxuEgM="></latexit><latexit sha1_base64="tfdpQqccQOH95iovsf+dcworYr4="></latexit>

�
<latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="OhqYGyRjK3PtvnSV8DhyXZZYgAE="></latexit><latexit sha1_base64="fW+jp5Nudzg0kWqK8dsF3rv521Y="></latexit>

y
✓,�

<latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="378k7TKrg432kVy1PolAhrDOjnI="></latexit><latexit sha1_base64="jSLuomExHJiKLRt1/su9URUdYUg="></latexit>

h
<latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="dbyDE4OPPeOYqqzP/50uNcVK8WI="></latexit><latexit sha1_base64="FTyc1V2Gyee9DDpJbGcnngdsil0="></latexit>

The	periodic	Hamiltonian	reads

Energies:	 E0 ± |h|
<latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="F35KK/c4/BFiQ1UNreOY6V1ifYk="></latexit><latexit sha1_base64="9QF9fHJeZZdptPGfOySx0H8uf2k="></latexit>

Eigenstates:
|u(�)i =

✓
cos(✓/2)

ei� sin(✓/2)

◆

<latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="My0QkVV78FszYnOLB5bF0U4K0g8="></latexit>

|u(+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="j1ix1+y93bZ+WVU2CK2PC4ROajI="></latexit>

✓,�

Ĥq = E0(q) 1̂ � |h(q)|
✓

cos ✓q e�i�q sin ✓q
ei�q sin ✓q � cos ✓q

◆

<latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="RZ/ThK47hlk7alZnEgbachZjZ0A="></latexit><latexit sha1_base64="pNG7l13VfSyg+GuhS6/a/JS2BDU="></latexit>
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Berry	connecAon

Tool	to	calculate	the	geometrical	phase	on	a	closed	contour

For	the	upper	band:

|u(+)i =
✓

sin(✓/2)
�ei� cos(✓/2)

◆

<latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="Tbfu1jtuxhkTFeu6fsR23MRVp+I="></latexit><latexit sha1_base64="j1ix1+y93bZ+WVU2CK2PC4ROajI="></latexit>

A(+)(q) = �1

2

d�q

dq
(1 + cos ✓q)

<latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="gUhaGZbaQ6VKO+Ov+RzKYYcrxEE="></latexit><latexit sha1_base64="f5uCHDQEu4Y55g82WN9cSe+MOLo="></latexit>

Result	that	depends	on	the	choice	of	the	gauge:

|ũ(�)i =
✓

e�i� cos(✓/2)
sin(✓/2)

◆

<latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="Ix1+A32tH/wdRYMwfI7eCqpDN3Q="></latexit><latexit sha1_base64="hiYUYr4dkv1UEX9qtF4+OkGWlR8="></latexit>

Ã(�)(q) =
1

2

d�q

dq
(1 + cos ✓q)

<latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="8cR0nJWDBsg8MU21n5Lk9fJcYHM="></latexit><latexit sha1_base64="yBBnrLLeA+3o78GXlu5SsSktH0Y="></latexit>

|u(�)i =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="M4hhPFEHM3gT90zaEn6oGdoJKC8="></latexit><latexit sha1_base64="My0QkVV78FszYnOLB5bF0U4K0g8="></latexit>

=
1

2

d�q

dq
(�1 + cos ✓q)

<latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="Zt4O5qTBlL4mtcIJNI8zk/pENJw="></latexit><latexit sha1_base64="IQBN0esjrFMvs5AUdWKoDgXeb4o="></latexit>

A(�)(q) = ihu(�)
q |@qu(�)

q i = �d�q

dq
sin2(✓q/2)

<latexit sha1_base64="G2P/E/mKjbAODt3a0Kuu3A7snCY="></latexit>

For	the	lower	band:
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The	Rice-Mele	problem

Enriched	SSH	model: A AA B B BJ J’

EA
<latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="TWFdG99JYDotZdB3rKAzsokLp1A="></latexit><latexit sha1_base64="W89RZs9YN3Y/cCC0s2HHwsjPwmM="></latexit>

EB
<latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="fxIPupXNB1FBD2wq6bX4SVoczcc="></latexit><latexit sha1_base64="HNhEaflTZWl7pGvjeg2iYDFOnrI="></latexit>

Periodic	Hamiltonian: Ĥq =

✓
EA �(J 0 + J e�iqa)

�(J 0 + J eiqa) EB

◆

<latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="daH8UCj6PWzb727OMbekSroNnyo="></latexit><latexit sha1_base64="b47rmo8ByY6jFHUuNCGj4b7rlog="></latexit>

=
1

2
(EA + EB) 1̂ �

✓
� J 0 + J e�iqa

J 0 + J eiqa ��

◆

<latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="CKr9Izq+yT1/tRruICgApay78xc="></latexit><latexit sha1_base64="VP40nRceToss+3eg6D/nXzv4wDo="></latexit>

We	will	set																											,																																can	be	posi%ve	or	nega%ve2� = EB � EA
<latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="gzJ6qUrR/R+RK6RYdNmuxFFPgak="></latexit><latexit sha1_base64="Om9CGLy1w5tRwSwRLfDO71qufVc="></latexit>

EA + EB = 0
<latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="S8NiGfPdPlYc3HZD35GtUZHPFOs="></latexit><latexit sha1_base64="jaW9sGre50sRri5Tgc6h7YNI3y8="></latexit>

Ĥq = � h(q) · �̂
<latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="jCMWMamDDzMEvxICd7yPI6H0nWc="></latexit><latexit sha1_base64="o+5hwbtyRspYXI4kaZs8cTUZSFQ="></latexit>

with h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

Any	point	on	the	Bloch	sphere	can	now	be	reached

qa = ⇡, J 0 = J
<latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="+5SwnOyXn79yAenUZT4fVHSeuq8="></latexit><latexit sha1_base64="V2Pv2ZlREvtA42qPGhCg3+Hrqz4="></latexit>

� > 0
<latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="48r/QrWsWDQ1gn7B2i3UONTIhl4="></latexit><latexit sha1_base64="UHVvoTuYOJ0xvqp4xXDS1ttxhjU="></latexit>
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Which	phase	diagram	for	the	Rice-Mele	model?

Two	dimensionless	parameters:															andJ 0

J
<latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="XaHYBVZsx8ghtiacp+sFsY4pZDU="></latexit>

�

J
<latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="lzcQRfvcTRqlrOXHcuzXloMqDNs="></latexit>

A AA B B B

��
<latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="YcozhR0CcHnGXLEjckU3yztOxCE="></latexit><latexit sha1_base64="wR+9efn654YrZggePdnZS2llUzA="></latexit>

+�
<latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="eF4it2ZcgFzeHe83/EhMdJ9bbzk="></latexit><latexit sha1_base64="/7Ecm7v6LLFVFLhaEu/wWdkJ6gE="></latexit>

J
<latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="IGMhbneaDVJxVOSmdGez1GLq528="></latexit><latexit sha1_base64="HyLZwipdYLLIvT3l2bYVczVozBU="></latexit>

J 0
<latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="zXXmfe9OVTdRazo7reXn2jyBIfY="></latexit><latexit sha1_base64="DnzHlM/8tOJrG2eQnX0UoRD32x4="></latexit>

J 0

J
<latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="4CO+B35euw3HUTulX/un6ND8kEE="></latexit><latexit sha1_base64="XaHYBVZsx8ghtiacp+sFsY4pZDU="></latexit>

�

J
<latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="RmZ7vnUrI3uy7180AdRHtHWwmU8="></latexit><latexit sha1_base64="lzcQRfvcTRqlrOXHcuzXloMqDNs="></latexit>

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

1
<latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="JRrrhzdJsXJ27dDIN6zEsHAKv4Y="></latexit><latexit sha1_base64="hi061tWc+OwXJ9pirgCAvncc9JE="></latexit>

TOPOLOGICAL NORMAL

SSH	model:	 � = 0
<latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="ejTKZgORIv0u/CmMWwqfiW/wIZk="></latexit><latexit sha1_base64="kDx+vQ9RUynDWtY9HOe/myCnQI8="></latexit>

One	goes	from	the	normal		
phase	to	the	topological	phase	
across	the	singular	point	 	
where	the	gap	vanishes	

J′� = J

subla@ce	symmetry

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

RM	model:	the	gap	remains	except	in	 J 0 = J, � = 0
<latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="NWtmZEnYWB8UCLLkOCjK0dqlEB4="></latexit><latexit sha1_base64="GfK7ElU/jVhLyouluNx0iVhhbd0="></latexit>

The	loss	of	the	subla@ce	symmetry	entails	the	loss	of	the	topological	robustness

E(±)
q = ±|h(q)|

<latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="eRlR40sd7S7kYyLuFNSuGan9Txs="></latexit><latexit sha1_base64="NTZtMcpu/vCcVJhFONXsjQJ/t1M="></latexit>
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Zak	phase	for	the	Rice-Mele	model

�(�)
Zak =

Z

BZ
A(�)(q) dq

<latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="jaenZlNCb7G4qpz+e/YpWgAtEi4="></latexit><latexit sha1_base64="9uQvrZqnzThXdAeh1MIzcNiqrbg="></latexit>

A(�)(q) =
1

2

d�q

dq
(�1 + cos ✓q)

<latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="qwp9CBCILmztYdz7wZ58W23kXfM="></latexit><latexit sha1_base64="v7TOmT7gkMdjM7vkfLzV7I7nyew="></latexit>

with

h(q) =

0

@
J 0 + J cos(qa)

J sin(qa)
�

1

A

<latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="/C2g63eHtPNkeB0l6Lapqn+LK3E="></latexit><latexit sha1_base64="xOhX2JAAydT79/p9e4G1e22bgh4="></latexit>

= |h|

0

@
sin ✓ cos�
sin ✓ sin�

cos ✓

1

A

<latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="m91xs3s7xyfg+P7ZspDsts2mUCQ="></latexit><latexit sha1_base64="ipItVBbwb+6Chx4pK+lILrI80rE="></latexit>

The	angles	 	are	obtained	fromθq, ϕq

RepresentaAon	of												
by	the	orientaAon	of	a	unit	vector

�(�)
Zak

<latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="8Fjgubi3iq3U9NGTMVhfVJzwGzY="></latexit><latexit sha1_base64="53XQksSMzhLhTP2I5hjJYP8ZDp8="></latexit>

: �(�)
Zak = 0

<latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="bAau8sxDt4na/OtlslAThxndCiw="></latexit><latexit sha1_base64="XriafNrIru18RIGQxqi3p3iIMoI="></latexit>

: �(�)
Zak = ⇡

<latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="9nGCRdVus++YrDVZJE/GqMDy83A="></latexit><latexit sha1_base64="J/rlYqglPudlUP/xK8WC2cnYY/E="></latexit>

: �(�)
Zak = ⇡/2

<latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="ThkXqW22c0UsXxYp7mearrukQLg="></latexit><latexit sha1_base64="6DC8OYwQMsK8Pum0EF2PoK42VCM="></latexit>

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

J 0/J

�/J

0

0.5

1

�0.5

�1

2

�/J
<latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="gvWgEbCY9UnXH7rVC3DwVDl9Wm0="></latexit><latexit sha1_base64="FyNw2hrn2KjK9LllcHNOcfSwZ5A="></latexit>

1
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2.	
OpAcal	laaces	and	superlaaces
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One-dimension	opAcal	laace

Laser	standing	wave:	the	intensity	is	spaAally	modulated

I(x) = I0 sin
2(kx)

<latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="htNPcmkJtz5IjaXoTPEs61jkQcE="></latexit><latexit sha1_base64="+Hw978OnFurxhXo4JfbRCvRTDwQ="></latexit>

spaAal	period: a = �/2
<latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="AB6OHS3f7+XO9cnv6PEJOBtSyFE="></latexit><latexit sha1_base64="LltioelagY1TzJsH/EnywkxbBoQ="></latexit>

k
<latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="iRmFLNK4D8uAE8zKda9ZDUFQObY="></latexit><latexit sha1_base64="07vUviI/xoVDNTNC8D8qiyOHdN0="></latexit>

�k
<latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="8BdhCTpUUSJ7RuHglytUV+4F4wA="></latexit><latexit sha1_base64="SplFvfHNv2To0wsMTTL40rMm0+I="></latexit>

k = 2⇡/�
<latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="NwJ9iSj8D8/vvaqGuuUbi4/L3fM="></latexit><latexit sha1_base64="dEwd/0ioiyxkYFNhHuS3xCKTxoA="></latexit>

Induced	dipole	oscillaAng	in	Ame:	D = αElight

Dipolar	potenAal:	 V (x) = V0 sin2(kx)
<latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="rTYI9xutreDFQCJRyA7ru7VQHDQ="></latexit>

Natural	scales	for	this	problem

• length	:	 � = 2⇡/k
<latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="+clY0IaT+UpF30fONryeMCJitAo="></latexit><latexit sha1_base64="cXE/R2Xy6/q5PHbzqElWt6HYjoo="></latexit>

• energy	:	

micrometer

3-30	kHz	Erecoil =
~2k2
2m

<latexit sha1_base64="9XZ5JKRzkc+qqXrpxvKfDYtV6cU="></latexit>
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Energy	bands	for	a	simple	laace

V (x) = V0 sin2(kx)
<latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="hCyB/yJMB0QYcAcpGSPY68d4GqU="></latexit><latexit sha1_base64="rTYI9xutreDFQCJRyA7ru7VQHDQ="></latexit>

�1 �0.5 0 0.5 1
0

5

10

15

q/k

E
(n

)
q

/E
r

Plo?ed	for V0 = 6Er
<latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="OQavEDbxfqZDkLpwytJ6DgWas0Y="></latexit><latexit sha1_base64="cP5i5lXnsVC3/pgo46KZnT4kTH4="></latexit>

�1 �0.5 0 0.5 1

2.1

2.2

q/k

E
(0

)
q

/E
r Lowest	band	well	described	by	 

a	Hubbard	Hamiltonian:
Eq = �2J cos(qa) + cte.

<latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="p3eYvkLe7cx5L0OhaECvJhk9vko="></latexit><latexit sha1_base64="/WpNZVWQ5XGsO9q8swdeBcjrA7A="></latexit>

J ⇡ 0.05Er
<latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="aKtm3jDAKWGPvvmgdxRXJRQ4NPI="></latexit><latexit sha1_base64="N4wrqHSsV76LZcDdAPQFr2MEeNE="></latexit>
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SSH	and	Rice-Mele:	The	opAcal	superlaace

Two	standing	wave	at	λ	and	2λ	(typically	λ=532	nm)

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
<latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="nmFkaMxAa4KaeQxbPAbqpfzLgKk="></latexit>

The	intensity	of	the	principal	laace	(short	wavelength)	is	large		
compared	to	that	of	the	secondary	laace	(long	wavelength)

PotenAal	created	by	the	principal	laace:	minima	in	

�1 �0.5 0 0.5 1
0

2

4

6

x/�

V
(x
)

Vprinc. sin
2(kx)

<latexit sha1_base64="1LZ+DfrSYY8GVTSfxtvBA/3xqaE="></latexit><latexit sha1_base64="1LZ+DfrSYY8GVTSfxtvBA/3xqaE="></latexit><latexit sha1_base64="1LZ+DfrSYY8GVTSfxtvBA/3xqaE="></latexit><latexit sha1_base64="dC7dmV6yVvf3wXz3vJn/BSj6K3I="></latexit>

x = n�/2
<latexit sha1_base64="iUFbjXlw+9QsR8JflFSK9WUt/J4="></latexit><latexit sha1_base64="iUFbjXlw+9QsR8JflFSK9WUt/J4="></latexit><latexit sha1_base64="iUFbjXlw+9QsR8JflFSK9WUt/J4="></latexit><latexit sha1_base64="5RmLOY9SMp1i/iZa7/nLX8X62co="></latexit>



16

PotenAal	for	the	superlaace

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0
J

� = ±⇡/2
<latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="e0oZN3+bhCfWwPynMeLVfwV5/dU="></latexit><latexit sha1_base64="8GhLXi1l3uZdg/N0E/sTr2EklN8="></latexit>

� = �⇡/2
<latexit sha1_base64="YBWrGevYBT9JI+J/qs3yEAwXmls="></latexit><latexit sha1_base64="YBWrGevYBT9JI+J/qs3yEAwXmls="></latexit><latexit sha1_base64="YBWrGevYBT9JI+J/qs3yEAwXmls="></latexit><latexit sha1_base64="6yIiWvOSAbCEZHibzxLJpKZclxQ="></latexit>

Same	value	of	the	 
secondary	potenAal	on	 

all	minima	of	the	 
principal	laace

Increase	the	height	of	 
every	second	barrier

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0J

� = +⇡/2
<latexit sha1_base64="FxzyfICdMTIagBOXj6CZDWQ2QbI="></latexit><latexit sha1_base64="FxzyfICdMTIagBOXj6CZDWQ2QbI="></latexit><latexit sha1_base64="FxzyfICdMTIagBOXj6CZDWQ2QbI="></latexit><latexit sha1_base64="RR2mdn649p7InNsZq8eyLAcqTwA="></latexit> Achieves	the	two		

dimeriza1ons	of		
the	SSH	model	

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
<latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="CvERZqpRkROw6e+NN1uspVWelFs="></latexit><latexit sha1_base64="nmFkaMxAa4KaeQxbPAbqpfzLgKk="></latexit>

x/�
<latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="e7/hFteD2aIx2lFhDCck9rWCHOg="></latexit><latexit sha1_base64="Ci+6ZlM/GlvsMMYrUqLp5MlHIp4="></latexit>
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�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0
J

�1 �0.5 0 0.5 1
0

2

4

6

8

x/�

V
(x
)

A0 B0 A1 B1 A2

J 0J

�1 �0.5 0 0.5 1
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Raises	every	second	 
minimum,	with	the	same	 
barrier	height	everywhere

J = J 0, � > 0
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Energy	bands	of	the	superlaace

V (x) = Vprinc. sin
2(kx) + Vsec. sin

2[(kx+ �)/2]
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Good	agreement	with		
the	SSH	model	(dashed)

J = 0.07Er
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Mesure	of	the	Zak	phase	in	a	superlaace

M. Atala et al., Nat. Phys. 9, 795 (2013)

Reminder:	for	an	infinite	SSH	chain,	the	Zak	phase	is	not	truly	a	topological	invariant,		
and	depends	on	the	choice	of	parametrizaAon	A-B

Once	this	choice	is	made,	one	gets:

Procedure	followed	by	the	Munich	group:

Mesure	the	phase	difference	 		using	an	interferometric	method	by	
switching	the	values	of	J	and	J’	during	the	experimental	sequence

ΔΦ

A AA B B B
J
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�� ⌘ �[J 0>J]
Zak � �[J 0<J]

Zak = ±⇡
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The	Munich	experiment	(simplified)

q
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qi +
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• Prepare	a	parAcle	with	a	wavepacket	centered	on	the	quasimomentum	qi		in	a	
superlaace	SSH	with

• Apply	a	uniform	force	F	which	accelerates	the	parAcle	(Bloch	oscillaAons)	

~dq
dt

= F �! q(t) = qi + Ft/~
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• When	the	Bloch	momentum	has	travelled	across	the	Brillouin	zone,	change  
the	dimerizaAon	:																								

� = +⇡/2, J 0 < J
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and	flip	the	sign	of	the	force	F

• Measure	the	accumulated	phase	when	the	momentum	is	back	to	  
the	iniAal	value	qi

� = �⇡/2, J 0 > J
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The	Munich	experiment	(more	realisAc)

The	force	which	induces	the	Bloch	oscillaAons	originates	form	a	magneAc	field	gradient:  
one	uses	a	spin	echo	technique	to	compensate	for	the	fluctuaAons	of	this	field

Interferometric	measurement	of	the	phase	by	a	series	of	microwave	pulses

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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Sequence

N"
<latexit sha1_base64="DuFWowYQ8EZX8as93uXx/uQbIiY="></latexit><latexit sha1_base64="DuFWowYQ8EZX8as93uXx/uQbIiY="></latexit><latexit sha1_base64="DuFWowYQ8EZX8as93uXx/uQbIiY="></latexit><latexit sha1_base64="Rzyo8NR3n/IKNPLfojl3evynY3A="></latexit>

Phase	of	the	final	microwave	pulse

"
<latexit sha1_base64="rVRCyRXwP79jNb5dqEmRI3mu9Cw="></latexit><latexit sha1_base64="rVRCyRXwP79jNb5dqEmRI3mu9Cw="></latexit><latexit sha1_base64="rVRCyRXwP79jNb5dqEmRI3mu9Cw="></latexit><latexit sha1_base64="mGf+1CqzX75K73MlWpblxLOaLbc="></latexit>

#
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Black:	without	change

Blue:	with	a	change	of	the		SSH	dimerizaAon	

in	the	middle	of	the	sequence
� = �⇡/2 �! � = +⇡/2
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�� = 0.97 (2)⇡
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Mesurement	then	extended	to	the	Rice-Mele	case

q q q

E(q)
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3.	

AdiabaAc	pump	for	the	Rice-Mele	model
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Principle	of	an	adiabaAc	pump

• Cyclic	change	of	the	parameters	that	
control	the	state	of	a	fluid

• Aier	a	cycle,	the	fluid	does	not	come	
back	to	its	iniAal	state,	but	a	certain	
quanAty	of	fluid	has	been	transported

• The	amount	of	ma?er	that	is	transported	does	not	depend	on	the	cycle	duraAon

Quantum	version:
Quan1za1on	of	the	amount	that	is	transported	(or	of	its	displacement)

D.J. Thouless, Phys. Rev. B 27, 6083 (1983)

Thouless, Kohmoto, Nightingale, den Nijs, Phys. Rev. Lett. 49, 405 (1982)
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A	first	example	(that	looks	too	simple…)

A	translated	standing	wave V (x) = V0 sin
2(kx� �)
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Very	deep	laLce:	no	tunnelling

At	iniAal	Ame,	 � = 0
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The	phase	 	increase	slightly	with	Ameϕ

� = 0
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A	second	example	(less	simple…)

Deep	superlaace:	no	tunnelling		
across	the	highest	barriers

A B

� = 0

⇡/2

⇡

3⇡/2

2⇡

A	parAcle	iniAally	in	A1	ends	up	in	A2

A	parAcle	iniAally	in	B1	ends	up	in	…	B0

�3 �2 �1 0 1 2 3

�2

0

2

temps

E
(t
)

A1
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General	scheme	for	an	adiabaAc	pump

J 0/J

�/J

0

0.5

1

�0.5

�1

2

J 0/J
<latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="9pzWtvEonkuO4Pese+nL2BczAuQ="></latexit><latexit sha1_base64="Kqzxf7wFwAtimyGcbfurGqQ5GHU="></latexit>

�/J
<latexit sha1_base64="wKvIyVDHfq3qzVY78rPxZFL7OzM="></latexit><latexit sha1_base64="wKvIyVDHfq3qzVY78rPxZFL7OzM="></latexit><latexit sha1_base64="wKvIyVDHfq3qzVY78rPxZFL7OzM="></latexit><latexit sha1_base64="HK7X7mssbc5Q+mx/4nTLAE93uV4="></latexit>
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The	Kyoto	experiment

With	cold	atom	experiments,	it	becomes	possible	to	implement	
directly	Thouless’s	proposal	(1983)	:	Kyoto,	Munich,	Maryland

S. Nakajima et al., Nature Phys. 12, 96 (2016)

10	000		171Yb	atoms	(fermions)

Array	of	independent	verAcal	tubes

An	opAcal	superlaace	is	placed	along  
each	tube	(periods	266	et	532	nm)

Filling	factor:	0.7	atom/cell
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Displacement	aier	a	few	pump	cycles	of	the	superlaace

posiAon	[a]

Atomic	density
t = 0
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t = 10T
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Number	of	cycles

Red:	mere	transla1on	of	the	laOce

Blue:	loop	in	the	plane	(J’,Δ)	
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Topological	robustness	of	the	adiabaAc	pump

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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(c)

Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.
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access the full parameter space of the Haldane model using a fermionic
quantum gas, by extending the proposal to elliptical modulation of the
lattice position and additionally breaking IS through a deformation of
the lattice geometry.

The starting point of our experiment is a non-interacting, ultracold
gas of 4 3 104 to 6 3 104 fermionic 40K atoms prepared in the lowest band
of a honeycomb optical lattice created by several laser beams at wave-
length l5 1,064 nm, arranged in the x2y plane as depicted in Fig. 1c
and detailed in ref. 8. The two lowest bands have a total bandwidth of
h3 3.9(1) kHz (where h is Planck’s constant), with a gap of h3 5.4(2) kHz
to the next higher band, and contain two Dirac points at opposite quasi-
momenta; see Fig. 1d. After loading the atoms into the honeycomb lat-
tice, we ramp up a sinusoidal modulation of the lattice position along the
x and y directions with a final amplitude of 0.087(1)l, frequency 4.0 kHz
and phase difference Q. This gives access to linear (Q 5 0u or 180u), cir-
cular (Q 5 690u) and elliptical trajectories.

The effective Hamiltonian of our system in the phase-modulated hon-
eycomb lattice is computed using analytical and numerical Floquet theory
(see the Methods and Supplementary Information for a detailed dis-
cussion). It is well described by the Haldane model1

Ĥ~
X

ijh i
tijĉ

{
i ĉjz

X

ijh ih i
eiWij t0ijĉ

{
i ĉjzDAB

X

i[A

ĉ{i ĉi ð1Þ

where tij and t’ij are real-valued nearest- and next-nearest-neighbour
tunnelling amplitudes, and the latter contain additional phases Wij defined
along the arrows shown in Fig. 1a. The fermionic creation and anni-
hilation operators are denoted by ĉ{i and ĉi. The energy offset DABwv0
between sites of the A and B sublattice breaks IS and opens a gap jDABj
(ref. 8). TRS can be broken by changing Q. This controls the imaginary
part of the next-nearest-neighbour tunnelling, whereas its real part, as
well as tij and DAB, are mostly unaffected (Methods). Breaking only
TRS opens an energy gap jDTjat the Dirac points, given by a sum of the
imaginary part of the three next-nearest-neighbour tunnel couplings
connecting the same sublattice

DT~{
X

l

w lt’l sin Wlð Þ~Dmax
T sin Qð Þ ð2Þ

with weights w l of order unity, which depend on the position of the Dirac
points in the Brillouin zone. The sum is taken over the different types
of next-nearest-neighbour bond, and the origin of the second equality
is discussed in the Supplementary Information. Circular modulation
(Q 5 690u) leads to a maximum gap (h|88z10

{34 Hz for our parameters),
whereas the gap vanishes for linear modulation (Q 5 0u, 6180u), where
TRS is preserved.

We will first present measurements which confirm that breaking either
symmetry is sufficient to open a gap in the band structure. For this, we
restrict ourselves to either Q 5 0uor DAB 5 0, corresponding to the two
axes of the Haldane diagram of Fig. 1b. Subsequently we will present
measurements in which we explore the topology of the lowest band in
the same parameter regime by probing the Berry curvature. To probe
the opening of gaps in the system, we drive Landau–Zener transitions
through the Dirac points8,22. Applying a constant force along the x
direction by means of a magnetic field gradient causes an energy offset
DE/h 5 103.6(1) Hz per site, thereby inducing a Bloch oscillation. After
one full Bloch cycle the gradient is removed and the fraction of atoms j
in the second band is determined using a band-mapping procedure
(Methods). For broken IS, a gap given by jDABjopens at both Dirac points.
In this case, jreaches a maximum at DAB 5 0, which indicates a vanishing
energy gap, and decays symmetrically around this point as expected; see
Fig. 2a. In the case of broken TRS (Fig. 2b), a reduction in transfer versus
modulation phase is observed. This signals an opening gap, which is found
to be largest for circular modulation, as expected from equation (2).

Breaking either IS or TRS gives rise to similar, gapped band structures
which remain point-symmetric around quasi-momentum q 5 0. How-
ever, the energy spectrum itself is not sufficient to reveal the different
topology of the band, which is given by the associated eigenstates. These
are characterized by a local geometrical property: the Berry curvature V(q)
(ref. 6). In q-space, V(q) is analogous to a magnetic field and corresponds
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Figure 2 | Probing gaps and Berry curvature. a, b, Fraction of atoms in
the second band jafter one Bloch oscillation in the qx direction. We break
either IS (a) by introducing a sublattice offset DAB or TRS (b) via elliptical
modulation (see diagrams below). This corresponds to scanning either of the
two axes of the Haldane model. A gap opens at both Dirac points, given by
| DAB | or Dmax

T sin Qð Þ
!! !!, respectively, thereby reducing j. c, d, Differential driftD

obtained from Bloch oscillations in opposite qy directions. For broken IS (c),

the opposite Berry curvatures at the two Dirac points cancel each other, while
for broken TRS (d) the system enters the topological regime, where opposite
drifts for Qwv0 are expected. Data show mean 6 s.d. of at least 6 (a–c) or 21
(d) measurements, and the Bloch momentum qB 5 2p/l. The numbers in
parentheses are the standard deviations of the calibrations of the parameters
used for those plots. e, Sketches illustrating gaps and Berry curvature in
different regimes. Red (blue) indicates positive (negative) Berry curvature.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.

RESEARCH | REPORTS

of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
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indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
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Figure 3 | Topological aspects of cRM pumping. a, Charge pumped during a simple cRM pumping (b), topologically nontrivial pumping (c), topologically
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of the pumping cycles (bottom). The indices w in the top figures indicate the winding number of each trajectory around the origin. � and � are in units of
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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as �(t) =⇡t/T , the hopping amplitudes and on-site energies are
modulated periodically. Our ab initio calculation shows that the
cRM pumping scheme used in the experiment is topologically
equivalent to the Rice–Mele model for atoms that reside in the
lowest energy band, because the Chern numbers are the same (see
Supplementary Information 3). In the following, wewill thus use the
tight-binding Rice–Mele Hamiltonian to simplify the discussion of
the pumping sequence as a closed trajectory in the �–� parameter
plane (Fig. 1b). Note that, as shown in Fig. 1c, our system has
metallic edge states and thermal holes due to the combination of the
trapping potential and finite temperature. We estimate the filling of
the lattice is typically ⇠0.7 for each spin at the centre of the trap.
However, in the case of our deep optical lattice systems, the shift
of the CoM of the atomic cloud still constitutes a quantized shift
in spite of these thermal and finite size e�ects (see Supplementary
Information 2).

Figure 2 shows the main results of our pumping experiments.
Our stable absorption imaging systemwith a charge-coupled-device
(CCD) camera enables us to accuratelymeasure the shift of the CoM
of the atomic cloud after several pumping cycles (see Supplementary
Information 5), as shown in Fig. 2a,b. The period T is fixed to
50ms for the results shown in Fig. 2. One can clearly recognize the
sizable CoM shift along the z-direction. We plot the in situ CoM
positions of the atomic cloud after a few pumping cycles in Fig. 2d.
The averaged CoM shift per cycle hz(t) � z(0)i/(td) of the cRM
pumping with (VS,VL) = (20, 30)ER is evaluated to be 0.94(7) for
t6T . This provides a direct measurement of the Chern number of
the occupied energy band, which is consistent with the ideal value
⌫ =1. As a comparison, the observed average CoM shift per cycle of
a sliding lattice (VS,VL)= (0, 40)ER is 0.94(4), which is again close
to the ideal value of ⌫ = 1. Classically it is fairly intuitive that the
sliding lattice is able to transfer atoms because the potential minima
are moving in space. However, even though the potential minima
of the cRM pump (VS,VL)= (20, 30)ER are not moving in space, as
shown in Fig. 1c, the pumping is topologically equivalent because of
the same Chern number of the occupied band. The cRM lattice has
the same ability to transfer atoms residing in the lowest energy band,
even though the pumping is achieved by a sequence of quantum

tunnelling events between the double wells (see Supplementary
Information 4). We attribute the saturating behaviour of the cRM
pumping for t > 6T to the e�ect of the harmonic confinement,
whose variation can be comparable to the bandgap for a large CoM
shift22 (see Supplementary Information 6).

A striking feature of our pump is its topological nature. In
particular, the pumped amount in the Rice–Mele model23,24 is
directly related to the topology of the trajectory in the �–� plane.
It depends only on the winding number w of the trajectory that
encloses the origin � =�= 0 (see Supplementary Information 3).
Note that electron pumping in restricted nano-devices8–11 is not
topological, because in that case the amount of the charge
pumped per cycle instead depends on the area of the enclosed
parameter space25, which is the geometry but not the topology of
the trajectory. To highlight the topological nature of Rice–Mele
pumping, we investigate four distinct pumping sequences with
trajectories shown schematically in Fig. 3b–e. In Fig. 3a, we plot
the CoM shifts of two cRM pumping schemes with (VS, VL) =

(20, 30)ER (Fig. 3b,e) and two amplitude-modified cRM pumping
schemes (Fig. 3c,d). Evidently, the sequence which does not wind
around the origin (Fig. 3d) results in no pumping, and those
with winding trajectories (Fig. 3b,c,e) result in finite pumping.
Also the forward cRM pumping (Fig. 3b) and the amplitude-
modified cRM pumping (Fig. 3c) exhibit almost the same pumping
behaviour, although the area enclosed by the trajectory of Fig. 3c
is actually smaller than that of Fig. 3b. This is direct evidence of
the topological nature of the pump. Note that the band structure
in the k–t space of the nontrivial pumping sequence (Fig. 3c)
is identical to that of the trivial pumping (Fig. 3d). However,
the Berry curvature and the Chern number of the lowest band
are di�erent. This highlights the fact that the pumped charge is
a topological quantity, which depends on the wavefunction but
not on the band dispersions. Furthermore, we also performed the
cRM pumping with a negative sweep of the phase �(t)=�⇡t/T ,
which corresponds to an opposite winding in the �–� plane, and
the cloud is pumped in the opposite direction even though the
band dispersion remains identical to that of the forward sweep
pumping (Fig. 3e).
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4.	
AdiabaAc	pump	and	Berry	phase
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Cycling	Hamiltonian	and	Bloch	theorem
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• At	each	Ame	t,	the	Hamiltonian	remains	spaAally	periodic.	The	state	of	the	
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• If	the	parameters																						vary	slowly	in	Ame	and	if	there	is	no	
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Cycling	Hamiltonian	and	geometric	phase
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“Temporal”	Berry	connecAon
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Displacement	of	the	center	of	the	wave	packet

PosiAon	operator	in	the	laace						,		
conjugated	with	the	momentum q̂
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Heisenberg	picture:
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• The	contribuAon	of	the	dynamical	phase	vanishes,	because	of	the	
periodicity	of	the	energy	 	as	a	funcAon	of	 	over	the	Brillouin	zoneEq q

• ContribuAon	of	the	geometrical	phase:
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Need	to	be	cau1ous	because	of	possible	mathema1cal	singulari1es
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cos ✓q =
�

|h(q)|
<latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="/wHXNIujkT4NL9dK5bx/jyv0p0A="></latexit><latexit sha1_base64="wcHMkrSDmsVFM92mdzpXzh6ojos="></latexit>

ei�q sin ✓q =
J 0 + J eiqa

|h(q)|
<latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="mey1BIHgOMNRMl0c6dvKZWyTUMk="></latexit><latexit sha1_base64="Gtc46mTULmM/xdUenM0KpiLdtCY="></latexit>

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

t
<latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="gWAT2JmyRgavuYE85QHV/9udxHU="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

T
<latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="KVYFrogTDNlxJI54ggBu+vzokVc="></latexit>

Geometrical	phase	and	Bloch	sphere

0
<latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="E101f55MlGPjAdUdXkhL782x1P4="></latexit><latexit sha1_base64="kpCXKKu5hZjXXBIDTp3PQX575iI="></latexit>

qa = 0 : ei�q sin ✓q real > 0, poles not reached
<latexit sha1_base64="JhBGvvZv69N4Rzn4f+moLhey9iM="></latexit>

qa = ±⇡ : ei�q sin ✓q real with a change of sign, poles are reached
<latexit sha1_base64="Yib1j1VMP3YSqL15WjurkGGMUms="></latexit>



Summary	regarding	the	winding	over	the	Bloch	sphere

J 0/J

�/J

0

0.5

1

�0.5

�1

2

�/J
<latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="aZoAv6Kt8VEEOm0ZuLrkJvYzamk="></latexit><latexit sha1_base64="0ZuIgVaQ32wmrvOWOKmXpHFVlE4="></latexit>

J 0/J
<latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="n0AZul8GA75Ib+aaTpHMnqJ0DWg="></latexit><latexit sha1_base64="Xx8GLjH4gd9aLjzNNviaOa/N3fs="></latexit>

• All	points	of	the	Bloch	sphere	are	reached	
for	at	least	one	couple	(q, t)

<latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="Ct3RkbM6bnSnrZULQ13QLVB4rGI="></latexit><latexit sha1_base64="1M5sfXqx7/9DNQih1NgNqsnZhLc="></latexit>

The	Bloch	sphere	is	wrapped	in	a	way		
that	cannot	be	unwrapped

�x = � a

2⇡
[�geom(+⇡/a)� �geom(�⇡/a)]

<latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="/Abg/gaJiBTAkts2t/PaMfFDHg0="></latexit><latexit sha1_base64="8VALYbA/sx1iJdNRvjedjEkSAeA="></latexit>

• By	conAnuity	we	gave	a	non-ambiguous	meaning	to:

= � a

2⇡
[(+⇡)� (�⇡)] = �a

<latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="keC9oQne9HdCLiDyynw+1WanVB0="></latexit><latexit sha1_base64="r/CwDq0OcvQd7a+hbmjEUr4dMWM="></latexit>

Quan1zed	displacement!

�1 �0.5 0 0.5 1

�1

�0.5

0

0.5

1

qa/⇡

�
g
eo

m
/⇡

�geom/⇡
<latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="FwN1Hdgt4F1TvJPxFQfqZ9dlejU="></latexit><latexit sha1_base64="O6JXFXDT74/hHdsFph/UKYX43qU="></latexit>

qa/⇡
<latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="O1VicWwUffk1ham5ahey7fQ+Vy8="></latexit><latexit sha1_base64="l+n6yJnPgFBBwUkr1RbTVTDtZUU="></latexit>
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Link	with	Berry	curvature

We	have	introduced	two	Berry	connecAons

A1(q, t) = ihuq,t|@quq,ti
<latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="7dd+z9jftaRD+KFAt288TGdsHkc="></latexit><latexit sha1_base64="Vg7/uVkr+gtVp2g4Gr40Wg67ZcY="></latexit>

CalculaAon	of	Zak	phase

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

t
<latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="wtQ4uMd2f7Ff7uljYKKhoQe/lNw="></latexit><latexit sha1_base64="gWAT2JmyRgavuYE85QHV/9udxHU="></latexit>

�⇡/a
<latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="f7MJAOapKMcMF9pRmFCmITv3ROU="></latexit><latexit sha1_base64="J/TsVZlXxet1uBbA5iRPHLEXUNs="></latexit>

+⇡/a
<latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="Aqy6wVl0K9T4zHxn46A018EiPis="></latexit><latexit sha1_base64="lOcDG4M4HnkpOPBNenk/6oMjUJ8="></latexit>

T
<latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="YaAYaYaab+BHUU5XThkSLcF4W0Y="></latexit><latexit sha1_base64="KVYFrogTDNlxJI54ggBu+vzokVc="></latexit>

A2(q, t) = ihuq,t|@tuq,ti
<latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="K+GZ5Qq43yPfLYatDOm6J3FcZx0="></latexit><latexit sha1_base64="8kQLL7e5IQg9s93yFxvPGFIEkfU="></latexit>

CalculaAon	of	the	geometrical 
phase	over	a	pump	cycle	at	fixed	q

Berry	curvature	for	this	effecAve	two-dimensional	problem:

⌦(q, t) =

✓
@q
@t

◆
⇥

✓
A1

A2

◆

<latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="a16OlyRJ5j1Rvqew+xzAJJbcdWM="></latexit><latexit sha1_base64="iMJZfNrndMbvrzWVxOrzXmOoDoo="></latexit>

= i (h@quq,t|@tuq,ti � h@tuq,t|@quq,ti)
<latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="SH/wVbNbwEv21PPbY1iJ0VU6Qrs="></latexit><latexit sha1_base64="zvc956fV7LPWNWDRvYNvnJkULqE="></latexit>

real

IntegraAon	by	parts

�x = � a

2⇡

Z +⇡/a

�⇡/a

Z T

0
⌦(q, t) dq dt

<latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="wDKDV4LnHNZ4P4S+l6KI6GIPafo="></latexit><latexit sha1_base64="eOV5u1zCs/hPtLYrQHSh1TvHzxs="></latexit>

�x = � a

2⇡

Z +⇡/a

�⇡/a

d�geom

dq
dq

<latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="ZB+BFHrCh4cO33+PH9flNgFZTw4="></latexit><latexit sha1_base64="jJX9zx1uyNcZxlw0GmH6cVkwyJM="></latexit>

ROBUST!



Conclusions

AdiabaAc	pump:	first	step	towards	two-dimensional	problems:

q
<latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="Kvc6RCZsPoQzPOpXWfTTgv1B5+0="></latexit><latexit sha1_base64="HPu4jInl1YSckyZQfbZfDuyN2NE="></latexit>

q, t
<latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="HTgpL0QquYum5dRdLOl/lrAd4c8="></latexit><latexit sha1_base64="OGZXCYt6nt+5Hx4yN2XxGeLWocg="></latexit>

qx, qy
<latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="FyPpyW73fcG7qemhcmtDLzupgwI="></latexit><latexit sha1_base64="9adn6O+nkgp0UnGB52p3VTjj8Ak="></latexit>

Quan%za%on	of	transport	in	a	pump	cycle	[0,T	]

New	topological	invariant:	how	to	wrap	Bloch	sphere

Emergence	of	Berry	curvature	to	calculate	the	quanAzed	quanAty:

�x

a
=

1

2⇡

ZZ
⌦(q, t) dq dt

<latexit sha1_base64="ayxgVInVhf7l2khqcFEBL7HALJE="></latexit><latexit sha1_base64="ayxgVInVhf7l2khqcFEBL7HALJE="></latexit><latexit sha1_base64="ayxgVInVhf7l2khqcFEBL7HALJE="></latexit><latexit sha1_base64="7BhQnoVvRpE/+gzCEP7g5fd0dhM="></latexit>

Integral	over		“1D	Brillouin	Zone”	x	[0,T	]





Topology	and	Berry	curvature	
in	a	two-dimensional	laace



Goal	for	this	part

Start	the	study	of	two-dimensional	periodic	laaces	and	characterize	their	
topological	properAes

Problem	that	originates	from	the	Quantum	Hall	effect

Emergence	of	robust	quantum	numbers:		
Chern	indices	

These	numbers	appear	in	an	equivalent	manner	from	different	points	of	view

• Geometrical:	wrapping	the	Bloch	sphere

• Physical,	with	the	study	of	transport	and	the	quanAzaAon	of	conducAvity

• Physical,	with	the	existence	of	edge	states

Unconven%onal	sta%s%cs:	
any-ons
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1.	
Bi-parAte	laaces	and	Dirac	points
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Triangular	and	square	laaces

a1

a2

a1

a2Bravais	laaces,	
one	site	per	unit	cell

|uqi =
X

j

|Aji
<latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="qvp+JtAORdcFBtKHtdTNhTSc8UE="></latexit>

General	Bloch	theorem	in	2D	:																																								with																periodic q(r) = eiq·ruq(r)
<latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="1x/wubssmZkEMN6p3Xn9UkV19TQ="></latexit>

uq(r)
<latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="UdBNEG/gIvNUkBhJXgXHcryjQ/g="></latexit>

In	the	Aght-binding	limit,	only	one	periodic	funcAon

Real	and	with	no	q	variaAon:	no	topological	properAes	expected
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The	hexagonal	(graphene)	laace

A

B

a
a1a2

Two	sites	A	and	B	per	unit	cell

Laace	generated	by	the	translaAon	of	a1,2 =

p
3

2
a

✓
±1p
3

◆

<latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="0K0sqT9ewB+PSfriEsoqcB7Lt2s="></latexit>

In	the	Aght-binding	regime,	the	funcAons	that	
are	periodic	over	the	laace	read:

|uqi = ↵q

0

@
X

j

|Aji

1

A+ �q

0

@
X

j

|Bji

1

A

<latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="239aPY37ZhHti2MQKW62rdQAxO4="></latexit>

spin	1/2

Brillouin	zone

b1,2 =
2⇡

3a

✓
±
p
3

1

◆

<latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="mnFGJupMspdKvnFtzfzTWBCNzUk="></latexit>

qx

qy

b2 b1
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The	periodic	Hamiltonian	for	graphene

Same	energy	for	A	and	B	:	 EA = EB = 0
<latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="DcbBl7WQKQy9ufC62bv6QMoUqfs="></latexit>

Nearest	coupling	only:

The	 	site	is	coupled	to	three	 	sitesA B
The	 	site	is	coupled	to	three	 	sitesB A

Hamiltonian	for	the	periodic	part |uqi
<latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="VfNsdkhQs5x2fL1WSVHgrOuCX9M="></latexit>

Ĥq = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="zXKNXjggWHIJSj7rvjg5FB8LJ0M="></latexit>

A

B

aa1a2

= �h(q) · �̂
<latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="WCAmsTCnAJVQ86xmrNttgHo0stc="></latexit>

with: Energies	:	±|h(q)|
<latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="qI5j3C5RQEEsbh3f+ZLHgT0mauE="></latexit>

h(q) =

0

@
1 + cos(q · a1) + cos(q · a2)
sin(q · a1) + sin(q · a2)

0

1

A

<latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="6Izy/dx1gfNAB2qBIhE6dw1zbq4="></latexit>
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The	Dirac	points

h(q) =

0

@
1 + cos(q · a1) + cos(q · a1)
sin(q · a1) + sin(q · a1)

0

1

A
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Energies	:	±|h(q)|
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Contact	between	the	bands	where

|h(q)| = 0
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i.e.	:
hx(qx, qy) = 0
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Contact	between	bands:	
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respect	to	topology
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The	Dirac	points	(conAnued)

Linear	dispersion	relaAon		 	near	these	points:	relaAvisAc	physicsEq

Winding	of	the	vector														
around	these	points	

h(q)
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Plot	of	the	vector	field

n =
h
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Hexagonal	laaces	outside	condensed	ma?er	physics

Torrent & Sanchez-Dehesa, 2012,  
Acoustic domain

Rechtsman, Zeuner et al.,2013,  
Lattice of optical waveguides

Bellec, Kuhl et al., 2013,  
Microwave resonators

x
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Graphene	laace	with	polaritons

Microstructure	of	AlGaAs	quantum	wells,	
pumped	with	non-resonant	light

Imaging	in	posi1on 
space	or	 

in	momentum	space

Dirac	cones!

Jacqmin, Carusotto et al.,  
Phys. Rev. Lett. 112, 116402 (2014)
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A	graphene-like	structure	:	
A	brick-wall	laace	for	cold	atoms

 Leticia Tarruell, Daniel Greif, Thomas Uehlinger, Gregor Jotzu & Tilman Esslinger,   
Creating, moving and merging Dirac points with a Fermi gas in a tunable honeycomb lattice 

Nature 483, 302 (2012).



The	brick-wall	laace	with	light

Superimpose	several	laser	standing	wave	along		
the	axes	 	and	x y

An	intense	standing	wave	along	x

Choose	the	intensiAes	such	that

A	weak	pair	of	phase-locked	waves

If	we	keep	only	the	two	dominant	terms,	square	laace:

V1(~r) = �VX̄ sin2(kx)
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The	brick-wall	laace	with	light

Now	take	into	account

Link	centered	in :	tunnelling	is	increased

Link	centered	in

Link	centered	in

:	tunnelling	is	unchanged

:	tunnelling	is	decreased



Dirac	points	and	Bloch	oscillaAons

avoided	crossing	
adiabaAc	following	is	possible

Dirac	points:	
adiabaAc	following	is	impossible

Bloch	oscillaAons	induced	by	a	force	created	by	a	magneAc	gradient
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40K	atoms		(polarized	fermions,	no	interacAon)

Initial	time After	a	Bloch	period

Dirac	points	and	Bloch	oscillaAons

Pictures	obtained	aier	Ame-of-flight:	
Band	mapping	technique,	where	the	various	in-situ	

bands	end	up	at	various	places	in	space

 Leticia Tarruell et al., Nature 483, 302 (2012)
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Phase	winding	around	a	Dirac	point

What	is	the	geometrical	phase	accumulated	by	a	parAcle	that	follows	  
a	closed	contour	in	momentum	space,	which	encircles	a	Dirac	point?

(a
p
3/2⇡)qx

(a
p
3/2⇡)qy

�1

+1

1�1
qx

<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
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The	vector																			remains	on	the	equator		

of	the	Bloch	sphere	and	makes	a	full	turn

Solide	angle							irrespecAve	of	the  
contour	shape

Geometric	phase:

2⇡
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The	Munich	experiment
Duca et al., Science 347, 288 (2015) : An Aharonov-Bohm 

interferometer for determining Bloch band topology

Interferometric	measurement	of	the	geometric	phase:																															scheme⇡

2
� ⇡ � ⇡

2
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qy Point de départ

qx

qy Propagation

OpAcal	laace	for	87Rb	formed	by	3	laser	beams	at	120°

starting point
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qy Propagation

qx

qy Impulsion ⇡/2π/2 pulse

qx

qy Impulsion ⇡π pulse
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The	Munich	experiment

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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(c)

Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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12. Jiménez-Garcı́a, K. et al. Peierls substitution in an engineered lattice potential.
Phys. Rev. Lett. 108, 225303 (2012).

13. Parker, C. V., Ha, L.-C. & Chin, C. Direct observation of effective ferromagnetic
domains of cold atoms in a shaken optical lattice. Nature Phys. 9, 769–774
(2013).

14. Zenesini, A., Lignier, H., Ciampini, D., Morsch, O. & Arimondo, E. Coherent control of
dressed matter waves. Phys. Rev. Lett. 102, 100403 (2009).

15. Struck, J. et al. Quantum simulation of frustrated classical magnetism in triangular
optical lattices. Science 333, 996–999 (2011).

16. Aidelsburger, M. et al. Experimental realization of strong effective magnetic fields
in an optical lattice. Phys. Rev. Lett. 107, 255301 (2011).

17. Struck, J. et al. Engineering Ising-XY spin-models in a triangular lattice using
tunable artificial gauge fields. Nature Phys. 9, 738–743 (2013).

18. Williams, R. A., Al-Assam, S. & Foot, C. J. Observation of vortex nucleation in a
rotating two-dimensional lattice of Bose-Einstein condensates. Phys. Rev. Lett.
104, 050404 (2010).

19. Aidelsburger, M. et al. Realization of the Hofstadter Hamiltonian with ultracold
atoms in optical lattices. Phys. Rev. Lett. 111, 185301 (2013).

20. Miyake, H., Siviloglou, G. A., Kennedy, C. J., Burton, W. C. & Ketterle, W. Realizing the
Harper Hamiltonian with laser-assisted tunneling in optical lattices. Phys. Rev. Lett.
111, 185302 (2013).

21. Rechtsman, M. C. et al. Photonic Floquet topological insulators. Nature 496,
196–200 (2013).

22. Lim, L.-K., Fuchs, J.-N. & Montambaux, G. Bloch-Zener oscillations across a
merging transition of Dirac points. Phys. Rev. Lett. 108, 175303 (2012).

23. Chang, M.-C. & Niu, Q. Berry phase, hyperorbits, and the Hofstadter spectrum.
Phys. Rev. Lett. 75, 1348–1351 (1995).

24. Dudarev, A. M., Diener, R. B., Carusotto, I. & Niu, Q. Spin-orbit coupling and Berry
phase with ultracold atoms in 2D optical lattices. Phys. Rev. Lett. 92, 153005
(2004).

25. Price, H. M. & Cooper, N. R. Mapping the Berry curvature from semiclassical
dynamics in optical lattices. Phys. Rev. A 85, 033620 (2012).

26. Dauphin, A. & Goldman, N. Extracting the Chern number from the dynamics of a
Fermi gas: implementing a quantum Hall bar for cold atoms. Phys. Rev. Lett. 111,
135302 (2013).

27. Uehlinger, T.et al. Artificial graphene with tunable interactions. Phys. Rev. Lett. 111,
185307 (2013).

28. Varney, C. N., Sun, K., Rigol, M. & Galitski, V. Interaction effects and quantum phase
transitions in topological insulators. Phys. Rev. B 82, 115125 (2010).

29. Neupert, T., Santos, L., Chamon, C. & Mudry, C. Fractional quantum Hall states at
zero magnetic field. Phys. Rev. Lett. 106, 236804 (2011).
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Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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Each pixel corresponds to at least one pair of measurements, where the modulation
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access the full parameter space of the Haldane model using a fermionic
quantum gas, by extending the proposal to elliptical modulation of the
lattice position and additionally breaking IS through a deformation of
the lattice geometry.

The starting point of our experiment is a non-interacting, ultracold
gas of 4 3 104 to 6 3 104 fermionic 40K atoms prepared in the lowest band
of a honeycomb optical lattice created by several laser beams at wave-
length l5 1,064 nm, arranged in the x2y plane as depicted in Fig. 1c
and detailed in ref. 8. The two lowest bands have a total bandwidth of
h3 3.9(1) kHz (where h is Planck’s constant), with a gap of h3 5.4(2) kHz
to the next higher band, and contain two Dirac points at opposite quasi-
momenta; see Fig. 1d. After loading the atoms into the honeycomb lat-
tice, we ramp up a sinusoidal modulation of the lattice position along the
x and y directions with a final amplitude of 0.087(1)l, frequency 4.0 kHz
and phase difference Q. This gives access to linear (Q 5 0u or 180u), cir-
cular (Q 5 690u) and elliptical trajectories.

The effective Hamiltonian of our system in the phase-modulated hon-
eycomb lattice is computed using analytical and numerical Floquet theory
(see the Methods and Supplementary Information for a detailed dis-
cussion). It is well described by the Haldane model1

Ĥ~
X

ijh i
tijĉ

{
i ĉjz

X

ijh ih i
eiWij t0ijĉ

{
i ĉjzDAB

X

i[A

ĉ{i ĉi ð1Þ

where tij and t’ij are real-valued nearest- and next-nearest-neighbour
tunnelling amplitudes, and the latter contain additional phases Wij defined
along the arrows shown in Fig. 1a. The fermionic creation and anni-
hilation operators are denoted by ĉ{i and ĉi. The energy offset DABwv0
between sites of the A and B sublattice breaks IS and opens a gap jDABj
(ref. 8). TRS can be broken by changing Q. This controls the imaginary
part of the next-nearest-neighbour tunnelling, whereas its real part, as
well as tij and DAB, are mostly unaffected (Methods). Breaking only
TRS opens an energy gap jDTjat the Dirac points, given by a sum of the
imaginary part of the three next-nearest-neighbour tunnel couplings
connecting the same sublattice

DT~{
X

l

w lt’l sin Wlð Þ~Dmax
T sin Qð Þ ð2Þ

with weights w l of order unity, which depend on the position of the Dirac
points in the Brillouin zone. The sum is taken over the different types
of next-nearest-neighbour bond, and the origin of the second equality
is discussed in the Supplementary Information. Circular modulation
(Q 5 690u) leads to a maximum gap (h|88z10

{34 Hz for our parameters),
whereas the gap vanishes for linear modulation (Q 5 0u, 6180u), where
TRS is preserved.

We will first present measurements which confirm that breaking either
symmetry is sufficient to open a gap in the band structure. For this, we
restrict ourselves to either Q 5 0uor DAB 5 0, corresponding to the two
axes of the Haldane diagram of Fig. 1b. Subsequently we will present
measurements in which we explore the topology of the lowest band in
the same parameter regime by probing the Berry curvature. To probe
the opening of gaps in the system, we drive Landau–Zener transitions
through the Dirac points8,22. Applying a constant force along the x
direction by means of a magnetic field gradient causes an energy offset
DE/h 5 103.6(1) Hz per site, thereby inducing a Bloch oscillation. After
one full Bloch cycle the gradient is removed and the fraction of atoms j
in the second band is determined using a band-mapping procedure
(Methods). For broken IS, a gap given by jDABjopens at both Dirac points.
In this case, jreaches a maximum at DAB 5 0, which indicates a vanishing
energy gap, and decays symmetrically around this point as expected; see
Fig. 2a. In the case of broken TRS (Fig. 2b), a reduction in transfer versus
modulation phase is observed. This signals an opening gap, which is found
to be largest for circular modulation, as expected from equation (2).

Breaking either IS or TRS gives rise to similar, gapped band structures
which remain point-symmetric around quasi-momentum q 5 0. How-
ever, the energy spectrum itself is not sufficient to reveal the different
topology of the band, which is given by the associated eigenstates. These
are characterized by a local geometrical property: the Berry curvature V(q)
(ref. 6). In q-space, V(q) is analogous to a magnetic field and corresponds
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Figure 2 | Probing gaps and Berry curvature. a, b, Fraction of atoms in
the second band jafter one Bloch oscillation in the qx direction. We break
either IS (a) by introducing a sublattice offset DAB or TRS (b) via elliptical
modulation (see diagrams below). This corresponds to scanning either of the
two axes of the Haldane model. A gap opens at both Dirac points, given by
| DAB | or Dmax

T sin Qð Þ
!! !!, respectively, thereby reducing j. c, d, Differential driftD

obtained from Bloch oscillations in opposite qy directions. For broken IS (c),

the opposite Berry curvatures at the two Dirac points cancel each other, while
for broken TRS (d) the system enters the topological regime, where opposite
drifts for Qwv0 are expected. Data show mean 6 s.d. of at least 6 (a–c) or 21
(d) measurements, and the Bloch momentum qB 5 2p/l. The numbers in
parentheses are the standard deviations of the calibrations of the parameters
used for those plots. e, Sketches illustrating gaps and Berry curvature in
different regimes. Red (blue) indicates positive (negative) Berry curvature.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the

290 16 JANUARY 2015 • VOL 347 ISSUE 6219 sciencemag.org SCIENCE

Interferometer path

kx

ky

R L

Phase-shifted atomsLocation after band-mapping
RL

B

Final quasimomentum ky  /kL
fin

0.9 1 1.1 1.2 1.3

0.02

0.05

0.10

0.50

0.20

B

1.00 1.05 1.10 1.15 1.20
finFinal quasimomentum ky /kL

π
2

π

ϕ

0

K

K’

C
on

tr
as

t

Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.
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Zero	geometrical	phase	as	long	as	the	Dirac	point	is	outside	the	zone	
delimited	by	the	interferometer,	phase	equal	to	π	otherwise
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Analogy	with	the	Aharonov-Bohm	effect

Infinite	solenoid:	the	field	is	confined	inside	the	solenoid

What	is	the	phase	accumulated	by	a	parAcle		
on	the	contour	which	encircles	the	solenoid?

�AB =
e

2⇡~

I

C
A(r) · dr
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2.	
Topological	bands	in	two	dimensions:	

Geometrical	characterizaAon
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Brillouin	zone	and	Bloch	sphere

Periodic	Hamiltonian	for	a	two-site	cell,	Aght-binding	limit

Ĥq = E0(q) 1̂� h(q) · �̂
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Wrapping	of	the	Bloch	sphere

In	one	dimension	(for	instance	SSH)	:

q
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In	two	dimensions	:

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

may	lead	to																																												or

Total	wrapping	of	the	Bloch	sphere,	which	cannot	be	unwrapped
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A	result	from	geometry:	the	wrapping	number

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

nq
<latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="F3gtKcKXLdks6m0VjSQpVNdp0ow="></latexit>

Integer	number	that	is	non-zero	if		and		
only	if	the	sphere	is	fully	wrapped	
(cf.	result	for	adiabaAc	pumps)

Winding	number	in	one	dimension:

N =
1

2⇡

Z

ZB

d�

dq
dq

<latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="9XJk+jTWIOdh+wvsiNHWZEQa6ag="></latexit>

C = � 1

4⇡

ZZ

ZB
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
dqx dqy

<latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="K/0UxGTI1r0BOL1o4I47K1531Mw="></latexit>

Wrapping	number	in	two	dimensions:	



The	graphene	case

A

B

aa1a2 EA = EB
<latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="HHritzHTEQ0WDmp848UI80eRT1A="></latexit>

Ĥq = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="zXKNXjggWHIJSj7rvjg5FB8LJ0M="></latexit>

									has	no	diagonal	elementĤq
<latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="8Eb1niZ2fhjp1JR0FFeMzd+0nck="></latexit>

and	no	coupling	to	second	neighbors:

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

The	vector											remains	along	the	equator	of	the	Bloch	sphere,	which	
therefor	cannot	be	wrapped

hq
<latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="ZXIs9/MungWOliXC7EprkDkzeto="></latexit>

Marginal	situaAon



ParAal	or	total	coverage?

A

B

aa1a2
Let	us	make	the	A	et	B	sites	different	by	an	energy	
spliang	(cf.	passage	from	SSH	to	Rice-Mele)

Ĥq = �
✓

� hx(q)� ihy(q)
hx(q) + ihy(q) ��

◆

<latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="f6wZoGgq6D/oiizHHfnezAepAvo="></latexit>

EA = ��
<latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="tgiljFuv2GY7GON2O/3fYrolzHs="></latexit>

EB = +�
<latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="uQJM57hZysKTJHenrk2bwk6zjbc="></latexit>

hz(q) = �
<latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="QLbvIRF0Fs3spIdiQl4CvUs2Ddo="></latexit>

The	sign	of														is	constant	over	the	  
full	Brillouin	zone:	we	can	cover	at	most	 
one	hemisphere	of	the	Bloch	sphere

hz(q)
<latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="YnRPNseQ+vdpBj85Td/1e5wEI2I="></latexit>

To	wrap	completely	the	Bloch	sphere,	we	need	to	go	beyond	nearest-
neighbor	couplings:	Haldane	model	(next	week)
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3.	
Topological	bands	in	two	dimensions:	

Physical	characterizaAon	
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The	quantum	Hall	effect

2D	electron	gas	confined	in	a	quantum	well	
in	the	presence	of	a	large	magneAc	field

Voltage	

[0, Lx]⇥ [0, Ly]
<latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="/Zf3/4r8OIpZYQiPkjE2cp7nccs="></latexit>

Vx = ExLx
<latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="/VEnK+YK8yXga/HnqqoF/cZoFXg="></latexit>

Force	on	a	charge	 :e Fx = eEx
<latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="cp8YWY6Y4fJgjvr/U5BJ9kU8+eg="></latexit>

Current	along	the	direcAon	y	: Iy
<latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="d9rQigwJpdngqZSrwK3wAHvs7iI="></latexit>

Current	density	: Jy = Iy/Lx
<latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="jzuCerOmhFNLsA0Ll41M8LuPawA="></latexit>

Hall	conductance:																													orIy = �yx Vx
<latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="A0MM0V5dKy3gI5SfXtvARZSVHyc="></latexit>

Jy = �yx Ex
<latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="sGmWvsg5OHXy3EUg6Y1a0zJEkG0="></latexit>

Ly

Iy

Iy

Fx

JyBz

�yx =
e2

h
n

<latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="jtholpIHzeN6Z8G8xqFVtiB9C5A="></latexit>

Quan1zed	conductance!

Origin:	Topological	nature	of	energy	bands	(Landau	levels)

n integer
<latexit sha1_base64="GcSYyMxa1y9DxmOBj7HIAQ29LiQ="></latexit>
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EquaAons	of	moAon	in	an	energy	band

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

Wave	packet	iniAally	centered	in qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

Apply	a	uniform	force F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

~dr
dt

= ~v = rqE
(0)
q +⌦q ⇥ F

<latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="rielQoOC1xFD1KwZYDL11RNbSHw="></latexit>

~ dq

dt
= F

<latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="8YtoZ86+Z6RLtNeMtMKeXS6bZDQ="></latexit>

Bloch	oscilla%ons

Group 
velocity

Let	us	restrict	to	the	lowest	band																	to	simplify	the	discussion

Anomalous 
velocity

⌦q
<latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="lloEHrd0dI71nPpp9i1uAtFxe14="></latexit>

:	Berry	curvature	for	the	lowest	band

:	Berry	connecAon

oriented	along	z

Aq = ihu(0)
q |rqu

(0)
q i

<latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="z6aoZwglDG70uV5wvtekHXXrUY4="></latexit>

⌦q = rq ⇥Aq
<latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="iCi/AKj/J+SGKrgy7MlLIpp4rE4="></latexit>

⌦q = i h@qxu(0)
q |@qyu(0)

q i + c.c.
<latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="ntHvzvd3o2qGrKfhpNLWSoDAoN4="></latexit>

|u(0)
q i

<latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="lMQnWxa2TFkCvWXBLC6TUwpaLJ4="></latexit>
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EquaAon	1:	EvoluAon	of	the	momentum

Hamiltonian	in	the	presence	of	a	uniform	external	force

Ĥt =
p̂2

2m
+ V (r̂)� F t · r̂

<latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="gFCW0148zfyT3E79etCWXm2aDHM="></latexit>

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

This	hamiltonian	is	not	spaAally	periodic	anymore:	Do	we	loose	Bloch	theorem?

• If	the	force							is	weak	enough,	the	parAcle	stays	in	the	lowest	bandF
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

Back	to	iniAal	states	: q(t) = q(0) +A(t)
<latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="EvAYTwDxZKobfCOMV0cyUfq5Muk="></latexit>

dq

dt
=

1

~F
<latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="OaE6DguQiGHuoAjKAqL5iTbbSkg="></latexit>

Not	really,	thanks	to	the	unitary	transform:

At =
1

~

Z t

0
F t0 dt

0

<latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="QmUhU803n5EL94pZVHdlhX2bARU="></latexit>

with

Hamiltonian	aier	transformaAon	: ˆ̃
Ht =

(p̂+ ~At)2

2m
+ V (r̂)

<latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="yOZIQnpC43ircG/qjE3/vEmcyX8="></latexit>

• The	Bloch	form	is	preserved	for	the	“transformed”	states: q̃(t) = q̃(0)
<latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="ptFpOs4rjKM0PmNVvit+PPhNGl8="></latexit>

Ût = exp [�iAt · r̂]
<latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="JMVmXoKelF2moM0B4ob9LGLKrPM="></latexit>

q̃ = q �A
<latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="9rW3ILEGpEbcMo0OGBLLpJN3eTU="></latexit>
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EquaAon	2:	The	anomalous	velocity

AdiabaAc	approximaAon	at	order	1	in	the	perturbaAon

order	0:	stays	in	the	 
lowest	band

|uti = |u(0)
qt

i + i~
X

n6=0

|u(n)
qt

i
hu(n)

qt
|@tu(0)

qt
i

E(n)
q � E(0)

q

+ . . .

<latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="6YqTaQwxyiXKafMSuBmeD5VOiHU="></latexit>

order	1:	coupling	to	excited	  
bands,	linear	in		F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

v =
�
hut|e�iqt·r

� p̂

m

�
eiqt·r|uti

�
<latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="+AE1IGyRwvEfJ9PU13HIcYCLgns="></latexit>

p̂ = �i~ rr
<latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="uhoCglDjIaSIhEkPXq5g2rqF7w8="></latexit>

Order	0	in						:	 v0 =
1

~rqE
(0)
qt

<latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="Atl7DvAHntJKvT2wM7p+EySiCtg="></latexit>

Average	velocity	of	a	wave	packet	centered	in	qt
<latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="kaC4HKncLhOijnsfgetDgwSt5nQ="></latexit>

F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit> group	velocity

Order	1	in						:	F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

v1,t =
1

~⌦qt
⇥ F t

<latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="r4b4A4Vo+gkUFp72U2Hbla4D7b0="></latexit>

⌦q = i h@qxu(0)
q |@qyu(0)

q i + c.c.
<latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="ntHvzvd3o2qGrKfhpNLWSoDAoN4="></latexit>

anomalous	velocity Karplus & Luttinger 1954

:	Berry	curvature

Adams & Blount 1959

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qt
<latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="kaC4HKncLhOijnsfgetDgwSt5nQ="></latexit>
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Conductance	of	a	filled	band

1	parAcle	per	unit	cell:		
filled	lowest	band,	all	excited	bands	are	empty

We	apply	a	weak	force	 ;	What	is	the	parAcle	current?F

J = ⇢(2D) hvi
<latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="nTK3ue4UbqVRIIP40bnbCHZpHfM="></latexit>

Band	insulator

hvi = 1

AZB

ZZ

ZB
vq d2q

<latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="6eWkxNB21wME6S2HyNC9h/FFYhA="></latexit>

~vq = rqE
(0)
q +⌦q ⇥ F

<latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="/hFHlm1RKD7h058vS1jWqrUCJZ8="></latexit>

We	use:

• Zero	contribuAon	for	the	group	velocity:	an	insulator	does	not	conduct	electricity!

• ContribuAon	of	the	anomalous	velocity:	current	orthogonal	to F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

For	a	force	oriented	along	x,	current	along	y	: Jy = �yx Fx
<latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="QTl+g1ZgSoepeDazcBoph2/zAbQ="></latexit>

�yx =
1

h
C

<latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="qJm8+chOB4m9wkyfgUN4yyvsPHE="></latexit>

C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

Hall	conduc1vity Chern	number

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>



Why	the	Chern	number	maybe	non-zero

C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

⌦q = r⇥Aq
<latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="dgj/tN44//X7NSdTEOtDABL8Zqk="></latexit>

= ⌦q uz
<latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="AuSraLqsfBVN5pp+O0KNRhu37GM="></latexit>

The	Brillouin	zone	has	by	construcAon	periodic	boundary	condiAons

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

cf.	adiaba%c	pumps

If	the	Berry	connecAon												is	regular	over	the	whole	Brillouin	zone,		
Stokes	theorem	leads	to

Aq
<latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="CJFIRUSGBMFgLxPRwujIXAfereQ="></latexit>

1

2⇡

ZZ

ZB
⌦q d2q =

1

2⇡

I

ZB
Aq · dq

<latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="pxdRxanNcXWkmFjUAFRA4gYbfJY="></latexit>

= 0 !!!
<latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="W4gn777Z7ehqGcRbqV59dc5AEFg="></latexit>

but	Berry	connec&on	is	not	always	regular…



The	singulariAes	of	Berry	connecAon	 Aq
<latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="CJFIRUSGBMFgLxPRwujIXAfereQ="></latexit>

Unit	cell	with	two	sites

Gauge	choice:		 |ui =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="9MzK1uGmXJw4QR1+rEZ61UJsLm4="></latexit>

✓,�

The	south	pole	problem:		for													,	we	obtain	for	this	gauge	choice✓ = ⇡
<latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="D0sfGjhFtPHJm1tyarbB5E7M2Ho="></latexit>

|ui =
✓

0
ei�

◆

<latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="NmCJGxWOSV/B6FN6EprdHSDd9ks="></latexit>

infinite	gradient	in	that	point

What	about	another	gauge,	for	instance																																	?
✓
e�i� cos(✓/2)

sin(✓/2)

◆

<latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="TVXDMBBDZc5xmyvseFFHjzaYdRQ="></latexit>

The	south	pole	problem	has	disappeared	:	 |ui =
✓
0
1

◆

<latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="uYeZzQTdLmsG2BVoIBXSDgXra6M="></latexit>

…	but	a	problem	appears	now	at	the	north	pole	:
✓
e�i�

0

◆

<latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="LXZyPtPPVfl3ObEKQI8F5Wi4S0o="></latexit>

If	the	Bloch	sphere	is	completely	wrapped,	no	“good”	gauge	choice



75

The	Chern	is	not	always	zero,	but	it	must	be	an	integer

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

Separate	the	Brillouin	zone	in	 
two	regions	A	et	B	:région	A

région	B
• Gauge	choice	(I)	non	singular	over	A
• Gauge	choice	(II)	non	singular	over	B

|u(II)
q i = e�i�q |u(I)

q i
<latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="1TYLyAW6joMwMEAx53bj3YeIyDk="></latexit>

A(II)
q = A(I)

q +rq�q
<latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="B65zJ/ha0KtZpHVrikkFnkaMhpo="></latexit>

ZZ

ZB
⌦q d2q =

ZZ

A
⌦q d2q +

ZZ

B
⌦q d2q

<latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="F8DqR8PKaCAXT5qDGRAqsV7PjKE="></latexit>

Surface	integral	of	Berry	curvature	and	Stokes	theorem:

=

✓I

ZB
�
I

C

◆
A(I)

q · dq +

I

C
A(II)

q · dq
<latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="iIuunC6HdOLxV4jwC8GXiAwfboI="></latexit>

I

ZB
A(I)

q · dq = 0
<latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="djOhN1rfBtoP5D6d6Svm8dlMtiA="></latexit>

Periodicity	of	the	BZ:

We	are	lei	with:
ZZ

ZB
⌦q d2q =

I

C
rq�q · dq

<latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="3oc31oHne3W9URH6JAW7MOXCftg="></latexit>

=	mulAple	of	2π				Q.E.D.

C
<latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="UQBurgSSo3uKOI6JosAytLIX99o="></latexit>

contour
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Link	between	our	two	approaches

•Geometrical	approach	for	a	two-site	unit	cell

Wrapping	of	the	Bloch	sphere	when	 	spans	the	Brillouin	zoneq

non	zero	integer

•Physical	approach:	quanAzed	Hall	conductance
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="JsQbXnmuoYcA6imYObf/Aadd1RQ="></latexit>

non-zero	integer ⌦q = i h@qxu(�)
q |@qyu(�)

q i + c.c.
<latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="XD8rrnyMnT0beSx4zGy3T3MSeNQ="></latexit>

|u(�)
q i =

✓
cos(✓/2)

ei� sin(✓/2)

◆

<latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="ra3TuvPv/HiGaxGpvsPyG3+2lTY="></latexit>

n =

0

@
sin ✓ cos�
sin ✓ sin�

cos ✓

1

A

<latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="CcSH+tHsqysvpYg9KgtdNAn3C1o="></latexit>

These	are	directly	related	quanAAes:																																													and

⌦q = �1

2
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
<latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="MyaeRxLRPYGBlACldQapLA082AA="></latexit>

:	The	two	criteria	are	equivalent

� 1

4⇡

ZZ

ZB
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
d2q

<latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="He6Aaa5dOxUTqWs9/vpRBgm8Yus="></latexit>
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Chern	number	and	symmetries

Inversion	symmetry: Ŝ0  (r) =  (�r)
<latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="1ddaxvIofWdHC/c1jfswg0826Fs="></latexit>

If																										then	:	[Ŝ0, Ĥ] = 0
<latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="VXrsO+b8wTERFlBg3OJ9Rvp3EHM="></latexit>

⌦q = ⌦�q
<latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="pz95MFRFTpiGo9195WAMDTfmQdc="></latexit>

Time-reversal	symmetry: r �! r
<latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="/ZWzpgyK0lO/yWS5cu6mjCDTXzw="></latexit>

p �! �p
<latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="pT6QjSYieguJFxY+2M9zhQSiZak="></latexit>

For	a	(spinless)	wavefuncAon	: K̂0  (r) =  ⇤(r)
<latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="yV+G6ztRsFuHIfP5OKXvTA9S1AM="></latexit>

K̂0

�
eik·r

�
= e�ik·r

<latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="BtdJ+WZCjt3YYCh+X/HC89BJllo="></latexit>

If																										then	:	[K̂0, Ĥ] = 0
<latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="sr2euEVDeNEzJZY70PHvwonkhEg="></latexit>

⌦q = �⌦�q
<latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="kaH8muXhV1wxY+gAV5yAGghRdC4="></latexit>

C =
1

2⇡

ZZ
⌦q d2q = 0

<latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="ppGm2SYn8zJyHVow7YBaCkvDlKA="></latexit>

Non	topological	band

If	the	two	symmetries	are	simultaneously	present:	 ⌦q = 0
<latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="dXA31TZFJL0r04ISJQ8KbUSkbTU="></latexit>

The	anomalous	velocity	is	zero	at	any	point	of	the	Brillouin	zone
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4.	
Measurement	of	Berry	curvature		

in	a	2D	opAcal	laace

Fläschner, Rem, et al., Science 352, 1091 (2016)   [Hamburg] 
Experimental reconstruction of the Berry curvature in a Floquet Bloch band
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Local	measurement	of	Berry	curvature

Hexagonal	laace	that	is	modulated	in	Ame,	with	parameters	such	that	
the	Aght-binding	two-band	model	is	a	good	descripAon

Measure	of	⌦q
<latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fQWJIs2T4u0a+DYRLTjABTcyBaI="></latexit>

Measure	of nq : ✓q,�q
<latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="zbh0hUBa10EFQeGMQUPIF57vS8g="></latexit>

Measurement	of	the	momentum	distribuAon	of	 
atoms	in	the	lowest	band

Sudden	switch	off	of	the	laace	and	ballisAc	expansion:

|u(�)
q i =

✓
cos(✓q/2)

ei�q sin(✓q/2)

◆

<latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="HXFGAgpfNJmL2ZKnCWblqkW1l9o="></latexit>

N (q) = f(q)
��cos(✓q/2) + ei�q sin(✓q/2)

��2
<latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="tETbKm2aMVBBQ2DmCmlBoAtpZj8="></latexit>

Enveloppe	:	Wannier	funcAon	 
on	sites	A	or	B

Hauke, Lewenstein, Eckardt (2014)
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Local	measurement	of	Berry	curvature	(2)

Signal	aier	a	ballisAc	expansion:

|u(�)
q i =

✓
cos(✓q/2)

ei�q sin(✓q/2)

◆

<latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="HXFGAgpfNJmL2ZKnCWblqkW1l9o="></latexit>

N (q) = f(q)
��cos(✓q/2) + ei�q sin(✓q/2)

��2
<latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="tETbKm2aMVBBQ2DmCmlBoAtpZj8="></latexit>

= f(q) [1� sin ✓q cos�q]
<latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="cqGDfMPkSotyvtCSs9K96GMDQME="></latexit>

In	order	to	measure	separately	 	and	 		,	mulAple	step	procedure:θq ϕq

• PreparaAon	in	the	laace

• Sudden	quench:																																					for	a	duraAon	tĤ
0
q = (~!0/2) �̂z

<latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="rRmxhLTH36x0gfSbMM13ywrAXrI="></latexit>

N (q, t) = f(q) [1� sin ✓q cos(�q + !0t)]
<latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="PuJuYdTiR3IjpMxG8rawLPJoi5k="></latexit>

• BallisAc	expansion

The	measurement	of	the	Ame	evoluAon	of																			for	a	large	number		
of	points	 	in	the	Brillouin	zone	gives	access	to	 	and	 	and	thus	q θq ϕq Ωq

N (q, t)
<latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="16mxLhlV0+WwC7wCx7CYGLJ2YyY="></latexit>



Results	from	the	Hamburg	experiment

Hexagonal	laace	of	tubes

40K	atoms

N (q, t) = f(q) [1� sin ✓q cos(�q + !0t)]
<latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="PuJuYdTiR3IjpMxG8rawLPJoi5k="></latexit>

Amplitude	:	 sin ✓q
<latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="4b4UeUpfygJbupbQM7VGjgtRCXs="></latexit>

Phase	:	 �q
<latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="9o6ffqsTMk1KDXXOM9tyXgdzhFk="></latexit>

For	this	parAcular	laace:
ZZ

⌦q d2q = 0
<latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="H9+x2doYJqe+YYFQNzuEZSZAYFQ="></latexit>

Non	topological	band

Reconstructed	curvature: ⌦q = i h@qxu(�)
q |@qyu(�)

q i+ c.c. =
1

2
sin ✓ (rq�⇥rq✓) · uz

<latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="bwBFVw3NJ/GP51mP6EU75apTEuo="></latexit>

Fläschner, Rem, et al.,  
Science (2016)
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Conclusion

We	now	have	a	physical	criterion	to	characterize	the	topology	of	an	
energy	band	in	a	two-dimensional	laace

QuanAzed	Hall	conductance	for	a	uniformly	filled	band

�yx =
1

h
C

<latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="qJm8+chOB4m9wkyfgUN4yyvsPHE="></latexit>

with	 C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

Central	role	of	Berry	curvature

integer

For	a	two-site	unit	cell,	the	criterion															coincides	with	  
the	condiAon	of	full	wrapping	of	the	Bloch	sphere

C 6= 0
<latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="tdhQATPd0W8/duGc+QpaV4WqEUY="></latexit>

What	are	the	physical	models	leading		
to	such	a	wrapping?


