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Comparison of Markov Chains
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1 Path method
Recall that £(f, f) = SE[f(X1) — f(X0)?] = 3, c(e)Af(e)?, where c(e) =
c(@,y) £ m(@)P(x,y), Af(e) = f(y) — F(2).

Proposition 1. Let (]5, 7, & ) be base M.C. with spectral gap 7. Suppose Vf,
Varg(f) < cVarz(f) and E(f, f) < BE(f, f), then
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Proposition 2 (V). Suppose gg; < ¢ < 00, Vx, then Vary(f) < Varz(f).

Proof.

Vary (f) + (Exf — Ezf)? = E:[(f — Ezf)?]
= 3w (@) () — Exf)?

< ey #w(@)(f(x) ~Ezf)?

= cVarz(f)



Consider L.R.W. on P; with (P, 7, &) and on C3 with (P, %,&). P = 1T +
17, where J is the matrix with all entries equal to 1. sp(P) = {1, 11 ==

W Lo

. Since c(e) = § and &(e) = 75,

£(1.1) = §(Af(@) + Af(e2)?)

E(.1) = 15 (AF(er)? + Af(e2)” + Afes)?)
< %(3Af(el) +3Af(e2)?)
(" Af(es) = Af(er) + Af(e2))

Thus, £(f, f) < 35E(f. f) = 26(f. /).
Proposition 3 (£1). Suppose that Yé = (x,y) of P, we choose path Iz =

(e1,€2,...e;),e; € P fromx toy. Let
Law = méax \Hg]

p= max Z ), capacity overload
;e

then g(f, f) < ,OLmamg(fv f)
Proof.

E(f.f) £ Z &(e)Af(8)?
< Z | > Af(e

IIz>e
< Lnan 3 0561 (1) (@)
IIz3e
§ ma:p (f f)

where the first inequality results from A f (€)% = ( > Mese Af(e))2 < el o, Af(e)?
O



Example 1. Consider L.R.W. on P, and C,, with P, P respectively. Then c(e) =

ﬁ’ 5(é) = i'

Example 2. LR.W. on P, with P. Consider P(x,y) = n(y). Then c(e) =

4(n1—2) ’ E(é) = ﬁ,

&) = m@)mly) ~ - =7 =1,E(f, f) = Vara(f)

Oy = (@,2+1..,y) = Lipaz =n

2. 1 ~
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Example 3. L.R.W. on hypercube, with P. c(e) = %2_". Consider P(x,y) =

n
7(y), €(€) = 272", Given (z,y), path is selected by flipping bits in the increas-
ing order like

rz = 0011 — 0111 — 0101 — 0100 =y

Observe that

Theorem 1. Let P be L.R.W. on edge-transitive graph G, x,y g m,d(s, ) -
graph distance. Then

1
> >
7= 2E[d?(z,y)] — 2diam(X)’

3



Proof. Let I, , be a random min-distance path in G.

2Var(f) = E[(f(X) — f(Y))Q]

< E, | Z I{e € H:c,y}Af(e)Q :

1
7171 )= )

g 4|E|
=" Af(e)’cle) - 4B Eld(x, y)I{e € I, )]

= 4E(f, HE[d*(z,y)]

4|E| (c(e)

O
Proposition 1 (£2). Let T be a set of all path on P, F : T — R, is a (P, P)-
fiow if
> F(I) = éx,y)
ILiz—y
F
B(F) = max — Z ITI|F(TT) < Lynqz max (¢)
() 2~ P elo)
= &(f, /) < BE(f, f)
Theorem 2. If P is a L.R.W. on vertex-transitive G, x,y L
0 || # d(z,y)
F(I) =
( ) { #min—}iistance ’ ni2 ’|H’ = d<x7 y)

1
then ¥ 2 g ey des(@)-

2 Continuous-time M.C.
Let {X,,} be M.C. with P, N;: Poisson process, N; ~ Pois(t), W; = XN,

Proposition4. 1. W; - M.C. process

2.
X reversible & W reversible
X irreducible = W irreducible
X m— stat = Wy m — stat



Hy(x,y) 2 Pr(Wy = y|Wo = x), Hy = /T~
Pr(W, =y) = ZPT(Wt =y, Ny =m)

= ZPr(Xm =y) Pr(Ny =m)

Theorem 3. If dpy (Py(x, ), 7) <€

1. k>%:>dTV(Ht(5Ua‘)§2€, tzk:—h/%

2. P(yay/) > o> 0, V?J and dTV(Ht(x7 ) <e= dTV(Pk(‘Ta ‘)771-)7
k>t+ O 5(V1)

Proof. 1. We know that Pr(W; € E|N; = k) =Pr(X, € E) =7n(E) + ¢

=VI>k,Pr(Wy € E|Ny=1)=n(E)+te
=Vt, Pr(W; € E|N; > k) = w(E) £,
t>k+cVk,Pr(N, > k)>1—¢
=Pr(W; € E) =7n(E) £ 2¢
2.P =01+ (1-9)Q, let {Yy} be a M.C. with Q, then

Xy = Y1,, Wi = Y, , Ly, = Bin(k, 5)

Wi — mized = Y, — mized = Xy — mized

1Hef = Erfl3 < e” | fI3. x*(vHyl[7) < e7"x*(v||m) (not 7a!).



