
Advanced Quantum Field Theory

Exercise 3

Consider a non-abelian gauge theory with gauge group SU(N) and Nf Dirac fermions in the fundamental of
SU(N):

L = −1
4
F aµνF

aµν +
Nf∑
i=1

ψ̄k (i 6D −mk )ψk + Lghosts + Lgauge fixing (1)

where we have defined the covariant derivative and the non-abelian field strength as

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν (2)

(Dµψ)i = ∂ψi − igAaµT aijψj (3)

Note that in the above equation the indexes i, j runs over the fundamental representation of SU(N) whereas the
index k in the Lagrangian span the Nf different representations. The quantities T aij are the generators of SU(N)
in the fundamental representation, satisfying the commutation relations:

[T a, T b] = ifabcT c (4)

and normalized such that

Tr[T aT b] =
1
2
δab , fabcfdbc =

N2 − 1
2N

δab (5)

Finally we use the gauge fixing and ghost Lagrangian

Lgauge fixing = − 1
2ξ

(∂µAaµ)2 (6)

Lghost = c̄a∂µ(Dµc)a (7)

The ghosts c̄a, ca are scalar particles with fermionic statistic (hence they anticommute) transforming in the adjoint
representation of SU(N). Their covariant derivatives reads:

(Dµc)a = ∂µc
a + gfabcAbµc

c (8)

From the above Lagrangian one can extract the Feynman rules for this theory (in the Feynman gauge ξ = 1):

Peskin and Schroeder: 

Introduction to Quantum Field Theory

Compute the 1PI two-point function of two gluon fields.
(Recall that a fermion loop and or a ghost loop has an additional (-1) factor).



Compute the 1PI of two fermionic fields (fermion self energy)

Compute the 1PI correlation functions of 2 fermions and 1gluon (vertex correction).

Express the Lagrangian in terms of renormalized fields:

Aaµ = Z
1/2
A ARaµ ψ=Z

1/2
ψ ψR (9)

and define the renormalized coupling gR by the relation

gR = Z
1/2
A Zψg − gR∆V (10)

where ∆V is the counter-term needed to cancel the divergence in the vertex containing two fermions and one
gluon:

∆L ⊃ gR∆V ψ̄R 6Aψ (11)

Find the expression of ZA , Zψ ,∆V in the MS renormalization scheme.

Compute the expression of the β function of the gauge coupling in terms of the above counter-terms. Compute
explicitly β .
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