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1 Path method

Recall that E(f, f) = 1
2E[f(X1) − f(X0)2] =

∑
e c(e)∆f(e)2, where c(e) =

c(x, y)
∆
= π(x)P (x, y), ∆f(e) = f(y)− f(x).

Proposition 1. Let (P̃ , π̃, Ẽ) be base M.C. with spectral gap γ̃. Suppose ∀f ,
Varπ(f) ≤ cVarπ̃(f) and Ẽ(f, f) ≤ BE(f, f), then

γ = inf
f

E(f, f)

Varπ(f)
≥ 1

BC
inf
f

Ẽ(f, f)

Varπ̃(f)
=

γ̃

BC

Proposition 2 (V). Suppose π(x)
π̃(x) ≤ c <∞, ∀x, then Varπ(f) ≤ Varπ̃(f).

Proof.

Varπ(f) + (Eπf − Eπ̃f)2 = Eπ[(f − Eπ̃f)2]

=
∑
x

π(x)(f(x)− Eπ̃f)2

≤ c
∑
x

π̃(x)(f(x)− Eπ̃f)2

= cVarπ̃(f)
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Consider L.R.W. on P3 with (P, π, E) and on C3 with (P̃ , π̃, Ẽ). P̃ = 1
4I +

1
4J , where J is the matrix with all entries equal to 1. sp(P̃ ) = {1, 1

4 ,
1
4} ⇒ r̃ =

3
4 . Since c(e) = 1

8 and c̃(e) = 1
12 ,

E(f, f) =
1

8

(
∆f(e1)2 + ∆f(e2)2

)
Ẽ(f, f) =

1

12

(
∆f(e1)2 + ∆f(e2)2 + ∆f(e3)2

)
≤ 1

12

(
3∆f(e1)2 + 3∆f(e2)2

)
(
∵ ∆f(e3) = ∆f(e1) + ∆f(e2)

)
Thus, Ẽ(f, f) ≤ 3·8

12 E(f, f) = 2E(f, f).

Proposition 3 (E1). Suppose that ∀ẽ = (x, y) of P̃ , we choose path Πẽ =
(e1, e2, ...ek), ej ∈ P from x to y. Let

Lmax = max
ẽ
|Πẽ|

ρ = max
e

1

c(e)

∑
Πẽ3e

c̃(e), capacity overload

then Ẽ(f, f) ≤ ρLmaxE(f, f).

Proof.

Ẽ(f, f)
∆
=
∑
ẽ

c̃(ẽ)∆f(ẽ)2

≤
∑
ẽ

|Πẽ|
∑
Πẽ3e

∆f(e)2c̃(ẽ)

≤ Lmax
∑
e

∆f(e)2c(e)
( 1

c(e)

∑
Πẽ3e

c̃(ẽ)
)

≤ ρLmaxE(f, f)

where the first inequality results from ∆f(ẽ)2 =
(∑

Πẽ3e ∆f(e)
)2 ≤ |Πẽ|

∑
e ∆f(e)2
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Example 1. Consider L.R.W. on Pn andCn with P, P̃ respectively. Then c(e) =
1

4(n−2) , c̃(ẽ) = 1
4 .

ρ = 2× c̃(ẽ)

c(e)
≈ 2

Lmax = n

Varπ(f) = V arπ̃(f)(2± 1

n

⇒γ ≥ c

n
γ̃ =

c

n3

(
_̈
)

Example 2. L.R.W. on Pn with P . Consider P̃ (x, y) = π(y). Then c(e) =
1

4(n−2) , c̃(ẽ) = 1
4n ,

c̃(e) = π(x)π(y) ∼ 1

n2
⇒ γ̃ = 1, Ẽ(f, f) = Varπ̃(f)

Π(x,y) = (x, x+ 1..., y)⇒ Lmax = n

ρ =
n2 × 1

n2

1/n
⇒ γ ≥ γ̃

n2
=

1

n2

(
¨̂
)

Example 3. L.R.W. on hypercube, with P . c(e) = 1
2n2−n. Consider P̃ (x, y) =

π(y), c̃(ẽ) = 2−2n. Given (x, y), path is selected by flipping bits in the increas-
ing order like

x = 0011→ 0111→ 0101→ 0100 = y

Observe that

e = −t bits−
{

0
1

}
− s bits−, t+ s = n− 1.

Lmax = n,

ρ =
1

1
2n · 2−n

· 2−2n 2t 2s = n

⇒γ ≥ 1

n2

(
−̈
)

Theorem 1. Let P be L.R.W. on edge-transitive graph G, x, y i.i.d.∼ π, d(·, ·) :
graph distance. Then

γ ≥ 1

2E[d2(x, y)]
≥ 1

2diam(X )
,
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Proof. Let Πx,y be a random min-distance path in G.

2Var(f) = E[
(
f(X)− f(Y )

)2
]

≤ E|Πx,y|
∑
e

I{e ∈ Πx,y}∆f(e)2 1

4|E|
4|E|

(
c(e) =

1

4|E|
)

=
∑
e

∆f(e)2c(e) · 4|E|E[d(x, y)I{e ∈ Πx,y}]

= 4E(f, f)E[d2(x, y)]

Proposition 1 (E2). Let Γ be a set of all path on P , F : Γ → R+ is a (P, P̃ )-
flow if ∑

Π:x→y
F (Π) = c̃(x, y)

B(F ) = max
e

1

c(e)

∑
Π3e
|Π|F (Π) ≤ Lmax max

e

F (e)

c(e)

⇒ Ẽ(f, f) ≤ BE(f, f)

Theorem 2. If P is a L.R.W. on vertex-transitive G, x, y i.i.d.∼ π

F (Π) =

{
0 , |Π| 6= d(x, y)

1
#min−distance ·

1
n2 , |Π| = d(x, y)

then γ ≥ 1
2E[d2(x,y)]deg(G)

.

2 Continuous-time M.C.

Let {Xn} be M.C. with P , Nt: Poisson process, Nt ∼ Pois(t), Wt
∆
= XNt .

Proposition 4. 1. Wt - M.C. process

2.

X reversible ⇔ Wt reversible

X irreducible ⇔ Wt irreducible

X π − stat ⇔ Wt π − stat
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3.

Ht(x, y)
∆
= Pr(Wt = y|W0 = x), Ht = et(P−I)

Pr(Wt = y) =
∑
m

Pr(Wt = y,Nt = m)

=
∑
m

Pr(Xm = y) Pr(Nt = m)

Theorem 3. If dTV (Pk(x, ·), π) ≤ ε,

1. k > 2
ε ⇒ dTV (Ht(x, ·) ≤ 2ε, t ≥ k +

√
2k
ε

2. P (y, y′) ≥ δ > 0, ∀y and dTV (Ht(x, ·) ≤ ε⇒ dTV (Pk(x, ·), π),
k ≥ t+Oε,δ(

√
t)

Proof. 1. We know that Pr(Wt ∈ E|Nt = k) = Pr(Xk ∈ E) = π(E) + ε

⇒∀l ≥ k,Pr(Wt ∈ E|Nt = l) = π(E)± ε
⇒∀t,Pr(Wt ∈ E|Nt ≥ k) = π(E)± ε,

t ≥ k + cε
√
k,Pr(Nt ≥ k) ≥ 1− ε

⇒Pr(Wt ∈ E) = π(E)± 2ε

2. P = δI + (1− δ)Q, let {Yk} be a M.C. with Q, then

Xk = YLk ,Wt = YNδ̄t
, Lk = Bin(k, δ̄)

Wt −mixed⇒ Yk −mixed⇒ Xt −mixed

||Htf − Eπf ||22 ≤ e−2γt||f ||22, χ2(νHt||π) ≤ e−2γtχ2(ν||π)
(
not γa!

)
.
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