
General Relativity Formulary

1) Differential geometry
Metric connection (Christoffel symbols)

Γαβγ ≡
1
2
gαδ (∂βgγδ + ∂γgβδ − ∂δgβγ) .

Covariant derivative

V α
;β = V α

,β + ΓαβγV
γ

Vα;β = Vα,β − ΓγαβVγ .

Riemann curvature tensor

Rαβγδ ≡ ∂γΓαβδ − ∂δΓαβγ + ΓλβδΓ
α
λγ − ΓλβγΓαδλ ,

or, with the first index lowered

Rαβγδ = gαλR
λ
βγδ

=
1
2
(
∂2
βγgαδ + ∂2

αδgβγ − ∂2
αγgβδ − ∂2

βδgαγ
)

+ gµν
(
ΓµαδΓ

ν
βγ − ΓµαγΓνβδ

)
.

Ricci tensor and Ricci scalar

Rαβ ≡ Rγαγβ , R ≡ gαβRαβ .

Bianchi identities

Rαβγδ;λ +Rαβλγ;δ +Rαβδλ;γ = 0 .

2) General Relativity
Geodesic equations

d2xα

dp2
+ Γαβγ

dxβ

dp

dxγ

dp
= 0 .

Einstein equations

Gµν = 8πGTµν ,

where Gµν is the Einstein tensor defined by

Gµν ≡ Rµν −
1
2
Rgµν ,

and Tµν is the energy-momentum tensor given by

Tµν ≡
2√
−g

δSmatter

δgµν
.

Variation of the determinant of the metric

δg = g gµν δgµν = −g gµν δgµν .

3) Energy-momentum tensor of point-particle

Tµν =
m√
−g

∫
dτ

dzµ

dτ

dzν

dτ
δ4(x− z(τ)) .

4) Schwarzschild solution

ds2 =
(

1− 2GM
r

)
dt2− 1

1− 2GM
r

dr2−r2
(
dθ2 + sin2θ dφ2

)
.

Geodesic equations for the Schwarzschild geometry
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A
φ̇2 = 0

θ̈ +
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r
ṙθ̇ − sin θ cos θφ̇2 = 0

φ̈+
2
r
ṙφ̇+ 2 cot θ θ̇φ̇ = 0,

where

B(r) = 1− 2GM
r

, A(r) = B−1(r).

Motion in the Schwarzschild metric
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Massive particle
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Massless particle (dλ = B(r)dt)
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5) Linearized theory

gµν = ηµν + hµν

R(1)
µν =

1
2

(
−�hµν + ∂λ∂µh

λ
ν + ∂λ∂νh

λ
µ − ∂µ∂νh

)
R(1) = −�h+ ∂µ∂νh

µν

Einstein equations for physical amplitudes

�h12 = 8πGT12

�h = 4πG(T22 − T11)

6) Numerical values

G = 6.67 · 10−11 m3 kg−1 s−2

c ' 3 · 108 m/s

M� ' 2 · 1030 kg, r� ' 7 · 105 km

M⊕ ' 6 · 1024 kg, r⊕ ' 6000 km
MNS ' 2M�, rNS ' 12 km


