Quantum Field Theory

Set 24: solutions

Exercise 1

Let us consider the Lagrangian of two interacting scalar fields:
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We want to study the decay ® — ¢¢. In what follows p, will be the four-momentum of ® while p, and p, are the
four-momenta of the final particles. The differential decay width in the ® center of mass reads
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where we have used the form of the 2 body phase space for equal final particles. We only need to compute the
matrix element between the final state | f) and the initial state |¢) which is defined by

Sti = (f1S]i) = 85i +i(2m) "6 (P — po — Pe) M.

Let’s first obtain the expression for the S-matrix element from the operator equation

S = Texp (—z/_o; dt H,(t)) =K - z/: dt Hy(t) + (—i)? /_O; dt Hp(t) /_too dt' Hy(t") + ...,

where T is the time-ordering symbol (and it is defined by the previous Taylor expansion), and H is the interaction
Hamiltonian written in the interaction picture, Hy(t) = e’fot H;,,(0)e~**0!. In the Born approximation, one only
retains the first two terms in the Taylor expansion, so that
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Thus we can identify the amplitude:
(27)°0° (B — )M i = —(f1Hine (0)]3).

Let us now use the decomposition for real fields in order to compute the matrix element of the interaction
hamiltonian.

o(7,0) = / 40 ()™ + o' (7)e77) |
6(7,0) = / 42 (b + b (F)e= 7).
Therefore in the rest frame of ® (5, = 0) we have
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where we have taken only the proper terms in order to have the same number of a, af and of b, b' (only a state
with the same number of daggered and undaggered operators has non zero overlap with |0)). Making use of the
equal time commutation relations

[a(7),a'(@)] = [b(B), 0" ()] = (27)*2ped* (5 - @),

we get
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Performing all the integrations on momenta and recalling that [ d3x e—Ua—k—8)-F — 27m363(q — k— t) we finally get
(0| Hint (0) |y, 72) = A(27)*6° (e + Pv) = (Bo, e Hine (0)]0),
where the last equality holds since A is real. Therefore
(2m)°8° (P + Pe) My = —A2m)°8° (P +P.) = Mypi= -\

Finally the decay width reads
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In the last formula we have integrated over half of the phase space since the two final-state particles are identical.
Notice that the decay width goes to zero when m — M/2 which is correct because for bigger values of the final
state mass the decay is kinematically forbidden. The lifetime 7 is simply 1/T.

and in the end

Exercise 2

[P(x), d(y)] = /deko {apefipm + azeim,akeﬂm + aLe“”} = /de (e*ip(z*y) - 6”7(‘/”*9)) = D(z—y)—D(y—=x)

The function D(x) is Lorentz invariant:
D(Az) = / dQ, e~ PA2) = / Qe AP — / Qe = D(x)

where p’ = A~ !p and dQ’ = df2 is a Lorentz-invariant measure. Therefore, if (x — y)? < 0, the vector & — y can be
brought to a pure spacial form: (z —y) — z, 20 = 0. Then the original expression becomes:

[6(2), dy)] = / 10, (75— 7%) =

Let’s end up with a discussion on the meaning of the condition [¢(z), d(y)] = [¢(x),n(y)] = 0, (z — y)? < 0.
Consider a classical equation for the evolution of field ¢ (for instance, Klein-Gordon plus interactions). How do
express the notion of causality in this theory? ¢(z) is determined for every = by the equations of motions upon
fixing the initial conditions at Cauchy surface, for instance:

¢t =0,7) = do(x)

ot = 0,7) = mo(x)
Now, if one changes the these initial condition at a point x, this should not affect the value of the field at some y
such that (22 — y?) < 0, because no perturbation should propagate faster than the speed of light.

In other words:

5o(y) _ 69(y) : 2
= =0 if(zx— <0 1
ddo(x)  dmo(x) (@=-9) o
or equivalently, in the language of the Poisson brackets:

{o(y),m0(x)} = {6(y), po(x)} =0 if(x—y)* <0 (2)

After the canonical quantization {- , -} — @A[- , -] this becomes the condition on the quantum commutators.
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Exercise 3

This exercise could be solved along the lines of the previous, but since the interaction Hamiltonian has four identical
fields, and the scattering is 2 — 2, then the blind application of the above formulas rapidly becomes unfeasible.
Then we can use Wick’s theorem to evaluate the matrix element efficiently.

Recall that Wick’s theorem states

T{éd(x1) - Pp(xn)} = :|éd(x1) - d(x,) + contractions] : |

M.

where is the normal-ordering symbol, meaning that all the creation operators appear on the left, while
”contractions” is a sketchy way to indicate all the possible contractions of two fields, namely

d(x1)p(x2) = D(21 — 22),

D representing the propagator. To be concrete, let’s work out the T-ordered product of four identical scalar fields
(understood in the interaction picture), according to Wick’s theorem:

T{p(z1)p(z2)p(x3)p(za)} = :[B(z1)p(72)P(73)P(T4)
+o(z1)d(x2)P(73)P(24) + d(21)d(22)P(73)P(24) + (1) P(22)P(23)P(74)
+¢(21)p(w2)P(x3)P(24) + d(21)P(22)(23)P(4) + P(1)P(22)P(3)P(24)
I 1 I 1 I T 1 I T T 1
+o(x1)p(2)p(w3)P(24) + P(21)P(22) D(23)P(24) + P(71)P(72)P(23)P(74)] :
= d(1)p(x2)d(23)P(74) :
+D(z1 — x2) 1 p(23)P(24) : +D(21 — 23) : P(w2)P(24) : +D(T1 — 74) : P(W2)P(3) :

)+ o(
+D(x2 —x3) : ¢(x1)d(4) : +D(x2 — x4) : d(21)P(23) : +D (23 — x4) : P(21)P(22) :
+D(I1 — $2)D($3 ) + D(xl — $3)D($2 — .734) + D(Jil — .Z‘4)D(Z‘2 — 1‘3). (3)

To compute the scattering amplitude M; we need to evaluate
N [ - o A - o 4 4 - o
(PesDalT (=i [ dt Hi(t) | |Pa, Db) = =77 (Pes alT | d"x ¢™ ()P, Bb),
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Note that T(¢(x)*) = ¢(z)?*, since the four fields are evaluated at the same time z°. Nonetheless, it turns out
convenient to write the ordinary product as a time-ordered product, because the application of Wick’s theorem
on T(¢p(z)*) gives huge simplifications. We can thus use the explicit form found in equation (3).

The last line in (3) only contains C-numbers (pairs of propagators), so the contribution coming from there is non
vanishing only if initial and final state momenta are identical. This corresponds to the trivial part of the S-matrix,
so we discard it because, computing scattering amplitudes, we always look for contribution coming from nontrivial
kinematics.

If we now consider the terms with one propagator, the structure we find is

= (0la(p.)a(Fa)a’ (F)a(@)a’ (5u)a’ (7)[0),

where the terms with 2 a’s and 0 a’s or viceversa have not been written because vanishing. Moving the creation
operator to the left and the annihilation operator to the right one gets

A o< 835, — )8 (g — k)% (Fa — @) + 0% (B — $a)3(T — Pb)8° (Fa — F)
+83 (P — Pr)0% (T — a)8° (Fa — Pb) + 03(T— Do) 0> (e — K)O> (P — Fa),

in which always appears a Dirac delta involving two external momenta. So again, these pieces contribute to the
trivial part of the scattering amplitude (the nontrivial one being the one in which the incoming and outgoing
momenta are not related to each other).

The only contribution comes from the term with four uncontracted fields.

Let’s start by defining ¢+ (z) (¢~ (x)) as the component of the field associated with the creation (annihilation)



operator, and noticing that

)f) = / 49 e~ **a(F)al (7)]0) = e~ #7]0),
(ot ( / a0 € (0la(@)al (F) = (0],

where we have used the equal-time commutation relations.
Now, in terms of these components at defined frequency, one gets

(Bes al + 6(x)* ¢ [Bas o) = 6 (Pey Pal¢™ ()20 ()|, ) = 6- 2 - 2 ! Petpampain),

where we have retained only terms with 2 creators and 2 annihilators. The two factors of 2 come from commuting
¢~ (x)? at the right of af(p,)af(p) and ¢*(2)? at the left of a(p,)a(py). In fact one has

/ngqu‘a(@a(E)aT(ﬁa)aT(ﬁb) = /dQEdQ!T |:(27'r)32k0(53(]§'a — E)a((j’)aT(ﬁb) + a((j)aT(]j’a)a(E)aT (ﬁb)}
/ dQpdQy [(27r)32k0(27r)32q053(ﬁa — k)8 By, — 4) + (27)>2ko(27)>2400% (o — 7)6° (B — E)} =2

From what we have obtained here, we can deduce a set of rules to evaluate matrix elements of time-ordered
products. First of all, to obtain scattering amplitudes, one can discard all terms that lead to a Dirac delta between
two external momenta, since these will contribute to the trivial part of the S-matrix. Second, once everything is
normal-ordered, the amplitude will receive a contribution from every commutation of a ¢~ (¢™) trough a creation
(annihilation) operator.

We can better reformulate these two rules by defining

H@WD) =6~ @IF) = e o),
(Plo(x) = (ot (x) = (0],

as the contractions of fields with external states, and by stating that

e a scattering amplitude gets a vanishing contribution when not all external states are contracted with fields
(trivial part of the S-matrix),

e a scattering amplitude (for scalars) gets a contribution equal to e ~"% (e?P?) for each contraction of an initial
(final) state with momentum p' with a field ¢(z).

The latter item is the Feynman rule for external legs in coordinate space. Next time a complete set of rules
(including also internal propagators) will be provided in momentum space.

At the end of the day, one gets:
i\

S i\ ; pa—py)z .
T <pc,pd\T/d4x ¢ (@) |7, ) = d*x (41) ! PetPamPamPT = i\ (2m)*6* (pe + pa — Pa — 1)

4|
= iMyi(27)*6" (pe + Pa — Pa — Pb);
thus again Mg = —A.
From this expression it is now straightforward to deduce the total cross section which, using the standard defini-
tions, is
1 ds) A2

d = — 2 — = .
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In the last formula we have integrated on half of the phase space since the two final-state particles are identical.



