
Quantum Field Theory

Homework Set 2

Exercise 1: Spinors

Consider a Weyl spinor transforming in the representation (1/2, 0) of the Lorentz group ψL:

x′µ = Λµνx
ν ,

ψ′L(x′) = ΛLψL(Λ−1x′),

where ΛL is the Lorentz transformation in the representation (1/2, 0). We have omitted the spinor index α for
shortness.
Identify the representation of the Lorentz group the following term belongs to:

ψ†Lσ̄
µψL.

Consider now a pair of left Weyl spinors: ψ1
L, ψ

2
L and assume they form a dublet ΨL of an additional Isospin

SU(2) symmetry (don’t confuse this SU(2) with the Lorentz Group, it’s an internal symmetry). In addition take
a single right Weyl spinor ψR which is a singlet of the SU(2) Isospin (ψR, ΨL are completely unrelated fields, they

are not obtained one from the other using ε). Note that the doublet ΨL =
(ψ1

L

ψ2
L

)
has two indices

(ΨL)aα
α = 1, 2 represents the Lorentz index
a = 1, 2 represents the Isospin index

while ψR has only the Lorentz β̇ index, and each transformation acts separately on the two indices:

Lorentz


x′µ = Λµνx

ν

(Ψ′L)aα(x′) = (ΛL) βα (ΨL)aβ(Λ−1x′)

(ψ′R)β̇(x′) = (ΛR)β̇
δ̇
(ψR)δ̇(Λ−1x′),

Isospin


x′µ = xµ

(Ψ′L)aα(x′) = Uab(ΨL)bα(x)

(ψ′R)β̇(x′) = (ψR)β̇(x).

• Identify the representation of Isospin and Lorentz group the following terms belong to:

ψ†RΨL , [(ΨL)a]†(σi)ab 6 ∂Ψb
L,

where we have suppressed the Lorentz indices and here 6 ∂ ≡ σ̄µ∂
µ. Note that in the second term the Pauli

matrix is contracted with the Isospin indices while 6 ∂ with the Lorentz ones.

Exercise 2: Yukawa coupling of the SM

Consider the following set of fields:

• an Isospin doublet of left spinors ΨL with U(1)-charge +1/6,

• an Isospin singlet right spinor uR with U(1)-charge +2/3,

• an Isospin singlet right spinor dR with U(1)-charge -1/3,

• an Isospin doublet of scalars Φ with U(1)-charge +1/2,



which have transformation properties under Lorentz, Isospin and an additional U(1) summarized in the table:

Field Lorentz SU(2) U(1)

ΨL ΛLΨL UΨL ei
1
6αΨL

uR ΛRuR uR ei
2
3αuR

dR ΛRdR dR e−i
1
3αdR

Φ Φ UΦ ei
1
2αΦ

• Show that, once we require the Lagrangian to be invariant under all the three symmetries and to contain
terms with dimension less than or equal to four, the allowed interactions between scalars and fermions are
restricted to only two terms (plus their hermitian conjugate). Find them. (We are interested only in terms
containing at least one scalar and one fermion).
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