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Solution 5

a) We calculate the average energy < U >:
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The entropy (using the coupled mean field approximation) is:

§ = kL r(ohinrio)

= —kz ¥ P({c}) (Zl G”G’“)>

{G} Gz+1)

= —kg Z Y P(o1,...,05)(InP(0;, 0i11) — InP(0;4 1))
i=1 {o}
N—1

= —kp ) {p++(Inpiy —InP(1)) +pi_(Inp;_ —InP(1))

 4pi(np_y —InP(=1)) +p__(Inp_ —InP(~1))}

We use the identity P(+1) = p14 + p++ to obtain:
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Also the probabilities p are normalized and by symmetry p,_ = p__, so:
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we define now the variables:
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m is the average magnetization. In these variables the free energy is (1% ~ 1 in the limit of big

N):
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b) The state which minimizes the free energy is determined by the values of m and n for which the
derivative of the free energy is zero.
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From (3) and (4), we see that m = 0 for any T # 0. So the magnetization is zero at any temper-
ature 7 > 0. There is no transition phase, which is the same result as in the exact solution of
the Ising model!

We obtain:
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because 0 <n <1.
We notice that:
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and pyp =p__ =py_=p_4 = i, which indicate a perfect mixing.

At T =0, the system minimizes its energy, thatis n = 1 and m = %1 because p_ = 0.

¢) We introduce m and n into (2).
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which is the exact result of the Ising model in 1 dimension. An approximation can also give
an exact result! The mean field approximation does not give the exact answer for the Ising
model in D = 1 but taking into account one step correlations was enough to obtain the correct
result. In general we can often describe the exact behavior of a system only taking into account
correlations at a finite number of steps. This is not possible when the correlations are infinite,
as for example at the critical point.



