Quantum Field Theory

Set 18: solutions

Exercise 1

Let us consider the Lagrangian of a massive vector field:
1 , 1
L= FuF" + SM2A A",
from which we can compute the conjugate momentum of the field A,:
m— 95 _ _po
0 (80‘4#)

II° is vanishing, which is a consequence of the fact that the field Aj is not a dynamical variable. The only non
trivial quantities are then: ‘ ‘
= —0%A" + 9'A°.
The equations of motion following from the above Lagrangian can be divided into a set of three dynamical
equations: _ _ _ N _ o N '
0=0,F" + M?A7 = 0oFY + 0,;F"7 + M?AT = AV — &7 Ay + 0, F + M* A7,
and constraint: 1
0 2 40 i
OzauF“ +MA — AOZ—W&H,

which lets us express the non-dynamical variable as a function of the momenta. The Hamiltonian reads:
H= / de (4, — £) = / d'x (WA; - £) = / &z (~TTTL + 10, Ag — L),

where in the last step we have used the definition of II* in terms of A’. Expanding and eliminating Ay, we get
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In order to quantize this theory we need to impose a set of canonical commutation relations. Here a subtlety
arises since, because of the constraint relating Ay and the II*, we cannot impose a vanishing commutation relation
between all the A,. A correct set of commutation relation is instead:

[Ay(@, 1), TV (,1)] = i678°(F — ),

[Ai(#,1), A;(7,1)] = [IT'(Z,1), IV (7, )] = [Ao(@, 1), TV (7,1)] =0,

- . - 1 R _,
[A;(Z,t), Ao(7,t)] = {Ai(m,t), —Wamn (7,t)| = MQaZ ) 53 (Z— 7).

We can check the consistency of the above commutation relations considering the commutator of the field and the
momenta with the Hamiltonian. Notice that the commutation relations are defined at equal time but since H is
independent of time we can compute it at any time:

[H, TV(Z,t)] = —illV(Z,t) = / d3y (;F’"” [Fpn(7,1), TV (Z,)] — M2A™ [A,n (7, 1), TP (&, t)])
- / dy ( Frn [a,(;;)An(g, 1), TV (z, t)} — M2A™ [A(7,1), TV (Z, t)])

i / dy ( FOWEE — )~ MPAPE ) = iy, F™(E.1) M4 (3.1,
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[H, A;(7,)] = —i4;(7,1) = / dy (—Hi [0 (.1), 45(@,0)] + 7O 1™) |01, Ajm)})
— [ @y (3,5, )53 @ — ) + i~ (O IT™)OD6(F — ) ) = i1, (7, 8) +
= Yy 3\Y, Yy 2 \Om i y) | =i (@,
Finally taking the time derivative of the second equation and using the first we get:

Al = Tl — #aoaj(amnm) = 1V + 990" Ag = =0y, F™ — M2 A7 + 9507 Ay
— 9y Al — 9,0’ A° + 0,,, F™ + M?47 = 0.

Exercise 2

We want to compute the Noether charge associated to rotations for a massive vector field. Lorentz transformations
act as usual:
1
o't =AY~ gt 4wkt = ot — §egﬁw°‘ﬁ = ehy=— (651:,@ - 5gxa) )
Al(r) = AJA (3) = AJA, (A a) = (80 +w,)) Ay (™ — wha'®) ~ A(a)) + w) Ay () — w a8, Ay ().
Dropping the primes on z’ we have:

1 «@
A’p(x) — Ap(x) = iw BAP,QB — Ap,a,@' = (npaAB - UPBAO() + (l‘aa@ — .73,(36@) Ap.

Notice that we have defined €], ; and A, o5 without the factor 1/2. It is clear that all the definitions are equivalent,
as long as they are all consistent, however this is the choice that provides the correct normalization of the generators
of rotations: [J;, J;] = t€;;,Ji. The Noether current is then:

oL
N = A — L= —FrP L. sk
JozB 8(6MAP) AP7O¢/B Eagﬁ F Ap@ﬁ + (§axﬁ 5/31'0‘) L

= —F" (0 Ag + 2003 A,) + F* (15 Aa + 250ady) + (b5 — Fhra) L.

We can now focus on the current associated to rotations: (af) = (ij). In addition we take p = 0 in order to
obtain the charge:

Qij = /d% Jy=- (/ &z (FYA; + FO™2;0;An) — (i (—)j)) = /de(—FOiAj + Fomzi0;An) — (i < j),

where we have lowered all the indices. We finally define the three generators of rotations as:

1
Jp = §€iijij = eijk/dgl‘ (—F()iAj + F0m$iajAm).

From now on we will keep all indices down. Recalling the definition of the conjugate momenta (IT* = —F°) we
can also rewrite:

Jk = €ijk /de (HZ‘Aj — Hm .Z‘iajAm) .

One can check that this definition is correctly normalized. We now proceed and expand the above expressions in
terms of raising and lowering operators. Recall the definitions:

) = [ s oy AW = [ 3k A,
M(8) = 5 | (2B~ L (-0) + 25 (aul) — o -D) |
M) = g | () + 0L )+ 58 () + o) |



where wp = Vk? + M? and we have decomposed the operator in transverse and longitudinal pieces:

ay (k) = Pha;(k), ari(k) = Pha;(k),
Pszaijfk—;, Pl =1-p*

In the appendix we compute the expression of the angular momentum in terms of the operators a(k) explicitly.
The result has the simple form:

Ji = i€iji / dQE{ai(E)a;(E) — am (K) (k(;zj) m(E)}

The above expression is composed of two pieces, corresponding to the intrinsic spin carried by a state and the
orbital angular momentum. One can look for eigenstates of the 3rd component Js. In the reference frame in which
the particle is at rest this must correspond to the spin of the state. Let us consider the states:

al ial
B =do), 1) = (W) o).

Applying J3 yields:

al ial al ial
gk = i [ a0 {ar (R)ab ) — aa0)al 1)} (W) 0) =+ (W) 0) = +14),

J3]0) = 0.

Angular momentum in terms of creation operators

Let us start from the first piece:

€ijk / Pz 1L A,
— e [ | d?’:lg (c;k)gg L (Fo) A, () Bt
= €ijh / g;f)g g;f)zg L, (K1) A; (ko) (27)°6° (Fy + Ea) = e / di’“ I (— ) A, (F)
- / (;i];géiu (m—/;)fai@)i(al@)mi(—zz))ﬁ%(aL<fzz>fafL</;>)i(Mg)ml(,g))j

Keeping on expanding we get:
Gijk/d3$HiAj
3k i - - - - - - -
e [ o Tw [(am Ral, (=R =l (Baw; (B) + — (azi(~Fal; (=F) - o} (Ra; (k)

+ == (asi(=Ral, (=F) = @l (Byas; (B)) + (ani(~F)al,,(~F) - af,, (B, (#))]

The additional terms we haven’t written are in some case odd in k, such that eijkaLi(E)aLj(—E) or they will
cancel out with other terms coming from other pieces. We don’t need to keep track of them because all these
terms consist of two a or two at and we know a priori that they must cancel. The final expression for the Noether
charge must contain only terms linear in a and a' (it cannot mix states with different particle content) because,
since it is a conserved quantity, it commutes with the Hamiltonian, so it is diagonal in the basis of multiparticle



states |1, ..., kn) where H is diagonal.
We can finally rewrite the above expression as:

o [ s 1 [ Byl B+ 20 By B+ (42 (ans Byl )+ s B, )] @)

The second piece is:

— Eijk/d3l’ Hm ’I‘la]Am

&k Ak i N ik & iko @
€Uk/d3 / 1 )23Hm(]€1)Am(k’2)€ k1 (xiaje k2 )

3 L o
Ezjk/d3 / d3 k‘l d k?2 (kl)Am(kg)eikl'x (k%aakiez@.x)

where we have used the usual trick:
0 eikmxm _ _Z-k_jeikmxm i 0 ezkmxm = ezk mTm

Oz ’ oki

Thus, integrating over d>z we get:

f B3k . - L.
— qjk/d‘?’x Hm :cl&JAm = 7\/ ! d3k2 (kl)Am,(kQ)Eijkkgji(;?)(kl —+ kg)
(2m)? Ok,

We can integrate by parts and get:

f A3k - L. .
— Gijk/ddx Hm ;zzﬁjAm = / ! d3k2 (k1)§3(k1 + ]CQ) Eijkkgji Am(kg)
(2m)3 ks

- / (;ljr]; IL,,, (k) <€z]k/€ch;zj> A (—F).

Notice that the minus in the last equality arises by changing the order of the indices 4, 7. This time II and A are
contracted in a scalar product (but there is a differential operator in the middle). Rewriting the expressions in
terms of ladder operators will give four contributions which we consider one by one. The first one is:

/é;};g;ﬁ (aL(—E) - al(lg))m (eijkkiaakj) (cu(lg) —&—al(—lg))m = / (;ijr])fg %aLm(E) (eljkk 8?4: ) aim(E)

Recalling that a (k) = P

L a.(k)
f/ &k~ ki T(E)Jr/dgk s (Bran (R (ki o ) P,
~ ) @y ck i (@n)p 2wt Mar ) ki ) Enr

We need the following expression:

0 9 kmkr
(st ) e = (g ) (o= 557) = o

) we have:

where we must take care of the relation g;:; = —0;;. Hence, substituting this gives:
d®k —i - 0 - d*k —i - -
———a (k) €jrki—— | al (k e imkaim(B)al (K. 2
/ (27’(’)3 2’(1)(“_ ( ) <6 Jk ak]> am( ) +/ (271_)3 211}6 kL ( )aLz( ) ( )

The second contribution is:

/ (ji’; M By -y () <eijkkiffm) (as®)+al ()

This time the piece where the derivative acts on a,, is absent since we would get a P+ acting on a;, which gives

zero. Hence we only have:
9\ pi
))r (Wk ki >P

= [ M (anH - b B) (a4l
) +ay(K)) + o (a(-F) — ab () (alF) +al(-B)) |
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- (271_)3 4w w €imk
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ari(F)al, () + ai(B)al,. (k) }.
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The third contribution is:

[ e iy (2P @), (o ) (P b ),

Also here we find the piece where the derivative acts on a,, to be absent since we would get a P acting on a
which is also zero. Hence the only contribution is

= [ G i fovne (R = k) () o) }
= / (;ljr]; 4_“2} ]\12 {ka: (aJ_Z(EMTLm(E) + aL,»(E)aLm(E))} (4)

Finally, the last term:
3k —i - - 0
/(27r)3 4w (“L<_k> “TL(k))m (Wkiaka)
3k i - - 3k i
= [ G g ® (costigs ) i)+ [ 5 5

:/(;l:; 5 im( (k) (ngk ) (k) +

Collecting formulas (1),(2),(3),(4),(5), we find:
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Je = €iji / (%3 o {ah(k)% (k) + ari(k)al (k) + api(k)al (k) + aLs(k)al (k)

— (apm(K) + aim(k)) (kif’, ajn(E)}

ze”k/dﬂ { ()l (F) — am(F) <kiaakj>ain(l§)}.



