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Chapter 1

Introduction

1.1 Foreword

This is a set of lecture notes for a MS level class called “Information Theory and Signal
Processing (for Data Science)” (COM-406) at EPFL. The class was first designed for the
Fall Semester 2017.

Lausanne, Switzerland, September 2019 M. Gastpar, E. Telatar, R. Urbanke
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1.4 Lecture Schedule, Fall 2019, EPFL
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Ezercise: Review Session (Probability)
Sept 23 | Basic Information Measures Chapter 2
Sept 27
Ezercise: HW 1
Sept 30
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Oct 7 Compression and Quantization Chapter 3
Oct 11 | Compression and Quantization

Ezercise: HW 4
Oct 14 | Compression and Quantization

Oct 18 | Compression and Quantization

FExercise: HW 4
Oct 21 | Exponential families ; Max Entropy problems Chapter 4
Oct 25 | Boltzmann distribution ; Exponential families

FEzxercise: HW 3
Oct 28 | Multi-armed Bandits : Explore & Exploit Chapter 5
Nov 1 Multi-armed Bandits : UCB algorithm

FExercise: HW 5
Nov 4 Multi-armed Bandits : Converse bound

Nov 8 Multi-armed Bandits : Variations

Exercise: HW 5

Nov 11 | Distribution Estimation ; Property Testing and Estimation | Chapter 6
Nov 15 | Distribution Estimation ; Property Testing and Estimation
Ezercise: HW 7
Nov 18 | Distribution Estimation ; Property Testing and Estimation
Nov 22 | Distribution Estimation ; Property Testing and Estimation
FExercise: HW 7

Nov 25 | Information measures, Learning and Generalization Chapter 7
Nov 29 | Information measures, Learning and Generalization

Ezercise: HW 2
Dec 2 Optimum Detection and Estimation ; MMSE Chapter 8
Dec 6 Wiener Filter, LMS Adaptive Filter

FEzxercise: HW 2

Dec 9 Review Linear Algebra (SVD, Eckart—Young) ; Fourier Chapter 9
Dec 13 | Sparse Fourier ; Hilbert space perspective

FExercise: HW 6
Dec 16 | Time-Frequency ; Wavelets

Dec 20 | Wavelets ; Data-adaptive Signal Representations
Ezercise: HW 6




Chapter 2

Information Measures

2.1 Hypotbhesis testing

Consider the problem of deciding which of two hypotheses, hypothesis 0 or hypothesis 1, is
true, based on an observation U. The observation U is a random variable taking values in
an alphabet U — a finite set of K = |U| letters — and under hypothesis j it has distribution
P;. To avoid trivial cases we will assume that for each v € U both Py(u) and P;(u) are
strictly positive. Otherwise, if we observe a u with, say, Py(u) = 0, we would know for sure
that hypothesis 1 is true.

A deterministic decision rule associates to each u € U a binary value — i.e., the rule is
a function ¢ : U — {0,1} — and we decide in favor of hypothesis ¢(u) if the observation U
equals u. In general, we will allow for randomized decision rules: such a rule is characterized
by a function ¢ : U — [0, 1] that associates to each u € U a value in the interval [0, 1], that
gives the probability of deciding in favor of hypothesis 1. If our observation U equals u, we
flip a coin that comes heads with probability ¢(u) and tails with probability 1 — ¢(u), and
decide accordingly: 1 if heads, 0 if tails. We will identify a decision rule with the function
o.

In this set up there are two kinds of error: deciding 1 when the true hypothesis is 0, and
deciding 0 when the true hypothesis is 1. Letting 74 (i|j) for rule ¢ denote the probability
of deciding ¢ when the truth is j, we see that

ms(0[1) = > Piu)[1 - ¢(u)], m(110) =Y Po(u)é(w).

Given Py and Py and a positive real number n > 0, let ®,, to be the set of decision rules
¢ of the form

B 1 if Pl(u) > ’I7P0(u)
o(w) = {0 if Py(u) < nPy(u). 21)

Note that if there is no u for which P;(u) = nPy(u), the test ¢ is uniquely specified and ®,,
contains only this test.

Lemma 2.1. The rules in ®,, are minimizers of w(0|1) 4+ nm(1]0).

11
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Proof. For any rule ¢ € ®,, as a consequence of (2.1), for every u € U

Pr(u)[1 = o(w)] + nPo(u)p(u) = min{ Pr(u), nFo(u)}.

Thus for any rule ¢ € @,
76(0[1) + nme(1]0) = Zpl (w)] +nPo(u me{Pl ,nPo(u)}.

Suppose now 1 is any decision rule. The lemma follows by noting that

my(0]1) 4+ nmy (1)0) = ZPl (w)] + nPo(u ) > me{Pl ;nPo(w)}. O

Theorem 2.2. For any « € [0,1], (i) there is a rule ¢ of the form (2.1) such that 74(0|1) =
a, and (i) for any decision rule 1 either my(0|1) > m4(0[1) or my(1]0) > my(1]0).

Proof. Assertion (ii) follows from the lemma above: a ¢ that violates both the inequalities
would contradict the lemma. It thus suffices to prove (i), the existence of a rule ¢ of
the form (2.1) with 74(0[1) = a. To that end, define L(u) = Pi(u)/Py(u), and label the
elements of U as U = {uy,...,ux} such that L(u;) > L(ug) > --- > L(uk). Now define,
a; = Z;lel(uj) for i =0,...,K. We then have 0 = a9 < a1 < --- < ag = 1. Given
0<a<l,wecanfind1 <i < K for which a;—; < 1—a < a;, so that 1—a = (1—p)a;—1+pa;
for some p € [0, 1]. Then, the rule

1 ue{ul,...,ui,l}
Pu)=qp u=u
0 ue{uiﬂ,...,u;{}

is of the form (2.1) with n = L(u;), and m4(0[1) = a. O

Rules of the form (2.1) are based on a likelihood ratio test: they compare the likelihood
ratio Py (u)/Py(u) to a threshold n to make a decision. If the likelihood ratio is larger than
the threshold, decide 1; if less, decide 0. Equivalently one may compare the log likelihood
ratio, log(Py(u)/Py(u)) to the threshold logn.

The theorem stated just above shows the dominant nature of likelihood ratio tests in
making decisions: given any decision rule ¥, we can find a (log) likelihood ratio test ¢ which
is ‘as good or better’ — in the sense that the two error probabilities satisfy m4(0]1) < 7y (0[1)
and 74(1]0) < 7y (10).

2.1.1 Hypothesis testing with repeated independent observations

Suppose now that we make repeated independent observations of U. That is, we observe
a sequence Uj, ..., U, of independent and identically distributed (i.i.d.) random variables,
with common distribution P; under hypothesis ¢, for ¢ = 0, 1.
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The log likelihood ratio tests for this scenario are of the form

1 An(ul,...,un) >1
P(ut, ... un) =
0 Ap(ug,...,up) <t
where .
1 Pl(ul)
A o =— 1
n(ub 7un) n ; Og PO('U;@)
is the normalized log likelihood ratio for the observation w1, ..., uy,.

If hypothesis 0 is true, then Uy, ..., U, are i.i.d. random variables with distribution P,
and, by the law of large numbers

P1 (u)
Py(u)

Ap(Ur,...,Uy) — Ey [log ;1]253] = ZP()(’LL) log

as n gets large. In the expression above, the subscript 0 to the expectation operator indicates
that the expectation is taken with the distribution of the U;’s given by Fy. Similarly, if
hypothesis 1 is true,

P1 (u)
Po(u)

A (UL,...,U,) — By [log gggﬂ = " Pi(u)log

as n gets large.

In the following section we will show that for any two probability distributions P and
@ on an alphabet U, the quantity D(P||Q) = ), P(u)log[P(u)/Q(u)] is non-negative, and
equals zero if and only if P = Q.

Thus, as n gets large A, (U, ...,U,) concentrates around —D(Fp||P;) < 0 under hy-
pothesis 0 and, concentrates around D(P;|Py) > 0 under hypothesis 1. One expects that
the threshold ¢ will be chosen to lie between —D(Fy||P1) and D(P1||Pp) so that under either
hypothesis, making a wrong decision becomes a large deviations event — an event that the
empirical average of a collection of i.i.d. random variables deviates significantly from its
expected value.

We will shortly see that D(-|-) plays a central role in estimating the probabilities of
large deviation events.

2.2 Large deviations via types

Let IT := II(U) denote the set of all probability distributions on 4. With K = |[U|, we can
identify IT with the simplez in REX: the set of all (p1,...,px) € RE with >, p = 1, and
pr = 0.

Definition 2.1. For P and @ in II, we call D(P||Q) = >_,, P(u)log[P(u)/Q(u)] the diver-
gence of P from Q.

In the sum above, we skip the terms with P(u) = 0, and we set D(P||Q) = +oo if there
is a u for which P(u) > 0 and Q(u) = 0.
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Definition 2.2. Given two alphabets U and V, a probability kernel from U to V is a matrix
W = [W(v|u) : w €U, v € V] such that W (v|u) > 0, and for each u € U, >, W(v|u) = 1.
We will write W : U — V to indicate that W is such a kernel. The set of probability kernels
describes all possible conditional probabilities on V, conditional on elements of U.

Lemma 2.3. Given P and Q in II(U) and W : U — V, let P(v) =3, P(w)W(v|u) and
Qv) =>_,Q(u)W(v|u). Then P and Q are in II(V), and

D(P||Q) < D(P|Q).
The inequality is strict, unless Q(u)/P(u) = Q(v)/P(v) for all u,v with P(u)W (v|u) > 0.

Proof. That P and Q are probability distributions is an easy consequence of W being a
probability kernel. To prove the claimed inequality between the divergences let us first
show that log is a strictly concave function. l.e., for any non-negative Ay, ..., Ax for which
> r A =1, and any positive z1,..., 2k, we have, with £ = >, Mgy,

Z A logx, <logz,
k

and equality happens if and only if for all £ with A\ > 0, we have x; = Z. It suffices to
prove this statement with In instead of log. To that end, first note that with f(x) = Inx we
have f/'(r) = 1/x and f"(x) = —1/2% < 0. Thus, Taylor expansion of Inx around 1 yields
Inz = (z—1) — (z — 1)2/(2¢2) for some ¢ between 1 and x, and we see that Inz < x — 1,
with equality if and only if x = 1. Consequently

Z)\klnxk —Inz = Z)\kln[xk/i] < Z)\k[xk/i— 1] =1-1=0,
k k k

with the inequality being strict if there is a k for which A; > 0 and xy # =
Having thus proved the strict concavity of log, now observe (with P(u)W (v|u)’s cast in
the role of \;’s) that

DIPIQ) - D(PIQ) = 3= P(o)log 5115~ 3~ Pl o

Q(v) " Q(u)
= Wl o 28 _ ; W (o]u) P(u) lo SEZ;
= ; W (v]u)P(u) log g Egggg
< log [; W(Uyu)W] = log [Z 15(1))] = 0. O
Corollary 2.4. D(P||Q) > 0 with equality if and only if P = Q.

Proof. Take V = {0} and set W (0|u) = 1. Then P(0) = Q(0) =1 and D(P||Q) =0. O
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Corollary 2.5. D(P||Q) is a convex function of the pair (P, Q).

Proof. Suppose Py, Qo, P1, Q1 are in II(U/) and suppose 0 < A < 1. We need to show that
D((1 =N Po+AP1[[(1 = N)Qo + AQ1) < (1= A)D(Po||Qo) + AD(P1Q1).

To that end consider the distributions P and @ on the set {0,1} x U with

(1=XN)Qo(u) ifz=0

P(z,u) = (I=XNPy(u) ifz=0
N AQ1(u) if 2 =1,

AP (u) oo, 04 QW= {

Consider also the channel W : {0,1} x U — U with W(u/|(z,u)) = 1{v/ = u}. It is easily
checked that D(P||Q) = (1 — A\)D(FPy||Qo) + AD(P1]|Q1) and also that

P=(1-MNPy+AP, and Q= (1—-XNQo+ \Q1.
The conclusion now follows from Lemma 2.3. OJ

Definition 2.3. For P in II, we call H(P) =), P(u)log[1/P(u)] the entropy of P.

Lemma 2.6. 0 < H(P) < log|U|, with equality on the left if and only if there is a uy € U
with P(ug) = 1, and equality on the right if and only if P is the uniform distribution on U.

Proof. The non-negativity of H(P) follows from P(u) > 0 and log[1/P(u)] > 0, so that each
term in the sum defining H(P) is non-negative. Moreover, the sum equals zero only if each
term is zero, which yields the condition for H(P) to equal 0. The right hand side inequality
and the condition for equality follows from noting that log [U{/| — H(P) = D(P||unify;) where
unify, is the uniform distribution on ¢ with unify,(u) = 1/|U]|. O

Notation. We will use ™ as a short-hand to denote the sequence (x1,...,Ty).

Notation. For P € II, we will let P™ denote the distribution of the i.i.d. sequence U™, each
U; with distribution P. Le., P"(u™) = [[i—; P(u;).

Any empirical average based on a sequence (ui,...,u,) — a quantity of the form
LS, f(u;) for some function f : Y — R — depends on u" = (uq,...,u,) only via
its empirical distribution:

Definition 2.4. The empirical distribution (also called the type) of a sequence u™ € U™ is
the probability distribution P on U/ defined by

P(u) = %X:Il{uZ =u}, uel.

i=1

We will also write P = Py to emphasize that P is the type of the sequence u".
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With P denoting the type of u”, observe that LS f(w) equals 3, P(u)f(u). As a
particular case A, (u™) is an empirical average with f(u) = log[Pj(u)/Po(u)].

Furthermore, if U™ = (Uy,...,U,) is a collection of i.i.d. random variables with common
distribution P, then Pr(U" = u™) = P"(u"), and

logP" ) ZlogP u;) Zpun Ylog P(u) = —H(Pyn) — D(Pyn||P).

We state this formally as:

Lemma 2.7. For P € Il and Q denoting the type of u™, P"(u") = exp[—n(D(Q|P) +
H(Q))].

The set of types of sequences of length n form a subset II,, of II:
II,, = {P € II : nP(u) is an integer for all u € U}.

Lemma 2.8. With K = |U|, we have |II,,| = ("}Ile) <(n+1)K

So, even though the number of sequences of length n is exponential in n, the number of
types is only polynomial in n.

Proof. Without loss of generality, let &/ = {1,..., K'}. An element P of II,, can be identified
with a K-tuple of non-negative integers (nq,...,ng) that sum to n via n; = nP(i). But
the set of such integers are in one-to-one correspondence with set of binary sequences that
contain exactly n ones and K —1 zeros: with 1™ denoting a repetition of m 1’s, (nq,...,ng)
is identified with the sequence 1"101"20...01™K. This yields the size of II,, as the binomial
coefficient. The upper bound on |II,| follows from noting that each n; can take on n + 1
possible values (0 up to n). O

Remark. It should be clear that U,soll,, is dense in II. Indeed, for any P € II we can
find P, € II, with |[|P, — P|lsx := max,|P(u) — P,(u)| < 1/n. To see this, suppose

= {1,...,K}, and let nP(i) = n; + f; with n; = [nP(i)] and 0 < f; < 1. Since
> ;nP(i) =n, the sum r =) . f; is an integer between 0 and K —1. Assume f; > --- > fg
and define P, by nP,(i) = n; + 1{i < r}. One can check that ||P, — Pllc < %% and
||Pn_PH1 < %

Definition 2.5. For Q € II,, (i), define T"(Q) = {u™ € U™ : Pyn = Q}, i.e., the set of all
sequences of length n with type Q.

For Q € I, the set T™(Q) is the set of all sequences of length n with exactly n, = nQ(u)
occurrences of the letter u € Y. Thus, with & = {1,..., K},

n n!
Tl = <nQ<1> ncz(m) = LG

Lemma 2.9. For P €11, Q € II,, we have P"(T"(Q)) < P"(T"(P)), with equality if and
only if Q = P.
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Proof. We had already noted in Lemma 2.7 that the value of P"(u") is determined by the
type of u™ and is thus constant over the set T"(Q); let ¢(P, Q) denote this constant. Thus,
PYT™(Q)) = [T™(Q)Ie(P, Q):

The lemma states that P is a global maximizer of @ € II,, — P*(T™(Q)). We will
prove the lemma by showing that any () # P cannot even be a local maximizer. Let
U=1{1,...,K}, let n = nP(k) and my = nQ(k), and suppose @) # P. We may assume
that for any k with ny = 0 we have my = 0: otherwise ¢(P, Q) = 0 and clearly @ is not a
maximizer.

Since ), my and ), ny are both equal to n, and @ # P, there will be indices ki and
ko such that my, > ng, and my, < ng,. (By the assumption above ng, > 0.) Assume,
without loss of generality, that k; = 1 and ks = 2. Consider now the type Q for which
nQ(1) = my — 1, nQ(2) = mg + 1, and nQ(k) = my, for k > 2. Observe that for any

um € T(Q) and " € T"(0),

Thus, ) }
PYIMQ)) _ [T"(Q)ln _mi my
Pr(I™Q)  1T™@Q)ln1  mima+1

But m; > n; and ny > mo + 1. Thus P*(T™(Q)) > P"(T™(Q)), so @ is not a global
maximum. U

Corollary 2.10. For P € II,,, |II,,|~! < PY(T"(P)) < 1.

Proof. The right hand inequality is trivial. For the left, note that the collection {T™(Q) :
Q €11, } is a partition of U™ into disjoint sets. (A given sequence u™ has one, and exactly
one, type P,n.) Consequently

L= Y PYTQ) < Y PYT"(P))=|IL|P"(T"(P)). O
Qell, QEeIl,
Corollary 2.11. For P € Il,,, |IL,| L exp(nH (P)) < |T"(P)| < exp(nH(P)).
Proof. By Lemma 2.7, for v € T"(P), P"(u") = exp(—nH(P)). The conclusion follows
from the previous corollary by noting that P™"(T"(P)) = |T™(P)|exp(—nH (P)). O
Lemma 2.12. For P € I, Q € I1,,, |I,| "t exp(—nD(Q||P)) < P (T™(Q)) < exp(—nD(Q||P)).

Proof. By Lemma 2.7, for u™ € T™(Q), P™(u") = exp|—n(H(Q) + D(Q||P))]. Using Corol-
lary 2.11 to bound the size of T™(Q) yields the bounds on P™"(7T"(Q)). Note that just as in
Lemma 2.7, P is assumed to be in II, not necessarily in II,,. O

Theorem 2.13. Suppose U1, Us, ... is an i.i.d. sequence of random variables with common
distribution P. Let P, denote the type of U™. Suppose A C 11 is a set of distributions with
G C AC F with G open and F closed. Then

1 - 1 .
. < liminf & <1 1 < _mi .
C5r€1fGD(QHP) < hnrgl.gf - log Pr(P, € A) < hzn_)sip - log Pr(P, € A) < i D(Q||P)
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If A is such that its closure is equal to the closure of its interior, then,

1 ~
lim —logPr(P, € A) = — inf D(Q||P).
im —log (P, € A) Jnf, (QIP)

n—o0

Proof. The last claim follows from setting F' to be the closure of A and G to be the interior
of A. It thus suffices the prove the upper and lower bounds.
For the upper bound, let D, = minger D(Q||P). Note that

Pr(Bued) = Y Pr(B=Q = Y. PNIMQ)< Y. exp(—nD(QP)).

QEANIL, QEANIL,, QEANIL,,

Since each term in the sum is upper bounded by exp(—nD,), and since there are at most
IIL,,| terms,

1 A 1
—logPr(P, € A) < —D, + —log |11,
n n

and the upper bound follows by noting that lim,, %log IIL,,| = 0.

For the lower bound, let D* = infgecq D(Q||P), fix € > 0 and find @y € G with
D(Qo||P) < D* + €. Since G is open and @ — D(Q||P) is continuous, we can find § =
d(e,Qo) > 0 such that whenever @ satisfies ||Q — Qollo < 6§, we will have (i) @ € G,
and (i) |D(Q||P) — D(Qol||P)| < e. By Remark 2.2, for n > 1/§, we can find @, € II,
such that ||@Qn — Qollec < 0. Consequently, such a @, belongs to G (and thus to A), and
D(Qn||P) < D* + 2¢. So, for n > 1/§ and sufficiently large to ensure that < log [II,,| < e,

1 - 1 - 1
—logPr(P, € A) > —log Pr(P, = Q) > ——log|IL,| — D(Qy||P) > —D* — 3e.
n n n
As ¢ > 0 is arbitrary, the lower bound follows. ]

2.2.1 Example

Consider the setting of hypothesis testing with repeated independent observations. Let
f(u) =log[Pi(u)/Po(u)], and define A = {Q € I : > Q(u)f(u) > t}, and B ={Q € II:
> u Q(u) f(u) < t}. With these, the events

{P,e A} and {P, e B}

are exactly the events {A,(Uy,...,U,) > t} and {A,(Ui,...,U,) < t}. Furthermore, A
and B are both equal to the closure of their interiors. Thus,

Do = min D(Q|| P, d D = min D(Q||P
0 = in (Q|Py) an 1= min Q[ P1)

are the exponents of the rates of decay of the two error probabilities. For the ‘interesting
case’ when —D(Py||P1) < t < D(P1||Py), we see that Py ¢ A and P; ¢ B. Consequently,
both Dy and D, are positive.
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One can guess the form of the minimizers by forming the Lagrangians Jy and J; for the
minimization problems with Lagrange multiplier s. For the first minimization this gives

P1 (u)
og Po(u) .

Notice that Jo(Q, s) = D(Q||Ps) — log Z(s) where Z(s) = >, Py(u)' 5P (u)® and Py(u) =
Po(u)'=*Py(u)*/Z(s). Thus, Ps is the minimizer for Jy(-,s), and this suggests that the
minimizer for Dy will be among {P; : s € R}. The same conclusion holds for the minimizer
for Dl.

One might guess that one should choose s = s* so that Q = Ps« is on the boundary of
A and B, i.e., to find the s for which ), Ps(u)log[Pi(u)/Po(u)] =t. As s ranges from 0 to
1, >, Ps(u)log[Pi(u)/ Py(u)] ranges from —D(FPy||P1) to D(P1||Fy), so we see that s* will
be in the open interval (0, 1).

Having made our guess, let us now verify that Q* = P, is indeed the minimizer for
finding Dy. First observe that

Jo(Q,8) = D(Q|Po) — s> Q(u)]

Qw _ ., P
Fo(u) " Py(w)

so that D(Q*||Py) = s*t —log Z(s*). On the other hand, for any Q € A,

log —log Z(s"),

S Q) log ?30((;‘)) > 5t —log Z(s") = D(Q"| Po).

Thus

Q(u)

D(Q||Ry) = ZQ %8 By = PQIQ)+ ZQ )log
verifying that Q* minimizes D(Q||Py) among all Q in A, and Dy = D(Q*||Py). An analogous
computation shows that for the same Q*, and any @ in B we have D(Q||P1) > D(Q*||P1).

If we summarize the conclusions above parametrically in 0 < s < 1, we get

Q" (u
Polu) =

~—

D(Q* | Po),

Po=DIR|IR). Dy=D(RIR), =3 Ri) ;

As s changes from 0 to 1, it is easy to check that Dy increases from 0 to D(P;||Fp), and
D, decreases from D(Py||P1) to 0. One natural choice for s (and thus the threshold t) is
the choice that makes Dy = D; so that min{ Dy, D;} is as large as possible.

2.3 Problems

Problem 2.1 (Random Variables). Let X and Y be discrete random variables defined on
some probability space with a joint pmf pxy (z,y). Let a,b € R be fixed.
(a) Prove that E[aX + bY] = aE[X] + bE[Y']. Do not assume independence.
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(b) Prove that if X and Y are independent random variables, then E[X - Y] = E[X]-E[Y].

(c) Assume that X and Y are not independent. Find an example where E[X - Y] #
E[X] - E[Y], and another example where E[X - Y| = E[X] - E[Y].

(d) Prove that if X and Y are independent, then they are also uncorrelated, i.e.,

Cov(X,Y) == E[(X — E[X])(Y — E[Y])] = 0. (2.2)

(e) Find an example where X and Y are uncorrelated but dependent.

(f) Assume that X and Y are uncorrelated and let 03 and o be the variances of X
and Y, respectively. Find the variance of aX + bY and express it in terms of ag(, 032,, a,b.
Hint: First show that Cov(X,Y) = E[X - Y] — E[X] - E[Y].

Problem 2.2 (Gaussian Random Variables). A random variable X with probability density
function
1 _ (ac—m)2

px(z) = We 202 (2.3)

is called a Gaussian random variable.

(a) Explicitly calculate the mean E[X], the second moment E[X?], and the variance
Var[X] of the random variable X.

(b) Let us now consider events of the following kind:

P(X < a). (2.4)

Unfortunately for Gaussian random variables this cannot be calculated in closed form.
Instead, we will rewrite it in terms of the standard Q-function:

Qz) = ; \/ﬂe T du (2.5)
Express P(X < ) in terms of the Q-function and the parameters m and o2 of the Gaussian
pdf.

Like we said, the Q-function cannot be calculated in closed form. Therefore, it is
important to have bounds on the Q-function. In the next 3 subproblems, you derive the
most important of these bounds, learning some very general and powerful tools along the
way:

(c¢) Derive the Markov inequality, which says that for any non-negative random variable
X and positive a, we have

E[X]

(d) Use the Markov inequality to derive the Chernoff bound: the probability that a real
random variable Z exceeds b is given by

P(X >a) <

(2.6)

P(Z >0b) <E[e?7Y],  s>0. (2.7)
(e) Use the Chernoff bound to show that

22

Q(z)<e 2 forz>0. (2.8)
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Problem 2.3 (Moment Generating Function). In the class we had considered the logarith-
mic moment generating function

$(s) := In Elexp(sX)] anp r) exp(sz)

of a real-valued random variable X taking values on a finite set, and showed that ¢/(s) =
E[X;] where X, is a random variable taking the same values as X but with probabilities

ps(x) := p(z) exp(sx) exp(—a(s)).

(a) Show that
¢'(s) = Var(X,) := B[X?] - E[X,]?
and conclude that ¢”(s) > 0 and the inequality is strict except when X is determin-
istic.

(b) Let Zmin := min{x : p(x) > 0} and zpax := max{z : p(x) > 0} be the smallest and
largest values X takes. Show that

lim ¢'(s) = Tmin, and lim ¢'(s) = Tmax-
S§——00 §—00

Problem 2.4 (Divergence and L;). Suppose p and ¢ are two probability mass functions
on a finite set U. (Le., for all w € U, p(u) > 0 and } -, p(u) = 1; similarly for q.)

(a) Show that the L; distance |[p — ¢||1 := >, [P(u) — q(u)| between p and ¢ satisfies
— =2 _
lp =gl = 2 max p(S) —a(S)

with p(S) = > ,csp(u) (and similarly for ¢), and the maximum is taken over all
subsets S of U.

For a and 3 in [0, 1], define the function da(a||B) := alog § + (1 — ) log 1= 1=3- Note that
da (]| 8) is the divergence of the distribution («, 1 — «) from the distribution (8,1 — ).

(b) Show that the first and second derivatives of dy with respect to its first argument o

satisfy d5(3]|8) = 0 and dj(«||8) = loge) > 4loge.

(c) By Taylor’s theorem conclude that
dz(al|B) = 2(log e) (a — §)*.

(d) Show that for any S C U
D(pllg) = da2(p(S)lla(S))

[Hint: use the data processing theorem for divergence.]

(e) Combine (a), (c) and (d) to conclude that

loge

D(pllq) > “5<|lp — q||7.
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(f) Show, by example, that D(p||q) can be +o00 even when ||p — ¢||1 is arbitrarily small.
[Hint: considering & = {0, 1} is sufficient.] Consequently, there is no generally valid
inequality that upper bounds D(pl|q) in terms of ||p — ¢l|1.

Problem 2.5 (Other Divergences). Suppose f is a convex function defined on (0, co) with
f(1) = 0. Define the f-divergence of a distribution p from a distribution ¢ as

De(pllg) =" q(w) f(p(u)/q(w)).

u

In the sum above we take f(0) := lim;—o f(¢), 0f(0/0) := 0, and 0f(a/0) := lim;_,o tf(a/t) =
alimy_otf(1/t).

(a) Show that for any non-negative a1, ag, b1, be and with A = a; + a2, B = by + ba,

bif(a1/b1) + b2 f(az/b2) > Bf(A/B);

and that in general, for any non-negative a1,...,ax, b1,...,by, and A =), a;, B =
>, bi, we have

> bif(ai/bi) > Bf(A/B).
[Hint: since f is convex, for any A € [0,1] and any 21,22 > 0 Af(z1) + (1 —\) f(x2) >
f(Az1 4+ (1 — AN)x2); consider A\ = b;/B.]
(b) Show that D¢ (pllq) > 0.

(c) Show that Dy satisfies the data processing inequality: for any transition probability
kernel W (v|u) from U to V, and any two distributions p and g on U

Dy(plla) = Dy (pllq)

where p and ¢ are probability distributions on V defined via p(v) := 3", W (v|u)p(u),
and G(v) := 32, W(v|u)q(u),

(d) Show that each of the following are f-divergences.

i. D(pllq) :=>_,p(u)log(p(u)/q(u)). [Warning: log is not the right choice for f.]
R(pllg) := D(qllp)-

i, 1=, vp(u)g(u)

iv. [Ip =gl

Vo 2u(p(u) — q(u)?/q(u)

Problem 2.6 (Entropy and pairwise independence). Suppose X, Y, Z are pairwise inde-
pendent fair flips, i.e., [(X;Y)=I1(Y;2)=1(Z;X) = 0.

—
—-

(a) What is H(X,Y)?
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(b) Give a lower bound to the value of H(X,Y, Z).
(c) Give an example that achieves this bound.

Problem 2.7 (Generating fair coin flips from biased coins). Suppose Xi, Xo,... are the
outcomes of independent flips of a biased coin. Let Pr(X; = 1) =p, Pr(X; =0) =1 —p,
with p unknown. By processing this sequence we would like to obtain a sequence Z1, Zo, ...
of fair coin flips.

Consider the following method: We process the X sequence in sucssive pairs, (X;X53),
(X3X4), (X5X6), mapping (01) to 0, (10) to 1, and the other outcomes (00) and (11) to the
empty string. After processing X1, Xo, we will obtain either nothing, or a bit Z;.

(a) Show that, if a bit is obtained, it is fair, i.e., Pr(Z; = 0) =Pr(Z; =1) = 1/2.

In general we can process the X sequence in successive n-tuples via a function f :
{0,1}" — {0,1}* where {0, 1}* denote the set of all finite length binary sequences (including
the empty string A). [The case in (a) is the function f(00) = f(11) = A, f(01) = 0,
f(10) = 1. The function f is chosen such that (Z1,...,Zk) = f(Xy,...,X,) are i.i.d., and
fair (here K may depend on (X7i,...,Xk).

(b) With he(p) = —plogp — (1 — p) log(1 — p), prove the following chain of (in)equalities.

nha(p) = H(X1,...,X,)
>H(Zy,...,Zk,K)
=H(K)+H(Z...,Zk|K)
= H(K) + E[K]
> E[K]
Consequently, on the average no more than nha(p) fair bits can be obtained from

(X1,...,X5).
(c¢) Find a good f for n = 4.

Problem 2.8 (Extremal characterization for Rényi entropy). Given s > 0, and a random
variable U taking values in U, with probabilitis p(u), consider the distribution ps(u) =

p(u)*/Z(s) with Z(s) = 32, p(u)°.
(a) Show that for any distribution ¢ on U,

(1—s)H(q) — sD(qllp) = —D(qllps) + log Z(s).

(b) Given s and p, conclude that the left hand side above is maximized by the choice by
q = ps with the value log Z(s),

The quantity

1 1 .
Hy(p) = 1 log Z(s) = T—log Y p(u)

is known as the Rényi entropy of order s of the random variable U. When convenient, we
will also write Hs(U) instead of H(p).



24 Chapter 2.

(c) Show that if U and V are independent random variables
Hy(UV) := Hs(U) + Hs(V).

[Here UV denotes the pair formed by the two random variables — not their product.
E.g., ifid ={0,1} and V = {a, b}, UV takes values in {0a, 0b, 1a, 1b}.]

Problem 2.9 (Guessing and Rényi entropy). Suppose X is a random variable taking values
K values {ai,...,ax} with p; = Pr{X = a;}. We wish to guess X by asking a sequence of
binary questions of the type ‘Is X = a;7’ until we are answered ‘yes’. (Think of guessing a
password).

A guessing strategy is an ordering of the K possible values of X; we first ask if X is the
first value; then if it is the second value, etc. Thus the strategy is described by a function
G(z) € {1,..., K} that gives the position (first, second, ... Kth) of x in the ordering. I.e.,
when X = z, we ask G(x) questions to guess the value of X. Call G the guessing function
of the strategy.

For the rest of the problem suppose p1 > py > -+ > pk.

(a) Show that for any guessing function G, the probability of asking fewer than i questions

Pr(G(X) <i) <) pj
j=1

and equality holds for the guessing function G* with G*(a;) =i,i =1,..., K; this is
the strategy that first guesses the most probable value a1, then the next most probable

satisfies

value as, etc.

(b) Show that for any increasing function f: {1,..., K} — R, E[f(G(X))] is minimized
by choosing G = G*. [Hint: E[f(G(X))] = 32K, f(i) Pr(G = i). Write Pr(G =) =
Pr(G < i) — Pr(G < i—1), to write the expectation in terms of >, [f(i) — f(i +
1)]Pr(G < i), and use (a).]

(¢) For any i and s > 0 prove the inequalities

i< Z (pi/pi)* < _(pj/pi)°
j
(d) For any p > 0, show that
p
Pl (Sa ) (Sn)
J

for any s > 0. [Hint: write E[G*(X)?] = >, psi”, and use (c) to upper bound ”]

(e) By a choosing s carefully, show that

11 14p
E[G* (X)) < (Zp/ ( *”) = exp[pH /(140)(X)]-

i
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(f) Suppose Uy, ...,U, are ii.d., each with distribution p, and X = (Uy,...,U,). (Le.,
we are trying to guess a password that is made of n independently chosen letters.)
Show that

1 .

[Hint: first observe that H,(X) = nHq(U1). In other words, the p-th moment of the
number of guesses grows exponentially in n with a rate upper bounded by in terms of
the Rényi entropy of the letters.

It is possible a lower bound to E[G(U7, ..., U,)?] that establishes that the exponential
upper bound we found here is asympototically tight.

Problem 2.10 (Gaussian variance estimation). Consider esimating the mean p and vari-
ance o2 from n independent samples (X71,..., X,) of a Gaussian with this mean and vari-
ance.

(a) Show that X = 15" | X; is an unbiased estimator of p.

(b) Show that

is a biased estimator of o2 whereas

1 _
5371 = 1 Z(Xz - X)2

n

is an unbiased estimator of o2.

(c) Show that S2 has a lower mean squared error than S2_;. Thus it is possible that a
biased estimator may be better than an unbiased one.
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Chapter 3

Compression and Quantization

3.1 Data compression

Notation. Given a set A we denote by A* the set of all finite sequences {(a1,...,ay) :
n > 0,a; € A} (including the null sequence \ of length 0). In particular {0,1}* =
{\,0,1,00,01,10,11,000,... }.

Consider the problem of assigning binary sequences (also called binary strings) to ele-
ments of a finite set . Such an assignment ¢ : U — {0,1}* is called a binary code for the
set U. The binary string c¢(u) is called the codeword for u. The collection {c(u) : u € U} is
thus the set of codewords.

Definition 3.1. A code c is called injective if for all u # v we have c(u) # c(v).

Definition 3.2. A code c is called prefiz-free if ¢(u) is not a prefix of ¢(v) for all u # v. In
particular, if ¢ is prefix-free then c is injective. (To be clear: a string a; ...a,, is a prefix of
a string by ...b, if m < n and a; = b; for ¢ = 1,...,m. Thus, the null string is a prefix of
any string, and each string is a prefix of itself.)

Lemma 3.1. Suppose c: U — {0,1}* is injective. Then, 3", 271n9th(e(w) < log, (1 + [U|).

Proof. Without loss of generality, we can assume that whenever k = length(c(u)) for some
u, then for every binary string b of length ¢ < k there is a v with b = ¢(v). (Otherwise, there
is a b with length(b) < k which is not a codeword, and replacing c¢(u) with b will preserve
the injectiveness of ¢ and increase the left hand side of the inequality.)

For such a code ¢, with k denoting the length of the longest codeword, the set of
codewords is the union of Uf:_ol {0, 1} with a non-empty subset of {0, 1}*. With 1 < r < 2F
denoting the cardinality of this last subset, we have [U| = 2% — 147 and 3, 27 lensth(e(w) =
k+r27% As logy(1 + [U|) = k + logy(1 4+ 727%) and 0 < r27% < 1, all we need to show
is z <logy(l + ) for 0 < = < 1. As equality obtains for x = 0 and x = 1, the inequality
follows from the concavity of log. O

Lemma 3.2. Suppose ¢ : U — {0,1}* is prefiz-free. Then, ), 9~ length(c(w)) < 1. Con-
versely, if £ : U — {0,1,2,...} with ), 27t < 1, then there exists a prefiz-free code
c:U —{0,1}* with length(c(u)) = £(u).

27
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Proof. Given a binary sequence a = aj ...am, let p(a) = >_1", a;27" denote the rational
number whose binary expansion is 0.aj ...a,. With this notation, a binary sequence a =
aj ...an is a prefix of a binary sequence b = by ... b, if and only the p(b) lies in the interval
I(a) = [p(a),p(a) +27).

For the first claim, observe that ¢ being prefix-free thus implies that the intervals I(c(u))
are disjoint. As I(c(u)) is of size 27'e"8th(c(®)) and all of the intervals are included in [0, 1),
the inequality follows.

For the second claim, order the elements of U as uq, . . ., ux such that £1 := l(uq) < -+ <
U := l(ug). Let pp = >, 274 and set I, = [pg,pr + 27%). Observe that the intervals
Ii,..., I are disjoint, and Ij, C [0,1). Furthermore, for each k, 2%py is an integer, thus

pr can be expressed in binary as 0.b%) with b*) a binary string of length ¢,. The code
c(ug) = b%) now has the required properties — it being prefix free a consequence of the
disjointness of the collection intervals Ij. O

Lemma 3.3. Suppose P € TI(U) is a probability distribution onU and U is random variable
with distribution P. Then, with H(U) = =%, P(u)logy P(u) denoting the entropy of U,

(i) for any prefiz-free ¢ : U — {0,1}*, E[length(c(U))] > H(U);
(1) there exists a prefiz-free ¢ : U — {0, 1}* with Ellength(c(U))] < HU) + 1;
(iii) for any injective ¢ : U — {0,1}*, E[length(c(U))] > H(U) — logy log, (1 + [U]),
(iv) there exists an injective ¢ : U — {0, 1}* with Ellength(c(U))] < H(U).
Proof. For (i) and (iii) let Q(u) = 27'eneth(c(w)) and observe that

H(U) ~ Ellongth(c(0)] = Y Plu)logs 5] < loz Y- Q(u).

where the inequality is because log is concave. When c is prefix-free >, Q(u) < 1 by
Lemma 3.2, and when c is injective ), Q(u) < logy(1+4|U|) by Lemma 3.1. The inequalities
(i) and (iii) thus follow.

For (i) set f(u) = [—logy P(u)]. As 274" < P(u), we see that >, 27" < 1 and
by Lemma 3.2 there exists a prefix-free code ¢ with length(c(u)) = £(u). As f(u) <
—logy P(u) + 1, (ii) follows.

For (iv) order the elements of U as uy, ..., ux with P(uy) > -+ > P(ug). Let c(ug) = by
where by, is the kth element of the sequence A, 0, 1,00,01,10, 11,000,001, ..., (e.g., by = A,
by =0,b3 =1, by =00, ..., b9 =001, ...). Observe that length(bgy) = |log, k| < log, k.
Also note that 1 > Zle P(u;) > kP(ug), and thus logy k < —log, P(uy). Consequently,
for this ¢, Eflength(c(U))] < = >, P(ux)logy P(u) = H(U). O

Corollary 3.4. Suppose Uy,Us,... is a stochastic process. Then for any sequence c, :
U™ — {0,1}* of injective codes

1 1
lim inf — E[length(c,,(U™))] > liminf —H(U"),
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and there exists a sequence ¢, of prefir-free codes for which
1 1
lim sup — E[length(c,(U™))] < limsup —H (U™).
n n n n

In particular, if r = lim, %H(U") exists, all faithful representations of the process Uy, Ua, . . .
with bits will asymptotically require at least r bits per letter, and there is a representation
that asymptotically requires exactly as much.

Proof. The first inequality follows from noting that
Ellength(c,(U"))] = H(U") — logy logy (1 + [U]")

and observing that lim,, & log, logy(1+|U|™) = 0. The second inequality follows from noting
that there exist prefix-free ¢,, with

Ellength(c,(U™)] < H{U™) + 1
and that lim, 1/n = 0. O

Remark. Lemma 3.2 gives evidence of a strong connection between prefix-free codes and
probability distributions. On the one hand, given a prefix-free code ¢, one can construct a
probability distribution @ that assigns the letter u the probability Q(u) = 27 leneth(c(w)) By
the lemma, ), Q(u) < 1; if equality holds @ is indeed a probability distribution, otherwise,
we can assign 1 — ) Q(u) as the probability Q(ug) of a fictitious symbol ug ¢ U. If U is a
random variable with distribution P, we then have (by assigning P(ug) = 0 if necessary),

Elength(c(U))] ZP [length(c(U)) + log P(u)] = D(P|Q).

On the other hand, given a distribution € II(i/), by Lemma 3.2 we can construct a
prefix-free code ¢ : U — {0,1}* with length(c(u)) = [—logy Q(u)]. As —logy Q(u) <
length(c(u)) < —logy Q(u) + 1, we see that

Ellength(c(U))] Z P(u)[length(c(u)) + logy P(u)]

is bounded from below by D(P||@), and from above D(P||Q) + 1.

These observations give the divergence D(P||Q) an interpretation as the expected num-
ber of “excess” bits (beyond the minimum possible H(U)) a code based on @ requires when
describing a random variable with distribution P.

Consequently, if we are given S C II and told that the distribution P of a random variable
U belongs to S, a reasonable strategy to design a code c is to look for a distribution ) € 11
such that

sup D(P[|Q)

PesS
is small (e.g., by finding the @ that minimizes this quantity) and construct a code ¢ based
on () as above.



30 Chapter 3.

Example 3.1. To illustrate the remark above, suppose we are told that Uy, Us,... are
binary and i.i.d. random variables. The distribution of U™ can be parametrized by 6 =
Pr(U; = 1), and is given by

Pr(U" = u") = Pp(u") = (1 - g)rol)gms(e”

where ng(u™) and ng(u"™) are the number of zeros and ones in the sequence u; ... u,. With
this notation, S, = {PG" : 0 < 0 < 1} is the class of distributions that we are told the
distribution of U™ belongs to.

Consider now a sequence of conditional distributions

Ny (uf) + 1

k
Quy o+ (u|u”) = P

where n,(u*) is as above, denoting the number of u’s in wu;...u,. Note that Q, (0) =
Qu, (1) = 1/2. Define

Qn(u") =[] Quijri-1 (wilu'™).

i=1

One can prove by induction on n, that for any n > 1 and any " € {0,1}",

uiay > L (PAY ) (1)

n+1 n n
If Uy,...,U, are i.i.d. with common distribution Py,
PXU™)
D(P}|Qn) = E|log =2
(BF1IQn) = B tog o s |
PU™)

<1 1+ E| g

= Og(n + ) + |:Og (nO(Un)/TL)nO(Un) (nl(Un)/n)nl(Un)}
n(l—0) nb

=1 1)+ FE " log ——= ™1

og(n -+ 1)+ B no(U") log - -y (U™) log - |

(1-9)

0
<log(n+1)+n(l—0) logZ —I—nﬁlog% =log(n +1),

(1-0)
where the inequality in the last line is because = — xlog[1/z] is concave and E[no(U™)] =
n(1—0), and E[ni(U™)] = nd.

Consequently, we see that suppncg, D(P"||@Qn) < log(n +1). If Q, were used to con-
struct a prefix-free code ¢, : {0,1}"™ — {0,1}*, by the remark above, ¢, will satisfy

1

%E[length(cn(Un)” —H(P) < n

[log(n + 1) + 1]

whenever U™ is i.i.d. with distribution P. As the right hand side vanishes as n gets large,
it would be appropriate to call the sequence of codes ¢, “asymptotically universal for the
class of binary i.i.d. data”. In the exercises we will see another choice of @), which improves
the upper bound on D(P"(|Qy,) to 3 logn.
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Note that, had we chosen @, to be a member of Sy, say @, = Py for some 6, then
D(Py||@Qn) would have grown linearly in n for any 6 # 6y. Thus, even if we know that the
true distribution P is in S, choosing @ outside of S (as we have done above) may lead to a
better code construction.

Remark. The example above also illustrates a connection between compression and pre-
diction. (One can also use the term ‘learning’ instead of prediction.) Suppose we have a
family S,, of distributions on U™, and we are given a prefix-free code ¢, : U" — {0,1}*
performs well, in the sense that

1 1
sup ~ Fp[length(ca(U™))] — ~H(U™)
PesS, T n

is small. Construct the distribution @ associated with the code ¢, i.e., Q(u™) = 9~ length(cn (u™))
and factorize it as Q(u") =[], Q(u;|u'!). As the code c performs well, L D(P||Q) is small
for all P € S,,. But

D(P|@) = 3 P(u")log

D3 SUAI) SCTATES IR U

i=1 q—1 Uq

= 33 P D QU),

i=1 qi—1

so we conclude that for a large fraction of i’s in 1,...,n, and for a set of u’~!’s with large
P probability, the quantity D(P(:|u*=1)||Q(-|u*~!)) is small.! Which is to say, no matter
what P from S, is the true distribution of the data, if after observing u’~! we predicted
the distribution of the next symbol u; to be Q(-|u’~1), our prediction will be close to the

true distribution P(-|u’~!) for most i’s and for a high probability set of u’~!’s.

3.2 Universal data compression with the Lempel-Ziv algorithm

In the example in the previous section we saw a compression method that was universal
over the class of binary i.i.d. processes. We will now see a much more powerful method that

'To be concrete, if 1D(P||Q) is less than €, then, except for a €'/3 fraction of the i’s, we have

Yot P@HYD(P(Ju||Q(|u'1)) < €2/3, and except for a set of P probability €'/® of u'~’s, we have
D(P(-lu"H)[Q(|u""1)) < €2,
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is universal over all stationary processes. The method was invented by Ziv and Lempel in
1977, the version we present here is a variant due to Welch from 1984.

Given an alphabet U = {a1,...,ax}, the method encodes an infinite sequence ujus ...
from this alphabet to binary as follows:

1. Set a dictionary D = U. Denote the dictionary entries as d(0) = ay, ..., d(s—1) = ak,
with s = K being the size of the dictionary. Set i = 0 (the number of input letters
read so far).

2. Find the largest [ such that w = ;41 ... u;4; is in D.

3. With 0 < j < s denoting the index of w in D, output the [logy s| bit binary repre-
sentation of j.

4. Add the word wu; ;41 to D, i.e., set d(s) = wu;i;41, and increment s by 1. Increment
1 by I. Goto step 2.

For example, with &/ = {a,b}, the input string abbbbaaab... will lead to the execution
steps

D at 2 w | output at 3 | added-word at 4
ab a 0 ab
abab b 01 bb
a b ab bb bb | 11 bbb
a b ab bb bbb b 001 ba
a b ab bb bbb ba a 000 aa
a b ab bb bbb ba aa | aa | 110 aab

The first question we need to answer is if we can recover the input sequence ujus ...
from the output of the algorithm. The question is answered in the affirmative in Lemma 3.5
below.

Note that the algorithm parses the sequence ujus . .. into a sequence of words wy, wa, . . .
found at step 2 of the algorithm. So, recovery of ujus... is equivalent to the recovery of
these words. Let j1,j2,... the dictionary indices that appear at step 3, and dj,da,... the
words added to the dictionary in step 4. As the dictionary size s increases by 1 each time
a dictionary word is parsed, the bitstream that is output by the algorithm can be parsed
into the indices j1,72....

Lemma 3.5. From ji,...,7; we can determine w1, ..., w;. In other words, we can recover
the input uius ... from the output of the algorithm.

Proof. From ji, we can determine wj, and so the claim is true for ¢ = 1. We proceed by

induction. Suppose now we observe ji,...,j;+1. By the induction hypothesis, ji,...,J;
determines wi, ..., w;. Since dj is the concatenation of wy with the first letter of wgyq,
we know di,...,d;—1, and, except for its last letter, d;. We need to show that we can

reconstruct w;y; from the additional information obtained by j;4+1. Note that j; 4 refers to
a word in the dictionary formed by augmenting i/ with the words dy,...,d;. If j;41 refers
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to any word other than d;, we already determine w;,1. Otherwise j;11 refers to d;. But in
this case the last letter of d; equals the first letter of d; which is already known, and we can
again determine wjy1. ]

Next, we will obtain an upper bound on the number of bits per letter the algorithm uses
to describe a sequence ujus . ... The answer will be given in Theorem 3.8 below.

Lemma 3.6. A word w can appear in the sequence wy,ws, ... at most [U| times.

Proof. As the algorithm always looks for the longest word w in the dictionary that matches
the start of the as-yet-unprocessed segment of the input, wu,;4y4+1 is not in the dictionary
before its addition to the dictionary in step 4. Thus the words added to the dictionary are
distinct. For each occurrence of a word w in the parsing a word of the form wu with v € U
is added to the dictionary. Since these are distinct, w cannot appear more than |[U/| times
in the parsing. O

Lemma 3.7. Suppose u™ = uj ... uy is parsed into m(u") words wy . .. wy, by the algorithm.
Then lim,, m(u})/n = 0.

Proof. There are |U|" words of length i, and by the previous lemma, each can appear at
most U times in the list wi,...,wy,. As the algorithm does not parse the null string, at
most F'(k) = |U| Zf;ll U|* words in the list are of length k — 1 or less, and each of the
remaining words in the list has length k& or more. Thus n > k[m — F(k)]. Consequently,

limsupM < limsupM =1/k.
n n n n
As k is arbitrary, the lemma follows. O

Theorem 3.8. Let {(u™) denote the number of bits produced by the algorithm after reading
n

u™.

Then, limsup,, ¢(u™)/n < limsup,, logm(u™).

Proof. As the dictionary size increases by 1 at each iteration of the algorithm, with m =
m(u™), f(u") = Z?:ol [logs(|U| +4)]. Thus

L(u™) < mlogy(JU| +m — 1) +m =mlogym + mlogy (1 + (JU| — 1)/m) + m,

and the lemma follows from lim,, m(,:n) =0. O

We now have an upper bound to the number of bits per letter the LZW algorithm
requires to describe a sequence ujus . ... Next, we will derive a lower bound to the number
of bits per letter produced by any information loss finite state machine that maps ujus ... to
a sequence of bits (the terms ‘finite state machine’ and ‘information lossless’ will be defined
formally in the paragraphs that follow). The lower bound will even apply to machines
that may have been designed with prior knowledge of the sequence ujus ..., and most
remarkably, will match the upper bound just derived above. That is to say, for any uqus. ..,
LZW competes well against any information lossless finite state machine. In particular, each
prefix-free encoder ¢, that appears in Corollary 3.4 can be implemented by a finite state
information lossless machine. Consequently, once we obtain the lower bound, we will have
proved:



34 Chapter 3.

Theorem 3.9. If Uy, Us is a stationary and ergodic stochastic process, then the number of
bits per letter emitted by LZW when its input is UyUs ... approaches lim, H(U"™)/n with
probability one.

3.2.1 Finite state information lossless encoders

For our purposes, a finite state machine is a device that reads the input sequence one
symbol at a time. Each symbol of the input sequence belongs to a finite alphabet i with
|U| symbols. The machine is in one of a finite number s of states before it reads a symbol,
and goes to a new state determined by the old state and the symbol read. We will assume
that the machine is in a fixed, known state z; before it reads the first input symbol. The
machine also produces a finite string of binary digits (possibly the null string) after each
input. This output string is again a function of the old state and the input symbol. That
is, when the infinite sequence u = wujug--- is given as the input, the encoder produces
Y = y1y2 - - -, while visiting an infinite sequence of states z = 2129 - - -, given by

yr = f(zp,ug), k>1
Zer1 = 9(zp,up), k>1

where the function f takes values on the set {0,1}* of finite binary strings, so that each yj
is a (perhaps null) binary string. A finite segment x,xy41 - - - z; of a sequence & = z1x3 - - -
will be denoted by x{c, and by an abuse of the notation, the functions f and g will be
extended to indicate the output sequence and the final state. Thus, f(z, ufc) will denote yi
and g(zx, ui) will denote z;41. Without loss of generality we will assume that any state z
is reachable from the initial state z; — i.e., that some input sequence will take the machine
from state z1 to z.

To make the question of compressibility meaningful one has to require some sort of
an ‘invertibility’ condition on the finite state encoders. Given the description of the finite
state machine that encoded the string, and the starting state z;, but (of course) without
the knowledge of the input string, it should be possible to reconstruct the input string
from the output of the encoder y. A weaker requirement than this is the following: for
any state z and two distinct input sequences v™ and 0", either f(z,v™) # f(z,0") or
g(z,v™) # g(z,0™). An encoder satisfying this condition will be called information lossless
(IL). It is clear that if an encoder is not IL, then there is no hope to recover the input from
the output, and thus every ‘invertible’ encoder is IL. 2

We will need to the following fact:

Lemma 3.10. Suppose vi,...,vy, are binary strings, with no string occurring more than
k times. Then, writing m = Zi;& k2" +r with 0 < r < k27, we have Y ., length(v;) >
ka2t 4y

2However, as illustrated in Figure 3.1, an IL encoder is not necessarily uniquely decodable. Starting
from state S, two distinct input sequences will leave the encoder in distinct states if they have different first
symbols, otherwise they will lead to different output sequences. Thus, the above encoder is IL. Nevertheless,
no decoder can distinguish between the input sequences aaaa--- and bbbb--- by observing the output
000---.
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a/o0 b/1

b/0 a/l

A finite state machine with three states S, A and B. The notation i /output means
that the machine produces output in response to the input i. A denotes the null output.

Figure 3.1: An IL encoder which is not uniquely decodable.

Proof. The set of binary strings ordered in increasing length consists of: 1 string of length
0, 2 strings of length 1, ..., 2¢ strings of length i, .... The shortest total length for the v;’s
will be attained if the v;’s are chosen by traversing the set of all binary strings in increasing
length, each string repeated k times, until all strings of length 7 — 1 or less are repeated k
times, and we are left to find 0 < r < k27 strings, which are chosen from the set of strings
of length j. The lower bound in the lemma is precisely the total length of this optimal
collection. O

Lemma 3.11. Suppose v1,...,vy are binary strings, with no string occurring more than k
times. Then,
“ m
Z length(v;) > mlogy —.
: 8k
=1
Proof. Noting that Zg;é 2 = 27 — 1 and Zg;& i28 = (j — 2)2/ + 2, the previous lemma
states: writing m = k27 — k 4+ r with 0 < r < k27, the total length of the v;’s is lower
bounded by

(3.1)

k(5 —2)27 +2) + 715 = (j —2)m +kj +2r > (j — 2)m.
As r < k27, we have m < k(2/T! — 1). Rearranging, we get 271 > 1+ m/k > m/k, and
thus j —2 > log g7 O
Now we can state the following
Lemma 3.12. For any IL-encoder with s states,
m(u")

length(y™) > m(u™) log, IR

(3.2)
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where, as before, m(u™) is the number of words in the parsing of u™ by LZW.

Proof. Let u" = w; ... wy, be the parsing of the input by LZW. Let z; be the state the
IL machine is in at just before it reads w;, and z;41 be the state just after it has read w;.
Let ¢; be the binary string output by the IL machine while it reads w;, so that y™ = t".
No binary string ¢ can occur in t1,...,t, more than k = s?|U| times. If it did, there will
be a state-pair (z,z’) that occurs among (z;,zi+1) more than |U| times with ¢; = ¢t. By
Lemma 3.6 then there will be w; # w; with t; = t; =t and (23, zi41) = (25, 2j41) = (2, 2').
But this contradicts the IL property of the machine. Thus the output of the IL machine
t1 ...t is a concatenation of m binary strings with no string occurring more than k = s2|U/]
times, so their total length is at least mlog g. O

Using the lemma just proved, and by Lemma 3.7 we have

Theorem 3.13. For any finite state information lossless encoder, the number of output
bits £(u™) produced by the encoder after reading u™ satisfies

m(u")

limsup ¢(u")/n > limsup logm(u").

n

3.3 Quantization

Often it is not necessary to represent data exactly; an approximate representation suffices,
e.g., we may be content if a sequence u" of bits are reproduced as a sequence v™ of bits as
long as v™ and u” differ only at a few indices. We formulate this state of affairs as follows:
our data is a sequence of random variables U™, each U; taking values in an alphabet U.
We are given a representation alphabet V and also a distortion measure d : U x V — R
that gives the distortion caused by representing a data letter w by v. For n > 1 define
dp(u™,v™) = L5 d(us,v;) A quantizer consists of two maps: f, : U" — {1,...,M}
and g, : {1,...,M} — V". The data sequence u" is mapped by the quantizer to f,(u"),
which is a log M bit representation of the data, and reconstructed from this representation
as v" = gp(fn(u™)). We measure the quality of the the quantizer by two criteria: its
rate R = (log M)/n (the number of bits per data letter), and its expected distortion A =
E[dn(Una Vn)] where V" = gn(fn(Un))

The following lemma says that one cannot have too small rate for a given level of
distortion.

Lemma 3.14. Suppose d is a distortion measure, Uy,Us, ... are i.i.d. with distribution
Py, and we have a quantizer with rate R and expected distortion A. Then, there exists a
distribution Prry such that R > I(U; V') and A = E[d(U,V)].

Proof. Let Py,y, denote the joint distribution of (U;, V;) and set Pyy = %Z;;l Pyy,. We
will show that Ppy satisfies the conditions claimed in the lemma. First note that the U-
marginal of each Pr,y; equals Py, so Pyy indeed has U marginal Py. Also, Py = % > Py,
Now, by the data processing theorem for mutual information, nR > I(U™; V™). As the U;’s
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are independent, H(U™) = >, H(U;). Also by the chain rule and removing terms from the
conditioning H(U"|V™) < >, H(U;|V;). Thus

U™ V™) = HEU™) = HU'V™) 2 Y H©U) - HUV) ZI (U 12,
i=1
and consequently

n

1 & 1
R > - ;:1 (Ui V;) - ;:1 D(Py,v.||PyPy,) > D(Pyy | PyPy) = I(U; V)

where the last inequality is due to the convexity of D(-||-). Furthermore,

ZPUV u, v)d(u,v) ZPUM u,v)d(u,v) = Eld, (U™, V"] =A. O
=1

The lemma says that the possible rate distortion pairs when quantizing an i.i.d. source
with distribution P lie in the following region of R?:

U {(®A):R>1U;V), A=E[LUV)]}.
Pyy:Py=P

We will now show that there are quantizers whose performance closely approximates
the bound given in the lemma.

Theorem 3.15. Given Py, a distortion measure d and a joint distribution Pyy, for any
e > 0, there is a quantizer (fpn,gn) with rate R < I(U;V) + € and expected distortion A
satisfying |A — E[d(U, V)]l < € when it is used to quantize i.i.d. data U™ with distribution
Py.

To prove the theorem we will make use of the following lemma.

Lemma 3.16. For all § > 0, for all large enough n, for every joint type Pyy € 11,,(U x V),
there is a subset S := S(Pyy) C T™(Py) with |S| < [20U WUV 5o that for every u™ €
T™(Py) there is an v™ € S for which (u™,v™) € T"(Pyv).

Proof. Let M = [2"I(W:V)+9)] “and choose V™(1),...V"(M) independently and uniformly
from T"(Py). Let S be the (random) set {V"™(1),...,V™(M)}. For each u"™ € T"(Py), let

H 1{(u m)) € T"(Pyv)}-

Note that the S has the claimed property if and only if Z = 3 ncpn(p,) Z(u") = 0. We will
prove the existence of the set .S with the property, by showing that E[Z] < 1. To that end,
note that for a given u™ € T"(Py), the M random variables 1{(u",V"(m)) € T"(Pyv)}
are independent, with expectation

[ (Pov)l (n + U x V| = 1) 712n[H(UV)7H(U)fH(V)] < o-nlI(UV)+5/2]
T (Po)|[T*(Pyv)] — \ [UxV]-1 -
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Consequently,
E[Z(u”)] < (1 B 2—n(I(U;V)+5/2))M < eXp(_MQ—n(](U;V)—Hs/Q)) < exp(_2n5/2)'

As this expectation is doubly exponentially small in n, and since |T"(Py)| is only exponen-
tially large, we conclude that for large enough n we will have E[Z] < 1. O

Proof of the theorem. Given Pyy, set Ry = I(U;V) and Ay = E[d(U,V)]. Fix 6 > 0,
and let 2 the set of all joint distributions @ on U x V such that I(U;V) < Ry + ¢ and
|E[d(U,V)] — Ag| < § when (U, V) has joint distribution Q. The distribution Py belongs
to Q, thus € is a non-empty open set of joint distributions. Let 2y be the set of U marginals
of the distributions in €. Note that €2y is also open and non-empty as it contains Py. As
a consequence D* := infpgq, D(P| Py) = D(P*||Py) for some P* & )y, and thus D* > 0
since P* can’t equal Py € Q.

Let S(Q) be as in the lemma above and set S = |JS(Q) where the union is over all
Q € QNIL,(U x V). For n large enough M = |S| < 27Fo+39) gince each S(Q) has
1S(Q)| < [27F0+29)] and the union contains only |II,,| (which is a polynomial in n) such
sets. Assign to each v" in S a unique index in {1,..., M}, and for i = 1,..., M, let g,(7)
be the element of S with index 4.

By the construction of the set .S, for every P € QoNIL,(U) and every u™ € T"(P) we can
find a v™ in S such that the type of (u™,v"™) belongs to €2, and thus |dy(u"™,v"™) — Ap| < 6.
For u" € Upeq, T"(P) define f,,(u") to be the index of such a v™ in S. For u™ not in this
union define f,(u") in any arbitrary fashion, e.g., by setting f,(u") = 1. For those u",
with v™ = g, (fn(u™)), we do not necessarily have a small value for |d,(u™,v"™) — Agl, but
nevertheless we can say |d,, (u",v") — Ag| < 2maxy, |d(u,v)|.

When Uq,...,U, are i.i.d. with distribution P, the probability that the type of U™
does not belong to )y decays exponentially to zero as 27"P". Consequently, with V" =
gn(fn(U™))

Nn = Pr(\dn(U”, V") — Aol > 5)

decays to zero like 277", Thus the quantizer (f,,g,) has rate %logM < Ry + 39, and
distortion A = E[d,(U", V")] satisfying

|A = Ao| < E[|d(U™, V™) — Ag|] < 6+ np2max|d(u,v)| < 26

for n large enough. As § > 0 is arbitrary, the theorem follows. O

In the light of the Theorem above and Lemma 3.14 that precedes it, it makes sense to
define

Definition 3.3. Given source and reproduction alphabets i/ and V), a distortion function
d:UxV — R, and a distribution Py on U, define the rate distortion function R(A) and
distortion rate function A(R) as

R(A) =inf{I(U;V): E[d(U, V)] <A}, A(R)=if{E[dU,V):I(U;V) <R}

where the infima are over all joint distributions Py with U marginal Py.
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Lemma 3.14 says that any quantizer with rate at most R must have expected distortion
at least A(R), and any quantizer with expected distortion at most A must have rate at
least R(A). The theorem says that these bounds are achievable arbitrarily closely.

As an example consider U =V = {0,1}, d(u,v) = 1{u # v}, and Py(1) =p < 1/2. It

is easy to show that
NS Azp
hg(p)—hQ(A) O§A<p}

where ha(q) = —qlogs g — (1 — q) logy(1 — ) is the binary entropy function. In particular,
forp=1/2 and A = 0.1, R(A) =~ 0.531, so it is possible to compress binary data by almost
a factor half and still be 90 percent accurate. The naive approach for achieving the same
accuracy would have retained 80 percent of the data bits (the remaining 20 percent can
then be guessed in any fashion; the guesses would be right with probability 1/2, resulting
in 90 percent overall accuracy).

3.4 Problems

Problem 3.1 (Elias coding). Let 0" denote a sequence of n zeros. Consider the code (the
subscript U a mnemonic for ‘Unary’), Cy : {1,2,...} — {0,1}* for the positive integers
defined as Cy(n) = 0" L.

(a) Is Cy injective? Is it prefix-free?

Consider the code (the subscript B a mnenonic for ‘Binary’), Cp : {1,2,...} — {0,1}*
where Cp(n) is the binary expansion of n. Ie., Cp(l) = 1, Cp(2) = 10, Cp(3) = 11,
Cp(4) =100, .... Note that

lengthCp(n) = [logy(n+1)] =1+ |logyn|.
(b) Is Cp injective? Is it prefix-free?
With k(n) = lengthCp(n), define Co(n) = Cy(k(n))Cp(n).

(c) Show that Cy is a prefix-free code for the positive integers. To do so, you may find it
easier to describe how you would recover ni,ns,... from the concatenation of their
codewords Cp(n1)Cop(n2) .. ..

(d) What is length(Co(n))?
Now consider Ci(n) = Co(k(n))Cp(n).

(e) Show that C; is a prefix-free code for the positive integers, and show that length(Cy(n)) =
2+ 2[log(1 + [logn])] + [logn| < 2+ 2log(1 4 logn) + logn.

Suppose U is a random variable taking values in the positive integers with Pr(U = 1) >
Pr(U=2)>....



40 Chapter 3.

(f) Show that EllogU] < H(U), [Hint: first show ¢ Pr(U = i) < 1], and conclude that

EllengthC,(U)] < H(U) 4 2log(1 + H(U)) + 2.

Problem 3.2 (Universal codes). Suppose we have an alphabet U, and let II denote the set
of distributions on /. Suppose we are given a family of S of distributions on U, i.e., S C II.
For now, assume that S is finite.

Define the distribution Qg € II

Qs(u) =21 max P(u)

where the normalizing constant Z = Z(S) = ), maxpecg P(u) ensures that Qg is a distri-
bution.

(a) Show that D(P||Q) <logZ <log|S| for every P € S.

(b) For any S, show that there is a prefix-free code C : &/ — {0,1}* such that for any
random variable U with distribution P € S,

EllengthC(U)] < H(U) 4 log Z + 1.

(Note that C is designed on the knowledge of S alone, it cannot change on the basis of
the choice of P.) [Hint: consider L(u) = —logy Qs(u) as an ‘almost’ length function.]

(¢) Now suppose that S is not necessarily finite, but there is a finite Sy C II such that
for each w € U, suppcg P(u) < maxpeg, P(u). Show that Z(S) < |Sp|.

Now suppose U = {0,1}™. For 6§ € [0,1] and (x1,...,2m) €U, let

Py(x1, ... zn) = [[ 07 (1 —0)' "
(This is a fancy way to say that the random variable U = (X7, ..., X,,) has i.i.d. Bernoulli
0 components). Let S = {Py: 6 € [0,1]}.
(d) Show that for u = (x1,...,2y,) € {0,1}™

méiXPQ(iL'l, vy Tm) = Py (215000 Tm)

where k = ), x;.

(e) Show that there is a prefix-free code C : {0,1}™ — {0,1}* such that whenever
X1,...,X, are i.i.d. Bernoulli,

1+ log,(1
n ga( +m)'
m

lE[leng‘chC(Xl, oo X)) < H(Xq)
m
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Problem 3.3 (Prediction and coding). After observing a binary sequence uq, ..., u;, that
contains ng(u') zeros and nj(u') ones, we are asked to estimate the probability that the
next observation, u;11 will be 0. One class of estimators are of the form

ny(u?) + «
no(u?) +ny(u?) + 2a

no(u?) + «
no(u?) + ny(u?) + 2

Py, s (0]u’) = Py, s (') =

We will consider the case o = 1/2, this is known as the Krichevsky—Trofimov estimator.

Note that for i = 0 we get Py, (0) = Py, (1) = 1/2.
Consider now the joint distribution P(u™) on {0,1}" induced by this estimator,

n
HP U, i1 (u;ut™h).
=1

(a) Show, by induction on n that, for any n and any u"™ € {0,1}",

Pl 2 1 (22) ()"

where ng = ng(u") and n; = nq(u™).
(b) Conclude that there is a prefix-free code C : U — {0, 1}* such that

no(u")

1
lengthC(uq, ..., uy) gnh2< ) +§logn+2,

with ho(z) = —zlogz — (1 — x) log(1l — x).
(¢) Show that if Uy, ..., U, are i.i.d. Bernoulli, then

1 2
— EllengthC(Uy,...,Uy)] < H({U;) + o logn + .

Problem 3.4 (Lempel Ziv 78). Suppose ...,U_1,Up,Uq,... is a stationary process, i.e.,
forany k=1,2,..., any ug,...,ur_1, and any n=...,—1,0,1,...

PI‘(Un ce Un—l—k—l =Ug-.. .uk_l) = PI‘(UO ce Uk—l =Uug-.. .uk_l).

Suppose also that U is a recurrent process, i.e., any letter ug with Pr(Uy = wug) > 0, the
event A = {there exists i > 0 and j > 0 such that U; = U_; = up} has Pr(4) = 1. (That
is, a positive probability letter ug will occur infinitely often.)

Fix up with Pr(Uy = up) > 0. For ¢ > 0 and j < 0, let

Aij = {Uz = ’LL()} N {U_j = ’LL()} N ﬁ {Uk =+ UQ}

k=—j+1

denote the event that j is the last time before time 0 that ug was seen and i was the first
time after time O that wug is seen.
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(a) Show that 3,5 ;oo Pr(A;;) = Pr(4) = 1.
(b) Show that Pr(A;;) = f(i + j), where

f(k) = PI‘(U,]c = UO,U,l 7é (%) for | = 1, . .,/{: - l,Uo = u()>.
(c) Using (a) and (b), show that

1= kf(k)=1.

k>1

(d) Let K =inf{k > 0: U_x = up} (i.e., the negative index of the most recent time before
time 0 up was seen). Observe that the event {K = k,Up = up} is the event whose
probability is f(k). Using (c) show that

E[K|Uy = uo] = 1/ Pr(Up = uo)
and that Eflog K| < H(Uy).

Suppose we have a stationary and ergodic source ..., X _1, X, X1,.... This means,
in particular, that for any n > 0, the process {U;} defined by U; = (X;, Xit+1, Xitn—1) is
stationary and recurrent.

Fix a sequence xg, ..., T,_1 with PI‘((X(] oo Xn—1) = (20 .xn_l)) > 0. Let

K = inf{k: >0: (X,k .. .X,kJrn,l) = (.730 .. .xn_l)}.
(e) Show that Eflog K] < H(Xp... Xp—1).

(f) Consider the following data compression method. Assuming that the encoder has al-
ready described the infinite past ..., X _9, X_1 to the decoder, he describes Xg, ..., X, 1
by (i) finding the most recent occurrence Xy ... X, 1 in the past, (ii) describing the
index K of this occurrence by the method of problem 1(f). Now that the decoder
knows ..., X,,_1, the encoder describes X, ... Xo,_1 is the same way, etc. Show that
this method uses fewer than

1 2 2
EH(XO o Xpo1) + - log(l+ H(Xo...Xn-1)) + ”

bits per letter on the average.

Problem 3.5 (Quantization with two criteria). Suppose U™ has i.i.d. components with
distribution P. We want to describe U™ at rate R, i.e., we want to design a function
four —{1,..., 2"

We are given two distortion measures di : U X V7 — R and do : U X Vo — R, and we wish
to ensure that from i = f(U™) we can reconstruct V{* = g1(i) € Vi and V5" = ¢g2(i) € V3§ so
that

Eldi (U™, V]')] < D; and E[d2(U",V3')] < Do

with given distortion criteria Dy and Ds. (As in class d(U", V") = 1371  d(U;, V;).)
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(a) What is the rate distortion function R(D;, D2)?

(b) Suppose Rj(D1) is the rate distortion function with the first distortion criterion alone,
and Ry(D2) is the rate distortion function with the second criterion alone. What
relationship exists between R(Di, Dy) and Ry(D1) + Ra(D2)?
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Chapter 4

Exponential Families and Maximum
Entropy Distributions

Exponential families are a class of parametrized distributions. They are important for
several reasons. First, many “standard” distributions we are well acquainted with (like the
Gaussian distribution) are members of this family. Therefore, they appear frequently in
applications. Second, all members of this family have nice theoretical properties. Hence,
rather than discussing these properties for each member of this family, it is convenient to
discuss them for the whole family at once.

To give some “practical motivations,” in machine learning exponential families are used
in the context of classification, giving rise to so-called generalized linear models. Further,
these are the distributions that maximize the entropy given constraints on the moments.
E.g., we will see that the Gaussian has the maximum entropy of any family with a given
second moment constraint. It is therefore natural to consider such distributions as prior
distributions since they make “the least assumptions” if all we know are constraints on
moments.

In the following it will be convenient to treat continuous and discrete cases together. So
we will assume that we have a space X and a measure v. Let us list our most important
examples:

1. Reals: Let X = R and let v be the Lebesgue measure on R; recall that v assigns to
intervals [a, b], a < b, the measure v([a,b]) = b — a.

2. Bernoulli: Let X = {0,1} and let v be the counting measure on {0,1}; i.e., v(0)) = 0,
v({0}) = v({1}) =1, »({0,1}) =2

3. Poisson: Let X = Z and let v be the counting measure on Z; i.e., for S C Z, v(S) = |5,
the cardinality of the set S.

In the sequel it will hopefully be clear what the base measure is and so we will typically
not include it in our notation.

We will be relatively terse. If you want to dig deeper, we recommend the lecture notes
by John Duchi [1], Chapter 6 and 7, or the extensive monograph by Wainwright and Jordan

[2]-

45
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4.1 Definition

Definition 4.1. Let X be a given alphabet and let ¢ : X — R%, d € N. The exponential
family associated with ¢ is the set of distributions parametrized by 6 € R? with densities
given by

po(x) = h(z)elfe@)=A0)

Note that A(0) is a normalizing constant. As such it might not seem to play an important
role. But, as we will discuss soon, it in fact encodes (in its derivatives) crucial information.
The function A(6) is some-times called the log-partition function (the partition function is
a term used in statistical physics for the normalization constant and A is the log of this).
In statistics it is known as the cumulant function.

In our definition of an exponential family we included the term h(x). In principle this
term can be absorbed by the underlying measure v(z) and is in this sense redundant. But
it might sometimes be more “natural” to represent a distribution in this way. For all our
subsequent computations and proofs of properties it does not really matter which point of
view we take, i.e., if we explicitly write out the term h(x) think of it as being included in
the underlying measure.

4.2 Examples

Example 4.1 (Gaussian). Let X = R and let v be the Lebesgue measure on R. Then the
density of the normal distribution with mean p and variance o2 can be written as

1 _(@=m?
(& 202

where h(z) =1, 0 = (&, —3)7, ¢(z) = (z,2%)T, and

o2 202
2 2
H 2 01 1
= 4 S m@re?) =L — ZIn(-0

Note that ¢(x) is a vector of dimension 2, reflecting the fact that the Gaussian has two
degrees of freedom. Further, we have the following bijective relationships

T H L T
0:(91792) :(ﬁa_@) )
0 1
T _ Y1 L \T
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Example 4.2 (Bernoulli). Let X = {0,1} and let v be the couting measure on X'. We can
represent the Bernoulli distribution with P(X = 1) = p in the form

P(X =z)=p"(1—p)'™*
— @ Inp+(1—=)In(1-p)

— 8 In 1f%erln(lfp)

— h(z)el®9(=)-A)

)

ef
1+ef?

where h(z) = 1, 6 = In
—1In(1 - %) =1In(1+ ¢’

so that p = ¢(x) = z, and A(f) = —In(1 —p) =

_D_
1—p°
).
Example 4.3 (Poisson). Let X = N and let v be the counting measure on X. We can
represent the Poisson distribution with parameter X in the form

T,—A
P(X =a) = ¢

x!
1
— " In(A)—X
x!
1
769I—69
x!
_ D) ®0@)-A6)

where h(z) = 1/x!, § = In()\), ¢(x) = x, and A(0) = €.
Example 4.4 (Multinomial). Let X = {0,--- ,n}¢ and let v be the counting measure on

X. Then the multinomial distribution with parameter o = (a1, -+, ay) can be expressed
as

P(X]_:x]_""’Xd:xd):

I

i
3 .

~~

8

N/

SA

ﬂ‘

g

2

7

where

0 = (In(a1), -+ ,In(aqg)), ¢(z) =2 = (x1,--- ,x4), and A(f) = 0.

Example 4.5 (Dirichlet). The Dirichlet distribution of order d > 2 with parameter a =
(a1, -+ ,aq), a; > 0, has a density with respect to the Lebesgue measure on R4~! of the
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form

where x belongs to the (d — 1)-dimensional simplex, i.e., Zle x; =1, z; > 0, and where

Hzc‘l:1r(04i)'

(T )

Further, h(z) = 1, 0 = (ay — 1,--- ,aq — 1), ¢(x) = (In(x1),--- ,In(zq)), and A(F) =
In(B(«)).

B(a) =

4.3 Convexity of A(0)

Theorem 4.1. Let © = {0 € R : A() < oo}. The log-partition function A(6) is convex
in 6 on ©.

Proof. Let 0y = \01+(1—M\)f2, 01,02 € ©. Let p = % and g = ﬁ so that pA = q¢(1-)) = 1.
Note that 1/p+1/g = A+ (1 — A) = 1 and that p,q € [1,00]. Holder’s inequality states
that || fgli < [|fllllglly- Tn more detail,

Recall that pg( ) = h(z)e¢@)=A0) 5o that 1 = [ pg(z)dv(z) = [ [ h(z)e¢@)dy(z)] e=AC)
or, A(9) =In[[ h(z )e<9’¢(x)>d1/(:c)]. We have
A(0)) =1n /h(:);’)ew*"j’(“”))du(a:)}

—In {/ (h(fﬂ)6<‘91’d’(m”)A (lw)e® ‘f’(l‘)))(l Y ()
f(@)

g(x)

Hbger In !(/ (h(x)ewl’d)(w)))m dV(I)>; </ (h(a:)ew?"‘ﬁ("”)))q(l_” du(ﬂs)> ;]
—In [(/ (h(x)ewl,qﬁ(x)))m dy(a;))é </ <h(x)e<92’¢(x)>>qu_)\) dy(x)> 3]
pA=q(1-2)=1 ;m K/ h(x)ewl,qﬁ(m»dy(x))] + (111n [/ (h($)6<02’¢($)>dy(gg)>:|

= AA(01) + (1 — N)A(62).

+ In
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4.4 Derivatives of A(0)

Without proof we state that A(6) is infinitely often differentiable on ©. In particular the
first two derivatives are of interest to us.
Let us compute the first derivative (gradient). We have

vm@:vm/ﬁuwwmmW@

th Yelthole )>dy( )
[ h(z) ) dv(z)
_ J (=) ”“”) <z5( )dv(x)

eA0)
:/h(x)e<9’¢(x)>A(Q)(ﬁ(l‘)dy(w)
= E[¢(z)].
For future reference, let us record that
VA(0) = E[¢(z)]. (4.1)

In a similar manner we have

V2A(0) = Elp(2)¢(2) '] — E[o(x)]E[¢(2)].

Note that this gives us a second proof that A(#) is convex since we see that the Hessian of
A(6) is a convariance matrix and hence positive semidefinite.

Example 4.6 (Bernoulli). For the Bernoulli distribution we have seen that A() = In(1+¢?)
and 0 = In 1%. Therefore,

dA0) dln(l+¢%) €

@ - d ite cO=p
d2A(6 do (0
A0 _ 470) _ 1(6)(1 - 0(6)) = pl1 - 1)

4.5 Application to Parameter Estimation and Machine Learning

The convexity of A(6) is one of the main reason why this family of distributions is so
convenient to work with.

Assume that we have a set of samples x1,--- ,x, and that we assume that they are iid
according to an exponential family with an unknown parameter . We want to estimate
this parameter.

We can then write down the likelihood as

po(X1,- -+ ,x H h(x,,)e (00 ) =A0), (4.2)
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Instead of maximizing this likelihood we can equivalently take the log of this expression,
multiply by minus one, and minimize instead. This gives us

N

—lnpg(xi,--,xn) = Y [~ In(h(xn)) = (0, 6(xn)) + A(0)] (4.3)

n=1

Now note that the function on the right is convex — it is the sum of the constant (with
respect to 0) — S0 In(h(x;)), the linear function — Y- (0, ¢(x,,)) and the convex func-
tion NA(0). Greedy, local algorithms are therefore expected to work well in locating the
optimal parameter 6.

A word of caution is in order here. Just because a function is convex, it does not
mean that it is easy to minimize. We need in addition that the function itself (and per-
haps its derivative) is easy to compute. If you look ahead at the Ising model described in
Example 4.13, then you will see that even though the function A() to be minimized is
convex, there is no low-complexity algorithm known to accomplish this minimization since
the computation of A(#) requires in general exponential effort.

4.6 Conjugate Priors

In the previous section we considered an application in ML where we estimated the un-
derlying parameter 0, given some iid samples from the distribution by maximizing the
likelihood. We have seen that for exponential distributions the underlying maximization
problem is “simple” since the underlying function is convex. The justification for maximiz-
ing the likelihood is that under some technical conditions this leads to a consistent estimator
(see Section 4.10.2).

Alternatively, in the Baysian setting, we assume that there is a prior on the set of
parameters and we will then maximize the posterior instead. In this case the question is
what prior we should pick. One part of the question is what priors are “meaningful” or
“appropriate.” Leaving out this question for the moment, there is still the question what
priors lead to “manageable” computational tasks, e.g., convex functions to be minimized.
Here is where conjugate priors enter. If we start with a likelihood that is a member of an
exponential family and use as a conjugate prior then we end up again with an element fo
the exponential family. Rather than discussing this in the abstract, let us look at some
important examples.

Example 4.7 (Bernoulli). Consider a Bernoulli distribution with parameter p,
Py(X =) =p"(1—p)" 7,

where we recall z € {0,1}. Assume that the parameter p € [0,1] is unknown and has a
prior ¢(p) of the form

a(p) = K (a1, a2)p™ (1 = p)*2 7,

where a, g > 0 so that the density can be normalized and where K (aq, a2) is the normal-

ization constant, K(aq,as) = 1%5‘11)715(0;22)) That we write the parameters in the form a; — 1
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(instead of «;) is purely for convenience. This is called the beta distribution. Note that the
beta distribution is an member of the exponetial family itself.

Let us now quickly discuss, why this prior is convenient. Assume that we have a set of iid
samples x1, -+ ,X,. As in Section 4.5 we assume that they are iid according to a Bernoulli
distribution with an unknown parameter p. In addition we assume that the parameter itself
is distributed according to ¢(p) with the parameters a7 and «g fixed. Let us then write
down the posterior distribution for the parameter p given the samples. We have

N

p(p |1, xn) o p 7 (1= p)oe [ (1 - p)t > (4.4)
n=1

o~ pa171+zg:1 x"(l - p)agflJerEnN:lxn‘ (45)

The key is to notice that this is again a beta distribution but now with parameters 27]:[:1 Xp+
a1 and N — Zgzl X, + ag. In particular, this is again an exponential distribution and so
the optimization of this expression is again “simple.”

Example 4.8 (Multinomial). The conjugate prior of a Multionomial is a Dirichlet distri-
bution.

Example 4.9 (Gaussian). The conjuate prior of a Gaussian is a Gaussian.

4.7 Maximum Entropy Distributions

Assume that we are given a function ¢ : X — R? and a vector o € R?. What distribution
on X maximizes the entropy subject to condition that the expected value of ¢(X) is equal
to a? Mathematically, we are looking for

P* = argmaxp.g,(x)=a H (P)

Why are we interested in this problem? If all that we know is a constraint on the mean it
makes sense to look at the “most random” distribution that fulfills this constraint. This is
the distribution that makes the least “assumptions” if we use it as a prior.

When looking at maximum entropy distributions we will drop the factor h(z) from
exponential families. As we have mentioned earlier, any specific factor h(x) can be absorbed
into the underlying measure v(z) and this is indeed the natural view point for our current
purpose.

Theorem 4.2. For § € R?, let Py have density
po(x) = exp{(0, ¢(x)) — A(6)}

with respect to the measure v. If Ep,[¢(X)] = a, then Py mazimizes H(P) over {P :
Ep,[¢(X)] = a} and it is the unique distribution with this property.
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Proof. Let 6 be a parameter so that Ep,[¢(X)] = a and let P be any other distribution so
that Ey[¢(X)] = o. Then

H(P) =~ [ plo)logpla)dv(a)
_ /mw%mmwu /mmmewm—/mmmmmmm
= [saogmis m/mm%ﬁﬁwm

—— [ p(a)(8.6()) ~ A)dv(@) ~ Dlp(a) ()
/mx) — A®))dv(x) — D(p()|lpo ()
— H(P}) - D(p(@)[po(@))
< H(Py). -
O
In all three of the following examples we pick ¢(z) = 22 and a = 1, ie., we are

constraining the distribution P by asking that the second moment is equal to 1, Ep[X?] = 1.
The general form of the density that maximizes the entropy is then

_ exp{z?60}
po(z) = 5 (4.6)

where Z is the normalizing constant.

Example 4.10. If the measure v is the counting measure on {—1,1} then the distribution
P is of the form

_ <
- Z

where we have the condition Ep[X?] = 2 = 1. Hence the maximum entropy distribution
P(z)is (P(x=-1)=4,P(X=1)=1),¢t he uniform distribution.

Example 4.11. If the measure v is the counting measure on Z then the distribution P is
of the form

670w2
po(x) = W’JC €7,
3
where 6 is chosen so that
fE
Zl’ Z 6791 =1

re”Z
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Example 4.12. If the measure v is the Lebesque measure on R then we recognize from the
basic form of the density given in (4.6) that the density that maximizes the entropy is the
Gaussian distribution with mean 0 and variance 1,

1 «?

e 2.

In the proof of Theorem 4.2 we have seen that if an exponential distribution exists that
yields the right moment then it is the maximum entropy distribution with this moment.
Assume for a moment that we did not already know the form of this distribution. It is then
perhaps insightful to “derive” the form of the distribution from first principles. Consider
the following Lagrangian:

L= / p() log p(a)du () + 87 (i - / p()é(x)dv () + k(1 - / pla)dv(x)).

Our aim is to minimize this Lagrangian. The first term is equal to —H(P). Indeed, we
want to maximize H(P), i.e., equivalenty we want to minimize —H (P). The second term
corresponds to all the constraints on the moments. Here, 6 is a vector of length d. And
the third term corresponds to the normalization constraint on the density. Note that we
have not included any term to ensure that the “density” is non-negative. We will see in a
second that even without adding this constraint the solution will automatically fulfill this
constraint, hence there is no need to add this constraint explicitly.
If we now take the “derivative” with respect to p(z) and set it to 0 we get

0=1+log(p(z)) — (0, 9(x)) — k.
Solving for p(z),

pla) = ele@htnr=1,
This is of course an exponential distribution as expected. Note that due to the special
structure of the solution p(z) > 0 is automatically fulfilled.

4.8 Application To Physics

Let us re-derive one of the basic laws of physics — the Maxwell-Boltzmann distribution.
Assume that we have particles in R3. They each have a position and a velocity vector
associated to them. We will not be interested in the position but we are asking how the
velocity vectors are distributed. Let v = (v1,v2,v2) be the velocity vector associated to a
particular particle.
We associate an average “kinetic energy” E (per particle) to the distribution

1
[ o) m(vt +v3 4 vhiav = B, (4.7)

where m is the mass of a particle (all are assumed to have equal mass).
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Let s = \/v? +v3+ v%, the speed. What is the maximum entropy distribution p(s)?
Note that in this case ¢(v) = vi+v3+v3. Therefore, the form of the maximizing distribution
is

p(v) = ea(vf—i-v%—&-v%)—A(O)'
We recognize this to be a three-dimensional zero-mean Gaussian distribution with inde-
penden and identically distributed components. We conclude that each component is dis-
tributed according to

1 v?

p(v) = o=5ea,
2K

for some value of 0. Going back to our orignal constraint (4.7) we see that o% = 2.
Summarizing, the velocity distribution of each component has the form

What is the induced distribution of the overall speed s? Recall that the surface of a
sphere (in 3 D) of radius s has area 47s?. Hence,

3
3 5 m52
P{s < S <s+ds} = <4ﬂ;> e~ i dms?ds,
s

[27Tm3 5 _3ms?
p(s) = 47TE3826 iE . (4.8)

Appealing to thermodynamics, we write E as F = 3/2kT, where k is the Boltzmann
constant and T is the temperature. The factor 3 accounts for the three degrees of freedom
and %k‘T is the kinetic energy per degree of freedom. Then we get the usual form

so that

2m3 _ms?
p(s) = WS e 2T .

As an alternative derivation, we could have found p(s) by directly finding the maximum
entropy distribution on X = R with measure dv(s) = 4rws?ds, for s > 0. In this case we
know that

—0s2—
()

p(s) Lis>o3-

The normalizing condition reads

3/2
/ p(s)dv(s) = / e 0= AO 1205 = T _=A0) — 1
$>0 63/2

s>0
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This tells us that A(f) = 2InZ. The second moment requires that

o\>? 3 2E
[Ep(s)[SZ] B />0 <7r) e Sdu(s) = 20 m’

so that 6 = 3—7" It follows that the distribution that maximizes this entropy when written
with respect to the Lebesque measure on RT is equal to

0 3/2 o g2
po) = (2) ety

which is equal to what we got in (4.8).

4.9 I-Projections

In previous lectures we have discussed at length Sanov’s theorem. Recall that if we have
given a family of distributions, call the family II, and a fixed distribution P, then the
chance that we will mistake samples from P for samples from one of the elements of 1I, is
exponentially small and the exponent is asymptotically equal to argmingc D(Q|P). The
operation of finding the “closest” element of II is called an I-projection. In general it is
difficult to compute this projection. But if the family is linear then the projection is again
easy to compute as we will see now.

Theorem 4.3. Let P be a fixed distribution with density p(x) and let II be the set of all
distributions so that Eg[¢p(x)] = p for g € II. If Py has density

po = p(z)eld-0@)=AW0)

and Ep,[¢p(x)] = p then
Py = argmingen D(Q||P).
In words, Py is the I-projection of P onto 11.

Proof. The proof uses the same idea as we used to show that exponential distributions solve
the maximum entropy problem. We have

D@IP) = [ atetog E;d””

= /q(x) log po( )du(x) +/q(:v) log a(z) dv(x)

p(w) po()
= [al= — A(0)]dv(z) + D(Q| Fy)
po(x x)) — A(0))dv(z) + D(Q|| )

f)) dv(z) + D(QI|Py)

= D(Py||P) + D(Q|| Py)
> D(Pyl|P).

x) log

I
\\\
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O]

4.10 Relationship between 0 and E[¢(x)]

4.10.1 The forward map VA(0)

Assume that we fix h(z) and ¢(z). Then for every § € © there is a distribution pg(x) and
an associated “mean” Ep,[¢(x)]. This mapping 0 — p = Ep,[¢(z)] is called the “forward”
map. We have seen in (4.1) that it is given by VgA(6).

Clearly this mapping is important. For simple distributions as for Bernoulli, Poisson,
or Gaussian this map is simple to state and simple to compute. But there are important
classes of distributions in the exponential family where this map is computationally difficult.
Let us give one such example.

Example 4.13 (Ising Model). The Ising model is a classical example from statistical physics
which was initially introduced in order to study magnetism. The associated exponential
distribution has the form
po(x) = eXsev OsTst s pen Iuewaz—AL)

Here, the x5 take values in {£1} and they are called spins. The set of spins is V' and there
is an underlying undirected graph with vertex set V' and edge set E. The strength of the
“Iinteractions” between two spins that are connected by an edge (s,t) is 0. There are also
the “local fields” 65 for every spin s € V.

Note that we are here in a much “higher dimensional” setting — ¢(z) has dimension
|[V| 4+ |E|. Given the local fields and the strength of the interactions we are typically
interested in the marginals and the pairwise correlations, i.e., we are exactly interested in
i = Ep,[¢(z)]. In particular we are interested if, e.g., some marginals become strongly
“biased” or pairs become strongly correlated. If we stay with the physical interpretation of
this model then such an “emergent” bias would represent the emergence of a global magnetic
field given the local interaction rules. “Emergent” here means that we envision that we
change the parameters of the model (the 65 and 64) and that for some such parameters
even a small extra change might suddenly lead to biased marginals.

In summary, we are interested in the foward map 6 — p. But this map is in general
exponentially complex to compute. E.g., if you look at the expression of A(6), it has the
form

A(Q) = ln Z eZSGV 03$5+Z(s,t)eE 9St$s$t’

z€{0,1}IVI

requiring a sum over an exponential number of terms. And the same is true if you look
at the gradient of this expression since A(f) is part of this gradient computation. So even
though the map is well-defined and mathematically simple to describe, it might be difficult
to compute.
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Definition 4.2 (Set of Feasible Means). For a fixed ¢(x) let
M = {u € R?: 3P so that Ep[¢(z)] = u}.

In words, for a fixed sufficient statistics, M is the set of all means that can be achieved
by some distribution. It is important here that P is not assumed to be an element of the
exponential family.

Definition 4.3 (Regular Families). Let ¢(x) be given. We say that the associated expo-
nential family is regular if © is open.

Definition 4.4 (Minimal Families). Let ¢(x) be given. We say that the associated expo-
nential family is minimal if there does not exist a vector n so that

n' ¢(x) = const,
v(z)-almost everywhere.

Theorem 4.4. For a regular family the gradient VoA(f) : © — M is one-to-one if and
only if the exponential representation is minimal.

Proof. Assume at first that the family is not minimal, i.e., there does exist an 7 so that
n'é(x) = ¢, a constant, v(z)-almost everywhere. Pick a §; € ©. Then for a sufficiently
small €, 05 = 01 + en € O since we assumed that © was open (the family is regular). Note
that A(f2) = A(61) + ec. Therefore

VoA(0r) = Vo A(6s).

Conversely, assume that the family is minimal. We claim that in this case A(#) is strictly
convex. This implies that

A(Gg) > A(el) + <VQA(91),(92 — 91>,
A(@l) > A(eg) + <V9A(92),(91 — 92>.

We therefore have
(VgA(01),01 — b2) > A(01) — A(02) > (VoA(b2),0, — 02).
This implies that
(VgA(01) — VoA(02),0, — 02) > 0.

It remains to explain why A() is strictly convex for a minimal family. Recall that VgA(Q)
is the convariance matrix of ¢(x). So A(#) is always convex. If the family is minimal then
for no n is (n,¢(x)) a constant. We conclude that the covariance of (1, ¢(z)) is strictly
positive. But this covariance is equal to nTng(G)n, and so this quantity is strictly positive
for any n € ©. O
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4.10.2 The backward map

When we discussed the maximum entropy problem we had to assume that for a given mean
vector p there exists a parameter 6 so that Ep,[¢(x)] = p. Only then could we conclude
that the maximum entropy solution is an element of the exponential distribution. As we
will see now, this is not really much of a restriction as long as there is some distribution
that has this mean.

Theorem 4.5. In a minimal exponential family, the gradient map VgA(#) : © — M is
onto the interior of M.

We will not provide a proof here but refer the reader to [2].

We can therefore define a backward map from the interior of M onto ©. This has the
pleasing consequence that if we are looking for a maximum entropy distribution then as
long as we pick a mean vector from the interior of M then the solution will be an element
of the exponential family.

This has another important consequence. Let us go back to the parameter estima-
tion problem discussed in Section 4.5. Assume that the samples do come from a minimal
exponential family with sufficient statistic ¢(z) and that the parameter 6y is such that
VA(6y) = p is in the interior of M. Assume that we compute the empirical mean

1
p= N;QS(@-

We know that [ Nzeo w almost surely. Therefore, if we estimate the parameter by applying
the inverse map to i then this estimate will converge almost surely to the true parameter
fp. In other words, this estimator is comsistent. This gives us an well-founded justifcation
for using the ML estimator in the first place.

4.11 Problems

Problem 4.1. Find the maximum entropy density f, defined for = > 0, satisfying F[X]
a1, E[ln X] = ap. That is, maximize — [ fIn f subject to [z f(z)dz = a1, [(Inz)f(z)dz
ag, where the integral is over 0 < < co. What family of densities is this?

Problem 4.2. What is the maximum entropy distribution p(z,y) that has the following
marginals?

X

1 pu | p2 | P23

2 pa1 | p22 | pas | 5

3 1
1

P31 | P32 | P33
2 T T
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Problem 4.3. (a) What is the parametric-form maximum entropy density f(x) satisfying
the two conditions

EX%=a E[X'Y =0

(b) What is the maximum entropy density satisfying the condition
EX®+ X% =a+0

(¢) Which entropy is higher?

Problem 4.4. Find the parametric form of the maximum entropy density f satisfying the
Laplace transform condition

/f(m)e_f”dw = q,

and give the constraints on the parameter.

Problem 4.5. Let Y = X; + X5. Find the maximum entropy of ¥ under the constraint
E[X?| =P, E[X3] =P

(a) If X1 and X5 are independent.

(b) If X7 and X9 are allowed to be dependent.

Problem 4.6. We learned in the course that as long as the set of feasible means is open
then every such mean can be realized by an element of the exponential family. In the
following verify this explicitly (by not referring to the above statement for the following
scenario).

(i) Let ¢(x) = 2.

(ii) Let ¢(x) consist of all elements x;x;, where ¢ and j go from 1 to K.

Problem 4.7. (Ezponential Families) What is the maximum entropy distribution, call
it p(z,i), on [0,00] x N, both of whose marginals have mean p > 0. (l.e., in one axis
the distribution is over the positive reals, whereas in the other one it is over the natural
numbers.)
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Chapter 5

Multi-Arm Bandits

This is a HUGE topic and we will only be able to cover basic material. If you want to know
more (also about the historical development) we highly recommend http://banditalgs.com

5.1 Introduction

The basic model is the following. For each round t = 1,2,--- ,n, the learner chooses an
action Ay from a set of available actions A. To each action A € A corresponds a probability
distribution P4. The environment receives the chosen action A; from the learner and in
response generates the random variable X; that is distributed according to Pa,.

The reward up to and including time n is ;" ;| X;. The decision by the learner at time
t is in general a function of the history Hy—1 = {A1, Xy, -+, Ai—1, Xy—1}. Our aim is to
maximize the reward by employing an appropriate learning algorithm.

More precisely, we typically try to minimize the regret rather than maximize the reward.
The regret with respect to a particular action a € A is the difference of what we could have
gotten if we had used action a in all n rounds versus the actual reward we got. The
advantage of this competitive view (comparing to some other action) is that this measure
is invariant to e.g. shifting all rewards by a constant amount. We typically compute the
worst case regret, i.e., the regret with respect to the best action we could have taken, and
since the reward is a random variable it is common to first average over the reward for each
action. This means we compute

n

R, = Ijléiﬁt{nuA — [E[; Xyl

It is probably not surprising that a good learner will be able to achieve a sublinear
worst-case regret, i.e., R, = o(n). Let us quickly go over the argument. We will do a much
more thorough analysis later one. Assume that |A| = K. If we take m samples from any of
these K distributions we can compute each mean with an additive error bounded by ¢/y/m
with high probability.

Assume that we spend a fraction € of the total time n on learning the K actions and
afterwards always play the “best” one according to the derived estimates. In this way we

61
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will achieve a regret that behaves like nu*(e + ¢K/+/en). The term nu*e is an upper bound
on the regret that we get since for a fraction e of the time (when we are learning) we
might have a regret as large as p*. The second term, namely nu*cK/\/en accounts for the
fact that during the remaining fraction 1 — ¢ < 1 of the time, we always play the “best”
arm according to our estimates but for each arm the estimate can be off by ¢//en with
a fixed probability and so each arm in expectation will contribute a term of this order to
the expected regret and we have K arms. We are still free to optimize over the choice of e.
If we choose € = (2‘3\[/%)% then we get 3(n%)%, which vanishes as a function of n. So the
interesting question is how fast we can make the normalized regret converge to 0.

In the above paragraph we have assume that we know the time horizon n. This is often
the case. But also the setting where the time horizon is not known a priori is of interest.

The setting we described, where the rewards come from a distribution that only depends
on the chosen action and this distribution is fixed over time is called the stochastic stationary
bandit problem. We will limit ourselves to this setting.

5.2 Some References

Besides the web page pointed out at the beginning there are many very good references for
this topic.

The paper that started the whole area is William R. Thompson. On the likelihood
that one unknown probability exceeds another in view of the evidence of two samples.
Biometrika, 1933.

You can find a good survey at https://arxiv.org/pdf/1204.5721v2.pdf. If you are looking
for a book, we recommend Multi-armed Bandit Allocation Indices, 2nd Edition, by John
Gittins, Kevin Glazebrook, Richard Weber, or Bandit problems — Sequential Allocation of
Experiments, by Berry, Donald A. and Fristedt, Bert.

5.3 Stochastic Bandits with a Finite Number of Arms
5.3.1 Set-Up

Let us analyze the simplest strategy that we already mentioned in a little bit more detail.
It is somewhat easier to think of problems with infinite horizons, i.e., there is no fixed n,
but we assume that the game goes on forever.

5.3.2 Explore then Exploit

A sub-optimal but very natural strategy is the following. First, get sufficiently many samples
from every bandit in order to determine its mean sufficiently accurately. This is the exploring
stage. Then exploit the so gained knowledge and play according to these empirical means.
If we have a bandit with a finite number of arms then it is not very surprising that this
strategy achieves a sub-linear regret.

Let us do the calculations. Let X1, -+, X, be a sequence of iid random variables with
mean p = E[X;]. Given the sequence Xi,---,X,, the empirical estimator for p, call it
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X1, X i

. 1 &
(X1, ’Xm):m;Xt'

The above estimate is itself a random variable. It’s mean is unbiased, i.e.,

E[a(X1, -+ Xm)] = ;E[Z X, =

But of course we have a variance. Let us therefore give a bound on the probability that this
estimator deviates significantly from the true value. The natural avenue is to use Chernov
bounds. Indeed, this is what we do. But rather than optimizing over the degree of freedom
that we have in this bound, we will make an assumption on the underlying random variable
that will make this optimization unnecessary.

Definition 5.1. A random variable X is o?-subgaussian if for all A € R it holds that
E[eM] < Mo’/

The quantity E[e*X] is called the moment-generating function.

Lemma 5.1 (Basic Properties of subgaussians). Let X;, i = 1,2, be two o?-subgaussian
independent random variables. Then

(i) E[Xi] = 0; E[X?] < 07.
(ii) For all a € R, aX; is (a?0?)-subgaussian.
(iii) X1 + Xz is (0% + 03)-subgaussian.
Proof. Pick A so that AE[X;] > 0. Then using our assumption in the second step,
- %A%? + O > E[eN7?) > E[eM] > 14 AE[X] + %Az[E[Xf] +O(\%).

Claim (i) follows by letting A tend to 0. Claim (ii) is true since E[e*Xi] < e**77/2 implies
E[er@X)] = E[eP)X)] < E[eM*@®07/2] = X*(200)*/2 And to prove claim (iii), note that
[E[eA(Xl-i-XQ)] — IE[CAXleAXﬂ — [E[e)\Xl][E[e)\XQ] S 6)\20%6)\203 — e)\g(a'%—l-a'g)/Q‘ D

Lemma 5.2 (Zero-Mean Gaussian is subgaussian). Let X be a Gaussian random variable

with mean zero and variance o2. Then X is o?-subgaussian.

Proof. By Lemma 5.1 we can assume that o2 = 1. We then have

1
E[e™Y] = m/e’\%_wzﬂd:ﬁ
]. e — 2/2
— r—X d
)\2/2 / —3(A—=)
V2T

2
N2,

dx
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Lemma 5.3 (Zero-Mean Bernoulli is subgaussian). Let X be a zero-mean Bernoulli random
variable, P{X = 1—p} =p andP{X = —p} =1—p, 0 < p < 1. Then X is 1/4-subgaussian.

Proof. We have

] = (1= p)e 7 + peX(17)

< ei’\2/2.

The last step is a special form of the so-called Hoeffding inequality: Note that we only have
to proof the inequality for A > 0 and p € [0,1]. This is true since the pair (A, p) results in
the same value as the pair (—\,1 — p) and the bound only depends on A%. Consider

$(A) =In[(1 = p)e 7 4 pe177)]
=—- p+In[(1-p)+ pe>‘].

Write it as ¢(A) = ¢(0) + ¢/ (0)A + 2¢”(£)A2, where 0 < € < A. Note that ¢(0) = In(1) = 0.
Next,

so that ¢'(0) = —p + p = 0. Finally,

" o e>‘p(1 - p)
PN = T g e

Now note that by the convexity of the function z +— 22, ((1 — p) 4+ pe*)? > 4e*p(1 — p).
From this it follows that ¢ (&) < i for all 0 < & < X\. We therefore have ¢(\) < %)\2, which
is equivalent to the claim. O

Lemma 5.4 (Zero-Mean RV with finite range is subgaussian). Let X be a zero-mean random
variable with X € [a,b]. Then X is (b — a)?/4-subgaussian.

Proof. The proof follows along the same lines of the previous proof and we skip the details.
O

Lemma 5.5 (Hoeffding’s Bound). Assume that X1 — p,--- , X — p are zero-mean inde-
pendent o2-subgaussian random variables. Then the empirical estimator i satisfies

2
N me
P{i>p+e} < eXp{—T‘g}n

2
~ me
P{i<p—e} < eXp{—ﬁ}‘
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Proof. Assume at first that X is o2-subgaussian. Then

[FD{X> })\>O {AXZG)\E}
Markov inequality [E[(BAX]
<

— e—Ae
o2 —subgaussian

< E[e2X*0" ).

Therefore,

|]J>{ ZXt > :UJ+E} [FD{e Zt 1 AN Xt—p) > eAE}

A
Markov inequality [E{eﬁ ZI’LI(Xt—u)]
< A
e—Ae
02 —subgaussian 1

2
< E[e@m™

2_)Xe
]
)‘:7”25/02 [E[e—meQ/(Qaz)} )

In the one before-last step we have used property (ii) and (iii) of Lemma 5.1 to conclude
that L > (X — p) is %z—subgaussian. O

Let us now get back to analyzing the explore-then-exploit (or commit) strategy. Assume
that at the start we get m samples from each of the K bandit arms. Let the expected gain
from arm k be uj and let px = maxj<p<g px. To simplify notation, let us assume that
ux = pq. Define Ap = p* — py. Finally, assume that each of the K arms corresponds to a
random variable that is 1-subgaussian.

After the initial exploration stage we choose that bandit with the largest empirical
pay-off for the remaining n — K'm steps. This gives us an expected regret of

K K

R, = mz Ap + (n—mK) ZAkP{k = argmax;i; }.
k=1 k=1

This expression is easy to explain. The first sum on the right is the expected regret due to
the exploration stage — we get m samples from each arm, and in so doing, accumulate for
each arm an expected regret of mAy.

The second sum on the right accounts for the regret that we accumulate over the re-
maining n — mK steps in case we choose a sub-optimal arm in the exploitation stage. This
second term we can now bound using our tail-bound inequalities. Recall that Ay is the
regret if we use arm k, instead of the optimum arm 1. We get m samples. What is the
probability that the average of the m samples of arm & look better than the average of the
m samples of arm 17 This is equivalent to asking for the probability that

%Z M <oy,
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(k)

where Xt(l) denotes the m independent samples from arm 1 and X,

(1)

dependent samples from arm k. Now note that by assumption X,

denotes the m in-
— 1 is 1-subgaussian
and so is Xt(k) — . Therefore Xt(l) — p1 + Xt(k) — pg is 2-subgaussian by Lemma 5.1. We
therefore have

P{— Z XMy <oy =p{— ZX“) — X7 ) < e — )

1 m
=P{ (X = X ) < Ay
t=1

Therefore, our regret can be upper bounded as

K K
R, = mZAk + (n —mK) Z ApP{k = argmax;i; }
k=1 k=1
K K mAQ
SmZAk—l—(n—mK)ZAkexp{— ky,
k=1 k=1

It is instructive to consider the special case of K = 2. Let A be the regret of the second
best arm (compared to the best one). Our expression for the regret is then

A2

R, = mA + (n — 2m)A exp

.

If we assume that we know n and A a priori we can find the optimal value of m. This leads
to the equation

d n ,LQ

d}; = A(1—ne " A%/4) =0,
—mpt A1

e 4 —n.

We see form this equation that the optimum choice (ignoring integer constraints) is

4 nA?

This gives us
4 nA?
n ~ — 1 1 .
Rn~ < < +In(—— ))

At first this looks pretty promising. The bound on the right is only logarithmic in n. But
there is a slight problem with our bound. So far we have implicitly assumed that A is
relatively large. But what if A is small? E.g., assume that A = ﬁ Then the term % is
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equal to \/n and so our regret is now much larger. Indeed, what if A is even smaller? It
seems that the regret has no bound — the smaller the gap the larger the regret. This seems
counter-intuitive. Should a small gap not be good for us?

We can easily fix this bound by noting that the regret can never be larger than nA.
Hence, we have a bound of the form

4 nA2
< mj = =)
R, < min{nA, A <1 + In( 1 ))}

Now it is easy to see that the worst case is to have a gap of order 1/y/n. In this case the
regret is of order \/n.

To summarize. If the gap is large (a constant) then we only need In(n) samples to figure
out which of the arms is best with high probability. After that we will always use the best
arm. This gives us a regret of order In(n). But if the gap is small then even though pulling
the wrong trigger is less costly we need a considerably larger exploration phase. And once
the gap becomes of size 1/4/n, we will spend all the time in exploring and never reach the
exploitation phase.

There is another issue. All our previous discussion is based on the assumption that we
know the horizon n and the gap A (just look at the expression for the optimum m — it
depends both on n and A. Perhaps it is realistic to assume that n is known. But it is not
realistic to assume that we know A. So is there a way to choose m that is universal? We
will explore this in 2the exercises. We will see that there is. But in this case the worst-case
regret is of order n3. Note that this is the same order that we got in our very first back of
the envelope calculation.

5.3.3 The Upper Confidence Bound Algorithm

The upper confidence bound (UCB) algorithm is a celebrated algorithm that overcomes the
shortcomings of the explore-then-exploit algorithm. Rather than separating the exploring
phase from the exploiting phase these two phases are mixed and the algorithm learns con-
tinously. The idea is simple: At any point the algorithm gets a sample from that arm that,
according to optimistic estimates, looks best.

Recall our upper bound of

P{i(X1,-+, Xpn) — i > €} < exp(—me®/2).

If we set the right-hand side to § > 0 and then solve for § we get

2 1
P{a(Xy, -, Xpm) —pu>14/—In(=)} <.
{:u( 1 m) m = m ( 5)} >~
If we think of § as small then this suggest that, at time ¢t —1, it is unlikely that our empirical
estimator fix;—1 of the k-th bandit arm overestimates its mean by more than ﬁ ln(%).
Here Ty (t — 1) denotes the number of times we have chosen arm k in the first ¢ — 1 steps.
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The idea of the UCB algorithm is to take these upper bounds on the individual confidence
intervals as our estimates and to choose as an action A; at time ¢ that arm 7 that maximizes
this upper bound.

To specify the algorithm it remains to specify the confidence level §; that is used at time
t. We will choose

1 1

o = O T 1+t (5.1)

Note that the above algorithm has the following property. Once all arms have been
explored at depth all the upper bounds on the confidence intervals will be very close to the
true means and so we will likely explore further only arms whose mean is very close to the
maximum mean.

Let us now formally specify the algorithm. We have

t, t < K,
Ay =

argmaxyfir(t — 1) + %ir(lt{(?), t> K.

This algorithm is pretty intuitive. Even if a genie had given us the correct mean of the
best arm for free, in order to verify that indeed this is the best arm, what we would do is
to compute its confidence interval. And how confident should we be, how should we choose
07 If we make a mistake we will pay linear regret for the remainder of the running time.
Therefore § should be smaller than % If we think now of n as ¢ then (5.1) makes sense.

Lemma 5.6. The regret of the UCB algorithm is bounded by

. 7 2
R,< Y mfge(oAk)Ak(l—i—e—Q—i-(Akilnf )+ /7In f(n) +1))

k:Ap>0 )

Let us compare this result to what we have seen for the explore-then-exploit algorithm.
If we pick e small but not too small then the dominant terms in this expression are of the
form thAf (n) 21“56") This is essentially the same as what we derived for the explore-then-
exploit algorlthm But this time we neither required the knowledge of n nor of Ag. Of
course, we have the same issue when one of the A becomes small. The worst case is again
when one of these gaps is of order 1/y/n. This will, as before, result in a regret of order
vnln(n). In summary, we have

7 2
R, < Z min{nAg, infeco a,)Ar(1 + 2 +——=(nf(n)+/rlnf(n)+1))

k: A >0 (Ag —€)?

Proof. Let fi; be the empirical (natural) estimator of the mean of a 1-subgaussian random
variable based on t independent observations. Let a € R and € > 0. Consider the quantity

. 2a
[P’{umﬂ/? > e}
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For t no more than z—‘; this probability is very close to 1. But for larger ¢ we can use our
tail bound to conclude that

2 _Lly(e_, [2a)2
P{ﬂt+\/7a26}§€2t( e
n

" . 2a
[E[Z”{m+ i ;P{“t Tz

t=1
20 — . 2a
St 2 Pty =6

2a
t>2

2a n ( )2
—Lie—,/2a
S 62 + E e 2 t

2a
t>2

Therefore,

0
:1+§2(a+\/ﬁ+ 1). (5.2)

In step (a) we note that the terms in the sum are decreasing and that each term is less
than 1. We can hence bound the sum by the corresponding integral plus the constant 1
(the maximum value that the function can take on at the left boundary). In step (b) we
made two substitutions. First we set z = ey/t so that dt = 2z/e?dz. This will change the
lower bound to v/2a and the argument in the exponent to —%(z —+/2a)%. Then we shift the
integration boundaries by defining z = z — v/2a. This gives us the indicated integral.

Let us now bound the regret, which has the form R, = >} A, o AkE[Tk(n)]. The key
is to find a good bound on E[T;(n)]. Note that

n n n

Tiln) = 3 Uamiy < Zu{m@—l)ﬂ/i?ﬁfffi?s;u—e} +2 ! 2 )

t=1 t=1 t=1 {ﬂk(t71)+ Tk<t71) 2“1 —€N At:k}
(5.3)

The idea of this bound is the following. Rather than counting how often the upper confidence
bound of arm k is larger than the upper confidence bounds of all other arms, we count how
often it is larger than the upper confidence bound of arm 1.

Clearly, this count is an upper bound. Further, rather than comparing the upper confi-
dence bound of arm k£ and arm 1 directly, we compare each individuall to a third quantity.
This quantity is chosen to be slightly below the true mean of arm 1. We increase our count
if either the upper confidence bound of arm k is above this threshold, or if the upper con-
fidence bound of arm 1 is below this threshold. Again, this leads to an upper bound. This
explains the two terms on the right in (5.3).
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We start with the first one,

n n

_ N 21n f(t)
ﬂ—:[tz_; H{ﬂl(t—l)-ﬁ- 210 f(#) <N1_€}] - P (/’Ll(t - 1) + m S u1 — 6)

Ty(t—1) =
. 21n
(N +\ f < — 6)

("b
w\m
—~

N
:T
\
=
~
N
+
)
S

take Taylor series
all terms are positive; keep only first two

1 2
(1) €2

IN

O]

In step (a) we argue as follows. We do not know how many samples of arm 1 we have
taken at time t. Hence we bound this probability via a union bound, where we sum over all
possibilities. In step (b) we used the fact that m is a decreasing function so that the
sum can be bounded by an appropriately chosen integral. In particular, we note that each
term us upper bounded by 1. We hence bound the first two terms by 2 and then we bound
the remainder of the sum by the corresponding integral starting at 2 (the sum starts at 3).
Finally, we drop the 1 from the denominator and we extend the integral to infinity. This

further upper bounds the sum and leads to a simple expression.
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It remains to bound the second term in (5.3),

n (a) n
[E[ [l ~ 21n f(t) S [E[ [l ~ 21n f(n)
=1 {ix(t=1)+ T (i—1) >p1—e N A=k} =1 {r(t-1)+ Te(t=1) >pr1—e N A=k}
b X
<E[Y 1 5 ]
S A Wi ()
g (TSR RVELY O

n

<ED I Yo ]
; {5~y 2 f( )>Ap—e}

(c) 2
<1+ m(lnf(n)) ++/mIn f(n) + 1).

In step (a) we replacedf(t) by the larger quantity f(n). This gives us an upper bound.

Step (b) also warrants some explanation. As in the previous case, we do not know what
Ti(t — 1) is, other than that it must be in the range from 1 to t — 1. When we derived a
bound on the first term in (5.3) we got around this problem by taking a union bound over
all possible such values.

We could do the same thing here, but this bound would be loose. The trick is to realize
that whatever value of s we have for a particular step t, the same value cannot appear again
in a later step due to the condition that A; = k. Therefore, it suffices to take the sum over
all possible values of s once, i.e., instead of the sum over ¢.

Finally, in step (c) we have used (5.2) with a = In(f(n)) and € replaced by Ay = e.

5.3.4 Information-theoretic Lower Bound

We have seen that the UCB algorithm has a worst-case (worst-case over the choice of gaps)
regret of order /nln(n). Could there be an algorithm that is much better than that. We
will now see that we cannot hope to do better than /n.

So far we have discussed two concrete algorithms. In general, an algorithm is specified
by a policy w. A policy is a sequence of conditional probabilities that specify the probability
of the action at time ¢ given the history H;_; = {41, X1, -+, Ai—1,Xi—1}. The policies
of the explore-then-exploit as well as the UCB algorithm were deterministic (other than
perhaps when breaking ties). But in general a policy might be randomized. Recall also
our notion of environment v. The environment is the set of K probability distributions
V= (Pl,"- ,[P’K).

Lemma 5.7 (Lower Bound on Worst-Case Regret). Let K > 1 andn > K—1. Then for any
policy m there exists an environment v so that the regret Ry (m,v) > 5+/(K — 1)n. Further,
this environment can be chosen to be a Gaussian environment, where all distributions are
unit-variance Gaussians.

Proof. The idea of the proof is the following. We are given a policy w. Based on this
policy we construct two Gaussian environments that are quite similar and differ only in a
single distribution. We then show that the given policy m cannot do well on both of these
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environments. Note that the “bad” enviroment that we prove to exist depends in general
not only on the policy but also on n.

Let K be the number of arms, K > 1, and let w be given policy. Our first enviroment
is Gaussian with unit-variance distributions and a mean vector of the form (A,0,---,0),
where A > 0 is a parameter. We will chose it to be /(K —1)/(4n).

Let E, [T}, (n)] denote the expected number of times we choose arm & for this environment
v under the policy 7 (since the policy 7 is fixed we do not explicitly denote it). Let i,
1 < i < K, be an arm that we choose the least often under this policy. More formally,
i = argming E,[Tx(n)]. If ¢ = 1 then at least (1 — 1/K)n times we do not choose arm
1 and so our regret is at least (1 — 1/K)nA, which, for our choice of A gives a regret of

(1~ 1/K)n/(K = D)/(n) > L /(K — D> & /(K — D

So let us assume that ¢ # 1. In this case the second environment v/ is again Gaussian
with unit-variance distributions and a mean vector of

i-th component

Let p, (A1, X1, , Ap, X)) denote the joint distribution under policy 7 in environment v
and let p,/ (A1, X1, -+, Ap, X,,) denote the joint distribution under policy 7 in environment
V. How different are these distributions? Let us compute their KL divergence,

pl/(A17X17 T 7ATL7X71)
pz/’(AhXh e 7AnaXn)‘

D(pllapl/l) = /pV(Aleb U 7A7L7Xn) In
Note that these distributions can be factorized in the following form

(A1, X1, A, X)) = (A7 (X1 | Ar) - '77Hn71(An)7TV(Xn | Ap).
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Therefore

pV(Al, Xl, e ,An,Xn)

P (A1, X1, -+, An, Xi)

m(A)m (X1 | A1), (Ap)mo (X | An)
m(A)m (X1 [ A1), (Ap) T (X | An)
(X1 | A1) (X | An)

T (X1 | Ar) - (X | An)

D(plupv’) - /]%(AlaXl,' o 7An7Xn) In

:/pV<A17X17"' 7An7Xn)1n

:/pv(AlaXh'" 7An7Xn)ln

WV(Xt’At)
= J(AL, Xy, A, Xy) In =L 2
t:1/p( v t t)nﬂu’(Xt|At)
S T (Xy | A = k)
= Ay = E)py(Xy | Ay = k) In — L 20—
> [ 3 om0 4= B S

k=1

®)  n 4A?  2nA?
K-12 K-1

In step (a) we have used the fact that the two enviroments only differ in position 7 and that
in this position we have two unit-variance Gaussians, one with mean 0 and one with mean
2A. As you will show in your homework, if P;, i = 1,2, are two Gaussians with means p;
and variances o7, then

of + (p —pm)® 1

DKL(P1HP2)2111(0'2/0'1)+ 952 - —.
o5 2

To see step (b) note that amongst the K — 1 arms 2,--- , K, the one that is chosen the
least cannot be chosen more than n/(K — 1) times. We now have

(@) n n
R, (m,v) + Ry(m, V') > P, {Ti(n) < n/2}7A + P, {Ti(n) > n/Z}TA

— 4

,na g2

=7y °

V(K —-1) _

Y - ‘e
8

2y/n(K —1)

27 '

—
O
~

D=

(

=
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Before we justify any of these steps note that this inequality completes our proof: We have
shown that for a given policy there are two environments so that the sum of their regrets

at time n is at least 27”1(2[7(_1). So at least one of these environments must have a regret of

n(K-1)
at least =

Step (a) is easy to explain. If we choose the arm 1 in environment p at most half of the
time then for n/2 time steps we have a regret of A for each step. And if we choose the arm
1 in environment ' more than half of the time then for n/2 time steps we have a regret of
at least A.

In step (¢) we made the choice A = /(K — 1)/(4n) and in step (d) we lower bounded
€72 /8 ~ 0.0758 by 2/27 ~ 0.07407.

To see step (b) let P and @ be two distributions, p and ¢ be their densities, and let A
be an event. We have

PU+Qu) = [ s+ [ g
> /EA min{p(z),q(z)} + /EAC min{p(z), q(x)}

I
N —
(O,
3
&
(=)
~—
8
S~—
N————
(3]

2
1 a(z)
7621nfp )
2

Jensen 1 1 q(z)
> 762f spIn )

(=)
= lefpln Z(:C)

— le—D(p,q)_

2
O

For step (a) note that 3 ([ max{p(z),q(z)}) < 1 with equality if the two distributions
have disjoint support. Step (b) follows by Cauchy-Schwartz.!

' fgl? < |f[3lgl3 with f = \/min{p(z), ¢(2)} and g = \/max{p(z), ¢(x)}.
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5.4 Further Topics

There are many extensions and variations of this topic. Let us quickly mention a few
without proofs or details.

5.4.1 Asymptotic Optimality

Assume we are given a fixed policy .

In Section 5.3.4 proved that if we first fix the time n and then choose an environment
we can make the regret as large as y/n.

But what if we first fix the environment and then let n tend to infinity. We have seen
that for the UCB algorithm the asymptotic regret scales logarithmically. Can we do better?
It turns out that we cannot as long as we stick to policies that have an asymptotic regret
that is upper bounded by n?, for every a > 0, for all environments (E.g., the UCB fulfills
this condition). So the UCB algorithm is optimal also in this sense.

5.4.2 Adversarial Bandits

So far we have assumed that the environment consists of K distributions that are unknown
but fixed. This is a relatively strong assumption. In the adversarial bandit setting we do
not assume that the rewards are iid samples from a distribution. Rather, we allow them to
be arbitrary numbers x; in [0, 1].

Assume at first that the policy is determistic. Then it is clear that we can make the
regret equal to n. For any time ¢, once A; has been chosen by the policy, lets say it has
value k, pick j # k, and set z;; = 1, and x;; = 0, © # j.

We can remedy this problem by making the following two changes. First, clearly we
need a randomized strategy. Second, we will compare ourselves to a genie who knows all
rewards x; and who picks that arm whose average reward is largest up to time n (so we
do NOT compare to a genie who is allowed to pick at every time ¢ that arm that contains
the highest reward at this time).

Perhaps suprisingly, for a randomized stratety and this proper choice of genie we can
make the regret almost as small as for the stochastic case. Here, the regret is the expected
regret, where the expectation is over the choice of randomness of the algorithm.

Exponential-Weight Algorithm for Exploration and Exploitation

The most common algorithm in this setting is the Ezponential-weight algorithm for Explo-
ration and Exploitation (Exp3 for short). It is defined as follows.

We start with a uniform distribution on the set of actions, Py—1 =1/K, k=1,--- | K.
At time ¢, we have computed the distribution P; ;. Sample an action A; from this distribu-
tion, assume it is k. Reveal the sample. It is the number z;; and we call it X;. Estimate
the rewards for all arms based on X; and then compute P;i1 by updating Py .
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Reward Estimation

Recall that in round ¢ we chose some action A; according to the distribution P;; and then
we observed the reward X; which is the ¢t-reward of arm A;. Based on this number we would
like to estimate the reward of all arms. We use the estimator

lra.—
b = {Ay=k} X,.
’ Py
This makes sense. We scale each number by one over the probability that we sample it. We
have?
. lia,=k
[E[xt,k | A17 X17 T 7At—1a Xt—].] = IE[ {l]:Dt f }Xt | A17X17 T )At—17Xt—1]
t7
lia,=k
:IE[{ : }xt,k|A17X1)"' 7At—17Xt—l]
t,k
Ttk
= —Flly4,_ AL X, A, X
Poy fa,—ry | A1, X1 t—1, Xt—1]
= Tt k-
Note that the conditional expectation E[Z¢y | A1, X1, -+, Ai—1, X;—1] is a random variable

(it depends on the history) that is constant on the “partitions” given by the conditioning.
What the above says is that independent of the history this random variable is in fact equal
to @y . So irrespective of the history, if we repeated the same history many times, the
expected regret we would see is always ;). This makes of course sense since the history
only changes P ;, but by definition we sampled exactly according to this distribution. (In
order for things to be well-defined we need to ensure that the probability of sampling a

particular k is never 0.)
In the same way we can compute the variance of this estimator. We have

= [E[ﬁk | Ay, X, A, X1 — [T | Ar, X, 7At—17Xt—1]2

Da,=k 2
= E[( {[P’t . }Xt> | Ay, X1, Ay, Xy — a7y,
t7

lfai=k
= B[St | AL Xy A, Xe] -
t,k

Tt ke

2
H:Dt

2
SEa,—ky | AL X1, Ay, Xoa] — 2y,

k
1 —Pyg

2
= T
t.k
Py

2Recall the definition of conditional expectation. Let X be a random variable defined on a o-algebra F.
Let G be a sub o-algebra. Then the conditional E[X | G] is the unique random variable that is G-measureable

and so that for all G € G
/ E[X | G]dP = / Xdp
G G
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From this we see that the variance can be substantial if P} is very small. This can of
course cause trouble.

Updating the Probability Distribution

Now where we have discussed how we can estimate the total reward of each arm up to time
t — 1, call this quantity S;_1x, we still need to discuss how we convert this estimate into
the probability distribution P ;. One standard way of doing this is to set

enst—l,k
& )
Zj enSt—1,j

where 7 is a parameter that we can choose freely.

Py =

Lemma 5.8 (Regret of Exp3). For any assignment of the rewards zj, € [0, 1] the expected
rewards of the Fxp83 algorithm is bounded as

R, <2y/nKIn(K).

5.4.3 Contextual Bandits

In many scenarios we have some side information available. How can we use this information
to improve our choice. One idea is to define a context. E.g., perhaps we built a movie
recommedation site. In this case we might have a prior classification of various user “types.”
This could be the context.

Assume that there are a finite number of contexts. Then we could define one bandit
algorithm for each of the finite number of contexts and run them independently. But we
pay a price. Now each algorithm only sees a fraction of the examples!

5.5 Problems

Problem 5.1. Compute the KL Divergence of two scalar Gaussians p(x) = N (u1,0?) and
q(l’) = ./\/’(/.LQ, O-g)

Problem 5.2. In the course we analyzed the Upper Confidence Bound algorithm. As
was suggested in the course, we should get something similar if instead we use the Lower
Confidence Bound algorithm. It is formally defined as follows.

t, t <K,
A =

arg maxy, fix(t — 1) — %i?t{(?), t> K.

Analyze the performance of this algorithm in the same way as we did this in the course
for the UCB algorithm.
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Problem 5.3. Recall our original explore-then-exploit strategy. We had a fixed time horizon
n. For some m, a function of n and the gaps {Ay}, we explore each of the K arms m times
initially. Then we pick the best arm according to their empirical gains and play this arm
until we reach round n. We have seen that this strategy achieves an asymptotic regret of
order In(n) if the environment is fixed and we think of n tending to infinity but a worst-case
regret of order \/n if we use the gaps when determining m and of order n3 if we do not use
the gaps in order to determine m. X

Here is a slightly different algorithm. Let ¢, = ¢~ 3. For each round ¢t = 1,--- ,, toss a
coin with success probability €. If success, then explore arms uniformly at random. If not
success, then pick in this round the arm that currently has the highest empirical average.

Show that for this algorithm the expected regret at any time t is upper bounded by t3
times terms in ¢t and K of lower order. This is a similar to the worst-case of the explore-
then-exploit strategy but here we do not need to know the horizon a priori. Assume that
the rewards are in [0, 1].

Problem 5.4. Prove Lemma 7.4 in the lecture notes. In other words, prove that if X is a
zero-mean random variable taking values in [a, b] then

E[e™Y] < o5 l(a—b)2/4]

Expressed differently, X is [(a — b)?/4]-subgaussian.
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Distribution Estimation, Property
Testing and Property Estimation

Assume that we are given iid samples from an unknown distribution. How many samples do
we need before we can estimate the distribution with an “acceptable” accuracy? And what
if we are interested in only particular properties of the distribution, such as its support size,
or perhaps it’s entropy. These are the questions that we will discuss in this chapter.

This chapter closely follows the tutorial by Acharya, Orlitsky, and Suresh, see

https://people.ece.cornell.edu/acharya/papers/isit-tutorial-acharya-orlitsky-suresh.pdf

6.1 Distribution Estimation

6.1.1 Notation and Basic Task

Consider a random variable X taking values in the discrete set X and let p(z),xz € X,
describe the distribution of X. Of course we have p : & — R>g and )y p(z) = 1. We
assume that X has a finite support, |X| = k. Without loss of generality we will assume
that X = {1,--- ,k}. In this case we can think of p(z) also as a vector of length k written
as p= (p1,--- ,px). Note that in this way p is an element of Ay, the simplex in R*.

In the sequel we will assume that we are given a sample of n elements from X, call it

2" = x1,--+ , &y, chosen iid according to p(x), so that

Given this sample 2™ our task is to find a distribution ¢ = q(z™), ¢ € Ak, that is “close”
to the distribution p.

79
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6.1.2 Empirical Estimator

The perhaps most “natural” estimator is the empirical estimator ¢°™P. Given a sequence
z" let

tl(xn) = |{.7 € {1?"' 7n} F X = 2}‘

In words, t;(z™) counts how many times the symbol i appears in ™. The empirical estimator
is then defined as

g P (a") = ti(a")/n.
Clearly,

g (a™) > 0,

k
S g = 1.
=1

In other words, ¢°™P(z™) € Ay, so this estimator is well-defined.

Example 6.1. Let’s assume that n = 4, k = 3, and 2* = 3112. Then
211
-G

The empirical estimator will play a prominent role in the following.

¢ (3112) = (¢S™P(3112), ¢S (3112), ¢ (3112))

6.1.3 Loss Functions

Before we can analyse how a given estimator does we need to specify how we will measure
the quality of the estimator. More precisely, given p and ¢, how do we measure their
distance? The three most common choices are the ¢ distance, the ¢ distance, and the
Kullback-Leibler divergence. Generically we call the loss L(p,q). We will start by looking
at 2 since it is mathematically the most convenient.

6.1.4 Min-Max Criterion

So assume that we have fixed the loss function L. We then still have various degrees of
freedom. Let us go over these options.

e We are given a fixed distribution p and a fixed estimator ¢. It is then natural that we
compute the expected loss, where the expectation is over the sample:

Exn~p[L(p, q(X™))].

e We are given a fixed distribution p. For each estimator we can compute an expected
loss as we discuss in the previous scenario. It is then natural to find that estimator
that minimizes this expected loss:

q" = argmin Exnp[L(p, q(X"))].
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e We are given a fixed estimator ¢q. For each fixed distribution we can compute an
expected loss as we discussed in the first scenario. It is then natural that we find that
distribution p* that maximizes this expected loss:

p* = argmax,ca, Exnp[L(p, ¢(X™))].

What if we are neither given p nor ¢7 We get a robust definition if we choose the
estimator ¢ in such a way that we minimize the expected risk for the worst distribution p.
This is called the min-maz criterion and in formulae it reads

Let us emphasize: For each ¢ (estimator) we look a that p (distribution) that gives the
worst result. We then pick that ¢ that minimizes the worst case.

We will be interested in finding what this min-max optimal estimator is and how it
performs. Our strategy will be the following. We first compute the risk of the empirical
estimator. By computing a lower bound on the risk, we will then see that a small variant
of this natural estimator is min-max optimal.

6.1.5 Risk of Empirical Estimator in /3

We start by looking at the case where the difference between the true distribution and the
estimated one is measured in £3 distance, i.e.,

lp—qll5 = (i — a:)*.
7

We want to compute

emp
= gy | S a0

7

where ¢ (z™) = t;(a™)/n.

Recall that the components of X™ are iid, chosen from X according the distribution
p. This (the fact that they are iid) implies that for all i € X, ¢;(X™) is a Binomial with
parameters Binom(p;,n). Therefore,

Exnp[ti(X™)] = npi,
Exnnpl(ti(X™) = npi)?] = npi(1 — pi).

Hence,
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In step we have used the Cauchy-Schwartz inequality,

(@, 9)” < (z,2) - (y,9).

To get our inequality, pick x = (1,--- ,1) and y = p. Note that this inequality is achieved
by the uniform distribution p; = 1/k.

Note that the above bound is universal with respect to the underlying distribution p.
This is good news. So we have shown that for 3 loss

1
Exno|L emp ( xyn — k'
max ExnnplL(p, ¢ (X™))] = —

6.1.6 Risk of “Add Constant” Estimator in (3

Is the empirical estimator min-max optimal? Not quite. Here is a slightly better estimator:

vk, oy L") + L,f
q; (:L’ ) = .
n+/n

This is an instance of an “add constant” estimator. We will soon see that this estimator
is min-max optimal. Intuitively, adding a constant to our observations makes sense. If the
number of samples is small, we cannot possibly have seen all elements, not because their
probability is zero, but because it is small and there is randomness in sampling. What is
the risk of this estimator? We claim that

1

. +Vn/k(yn\\ — _ —  k
;Iéi}z[EX Np[L(pvq (X ))] (\/ﬁ"ﬁ‘ 1)2

To see this claim note that

ti(X")+%] np; + Y2
n+n n+yn

Exnnpla; V™ (2™)] = Exnopl

(2

Note that this is a biased estimator. We get

Exrmp[(t:i(X™) — np; — Y2 (kp; — 1))
Exepl(g V7 (X7) — piy?) = Xl )(n ey o
 Var[ty(X™)] + g5 (kpi — 1)°
B (n++/n)?
(1= pi) + & (kpi — 1)°
- (n+v/n)?
npi(1—3)+ &

(n++/n)?
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To compute the worst-case loss of the g+v™/ F(z™) estimator we need to sum this expression
over all £ components and then maximize with respect to the distribution p. This gives us

- v/ /k( xen y_ =g _ (1-p)
feli),i;[EXan[(qi (X") =pi)] = ntvn)?  (Jnt )2

as claimed.

Note: This calculation shows that for this estimator the loss does mot depend on the
underlying distribution p. This will become important soon.

Note: If we had done this calculation with a general additive term [ instead of the

specific term 8* = % then it is easy to see that that the choice 5* is optimal.

6.1.7 Matching lower bound for /3

We will now derive a matching lower bound. We proceed as follows. Let m be a prior
distribution on Aj. We then have

q pEAk

> (P- Qi(Xn))2]

i

02 . 9 ]
rk?n = min max Exn., [ E (pi — qxni) ] > mqm Epemxnp

i

=Ep~rxn~p

> (P — Epamixn~p|Pi | X"W] :
(2
where in the last step we have used the fact that the minimum-mean squared error estimator
is given by the conditional expectation.

Therefore, if we can guess a “good” prior then we will get a good bound. It turns out that
a suitable Dirichlet prior gives us the matching lower bound. The Dirichlet distribution on
Ay, is characterized by a vector o € (Ry)*. Let (z1,---,2x) € Ap. The associated density
is given by

k
ITi D) 77 oi
flan, o aa) = e T

F(Zi:l @;) i=1
Note that this is an exponential distribution, i.e., it can be written in a form

po(z) = {©:0(@))—A(©)
where x = (1, ,zk), ¢(x) = (In(z1), - ,In(xg)), and © = (a1 — 1, -+ ,ap — 1).

The important property of a Dirichlet distribution for our application is that it is the con-
jugate distribution of a multi-nomial distribution. So assume that the parameters p1,--- , pg
of a multi-nomial distribution are themselves random with prior Dir(«). Assume that we
sample from this Dirichlet distribution and then sample from the multi-nomial according
to the chosen parameter. We get n samples and their counts are 711, ,7T;. Given this
observation what is the posterior of the parameters? I.e., we want to determine

f(p17"'7pk|T1:t1,"‘,Tk:tk).
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We claim that this is again a Dirichlet distribution, namely with parameters o + T (both
vectors). Using Bayes’ rule we get

f(tla"' atk‘ |p17"' 7pk)f(p17 7pk)

f(ply"'apk|t17"'7tk’):

Z(ty, - s tg)
n k t; Hf: T'(a;) k a;—1
B (¢ T P ]m[nizﬂ% ]
Z(tb"' 7tk)
H"g—l pqurti_l]

Z
= Dir(p1,- -+ ,pr; a0+ t).

The Dirichlet distribution has been well studied. In particular, its mean is known. If we

assume that a; = o for all i = 1,--- | k, then we get
tLi(X") +a
Eperxn~p|P; | X" = 2t
prmxn~p[ P | X" ko
Now note that if we pick & = y/n/k then our previous calculations have shown that the loss
does not in fact depend on the distribution p but is always equal to % This finishes
our claim.

Although /5 is nice and easy from an analysis perspective it has also downsides. Perhaps
the biggest one is that it is not a good measure if k is very large. Assume that p has 2/k
in its first k/2 components and 0 in its remaining ones and assume that for ¢ the roles of
these two parts are exactly reversed. Their 6% distance is then equal to 4/k which quickly
converges to 0 as k gets large. But it is hard to think of distributions that are more different!
If instead we looked at their £; distance we would get 2 and their KL “distance” is in fact
infinity.

6.1.8 Risk in ¢,

This motivates us to look at £1, i.e., now we look at

k
lp—alls = Ipi — ail-
i=1

Note that this has a probabilistic interpretation. E.g., we can couple the two random
variables so that up to a fraction of time ||p — ¢||; they take the same value.

Lemma 6.1. For k fized and as n tends to infinity, the worst case min-max loss behaves

like

2(k—1) 3

Tk < +0(n"1).

™n

Further, this is achieved by the empirical estimator.
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The idea of the proof is similar to the technique we used before. We first compute the
loss of the empirical estimator. We show that this loss is highest for the uniform distribution
and this gives us an upper bound. Then we derive a lower bound that matches the dominant
terms by computing again the Bayes loss with a proper Dirichlet prior. We skip the details.

If we are content with a sligthly looser upper bound we can proceed as follows. Consider
the empirical estimator ¢°"P(X"). We have

k : n
Ellp — g™ (X)) = Yl -
=1
o) K
25 el - T
i=1

Step (a) follows by Jensen’s inequality and in step (b) we have used our results for £3 and the
Cauchy-Schwartz inequality. We see that we loose a factor 2/m compared to the previous
result.

6.1.9 Risk in KL-Divergence

If we are using the KL divergence as our loss metric then we need to make sure that none
of our estimated probabilities are 0 since otherwhise our metric will be co. It is therefore
natural to use an “add constant” estimator.

When the number of samples becomes large compared to the alphabet size one can show
that the best “add constant” estimator is of the form qi+ 0-509 and this gives us an expected
worst case loss of

k—1

E[D(pllgT%%%)] ~ 0.509——. 6.1
max E[D(pllq™)] - (6.1)

One can do slightly better (% instead of 0.509) by using different constants depending on
the observed frequency.
Note that by the Pinsker inequality we have

1.2

k-1
~ 2E[D(p||g+0-509)] > El/2D(p|lq+0-509)] > Elllp — g+0-509Y/1,1.
o~ max /2E[D(pllq 5] = max E[V/2D(pllg %)) 2 max Ellp — "))

The first step is (6.1). Note that this step is approximate (valid for large ratios n/k). In the
second we have used Jensen’s inequality. The final step is Pinsker’s inequality ||p — ¢|[1 <
V2D(p|lg). We see from this sequence of inequalities that these two results are related
roughly as we would expect. (Compared to the result in Lemma 6.1 we loose only a factor
0.64 inside the square root.)
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6.1.10 The problem with the min-max formulation

We have now surveyed how the min-max estimator behaves for various risks. One problem
we encounter is that min-max is really quite pessimistic. Yes, the worst case is as good as
we could hope for but the estimator could be quite bad for pretty much any case. In fact,
we have seen that the whole trick of proving what the min-max estimator was for the /o
case was to come up with an estimator that was uniformly bad (so to speak). This brings
us to a slightly different point of view.

6.1.11 Competitive distribution estimation

The new point of view is that we want an estimator ¢ that is close to optimal for every
distribution p. The key question is here: What is our comparison group? Let us make this
more formal.

Look at the probability simplex Ag. Partition this space into groups Py, P, --- so that
Ay, = U;jP;. Call this partition P. Let L(:,-) be the loss as usual. Then we are interested
in

rzzk = minmax |maxL(p,q) — min max Liy,q)|.

q J pEP; q p'eP;

This is easy to interpret. Assume at first that we pick the partition so that every element
of Ay, forms a group on its own. Within each group we compare to ming max,cp; L(p', ¢').
This is the min-max estimator for that group. But since the group only exists of a single
distribution we can use an estimator that knows that particular distribution. This measure
then collapses to our original min-max formulation and, as we have discussed, this is often
simply to pessimistic.

On the other hand, if our partition consists only of a single group, i.e., the “genie” we
compare ourselves to has no more knowledge than we have ourselves, then our loss is 0.
This is not very useful either.

The key hence is to find for every case a suitable partition. And for each partition we
compare ourselves in each group to a genie who knows that group a priori. E.g., the genie
might know the entropy of the distribution a priori. Or perhaps the genie knows the set of
probabilities but not which component has which of these probabilities.

6.1.12 Multi-set genie estimator

Assume that the genie knows the probability multi-set. IL.e., the genie knows the set {p;}
but not the order. E.g., if p1 = 0.4, po = 0.2, and p3 = 0.4 then the genie would be given
the set (ordered in decreasing order of values) {0.4,0.4,0.2}.

6.1.13 Natural Genie and Good-Turing Estimator

A slighly more powerful genie is one that in fact knows the distribution but is forced to give
the same estimate to any group of symbols that appear the same number of times. E.g.,



6.1. Distribution Estimation 87

X?® = 12213. Then this genie will use the estimates

p1+ p2
2 )

q1 = q2 =
q3 = PpP3.

Let M (t) denote the total probability of all symbols that appear exactly ¢ times. And
let us assume that we are using the KL divergence as loss function. Further, let ¢(t) denote
the number of symbols that appeared t times.

The so-called Good-Turing estimator is then

ar _ Ti+1¢(Ti+1)
T )

This estimator has a fabled history and was supposedly one of the tools used in breaking
the Enigma code. Good published it in 1953 based on an unpublished note by Turing.

Let us do an example. Assume that X° = 121234555. We then have ¢(1) = 2 since 3
and 4 appeared once, ¢(2) = 2 since 1 and 2 appeared twice, and ¢(3) = 1 since 5 appeared
three times. We then have

CT3+1¢(2) 22 2
9 9(1) 92 9

What is the intuition for this estimator? The intuition comes by looking at what the
natural genie will do. Recall, it will give the probability M (t)/¢(t) to each of the ¢(t)
symbols that appear t times. We are trying to compete against this genie. So it makes
sense that we use an expression motivated by this estimate. Of course, we do not know
what M (t) is since we do not know the probabilities. We claim that

ot
N n

E[M(t)] E[p(t + 1)]. (6.2)

To be slightly more precise. We claim that we have this indentity if we us Poisson sam-
pling. You will explore this more in the homework. It is a standard trick to get rid of the
dependency that you get between the various coefficients when you sample a fixed number
of samples.

Assume that we have given a distribution p on X = {1,--- ,k}. Let X™ denote a
sequence of n iid samples. Let T; = T;(X"™) be the number of times symbol i appears in
X". Then

n . n—t;

Note that the random variables T; are dependent, since ) . T; = n. This dependence can
cause difficulties if we are using this distribution in a scheme and want to analyse its
performance.

There is a convenient way of getting around this problem. This is called Poisson sam-
pling. Let N be a random variable distributed according to a Poisson distribution with
mean n. Let X~ be an iid sequence of N variables distributed according to p.

Then the following statements are true.
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e T;(X) is distributed according to a Poisson random variable with mean p;n.
e The T;(X¥) are independent.

e Conditioned on N = n, the induced distribution of the Poisson sampling scheme is
equal to the distribution of the original scheme.

We will verify (6.2) in a moment. Equation (6.2) does not completely solve our problem
since we do not know E[¢(t + 1)]. But we do have its “instantaneous” value ¢(t +1). Hence
define M(t) = Hlp(t +1). If we now use M(t)/¢(t) instead of M(t)/¢(t) then we get our
Good-Turing estimator. Let us now verify (6.2). Note that

k
M(t) = Zpiﬂ{Ti(XN):t}u
=1

where in the notation M (t) we omit the fact that this quantity depends on X™. We now
have

N t+1
E[M ()] =) — Elm =1y
' t+1

t+1 () (70)

n < (t+1)!

= Z "Pi —(np;) (npi)*
—n (t)!

—(np; (npi)*
:Zpie ( )(f)g

i
=D PiElr x)—]
i
= E[M(t)].
We can now write down the competitive loss. We have.

ri% = minmaxE[»  M(t)In M) ].

M P P M (t)

One can show that an estimator based on the Good-Turing estimator and the empirical
estimator achieves

o1k
i ~ min{n S’H}'

6.2 Property Testing

We are given idd samples from an unknown distribution and we want to know if this
distribution has a particular property or if it is at least an € away from having this property.
Here are a few examples.
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1. We want to test if the distribution is uniform.

2. We want to test if the distribution is equal to a given distribution. This is called
identity testing.

3. We want to test if a distribution over X x X is the product of two marginal distribu-
tions.

4. We want to test if the pdf is monotone.

5. We want to test if the pdf is log-concave.'

We can frame all these questions in the following manner. Let P and Q be two families
of distributions with PN Q = . Let P € PU Q and let X" be n iid samples according
P. We are given X" but do not know P. We are asked to decide whether the samples
where drawn according to a distribution in P or a distribution in Q. More formally we are
asked to design an estimator, C(X") — {P, Q} in such a way as to minimize the maximum
probability of error,

"= P{C(X") = PeP},P{C(X")=P|Pec .
P, max  max{P{C(X") = Q| P e P}LP{C(X") =P | Pe Q}}

We could ask now how this probability of error behaves as n tends to infinity. This
would bring us back to questions of large deviations. But in the current context we are
more interested in how the quantity behaves for a small sample size; a sample size that is
just big enough so that our error probability is bounded away from %

6.2.1 General ldea

Assume that we can design a so-called test statistics T(X™) — R with the following prop-
erties: there exists a threshold T so that

1. if P € P then P{T(X") > 7} < 0.1,
2. if P € Q then P{T(X") < 7} < 0.1.

In this case, given the sample X" we simply evaluate this test statistics and make our
decision accordingly. I.e., we define

n
C(x™) = {P, T(X") <,
Q, T(X") >r.

In the above description we have assumed that the number of samples is fixed. As we
have seen this for distribution estimation it is sometimes useful to allow this number to be
itself a random variable distributed according to a Poisson distribution. We will then write
XN N ~ Poi(n).

For discrete contiguous distributions we say that it is log-concave if Pf > P,_1Piya.
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6.2.2 Testing Against a Uniform Distribution

Even though there are many questions that fall under the category of property testing
we will consider only one — namely the question of testing whether samples come from a
uniform distribution.

We will assume that the alphabet size k is known and we will ask wether the samples
come from a uniform distribution with support on the whole alphabet size. It is important
to note that, even though this is a meaningful question, and it is mathematically simpler,
perhaps an even more meaningful question would be to allow distributions whose support
is not all of X.

Learning Approach

The first approach is obvious. Let us learn the distribution reasonably accurately and then
compute the distance of this learned distribution to the uniform one. In the following let us
assume that we measure the distance according to /1. Let U denote the uniform distribution
on X ={1,--- ,k}. Then P = {U} and Q is the set of distributions that have ¢; distance
at least € from U.

We then have the following algorithm.

1. Given X" learn P so that |[P — P||; < ¢/2 with probability at least 0.9.

2. Output decision according to

COx™) = {P, 1P~ Ul < /2
Q, otherwise.

Let us quickly check that this scheme works as intended. If P € P, i.e., P = U then
by assumption ||P — U|j1 < €/2 with probability at least 0.9. So we make a mistake
with probability at most 0.1. And if P € Q, then by assumption |P — Ul|; is at least
e. Since further by assumption ||P — P||; < €/2, it follows by the triangle inequality that
|P—U]|; > €/2. So we see that indeed we have constructed an appropriate decision statistics
and threshold for this case.

We have seen in Section 6.1.8 that in expectation the ¢;-distance is upper bounded by

\/®=1. This means that if we want the ¢; risk to be bounded by ¢/2 with some fixed

n

probability then O(k/€?) samples will suffice.

A Better Approach

We can do better than that. There is no reason we first have to learn the whole distribution
if at the end we are only interested in this one bit of information. We will now see that
V'k/e? samples suffice. This might not seem a big deal if the alphabet size is small but for
large alphabet sizes this is significant.
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A Lower Bound

We claim that we need at least Q(v/k) samples for any fixed e. This bound does not give
the correct scaling with respect to ¢ but it does tell us that we cannot hope to do better
than vk with respect to the alphabe size.

Recall that P = {U}, where U is the uniform distribution on {1,--- ,k}. Let X* be iid
samples according to U, where N is chosen according to a Poi(n) distribution, and assume
that n < k. Recall that in this setting 7;(X ") has distribution Poi(n/k). The probability
that symbol i is chosen 2 or more times is equal to

S ek (n/k)Y
i>2 7t

But since for A = k/n <1, 37,59 % < \? 222% < A2 > i>2 e‘”/k%f)j < e "k(n/k)2.
Therefore, the expected number of symbols that appear more than once is upper bounded

by ke~ (n/k)? = e/*n? k.

Assume that we pick n < v/k/10. Then this expected value is upper bounded by 1/100.
So let us recap. We have a random variable, call it Z, that is integer-valued and non-negative
and whose expected value is upper bounded by 1/100. So

1/100 > E[Z] =) P{Z=i}i > Y P{Z =i} =P{Z >1}.

i>0 i>1

Thefore the probability that none of the symbols appear at least twice is upper bounded
by 1/100. This is called the first moment method.

Now consider a distribution, call it U that is also uniform, but uniform on a subset of
{1,--- ,k} of size k/2. By exactly the same argument, replacing k with k/2 everywhere,
we have that with probability at most 1/50 we see any of the symbols repeated more than
once. We conclude that, under these conditions, we cannot hope to be able to distinguish
between those two distributions. And clearly these two distributions are quite different. In
fact, their ¢, distance is 1!

We recognize that n ~ vk is not an arbitrary threshold. This is the threshold that
we know from the birthday paradox. This is not a co-incidence. As we will discuss in
more depth when we discuss property estimation, essentially the only information that is
contained in the samples are the overlaps. So n ~ vk is when we start getting useful
information.

An Upper Bound

Now where we have the “right” (we don’t know this yet, but soon ...) scaling in k let us
look at an actual algorithm that gives us the desired result of vk /€2 samples. Let us first
relate 1 to /5.

Lemma 6.2. Let P,Q € Ay. If ||P — Q|1 > € then |P — Q|3 > €*/k.



92 Chapter 6.

Proof. By Cauchy-Schwarz |(u,v)|? < (u,u)(v,v), with T = (|]P, — Q1],---, |Px — Qx|),
and v’ = (1,---,1) we have
DB k= IR-Qi) =
(2 (2
(u,u) (v,v)
[

Lemma 6.2 might give you pause. Why do we go via an ¢5 route? Did we not claim a few
pages ago that /5 is not a good metric when it comes to large alphabet sizes? Indeed this is
the case. In the current context we assumed that “uniform” means that the support of U is
all of the alphabet X = {1,--- ,k}. If we considered a slightly more general scenario where
we allowed U to have a support that was strictly smaller than £, as long as all symbols
with non-negative weight have equal weight, then we would have to proceed in a different
manner.

Before we proceed let us quickly recall some facts about Poisson distributions.

Lemma 6.3. Let X be a random variable with Poisson distribution Poi(X). Then for 1> 1
EX(X—-1)--- (X —1+1)]=x.
Further, if u is any real number then
Var((X — p)? — X) = 222 + 40\ — p)%

Proof. Consider the first statement. The generating function of the Poisson distribution is
eM@=1) | Taking the derivative with respect to  and then setting = 1 gives us the mean
since this corresponds to the weighted sum with weight i. We get AeA(z*1)| z=1 = A. More
generally, taking the -th derivative of e**~1) and then setting z = 1 gives us A! and this
corresponds to the stated expression.

Now consider the second statement. Expanding E[(X — )2 — X] and using the previous
result we see that E[(X — u)? — X] = (u — A\)2. To compute the variance write down the
corresponding expected value and expand in terms of X(X —1)--- (X —1+1) for I =0 up
to I = 3. Use the previous trick to get the result. O

Recall that we need a test statistics. We claim that
n
TO0) = ) - - TX)
is a good candidate.
NOTE: This is perhaps not the best of notation. T;(X™) refers to the count of the
symbol ¢ in the sample X", whereas T'(X™) refers to the test statistics.

Lemma 6.4. Let P,Q € Ay. Let N be chosen according to Poi(n) and let XV be N iid

samples according to P. Then

EY (Ti(X™) = nQi)? = Ti(X™)] = n? Z(Pi — Q)%

7
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Proof. Recall that T;(X™) has distribution Poi(nP;). Therefore,

ED (Ti(XN) = nQi)? - TiXN)] =E)_ Ti(XM)(Ti(X™) — 1) = 2nT3(XN)Q; + n° Q7]

% )

Lemga 6.3 Z[nQIDZ? _ QnPZQZ + nQsz]

= ZTL2(P1 - Q1)2

Assume now that P € P = {U}, i.e., P =U. Then Lemma 6.4 tells us that
E[T(XN)] =o0.

But if P is such that ||P — Ul|; > € then

Lemma 6.2 n2 62
>

[E[T(XN)] Lemréa 6.4 n2 Z(Pl - %)2 >

We are now ready to state the algorithm that has the claimed performance.

1. Obtain N ~ Poi(n) iid samples XV from P, where P is unknown.

2. Ouput decision according to

P, T(XN)<7r=1F,
Q, T(XN) >r

Lemma 6.5. Consider the previous algorithm and assume that n > /80k/e%. Then
1. if P € P then P{T(XN) > 7} < 0.1,

2. if P € Q then P{T(XV) < 7} <0.1.

Proof. Let us look at the two cases separately. If P = U then we know that E[T(X)] =
0. From Lemma 6.3 with u = A = n/k, and taking into account that the 7;(X") are
independent we get

Var(T(XN)) = k2(n/k)? = 2’22.

By the Chebyshev inequality

2n? Var(T(XN))  2n? & 1
P{T(X" 10=— <— = =—.
{T(Xx™) > 2 b k 10202 10
~— k

will see in a second where this comes from
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Recall that we have 7 = €2n?/(2k). Therefore, if 7 > \/10¥ then T(X™) will not exceed

7 with probability 0.9 as desired. This is true if n > v/80k/e2.
The second case follows in a similar manner. Recall that if P is such that |P —Ul|; > €
then

n?e?

E[T(XY)] > —

We skip the remaining details. O

6.3 Property Estimation

We now get the last topic. We have seen how to estimate distributions and how to test
properties of distributions. Let us now look how we can estimate properties of distributions.

There are plenty of properties that one might be interested in: entropy, support size, or
perhaps the mutual information between two densities.

The simplest approach is to use so-called plug-in estimators. This means, estimate the
distribution and then plug in these estimates into the functional that computes the desired
quantity. But the question is if it is really necessary (and optimal) first to learn the whole
distribution if all that we are interested in is one number.

6.3.1 Entropy Estimation

The set-up is very similar than what we used for in the distribution estimation scenario.
We have an alphabet X = {1,--- ,k}. We get iid samples X" = X, --- , X,, that are drawn
according to a fixed but unknown distribution p.

We are given a functional f(p),

E.g., if we are interested in the entropy then we want to compute f(p) = >, p;log, p%.

Our aim therefore is to design a functional f : X™ — R that is best in our usual min-max
sense,

m}nféi’,i E[(f(p) — f(X™))?]

As always one of the most natural such estimators is to use the empirical one

T,X"),

n

femnxm) =37 1
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6.3.2 Symmetric Properties

Many of the properties that one is interested are symmetric. This means that they only
depend on the set of probabilites but are invariant to a permutation to these probabilities.
E.g., the entropy has this property. In the sequel we will limit ourselves to estimating such
symmetric properties.

6.3.3 Profiles and Natural Estimators

When we talked about the competitive framework for distributione estimation we encoun-
tered the notion of a natural genie who knew the distribution but was forced to assign the
same probability to symbols that were seen the same numbe of times.

We will use a similar notion here. We will insist that the estimator for a symmetric
property only depends on the profile of the sequence we receive. What is this profile? It is
a multi-set of multiplicities. More formally we have

BX™) = {T(X™) 1< < k).
Example 6.2. ®(1,1,2) = ®(1,2,1) = ®(2,2,1) = {1, 2}.

Assume that the underlying distribution P is known. For a sequence z" let P(x™)
denote the probability of this sequence. Then, given a profile ® we can compute the profile
probability

p@)= Y  P@")

™ P(x™)=P

Example 6.3. Let X = {1,2,3}. Let P, = %,Pz =P = i. Let n = 3 and consider the
profile {1,2}. Then

p({1,2}) = P(1,2,2) + P(1,3,3) + P(2,3,3) + P(1,1,2) + P(1,1,3) + P(2,2,3)
=1-P(1,2,3).

6.4 Problems

Problem 6.1 (¢; versus Total Variation). In class we defined the ¢; distance as

k
lp—qllh = Z Ipi — ail.
i=1
Another important distance is the total variation distance dv(p,q). It is defined as

drv(p.q) =  max | ;(m — ).

Show that drv(p,q) = 3p — al|1-
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Problem 6.2 (Poisson Sampling). Assume that we have given a distribution p on X =
{1,--- ,k}. Let X™ denote a sequence of n iid samples. Let T; = T;(X™) be the number of
times symbol ¢ appears in X™. Then

n . n—t:

Note that the random variables T; are dependent, since ) . T; = n. This dependence can
sometimes be inconvenient.

There is a convenient way of getting around this problem. This is called Poisson sam-
pling. Let N be a random variable distributed according to a Poisson distribution with
mean n. Let X be then an iid sequence of N variables distributed according to p.

Show that

e T;(X") is distributed according to a Poisson random variable with mean p;n.
e The T;(X¥) are independent.

e Conditioned on N = n, the induced distribution of the Poisson sampling scheme is
equal to the distribution of the original scheme.

Problem 6.3 (Add-$ Estimator). The add-f estimator ¢, g over [k], assigns to symbol ¢ a
probability proportional to its number of occurrences plus 5, namely,

def def det T; +
qi a(X™) q+ﬁ,l( ) n+ kB

where T; © T;(x™) &' S™_ 1(X; = i). Prove that for all k > 2 and n > 1,

i=1
1
- _ B _ -3
glzlgm,n(qw) =1 (A ymk) = WESE

Furthermore, ¢, //, has the same expected loss for every distribution p € Ay.

Problem 6.4 (Uniformity Testing). Let us reconsider the problem of testing against unifor-
mity. In the lecture we saw a particular test statistics that required only O(vVk/€?) samples
where € was the ¢; distance.

Let us now derive a test from scratch. To make things simple let us consider the £3
distance. Recall that the alphabet is X = {1,---  k}, where k is known. Let U be the
uniform distribution on X, i.e., u; = 1/k. Let P be a given distribution with components
pi. Let X be a set of n iid samples. A pair of samples (X;, X;), i # j, is said to collide if
X; = Xj, if they take on the same value.

1. Show that the expected number of collisions is equal to (})p|3.

2. Show that the uniform distribution minimizes this quantity and compute this mini-
mum.
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3. Show that |lp — ull3 = [[pl3 — #-

NOTE: In words, if we want to distinguish between the uniform distribution and
distributions P that have an ¢ distance from U of at least €, then this implies that
for those distributions |[p||3 > 1/k + e. Together with the first point this suggests
the following test: compute the number of collisions in a sample and compare it to
(5)(1/k+€/2). If it is below this threshold decide on the uniform one. What remains
is to compute the variance of the collision number as a function of the sample size.
This will tell us how many samples we need in order for the test to be reliable.

4. Let a =Y, p? and b=, p?. Show that the variance of the collision number is equal

m e OG- () G (5=~ ()

- <Z> [b2(n — 2) + a(1 + a(3 — 2n))]

by giving an interpretation of each of the terms in the above sum.
NOTE: If you don’t have sufficient time, skip this step and go to the last point.
For the uniform distribution this is equal to

<n> (k—1)(2n — 3) - 2'

2 k2

3

[\
oy

NOTE: You don’t have to derive this from the previous result. Just assume it.

5. Recall that we are considering the 3 distance which becomes generically small when
k is large. Therefore, the proper scale to consider is ¢ = k/k. Use the Chebyshev
inequality and conclude that if we have ©(v/k/x?) samples then with high probability
the empirical number of collisions will be less than (5)(1/k + x/(2k)) assuming that
we get samples from a uniform distribution.

NOTE: The second part, namely verifying that the number of collisions is with high
probability no smaller than (3)(1/k + x/(2k)) when we get O(Vk/k?) samples from a
distribution with ¢3 distance at least x/k away from a uniform distribution follows in a
similar way.

HINT: Note that if p represents a vector with components p; then ||p[1 = >_, [pi| and

Ipllz = 32 i
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Chapter 7

Information Measures and
Generalization Error

7.1 Exploration Bias and Information Measures

Example 7.1. It’s bad to request too many unnecessary medical tests. You may have heard
this advice before, and we can show why this is indeed sound advice. Suppose we run 15
(unnecessary) medical tests on a healthy patient, each corresponding to the detection of a
certain disease. Suppose the tests are accurate so that the rate of false positives is only
2%, i.e., Pr(test ¢ positive | no disease) = 0.02. What is the chance that all 15 tests are
negative given that the patient doesn’t have any disease? Pr(all negative | no diseases) =
1—(1-0.02)" ~0.26.

In the following section, we investigate the problem of “exploration bias”, which arises
in data analysis. That is, suppose we collect a large amount of data and perform many
measurements/tests on it. Based on these measurements, we decide to report (seemingly)
interesting/significant features of the data. In this scenario, not only does the value of the
measurement depend on the data (evidently), but also the choice of which measurement to
report depends on the data. This can bias our results, i.e., if we repeat the measurement on
a fresh set of data, the results could differ significantly.

7.1.1 Definitions and Problem Statement

Let X denote the sample space, and D € X" denote the data set. Let ¢;(D), i €
{1,2,...,m}, denote hypothesis tests’ statistics, indexed by 7. (Since D is random, so is
¢i(D).) The true mean is p; = E[¢;(D)], where the expectation is over the randomness of
the dataset. On a particular dataset D, if T'(D) = i is the selected test, the output of data
exploration is the value ¢7(p)(D). The reported value is thus E[¢7py(D)], resulting in a
bias of E[¢7(py(D)] — pr(py- Hence, we would like to bound

[E[¢7(p) (D) — pir(pyl| - (7.1)

99
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Note that T is not necessarily a deterministic function of D, rather there exists a conditional
distribution Prp. In the remainder, we will assume that 7" is chosen based on the measure-
ments ¢ = (¢1, P2, ..., ¢m) and suppress D in the notation. That is, we can rewrite (7.1)
as

[E[pr — pr]] - (7.2)

Example 7.2. Let ¢; and ¢o ~ N (p,0?) ii.d. Let Ty = argmax;ecq 9)¢i and generate T'
To, with probability 1 —p

) - for some p € [0,1]. Now to compute the
3 — 1Ty, with probability p

as follows: T = {

1_
1 4 1
P
1o T
P
2
2 —

exploration bias, note that E[pr] = p. On the other hand,
Elgpr] = Pr(T" = To)E[pr,] + Pr(T = 3 — To)E[d(3-1)]
= (1 — p)E[max{¢1, ¢2}] + pE[min{¢1, ¢2}].
Now let S = ¢1 + ¢ and A = ¢ — ¢o. It is straightforward to check that S ~ N (2u,20?),

A ~ N(0,20°), max{¢y, ¢2} = s+2|A|7 and min{¢1, g2} = S_Tw- Then,

Elr] = 5 (1~ P)ELS + |A]] + pElS — A])

(ELS] + (1 - 2p)E[1A])
=3 <2u+(1—2p) 402)

™
1
=pu+(1- 2p)0\/7.
T

Hence, the exploration bias is given by

\H¢Ty—mumq|=|1-mﬂaVC:

Note that for p = %, the bias is zero. Indeed, for p = 1/2, T is independent of (¢1, ¢2);
hence the index does not depend on the data, so we are not introducing any bias. As we
decrease p from % to 0, we “increase the dependence” between Ty and (¢1,¢2), and the

exploration bias increases accordingly.

N = DN
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As we saw in the above example, the exploration bias depends on the degree to which
T depends on ¢. Hence, we will use dependence measures to find good bounds on the bias.

We can rewrite (7.2) in a more abstract way. In particular, suppose we have an alphabet
Z, two distributions on Z denoted by P and @, and a function f : Z — R. We want to
bound

[Epf(2)] - Eqlf(2)]] (7.3)

In the above setup Z = R™ x {1,2,...,m} (where R"™ and {1,2,...,m} represent the sets
in which ¢ and T live, respectively), f(¢,t) = ¢¢, P = Py (i.e., the joint distribution of T'
and ¢), and Q = P,Pr (i.e., the product of the marginals of T" and ¢).

7.1.2 L,-Distance Bound

We have already seen a result somewhat similar to a bound on (7.3). In particular,

Lemma 7.1. Let P and Q be two probability mass functions on a finite set Z. Then,

|1P—Ql1 = 2I§1§§P(5) —Q(S).

1
Note that for any subset S, P(S) can also be seen as Ep[fs(Z)] where fg(z) = 07 ‘ ; ?.
, 2
Moreover, the proof of Lemma 7.1 can be simply modified to show the following:
Lemma 7.2.
P - =2 E Z)| —E Z)].
1P = Qllx [ max plf(2)] - EQlf(2)]
Proof: Let A={z¢€ Z: P(z) > Q(2)}. Then,
Ep[f(2)] —EQLf(2)] = Y f(2) (P(2) = Q(2) + D _ f(2) (P(2) — Q(2))
z€A z¢ A
<Y (P(2) - Q(2))
z€A
IP=al
5 :
1 A
Equality can be achieved if we choose f(z) =< i [ |
0, 2z¢ A

Remark. The form of the equality in Lemma 7.2 is called the variational representation of
L;-distance. More generally, we can represent any convex function (such as the Li-distance)
as the supremum of affine functions.

We now have a bound on (7.3) for bounded f:
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Corollary 7.3. For any distributions P and Q of a finite set Z, and any function f : Z —
[0, 1], we have

Ep[f(2)] — Eqf(2)]] < HP;QH{

Exercise 7.1. The statement of Lemma 7.2 does not include the absolute value. Verify
that the corollary follows by applying Lemma 7.2 twice: once using f, and another using

g=1—1f.

As noted earlier, our initial setup corresponds to choosing P to be some joint distribution
Pxy, and @ to be the product of the marginals Px Py. Then, the closer Pxy is to Px Py,
the closer they are to independence (i.e., the less Y depends on X), which makes the
exploration bias smaller, as captured in the corollary.

One disadvantage of the above bound is that it is restricted to bounded functions. And
as noted in the remark, the main property that allowed us to derive such bound is the
convexity of the Li-distance. Hence, we can derive similar bounds using other convex
dependence measures. In particular, we will turn to the KL divergence.

7.1.3 Mutual Information Bound

The following lemma is called the Donsker-Varadhan variational representation of KL di-
vergence.

Lemma 7.4. Let p and q be two probability density functions. Then,

Dplla) = sup, [£,17(2)] ~ logE, [/ P)] )
Eqled]<+o0

Remark. log is taken to the base e (both in the computation of D(p||q) and in the right-
hand side).

Proof: 1) Suppose D(p||q) < +oo and consider any function f. Then,

E,1/(2)] - logE, [/ D] =E, [loge! @] ~ logE, [/?)]

I (2)
Eq [ef(Z)}

=E -log 46.)0(2) gg
" Eq [e/P] gp
[ 1(2)
qe
=D E, |1 _—

= D(pllq) — Ep |log @

=[E, |log
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Now note that [ q%
q

a KL divergence. Then,

dz = m fqef(Z)dz = 1. Hence, the second term is also

E,[f(2)] — logE, [/ D] = D(pllg) - D(pl|d) < D(plla).

Equality is achieved if we set f = log g.

2) Suppose D(p|lg) = +oo. Then, we need to show that the supremum is also +oo.
D(pl||q) = +oo implies that there exists a set A such that p(A) > 0 and g(A) = 0. Choose
f=M{z € A}. Then, E,[f(Z)] —logE, [e/¥)] = Ap(A). Taking A — +oo yields the result.
|

Before introducing the main bound, we need to introduce the concept of subgaussian
distributions.

Definition 7.1. Z is called o2?-subgaussian if log E [e)‘Z] < Lf for all A € R.
Lemma 7.5. If Z is o%-subgaussian, then E[Z] = 0 and E[Z?] < o2.

Proof: Pick X such that AE[Z] > 0. Using the Taylor expansion of the exponential, we
get

1 1
1+ 57207 + O 2 X2 2 7] > 1+ 2E[z] + SNE(Z%] + OV,
The result follows by taking A — 0. |
Exercise 7.2. For Z ~ N(0,0?), show that E [e’\Z] = eNo?/2, Hence, Z is o®-subgaussian.

We are now ready to prove the main bound for this section on the exploration bias
|E[¢r — pr]|, where ¢ = (¢1, P2, ..., ¢m) and T € {1,2,...,m}.

Theorem 7.6. Suppose for eachi € {1,2,...,m}, ¢; — p; is o%-subgaussian. Then,

[Elpr — prll < o/ 2I(T; ¢).

Remark. As expected, if T is independent of ¢, then the exploration bias is zero. If T does
not depend “too much” on ¢, as captured by mutual information, then we can guarantee a
small bias.

Proof: Fix T' = i. We will use Lemma 7.4 with the distributions Py, r—; (the distribution
of ¢; conditioned on the choice of T being i) and Py, (the prior distribution of ¢;). For
some A € R, let f = A(¢; — p;). Then, it follows from Lemma 7.4 that

D(Poijr=illPo.) 2 A <Ep¢i|T=i [¢i] — Mi) — log Ep,, {6)‘(@'_“1')}

>\ <[EP¢Z.|T:Z- [p:] — Mz’) — X% /2,
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where the second inequality follows from the o?-subgaussianity assumption. Since A was
arbitrary, we get

D(Pyr=illPs) = sup {A ([EP(,)”T:i [6i] — ui) — No?/ 2}

(Bl =)

202

Hence,

‘[EPWT:Z- [6i] = | < U\/QD(P@-lT:iHP@)-

Finally,

[Elor — prl =

Z Pr(T" = iﬂEP@\T:i [pi] — i
=1

<Y Pr(r=i) [Er, o] — 1

INA
i
w
=
N
I
3
<=
S
=
~
1
=

=1
(0) m _
< 0,|2> Pr(T =i)D(Pyr—il|Ps)
=1

= U\/QD(P¢THP¢PT) = U\/m7

where (a) and (c) follow from Jensen’s inequality, and (b) follows from the data processing
inequality. |

Exercise 7.3. Show that, if ¢; — p; is o2-subgaussian for each i € {1,2,...,m}, then

[Elér — pr]l < 4/El0F]V/21(T; ¢).

Let’s revisit the initial example:

Example 7.3. Let ¢; and ¢o ~ N (p,0?) iid. Let Ty = argmax;ecq 9)¢i and generate T'
To, with probability 1 —p
3 — Ty, with probability p

Since ¢; — p; ~ N(0,02), it is o2-subgaussian, thus satisfying the assumption of Theo-
rem 7.6. To compute I(T'; ¢):

as follows: T = for some p € [0, 1].

I(T;¢) = H(T) — H(T|¢).
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Since ¢1 and ¢ are i.i.d, then Pr(Ty = 1) = Pr(Tp = 2) = 3. Hence, H(T) = log2. Since
both ¢ — Ty — T and Ty — ¢ — T are Markov chains, we get H(T|p,Ty) = H(T|¢) and
H(T|$, Ty) = H(T|Ty). Hence,

I(T;¢) = H(T) — H(T|¢) = log 2 — H(T|To) = log 2 — H(p).

Hence, by the above theorem,

[El¢r — pr]l < 01/2 (log 2 — H(p)).

Example 7.4. Suppose ¢; ~ N(0,02) i.i.d. for i € {1,2,...,m}, and T = argmax;e;.
Then,
I(T;6) = H(T) = logm,

and

E [max{¢1, P2, ..., om}] < oy/2logm.

7.2 Information Measures and Generalization Error

In the previous section, we studied the exploration bias. Herein, we will consider a related
concept that arises in machine learning, called generalization error. Roughly speaking, it
tries to capture the idea of model “overfitting”.

7.2.1 Setup and Problem Statement

The standard setup of statistical learning theory is as follows: we have an instance space
X, a hypothesis space W, and a loss function £: W x X — R..

We observe D = (X1, Xs,...,X,) ii.d samples from some unknown distribution P.
Using these samples, we want to pick a hypothesis in WW. We can think of the hypotheses as
models we use to explain our data, and we use the loss function to evaluate the performance
of our chosen model.

Example 7.5. X = RxR, W = {affine functions from R to R}, and ¢ (w, (z1,22)) = (z2 — w(x1))%.
That is, we observe pairs of values {(x1,2z2)}";, and we want to find the best linear ap-
proximation of xo in terms of x1. This setup with the choice of the squared error loss is
referred to as linear regression.
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The algorithm to choose a hypothesis w € W based on D does not need to be deter-
ministic. Therefore, we model the learning algorithm as a conditional distribution Py p.

Definition 7.2. Given w € W, the population risk of w is defined as:
Lp(w) :=Ep[l(w, X)].

The population risk indicates how well the hypothesis w models the data. We would
like this risk to be small, but we cannot evaluate directly since P is unknown. On the other
hand, given a data set D, we can evaluate the empirical risk.

Definition 7.3. Given a data set D = (X7, Xo,...,X,) and a hypothesis w, the empirical
risk is defined as:

Lp(w) = %Zf(w,Xi).
=1

Definition 7.4. Given a learning algorithm Py p, the generalization error is defined as
gen(P, Py |p) = Eppy, [Lp(W) — Lp(W)].

Thus, the generalization error is the difference between the performance of the chosen
hypothesis on the given data versus its performance on a fresh data sample (given by the
population risk), averaged over the choice of the hypothesis. Note that

Epp Py [Lp(W)] = Epy, [Lp(W)],

however the expectation is taken with respect to the joint Ppy in the definition of the
generalization error.

Similarly to the exploration bias setup, if the chosen hypothesis “depends too much”
on the given data, then the generalization error can be large, i.e., we are “overfitting”.
We can bound the error by controlling the degree of dependence, and we will use again
information measures to do so. Note that, in this setting, if W is chosen independently
from the data, then the generalization error will be zero but the population risk will be
large, which we ultimately want to be small. So we have a tension where on the one hand,
if W is independent from D so the learning algorithm is not “learning” anything; and on
the other hand, if W depends too much on the data, it will be overfitting.

7.2.2 Mutual Information Bound
Theorem 7.7. If for allw € W, £(w, X) is o-subgaussian, then

202
|gen(P, Py p)| = TI(D? w).

The proof is the same as that of Theorem 7.6. The only “new” component is to show
2
that if £(w, X) is o%-subgaussian, then 1 ™"  /(w, X;) is Z--subgaussian, which is left as
an exercise.
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7.2.3 Differential Privacy Bound

On a high level, to get a bound on the errors, we have been trying to control the degree
of dependence of the output(the hypothesis) of our algorithm on its input (the data). Un-
surprisingly, this notion of controlling the dependence arises in the privacy and security
literature.

One such notion is differential privacy which tries to capture the following intuition:
small changes in the input should lead to small changes in the output. That is, no small
change should have a large effect on the output. So we will define “neighboring” data sets
to represent small changes in the input.

Definition 7.5. We say two datasets D = (X1, Xo,...,X,,) and D' = (X1, X}, ..., X)) are
neighbors if they differ only in one entry, i.e., [{i: X; # X[} = 1.

Definition 7.6. Supoose W is discrete. Given € > 0, we say Py |p is e-differentially private
if for any neighboring datasets D and Ds,
P(w|Dy)

wew P(w|Dg) =

€

If W is not discrete, we simply replace pmfs by pdfs, i.e.,

D

w p(w‘Dg)

This definition is equivalent to the following: for any neighboring datasets D; and Do,
and any subset S C W,

Py p, (W € S) < e Pyp, (W € 5).
Theorem 7.8. If ¢ € [0,1] and Py |p is e-differentially private, then

jgen(P, Pyyp)| < e — 1

7.3 Problems

Problem 7.1 (Exploration Bias). Given a real random variable X taking values on a finite
set X C R, define ¢(\) = logE [e**]. Show that

(a) ¢¥'(\) = E[X)] where E[X] is a random variable taking values on X', with distribution
pa(z) = p(x) exp(Az) exp(—¢(A)). Hence ¢/(0) = E[X].
(b) ¥"(X) = var(X,). Conclude that 1 is convex.

Problem 7.2 (Exploration Bias). (a) Let X1, Xs,...,X, ~ iid. AN(0,1). Let Y =
argmax; X; and T € {1,2,...,n} is such that

) t=
Pry (tly) = {zi_p Y for some p € [0,1]. (7.4)

Py ) t#y
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1. Compute I(X;T) where X = (X1, Xo,...,X,). (Hint: write I(X;7T) = H(T) —
H(T|X). What is the marginal distribution of 7'7)

(b) Let X1,..., X4 ~1id. N(0,1) and X5 ~ N (0,4). Let Y and T be as in part (a) with
p=0.3.

1. Show that Pr(Y = 5) = ffoooé(l — Q(x))*e""/8dx, where we are using
Q(z) = f;o \/%eﬂﬂ/ 2du, and find a corresponding numerical approximation
(using Mathematica, for example).

2. Using the previous numerical approximation, find the marginal distributions Py
and Pr.

Problem 7.3 (Exploration Bias). Let X’ be the sample space, W the hypothesis space, and

let £: W x X — R4 be a corresponding loss function. On a dataset D = (X1, Xo,..., X,),

the empirical risk for a hypothesis w is given by Lp(w) = * Yo l(w, X;). We saw in class

n
that I(D; W) can be used to bound the generalization error. Hence, we can use it as a

regqularizer in empirical risk minimization.

(a) First, show that given any joint distribution Pxy on X x ) and marginal distribution
Q on Y, D(Pxy||PxPy) < D(Pxy||PxQ).

Since we cannot directly compute D(Ppw||PpPw ), we will use D(Ppw || PpQ) as a proxy,
where @ is a distribution on W.

(b) Let
B = axgmin,, (ELLo (V)] + £ D(Eowl|Po) ).

1. Show that

puin (ELLo V)] + 500w |1PpQ) ) = Ep [ i (ELLOVI]+ 5 D(Fwip-d1) ).

2. Show that the minimizer on the right-hand side P;VI D_g 18 given by

) B e—ﬂLd(w)Q(w)
W|D=d — Eq [e=ALaW)]’

This is known in the literature as the Gibbs algorithm. (Hint: Write E[SLg(W)] =
E[log e#L4(W)] combine with the KL divergence term and use non-negativity of
KL divergence.)

3. Show that Py, ,_,; is 26/n-differential private if £ € [0, 1].
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Elements of Statistical Signal
Processing

8.1 Optimum Estimation
8.1.1 MMSE Estimation

Consider two (real- or complex-valued) random vectors D and X with known joint prob-
ability density function fp x. Suppose that using only X, we are tasked to construct an
estimate of D. This estimate is thus a function g(x), to be selected optimally. A natural
criterion is the standard mean-squared error

E|ID — (X)) X = x]. (8.1)

and the goal is to find a function g(-) that minimizes this.
This problem has a nice and intuitively pleasing solution:

g(x) = E[DIX=x], (8.2)
and we will use the shorthand notation D mmse(X = x) for this optimal estimator (optimal
in the mean-squared error sense).

Example 8.1 (Gaussian signal and noise). Let D be a real-valued zero-mean unit-variance Gaussian random
variable. Let X = D + Z, where Z is a zero-mean Gaussian random variable of variance 2. Then, it is
straightforward to evaluate

. oo o0 d d
Dymse(X =z) = E[D|X =] 2/ dfp|x(d|z)dd :/ dwdd (8.3)
oo oo fx(z)
o A exp(— SN L exp(— ) 1
_ / 4 2o 1 352 mzz 2) 4d = L (8.4)
- V2n(1+02) exp(= 2(1+02)) to
Moreover, the mean-squared error incurred by this optimum estimator is
E||D-D x| o’ 8.5
“ — Dyruse( )’ } = 117 (8.5)

109
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8.1.2 Linear MMSE Estimation

In a slight variation of the consideration, let us now assume that the estimator must be
linear (with fixed coefficients, independent of the data). Let us first consider the case where
the desired data D is scalar. That is, we seek to find

Drvmse(X) = wlX, (8.6)

where w is a fixed vector of coefficients. In the MMSE perspective, we strive to select this
vector such as to minimize

EUD-DMMMﬂxXﬂq. (8.7)

To express the solution, it is convenient to introduce the notation
Rx = E[XX7] (8.8)

for the covariance matriz of the data (recall that we are assuming zero-mean signals through-
out this Module), and

rpx = [E[DX*] (8.9)

for the covariance between the desired and the observed data. With this, the optimal Wiener
coefficients are (assuming that the matrix Rx is invertible — for the more general case, see
the homework)

w = Ry'rpx, (8.10)

and the corresponding mean-squared error can be expressed as
e 2 2 H p—1
E ‘D_DLMMSE(X)‘ = O’D—I'DXRX rpx, (8.11)

where 0123 denotes the variance of the desired data D.

To prove this, it is instructive to observe that with the optimal coefficient vector w, the error must be
orthogonal to the observed data, which (here) means that

E[(D-w'X)X"] = o". (8.12)

This can be established either by observing that the objective function is convex and finding the gradient
with respect to the coefficient vector, or by observing the Hilbert space structure and invoking the projection
theorem. The orthogonality condition can be rewritten as

E[DX"] - wTEXX"] = o0". (8.13)

Assuming that the matrix E[XX"] is invertible, this implies the claimed formula.
The corresponding incurred mean-squared error can be calculated as follows:

£[(p-w7x)" (0-wx)

t[(p-wx) '] w7 [0 wix)'x

3[R —r

=0, due to orthogonality

E[|D|*] - w'E[X"D], (8.14)

and if we plug in the formula for the optimal Wiener solution for w, we obtain the claimed formula.
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8.2 Wiener Filtering, Smoothing, Prediction

The tools of signal processing are often most powerful if we consider (long) sequences of
data. That is, we now suppose that we have a time-domain signal D[n]| (where n ranges
over integers), and the observed data is X[n]. In the world view of signal processing, we
would then form an estimate of the form
P1
Dln] = > wlk]X[n— k], (8.15)
k=—po

where pg and p; are non-negative integers. Defining the vector (of length po + p1 + 1)
X[n] = (Xn+pi],X[n+p1—1,....X[n],...,X[n—po+ 1], X[n — po])" (8.16)
and the vector w containing the corresponding pg + p1 + 1 filter coefficients, namely,
w = (wlpi],wlpr —1],...,w[0],...,w[—po + 1], w[—po])?, (8.17)

we can express the optimal coefficients as
T H Hp 1
w = E[D[RX[n]"] (EX[2]X[n]7]) (8.18)
which, in general, depends on n. This motivates the definition of wide-sense stationary
random processes that you have encountered in earlier classes. For such processes, we have
that

E[X[)X*[n— K] = Rxlk], (8.19)

E[D[n)X*[n—k]] = Rpx|[k], (8.20)
that is, these expectations do not depend on n, but only on the “lag” k between the two
arguments. With this, it can easily be verified that the above formula for the optimal
coefficient vector w does not depend on n.

An equally enlightening but alternative view is to allow py and p; to be infinite. In this
case, the orthogonality principle stipulates that the optimum filter coefficients must satisfy

E [(D[n} — i wlk] X[n — k]> X*[n —E]] = 0, (8.21)

k=—o0

for all integers ¢. Rewriting,

E[DMX n— €] — Y wkEX[n—KX*[n—14] = 0, (8.22)
k=—o0

Rpx|f] - i wk|Rx[t — K = 0, (8.23)
k=—0o0

where we observe that the sum is a convolution. This suggests that it may be instructive
to take Fourier transforms:

Spx(e/) — W(e?)Sxx (') = 0. (8.24)
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8.3 Adaptive Filters

Let us consider the scenario where

R P
Dln] = > wlk]X[n - k. (8.25)
k=0

Suppose that we pick an arbitrary initial choice of filter coefficients wq. Let us take the
perspective that we gradually update these filter coefficients so as to make them better. A
classical choice is called gradient descent. Here, we consider the gradient of the error (with
respect to the filter coefficients), which is easily found to be

n

Vv, E [\D[n] - ngmﬂ = —2E[(D[n] - wIX[n]) X*[n]] (8.26)
The idea is to take a (“small”) step against the gradient, i.e.,
Wni1 = Wy + pE [(D[n] — wiX[n]) X*[n]] (8.27)

where the step-size parameter p is to be chosen wisely.

To gain some understanding of what this algorithm does, let us consider the special case
where the signals D[n| and X[n| are jointly wide-sense stationary, and hence, all expected
values above do not depend on n. For this special case, the update equation becomes

Wni1 = wp+upE[(D - WZX) X*] (8.28)
= Wp+pu (rDX — Ran) (8.29)

If we plug in w,, = R)_Clr px (which is the optimal Wiener solution), then the algorithm will
not move any further, and thus, will stay at the globally optimal solution, which is a first
important sanity check. In more detail, we can also suppose that we start the algorithm
with an arbitrary wq. Let us denote the optimal Wiener solution by w. Then, we can express

Wnt1 — W = W, —W-+ HEDX — RXWTL
= (I — pRx) (wn —W), (8.30)

where, for the last step, we have used the fact that the Wiener solution satisfies rpx =
Rxw. It is then instructive to express the matrix in terms of its spectral decomposition
Rx = UAU", leading to p + 1 independent recursions. Specifically, defining the notation
u, = U (w, — W), we obtain

Unpr = U™ (Wny1 — W)
= u” (I = pRx) (W — W)
= U (UI - pr)U?) (W, —W)
= (I-pA)uy, (8.31)

and since A is a diagonal matrix, each of the p + 1 components of the vector u, follows a
separate recursion, independently of the others. Clearly, the overall sequence converges if
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and only if all p+1 so-called modes converge individually. But each one of them is simply an
exponential series governed by (1—pA;(Rx))™ (times the initial value). Such an exponential
series converges (to zero) if and only if |1 —pX;(Rx)| < 1, or, equivalently, Ayqz(Rx) < 2/p.
Here, we are also using the fact that for covariance matrices Rx, eigenvalues must be non-
negative.

To make the algorithm useful, we cannot use the shape given in Equation (8.27) since
in any realistic scenario, we would not know the involved expected values. Instead, we may
estimate them from the data. In the extreme case, we could estimate the expectation from
just a single sample, hence use E [(D[n] — wlX[n]) X*[n]] ~ (D[n] — wiX[n]) X*[n]. Of
course, this should not be expected to be a particularly good estimate of said expectation,
but in exchange, we can actually calculate this simply based on the data at hand (at least
for all times n for which we have “training data,” i.e., where we know the true desired
outcome D[n]). This is called the LMS adaptive algorithm and was discovered in 1960 [3].
It is thus characterized by the update equation

Wnt1 = Wy +u(Dn]— WTX[n]) X*[n]. (8.32)

n

The full analysis of the convergence of this algorithm, even for the special case of wide-
sense stationary data, is not feasible in closed form. It is important to observe that here,
the filter coefficients w,, are random vectors, induced by the data. Hence, a first order of
business would be to prove convergence of the mean E [w,,], perhaps starting with the case
of wide-sense stationary data. Unfortunately, it is quickly seen that the resulting vector
sequence {E [wy]},>0 depends on higher-order statistics of the data and is thus out of reach.
A common alternative (approximate) consideration is to assume that the filter taps w,, are
(statistically) independent of the data vector corresponding to the same time slot, X[n].
While this is not exactly true, it may hold approximately if p is sufficiently small. Under
this so-called independence assumption for the LMS, one easily finds that convergence is
again determined by the vector sequence from Equation (8.30), and thus, by the eigenvalues
of the covariance matrix of the observed data. A well written account on adaptive filters
can be found, e.g., in [1], and an exhaustive compendium in [5].

8.4 Problems

Problem 8.1 (MMSE Estimation). Consider the scenario where fx|p(z|d) = de=% for
x > 0 (and zero otherwise), that is, the observed data x is distributed according to an
exponential with mean 1/d. Moreover, the desired variable d itself is also exponentially
distributed, with mean 1/pu.

(a) Find the MMSE estimator of d given z, and calculate the corresponding mean-
squared error incurred by this estimator.

(b) Find the MAP estimator of d given z.

Problem 8.2 (Tweedie’s Formula). For the special case where X = D 4+ N, where N is
Gaussian noise of mean zero and variance o2, Tweedie’s formula says that the conditional
mean (that is, the MMSE estimator) can be expressed as

E[D| X =z] = 2+ o (x), (8.33)
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where

() = % log fx (z), (8.34)

where fx(z) denotes the marginal PDF of X. In this exercise, we derive this formula.
(a) Assume that fx|p(z|d) = e@dr=¥(d) f, () for some functions 1 (d) and fo(z) and
some constant a (such that fx|p(z[d) is a valid PDF for every value of d). Define

fx ()
fo(z)”

where fx () is the marginal PDF of X, i.e., fx(z) = [ fx|p(z|6)fp(d)dd. With this, estab-
lish that

Az) = log

(8.35)

1d
E[D|X =z] = ———A(x). 8.36
[DIX = 1] =~ A() (5.36)
(b) Show that the case where X = D + N, where N is Gaussian noise of mean zero
and variance o2, is indeed of the form required in Part (a) by finding the corresponding

¥(d), fo(z), and a. Show that in this case, we have

folw) =

fol) o2

and use this fact in combination with Part (a) to establish Tweedie’s formula.

(8.37)

Problem 8.3 (Wiener Filter). Consider a (discrete-time) signal that satisfies the difference
equation d[n| = 0.5d[n — 1] + v[n], where v[n] is a sequence of uncorrelated zero-mean unit-
variance random variables. We observe z[n] = d[n] + w[n], where w[n] is a sequence of
uncorrelated zero-mean random variables with variance 0.5.

(a) (you may skip this at first and do it later — it is conceptually straightforward) Show
that for this signal model, the autocorrelation function of the signal d[n] is

4 /1

I
Eld[n]d[n +&]] = 3<2> , (8.38)

and thus the autocorrelation function of the signal x[n] is

11 for k=0
E k _ 6 ’ 8.39
[z[n]z[n I { % (%)lk| , otherwise. ( )

(b) We would like to find an (approximate) linear predictor d[n + 3] using only the ob-
servations z[n], z[n—1],z[n—2], ..., x[n—p|. Using the Wiener Filter framework, determine
the optimal coefficients for the linear predictor. Find the corresponding mean-squared error
for your predictor.

(¢) We would like to find a linear denoiser d[n] using all of the samples {z[k]}?° .
Find the filter coefficients and give a formula for the incurred mean-squared error.
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Problem 8.4 (Wiener Filter and Irrelevant Data). As we have seen in class, the (FIR)
Wiener filter is given by

w = R 'rg, (8.40)

where R, is the autocorrelation matrix of the data that’s being used, and rg, is the cross-
correlation between the data and the desired output. For this to be well defined, R, should
be full rank. In this problem, we study this question in more detail.

(a) In many applications, the signal acquisition process is noisy. That is, the data
x[n] = s[n] + w[n], where s[n| is an arbitrary signal, and w(n| is white noise. Prove that in
this case, the p—dimensional autocorrelation matrix R, is full rank (i.e., invertible) for any
p. (Note: Be careful not to make any assumptions about the signal s[n].)

(b) In some other cases, R, could be rank-deficient. To study this, prove first that if
the (FIR) Wiener filter based on the data x = {z[n] ﬁ;g is w, then the (FIR) Wiener filter
based on the modified data Ax (where A is an invertible matrix) is A~ w, (where we use
the relatively common notation A=H = (A=1)H),

(¢) Explain how to find the (FIR) Wiener filter when R, is rank-deficient. Discuss
existence and uniqueness. Hint: Use Part (b) to transform your data to a more convenient
basis.

Problem 8.5 (Adaptive Filters). One of the many uses of adaptive filters is for system
identification as shown in the figure blow. In this configuration, the same input is applied to
an adaptive filter and to an unknown system, and the coefficients of the adaptive filter are
adjusted until the difference between the outputs of the two systems is as small as possible.

d
nknown Syste ]
+
pal - e[n]
Wa(2) il
Let the unknown system that is to be characterized by
d[n] = z[n] + 1.8x[n — 1] 4+ 0.81x[n — 2] (8.41)

With an input z[n] consisting of 1000 samples of unit variance white Gaussian noise,
create the reference signal d[n].

(a) Determine the range of values for the step size p in the LMS algorithm for the
convergence in the mean.
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(b) Implement an adaptive filter of order p = 4 using the LMS algorithm. Set the initial
weight vector equal to zero, and use a step size of y = 0.1fmaz, Where ey is the largest
step size allowed for convergence in the mean. Let the adaptive filter adapt and record the
final set of coefficients.

(c) Repeat part (b) using the normalized LMS algorithm with § = 0.1, and compare
your results.

(d) Make a plot of the learning curve by repeating the experiment described in part (b)
for 100 different realizations of d[n], and plotting the average of the plots of e%[n] versus
n. How many iterations are necessary for the mean-square error to fall to 10% of its peak
value? Calculate the theoretical value for the excess mean-square error and compare it to
what you observe in your plot of the learning curve.

Problem 8.6 (Canonical Correlation Analysis). Let X and Y be zero-mean real-valued
random vectors with covariance matrices Rx and Rvy, respectively. Moreover, let Rxy =
E[XYT]. Our goal is to find vectors u and v such as to maximize the correlation between
u’X and v7'Y, that is,

Eu’ XY7Tv]

max . 8.42
u,v \/[E[|11TX|2]\/|E[|VTY|2} ( )

Show how we can find the optimizing choices of the vectors u and v from the problem
parameters Rx, Ry, and Rxy.
Hint: Recall for the singular value decomposition that

A
LAV _ o 4] = 01 (A), (8.43)

v vl v

where 01(A) denotes the maximum singular value of the matrix A. The corresponding
maximizer is the right singular vector vy (i.e., eigenvector of AT A) corresponding to o1 (A).
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Signal Representation

It is generally assumed that the student has basic familiarity with the early topics in this
chapter, such as bases, projections, and so on. Canonical references include [0, 7, &].

Introduction

“Signal representation” refers to the act of representing an object (a “signal”) = as a linear
combination of elements in a basic “dictionary” composed of elements ¢y, where k runs over
integers :

o= Y Xy, (9.1)

lez

where the equality may be exact or approximate. The coefficients X, are (for the purpose
of this class) real or complex numbers. Then, instead of working with the original object
(signal) z, we may work with its representation, given by the coefficients Xj.

The primary object of study is to find good and suitable dictionaries {¢¢}scz. In this
module, we discuss the main methods and arguments relating to this quest. In guise of a
motivational speech, such representations will satisfy one or more of these:

e Sparse representation
e Efficient processing possible

e ctc.

9.1 Review : Notions of Linear Algebra

A key set of tools here (and throughout engineering and computer science) is linear algebra.

We will denote (column) vectors by bold symbols x. The transpose of a vector x is the
row vector x’. The Hermitian transpose (transpose and complex conjugate) of a complex-
valued vector x is the row vector x. The inner product (or dot product) of two vectors
(of equal length) will be denoted as (x,y) = yx. (That is, following standard notational

117
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conventions, in the (-,-) notation, it is the second argument that is complex-conjugated.)
The 2-norm of a vector is ||x|| = /(x, x). More generally, the p-norm of a vector is ||x||, =
(3%, |z;[P)1/P. These are genuine norms for all real numbers p > 1. For 0 < p < 1, they
are not norms since they violate the triangle inequality, but they are nonetheless of interest
in applications.

Matrices are denoted by upper-case symbols A. They are of dimensions m X n, meaning
that they have m rows and n columns. The entry in row ¢, column j is denoted by {A};;,
or simply A;; when there is no confusion possible. The identity matrix is denoted by I.
The matrix-vector product y = Ax, where x is of length n, is the vector y of length m with
entries y; = Z;”:l Ajjxz;. We use AT to denote the transpose and AX to denote the Hermitian
transpose of the matrix A. Consider two matrices A and B with columns denoted by a; and
b;, respectively. Then, the matrix product BY A (if dimension-compatible) has as its entry
in row 4, column j the inner product (a;, b;). An alternative and equally useful expression for
matrix multiplication is that AB =", a;b!’ (if the matrices are dimension-compatible).
A unitary matrix is a matrix U satisfying UUHY = UHU = I. The trace of a square matrix,
trace(A), is the sum of its diagonal entries. A property of many uses states that for any
two (dimension-compatible) matrices A and B, we have trace(AB) = trace(BA). Another
useful property is that (AB)? = BH AH,

Symmetric Matrices : Spectral Decomposition

Perhaps the most important class of matrices are the symmetric (hence square) matrices.
That is, matrices A for which we have A = A (and thus a fortiori, m = n). Such matrices
always admit a spectral decomposition,' i.e., they can be written as

A = UAU", (9.2)

where A is a real-valued diagonal matrix and U is a unitary matrix. The n columns of U
are called the eigenvectors of A, denoted by uy,...,u,. The n diagonal entries of A, usually
denoted by \;, are called the corresponding eigenvalues. By inspection, Formula (9.2) can
also be expressed as

A = ZAZ‘UZ‘U{I, (9.3)
1=1

a shape that will be of interest to us in this class. A property with many uses is the fact that
trace(A) = >, A, which follows simply from trace(A) = trace(UAUH) = trace(AUHU).
General Matrices : Singular Value Decomposition

For general matrices A, one can construct two instructive symmetric matrices, namely, AAH
and A7 A. Both of these admit spectral decompositions:

AAT = UNUH  and AFA=VAN'VH, (9.4)

'In general, the eigendecomposition is expressed as A = QAQ~'. When Q turns out to be a unitary
matrix (thus, Ql=0" ), then one often refers to the eigendecomposition as a spectral decomposition.
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and it is straightforward to show that, (i), the non-zero entries in A’ and A” are the same,
i.e., AAT and AM A have the same eigenvalues, and (7i), all eigenvalues are non-negative.
As you have seen, from these, one can construct the singular value decomposition

A =USVH =y mnmn) o v (9.5)
where ¥ is an m X n diagonal matrix whose entries o; are simply the square roots of the
eigenvalues of AAM (or, equivalently, A A). The values o; are thus non-negative and are
referred to as the singular values of the matrix A.

Rank of a matrix ; Norm of a matrix

The rank of a matrix A is the number of non-zero singular values it has in its singular value
decomposition and will be denoted by rank(A). An important relationship is that for any
two (dimension-compatible) matrices, we have rank(AB) < min{rank(A),rank(B)}. Note
that no similarly useful and non-trivial relationship can be given for the rank of the sum of
two matrices.

We will also find it useful to define norms for matrices. First, let us introduce the
so-called operator norms that are derived from standard vector norms as follows:

[ Ax]|
[All, = sup .

(9.6)
x20 |1X[lp

An interesting special case is when p = 2, which is often called the spectral norm of the
matrix A, and is easily seen to be equal to the largest singular value of the matrix A.
Of equal importance is the Frobenius norm

1Ale = [ 1440 (9.7)

A first interesting observation (which can be proved by elementary manipulations) is that
|A||% = trace(AH A). This also implies that ||A||% = >_!_; o7. Another interesting property
is that for any two (dimension-compatible) matrices A and B, we have that ||AB|p <

|A||r||B||F, a consequence of the Cauchy-Schwarz inequality.

Low-rank Matrix Approximation

Let us consider the following intuitively pleasing problem: Given a matrix A € RF*™,

seek to find a matrix B of rank no larger than p such that B is as close as possible to A,
i.e., such that the norm ||A — B|| is as small as possible. If we use as the norm the spectral
or the Frobenius norm, then this problem has an intuitively pleasing solution, given in the
following theorem.

we
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Theorem 9.1 (Eckart-Young). Let the SVD of the rank-r matriz A be

,
A = ZaiuiviH, with o1 > 09 > -+ > oy. (9.8)
i=1

For integers p between 1 and r — 1, let flp denote the truncated sum

P
Ap = Zaiul-vzﬂ. (99)
i=1
Then, we have
min  [[A—-DBl2 = ops1 (9.10)

B:rank(B)<p

min ||A—-Bl|p =
B:rank(B)<p

> ol (9.11)

k=p+1

and a minimizer of each of the two is B = flp. For the Frobenius norm, flp s the unique
minimizer if and only if op > opy1 (strict inequality).

Proof. First, observe that rank(flp) < p and that we can write A — Ap = Z£=p+1 akukka.
Therefore :

o A=Az = ops1, thus ming,an(s)<p |A = Bll2 < 0p11, and

® ||A - APHF =/ ZZ:p—l—l 0-137 thus minB:rank(B)Sp ||A - BHF < \/ Zzzp-s—l O-]%'

The more interesting part is the converse. We provide the converse proof only for the
spectral norm in these notes. Consider any matrix B with rank(B) < p. Its null space
has dimension no smaller than n — p, and thus, the dimension of the intersection null(B) N

span{vy,---,Vpy1} is at least one. For all vectors x of norm one in this intersection, we
have
p+1
(A-B)x = Ax= Z or(vicTx)uy, (9.12)
k=1
thus,
p+1
I(A=B)x|> = Y oilvi"x|*. (9.13)
k=1
But since the unit-norm vector x lies in the span of {vy,-- -, v,11}, we must have Zi:} [vicx|? =

1. Then, since o1 > 09 > -+ > 0p41, We have I(A—B)x|?* > af,ﬂ. Therefore, for every ma-
trix B with rank(B) < p, a unit-norm vector x can be found such that ||(A— B)x|* > o2,;.
Thus, ||[A — Bll2 > opt1- O
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9.2 Fourier Representations

It is assumed that you have come across Fourier representations at least three times in your
previous education (specifically, in your classes Analysis III, Circuits & Systems II, and
Signal Processing for Communications). We here present a very brief overview, emphasizing
some of the more advanced aspects.

Among all signal representations, Fourier representations are arguably the most impor-
tant ones. This is due to several important reasons. First of all, they represent eigenvectors
of LTI systems. Further reasons include important connections to wide-sense stationary
signals and observations that many naturally occurring signal classes (audio, images, etc)
have specific characteristics in the frequency domain. Moreover, Fourier representations
can be calculated efficiently and have many desirable properties.

9.2.1 DFT and FFT

For the discrete Fourier transform (DFT), we follow the notation used in your prerequisite
class, see [9, Section 4.2]. In line with this, let

Wy = e W, (9.14)
The Fourier matrix W is the matrix whose entry in row k, column n, is given by
(W}, = WP gornke{1,2,...,N}. (9.15)
and the DFT of the vector x is the vector X defined as
X = Wx. (9.16)

With this, the inverse transform is

x = —WHX, (9.17)

X[k] = (x,wp)=wix= Z x[n]e I*TN (9.18)

where the very last expression illustrates a slight notational anomaly, namely, we denote
the elements of the signal vector x by z[0], z[1],--- , [N — 1], that is, we number them from
0 to N — 1. With this, we choose to follow the terminology used in [J, Section 4.2]. Also,

we have used the notation wy, = (1, Wg, W2k ... ,W](\,Nfl)k)H.
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Properties of the DFT

One of the most important reasons for the importance of the DFT is the wealth of useful
properties it has. You have encountered these in detail in [9, Chapter 4].

Cyclic shifts. Consider the signal vector x of length N and with entries denoted
z[0], ..., z[N —1]. Let y be the signal vector x, cyclically shifted to the right by ng positions.
We have the following DFT pair:

y[n] = z[(n —ng) mod N] o—e YI[k]=WhkX][k], (9.19)

where X[0],---, X[N — 1] denote the entries of the DFT vector X = Wx.
To establish this property, it is more convenient to use the sum representation than the
matrix-vector representation. Namely,

N—-1 N—-1
YIE = D ylnle 7 ¥5 = 3" a[(n —ng) mod Nle I FEn (9.20)
n=0 n=0

and change summation variables by defining m = n — ng, which yields

N—14ng )
Y[k] = Z z[m mod N]e 7 ¥ k(m+no), (9.21)
m=ng
We can rewrite the exponent as e Fh(m4no) — o=iFFk(m mod N)o=j5Fkno 404 introduce

¢=m mod N to obtain Y[k] = eI kmo Zé\gl m[f]e_j%rke, which completes the proof.
Modulation property. Consider the signal vector x of length N and with entries denoted
z[0],...,xz[N — 1]. Let y be the signal vector with entries

y[n] = Wyr"z[n] o—e YI[k] = X[(k — ko) mod N, (9.22)

and the proof can be done following exactly the same steps as for the cyclic shift property.
Duality. A key observation is that these two properties are essentially one and the same.

This is a reflection of the fact that DFT and inverse DFT are essentially the same (up to a

complex-conjugate), and thus, the time and frequency variables can be exchanged.

9.2.2 The Other Fourier Representations

In your prerequisite classes, you have encountered several Fourier representations. For the
theoretical understanding of the underpinnings and underlying ideas, the most important
is the Fourier transform,

o
X(jw) = / (t)e—Ttdt, (9.23)
—0o0
whose inverse is given by
1 [ :
z(t) = — X (jw)el dw. (9.24)
2 J_»

As you recall, there are several subtle aspects as to whether this inversion formula will
indeed give back the original signal. Those will not be of particular interest to our class.
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9.3 The Hilbert Space Framework for Signal Representation

Perhaps the most powerful framework to understand signal representation and approxima-
tion is that of Hilbert space which you have briefly encountered in the class Signal Processing
for Communications [, Chapter 3].2

A (real or complex) vector space is a set of vectors x € E with an addition for vectors,
denoted by +, and a scalar multiplication (i.e., multiplication of a vector x by a real- or
complex-valued scalar o) such that for all x,y,z € E and all scalars «, 3 :

e Commutativity : x+y =y + x.
Associativity : (x+y)+2z=x+ (y+z), and a(fx) = (af)x.
Distributive laws : a(x +y) = ax + ay, and (o + 8)x = ax + fx.
e There exists a vector 0 € E such that x+0=x for all x € E.
e For all x € F, there exists an element —x € E such that x + (—x) = 0.
e Forallxe F, 1-x=x.

A (real or complex) inner product space is a (real or complex) vector space together with
an inner product (x,y) € R or C satisfying, for all x,y,z € F and scalars «,

o (x+z,y)=(xy)+ (zy)

o (ax,y) = a(x,y).

o (x,y) =(y,x)"

e (x,x) >0, with equality if and only if x = 0.

The induced norm of the inner product space is defined as ||x|| def \/(x,x). This definition
directly implies the following important and useful facts:

e Cauchy-Schwarz inequality: |(x,y)| < ||x|| ||y| for all x,y € E, with equality if and
only if x = ay for some scalar a.

e Triangle inequality: ||x +y|| < ||x|| |ly]|, with equality if and only if x = «ajy for some
real-valued non-negative scalar a.

e Paralellogram identity: [|x +y||> + [lx — y||* = 2(||x[* + [ly[]?)-

For example, to establish the Cauchy-Schwarz inequality, we may start by observing that
|x — <||>;’H2>yH2 > 0, which holds by the definition of the norm. Writing this norm in terms
of inner products and repeatedly applying the properties of the inner product leads to the
Cauchy-Schwarz inequality.

The final key ingredient pertains to the convergence of sequences of vectors x,, € F.
Quite naturally, we say that such a sequence converges to x € E if lim,,_, ||x5, — x| = 0. A
sequence x, € E is called a Cauchy sequence if limy, ,,—yo0 ||Xm — Xy || = 0. Then, a Hilbert
space is an inner product space with the additional property that every Cauchy sequence
converges to a vector x € E. (This can be thought of as a technical condition which for the
purpose of our class will not matter too much since it is satisfied for all examples of interest

to us.)

20ur treatment here closely follows the development in the excellent textbook by Pierre Brémaud [7]-
Alternatively, you may consult [8, Chapter 2] and/or follow the class COM-514 Mathematical Foundations
of Signal Processing.



124 Chapter 9.

Example 9.1 (n-dimensional complex vector space). This is the usual vector space with

inner product (x,y) =Y ;" ; 2;3;. The induced norm is ||x|| = /> 1" |zi]?.

Example 9.2 (Square-integrable functions (often denoted as L?(R) or Lz(R))). The set of
all functions f(t) satisfying ffooo |f(t)|?dt < oo, with inner product (f, g) = ffooo ft)g*(t)dt,

is a Hilbert space. The induced norm is || f|| =/ [*_ | f(¢)[?dt.

Projection Theorem

For signal representation problems, the main reason why the Hilbert space framework is
powerful is the projection theorem. This theorem tackles the following question : Given a
Hilbert space H and a subspace G of H such that G is also a Hilbert space (meaning that
G is also closed). Then, a very common task is that of representing any element x € H
only using elements from the subspace G “in the best possible way.” Of course, since G is
smaller than H, this leads to a more compact (approximate) representation of x, and is thus
of obvious interest for many applications. More precisely, for any x € H, we are looking
for an approximation X € G such that ||[x — x| is as small as possible. The projection
theorem guarantees existence and uniqueness of this miminizer, and it establishes that the
minimizer has the very useful property that it is orthogonal to the approximation error,
ie., (x,x —x) = 0. This last relationship is often called the orthogonality principle and
considerably simplifies the problem of finding the best approximation x. For any Hilbert
subspace G, let us define G+ = {z € H : (z,x) = 0,V¥x € G}. Then, we have the following
statement:

Theorem 9.2. Let x € H. There exists a unique element y € G such that x —y € G*.
Moreover, ||y — x|| = infyeq ||Ju — x||.

A proof can be found e.g. in [7, Sec. C1] or in [3, Ch.2]. We will also explore it to some
extent in the Homework.

Orthonormal Basis

A collection of vectors {e,}n>0 in a Hilbert space H is called an orthonormal system if
(en,er) =0 for all n # k, and ||e,|| = 1, for all n > 0.

Theorem 9.3 (Hilbert Basis Theorem). {e,}n>0 is an orthonormal system in H. Then,
the following statements are equivalent:

o {e,}n>0 generates the Hilbert space H.
e For all x € H, we have ||x||? =Y, [(x,e,)[%

o Forallx € H, we have x =) (X,e,)e,

Theorem 9.4 (Projection theorem, revisited). Suppose G is spanned by the orthonormal
basis {gn}n>0. Then, the element y € G that attains minyeg ||u —x|| is given by y =

> (X, 8n)8n-
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9.4 General Bases, Frames, and Time-Frequency Analysis
9.4.1 The General Transform
Definition

A useful general way of thinking of transforms is in the shape of inner products with a set
of “basis” functions:

Tp(v) = (@(t), ¢4(1)) (9.25)
_ / £(t) % (1)t (9.26)

where * denotes the complex conjugate.

The idea here is that ‘T’ denotes what kind of “basis” functions are being used and -~y
is the index of a basis function. The basis functions are ¢, (t) for all values of ~.

A good way of thinking about this is that for a fixed 7, the transform coefficient T, ()
is the result of projecting the original signal (t) onto the “basis” element ¢ (t).

An example is the Fourier transform, where instead of the letter v, we more often use
the letter Q, and where ¢q(t) = €/**. Hence, in line with the above general notation, we
could write

FT,(Q) = (z(t), palt)) (9.27)
_ / 2(#)e 1%, (9.28)

Of course, we more often simply write X (£2) (or X (j€)) in place of F'T,().

Alternative Formulation

For our next step, we need the (general) Parseval/Plancherel formula, which asserts that
o0

/_ T e = = [ FG6 o). (9.29)

2

Using this, we can rewrite the general transform as

T.0) = {e(t),6:(0) (9.30)
= [ awe (9.31)
= ;ﬂ/m X (jQ)P7 (j2)d2 (9.32)
= (X(G9), 5-:(0) (9.3

Hence, we now have two good ways of thinking about transforms: For a fixed -, the trans-
form coefficient Ty () is the result of projecting the original signal x(¢) onto the “basis”
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Figure 9.1: A conceptual picture: We imagine that the basis element ¢, (t) only lives in the
shaded box, i.e., that the signal is very small outside the interval ¢ty <t < ¢;, and that its
spectrum @, (j2) is very small outside of the interval Qg < Q < Q.

element ¢ (t), and equivalently, of projecting the original spectrum X (j€2) onto the spec-
trum of the “basis” element ¢ (t), which is 5@, (j€2).

Consider Figure 9.1: Merely as a thought experiment, let us think of a “basis” element
¢~ (t) that lives? only inside the box illustrated in Figure 9.1. Then, a great way of thinking
about the transform coefficient T, (7y) is that it tells us “how much” of the original signal
x(t) sits inside that box.

In line with this intuition, for the Fourier transform, the transform coefficient T, (12)
tells us “how much” of the original signal z(t) sits at frequency §2, and the "box” shown in
Figure 9.1 is infinitesimally thin in frequency and infinitely long in time.

9.4.2 The Heisenberg Box Of A Signal

Reconsider the conceptual picture given in Figure 9.1. Now, we want to make this precise.
In order to do so, consider any signal ¢(t). For simplicity (and without loss of generality),
we assume that the signal is “normalized” such that

/OO lp(t)?dt = 1. (9.34)

— 00

Note that by Parseval, this also means that 5 [~ |®(;j©)[2dQ = 1.

3In the next section, we will make precise what “lives” means.
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We define the following quantities. The “middle” of the signal ¢(t) is given by

my = /Oo t|p(t)|?dt. (9.35)

If you have taken a class in probability, you will recognize this to be the mean value of the
distribution |¢(t)|?.
Similarly, we define the “middle” of the spectrum ®(j€2) to be

me :/ Q;\@(yﬂ)\?dﬁ, (9.36)
o 7'('

with a similar probability interpretation.
Moreover, we define:

= [ -mpPloPa (9.37)
o3 = /_OO(Q—mQ)ZzlﬁlfI)(jQ)]QdQ. (9.38)

Again, these can be understood as the respective variances of the two “probability distri-
butions.”

With these definitions, we can now draw a more precise picture of the time-frequency
box of the signal ¢(t), as given in Figure 9.2.

We should also point out that for the Fourier transform, the basis functions are of the
form ¢(t) = /%! and for those, the above integrals do not all converge, so special care
is required mathematically. However, the right intuition is to say that the Heisenberg box
(the term appears in [6], and perhaps earlier) of the function ¢(t) = e/*%? is a horizontal
line at frequency €.

9.4.3 The Uncertainty Relation
So, what are the possible Heisenberg boxes?

Theorem 9.5 (uncertainty relation). For any function ¢(t), the Heisenberg box must satisfy

oo > (9.39)

N |

That is, Heisenberg boxes cannot be too small. Or: transforms cannot have a very high
time resolution and a very high frequency resolution at the same time. (Proof: see class.)

9.4.4 The Short-time Fourier Transform

It has long been recognized that one of the most significant drawbacks of the Fourier trans-
form is its lack of time localization: An event that is localized in time (such as a signal
discontinuity) affects all of the frequencies (remember the Gibbs phenomenon). This feature
is clearly undesirable for many engineering tasks, including compression and classification.
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Figure 9.2: The Heisenberg box of the function ¢(t) (i.e., the place in time and frequency
where the function ¢(t) is really alive).

To regain some of the time localization, one could do a “short-time” Fourier trans-
form, essentially chopping up the signal into “short” pieces and taking Fourier transforms
separately for each piece. Kind of trivially, this gives back some time localization.

More generally, the following form can be given:

[ee]
STFTy(7,Q2) = / z(t)g* (t — m)e IMdt, (9.40)
—00
where the function g(¢) is an appropriate “window” function that cuts out a piece of the

signal z(t). With the parameter 7, we can place the window wherever we want.
With regard to the general transform, here, instead of the letter 7, we use the pair (7, ),
and

dralt) = g(t—T1)™. (9.41)

Many different window functions ¢(t) are being used, but one of the easiest to understand
is the Gaussian window:

1 2
g(t) = W@ 202, (9.42)

Note that strictly speaking, this window is never zero, so it does not really “cut” the signal.
However, if |t is large, g(t) is tiny, so this is “almost the same as zero,” but much easier to
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analyze. With this window, we find the “basis” elements to be

1 _ (t—mp)? JQ0t
¢70,Qo(t) = 471'026 207 0% (943)

Now, we want to find explicitly the Heisenberg box of this “basis” function. To this end,
we need the Fourier transform of the Gaussian window, which is known to be

0242

G(Q) = Vamo2e 7, (9.44)

and thus, using the standard time- and frequency-shift properties of the Fourier transform,

_(2-929)%?

D,0,(jQ) = VAmolew 2 eI, (9.45)

Now, we can find the corresponding parameters of the Heisenberg box as:

my = 70, (9.46)
ma = Qo (9.47)
2
ol = 7 (9.48)
2
1
2
= A
gq 20_27 (9 9)

and so, we can draw the corresponding Figure 9.2. It is also interesting to note that for
the Gaussian window, the Heisenberg uncertainty relation (Theorem 9.5) is satisfied with
equality. It can be shown that the Gaussian window is (essentially) the only function that
satisfies the uncertainty relation with equality, see e.g. [0, p.31].
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9.5 Multi-Resolution Concepts and Wavelets

This is an interesting case of the general transform where we start form a single function

P(t), (9.50)

sometimes called the mother wavelet.
Then, we build up our “dictionary” by shifting and scaling the mother wavelet, specifi-
cally,

Ymn(t) = 27/ 2p(27™t — p), (9.51)

where n and m are arbitrary integers (positive, negative, or zero). That is, in place of the
parameter v, we will use the pair of integers (m,n), where m is the scale (the bigger the
coarser) and n is the shift. We will often denote the transform coefficient as

amn = WTy(m,n) = (x(t), vmn(t)). (9.52)
The following key questions are of obvious interest:

e What are the conditions such that we can recover the original signal z(¢) from the
wavelet coefficients a, ,?

e How do we design good mother wavelets 1(¢)?
e How do we efficiently compute the wavelet coefficients a,, ,, for a given signal x(t)?

e and of course many more...

9.5.1 The Haar Wavelet

We will start with the Haar wavelet:

1, for 0 <t < %,
P(t) = -1, for§<t<1, (9.53)
0, otherwise.

Ezercise: Sketch o o(t),11,0(t), ¥-1,0(t), and ¥ 3(t).
Facts:

1. The functions ¥, »(t), taken over all integers m and n, are an orthonormal set. (Easy
to verify.)

2. The functions ¢, »(t), taken over all integers m and n, are in fact an orthonormal
basis for L*(R), the space of all functions x(t) for which [*_|a(¢)[*dt is finite. (This
is more difficult to prove, see e.g. [0, ch.7].)
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Due to these facts, we can express any square-integrable function z(t) in the following
form:

) = D D amatmal), (9.54)

m=—00 N=—00

which will be called the Haar expansion (or more generally, the wavelet expansion) of the
signal z(t). Moreover, due to the orthogonality, we also know that

o0

Ump = <x(t)v¢m,n(t)>:/ z(t)Pm,n(t)dt. (9.55)

— 00

To understand how this wavelet works, it is instructive to consider a piecewise constant
function, as in Figure 9.3. We here follow the development in [10, p.211]. Specifically,
consider the function f(© (t) which is piecewise constant over intervals of length 20 = 1,
and assumes the values ...,b_1,bg, b1, bo,.... As shown in Figure 9.3, we can write f(o) (t)
as the sum of two components: A sequence of shifted versions of the Haar wavelet at scale
m = 1 (i.e., of the functions 1 ,(t)) and a “residual” function f()(t), which is piecewise
constant over intervals of length 2! = 2.

Specifically, we can write

o0

b, — b
dV(t) = S (), (9.56)
N=—00 \ \/5 ,

ail,n

and

[e.e]

o = Y A ), (9.57)
N=—00\ ,

Cn

where we use

%, for 2n <t <2n+1,

Viat) = —%, for 2n+1<t<2n+2, (9.58)
0, otherwise.
L for2n<t<2n+2,

pLa(t) = § V2 - (9.59)
0, otherwise.

The real boost now comes from observing that we can just continue along the same lines
and decompose f(1)(t) into two parts.
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Figure 9.3: The Haar wavelet at work.
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Figure 9.4: The Haar filter bank.

A Filter Bank Companion To The Haar Wavelet

Let us now reconsider Equations (9.56) and (9.57). We can rewrite them purely in terms
of the coefficients as
ban — bont1
a1, = %2’” (9.60)
ban + bant1
Cp = —F, 9.61
which we easily recognize as filtering the sequence b, with two different filters and then
downsampling by a factor of two! In other words, starting from the coefficients b,,, there
is a simple filter bank structure that computes all the wavelet coefficients, illustrated in
Figure 9.4. For the Haar example, the filters are

Hi(z) = \2(1_@ (9.62)
Ho(2) = ——(1+42). (9.63)

V2

Note that these filters are not quite causal, but since they are FIR, this is not a problem at
all.

Tilings Of The Time-frequency Plane

An interesting observation follows by observing that the Haar filter H;(z) is (a crude version
of) a highpass filter, and Hy(z) a (no less crude version of a) lowpass filter. Nevertheless,
if we merely go with this highpass/lowpass picture, and merge it with the downsampling
in time, we can draw a figure like the one given in Figure 9.5: consider for example the
wavelet coefficient aj g. It results from highpass-filtering, so it pertains to the upper half of
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Figure 9.5: A tiling of the time frequency plane that somewhat mirrors what the Haar
wavelet is doing.

the frequencies. Moreover, it pertains only to the time interval from 0 to 2. This is how we
found the rectangle labelled a; o in Figure 9.5, and this is how you can find all the other
rectangles in the figure.

9.5.2 Multiresolution Concepts

We discuss the “axiomatic” way of thinking about wavelets, as introduced by Mallat and
Meyer, see e.g. [10, Section 4.2] or [0, Section 7.1].
The basic object is an embedded sequence of closed subspaces, which we will denote as

CVocVicWVyCcVoyCcVyCee (9.64)

In the Haar example, V) is the space of functions that are piece-wise constant over intervals
of length 1, and V; the space of functions that are piece-wise constant over intervals of
length 2. So, with respect to Figure 9.3, f(©) € V; and fM)(¢) € V;. However, due to the
multiresolution embedding, we also have f(!) (t) € Vb, which is easily verified in Figure 9.3.

The key to wavelets is that the difference between subsequent spaces V,,, are precisely
the wavelet spaces W,,,. That is,

Vm = Vm+1@Wm+17 (9-65)

and the wavelet space Wy, 41 is orthogonal to V,,+1. For the Haar example, with respect to
Figure 9.3, dV(t) € W, and it is easy to verify that W] is orthogonal to V.
More generally, here are the basic requirements on the spaces V,,, :

Al Umezvm == L2<IR)

A2 ﬂmesz - @
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A3. f(t) € Vi <= f(2™) € Wy
A4 f(t) e Vo= f(t—n) e V,YneZ

A5. There exists a function ¢(t) (called the scaling function) such that {¢(t — n)}nez is
an orthonormal? basis for Vj.

The big question is how to find interesting scaling functions ¢(t), and the corresponding
wavelet ¢ (t). The following consequences of the axioms of multiresolution will help us in
doing so.

C1. Because we require {¢(t — n)}nez be an orthonormal basis, we must have

> 1@(w+2km)> = 1. (9.66)
kez

C2. Because ¢(t) also lives in V_; and {¢(2t — n)}nez is an orthonormal basis of V_y, it
must be possible to express

p(t) = V2O golnle(2t —n), (9.67)
nez
or, equivalently,

Bw) = \}iGo(ejw/Q)CI)(wﬂ). (9.68)

This is sometimes called the two-scale equation, a name that I find rather cute.

C3. Combining points C1 and C2, we can also infer that the “filter” gg[n] must satisfy
Go ()2 + |Go(e?“ )2 = 2. (9.69)
Namely, use (9.66) for 2w and plug in (9.68).

C4. Now, we want to find a function v (t) (the wavelet) such that {i(t — n)}nez is an
orthonormal basis for W,. Note that it is not trivial that such a function even exists!
However, one can prove this (see e.g. [10, Theorem 4.3]). If we merely assume that
such a 9 (t) exists, then we immediately know that since it lies in V_j, it must be
possible to express

b = V2 ailnle(2t - n), (9.70)
nez
or, equivalently,
V(W) = ;ﬁc:l(ejwﬂ)@(w/m. 9.71)

4The non-orthogonal case has also been studied extensively in the literature.
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Moreover, 1 (t) must also be orthogonal to any function in Vp, which is satisfied if we
select

giln] = (=1)"go[-n+1], (9.72)
or equivalently,
Gi(e?¥) = —e G, (9.73)
Note: One can also show that there are not too many more choices.
The main upshot is that we have reduced the wavelet design problem to one of finding

a scaling function ¢(t) and a “filter” go[n]. This is precisely what we will exploit next.

9.5.3 Wavelet Design — A Fourier Technique

We discuss Meyer’s Fourier-based wavelet design technique, see e.g. [10, Section 4.3] or [0,
Section 7.2.2].

Specifically, we now exploit the insights from the previous section. In particular, the
minute we have a valid scaling function ¢(t) along with the “filter” go[n], we are done. The
problem is that the two are not nicely “ordered”. That is, we cannot just select any o(t)
that satisfies orthogonality and then select any filter. Here is a design procedure due to
Meyer:

Y1. Select a function §(z) such that 6(z) =0 for z < 0 and 6(z) =1 for z > 1 and

O(z)+0(1—2) = 1, for0 <z <1. (9.74)

Y2. Set

0(2+3), w<0,
P(w) = (9.75)
0(2—22), w>0.

It is easy to verify that this satisfies point C1 above. This is the scaling function.
Hence, Vy = span{p(t — n),n € Z}.

Y3. Set

Go(e™) = V2D o(2w+4knm). (9.76)

kez

You may need a quick sketch to convince yourself that this satisfies the two-scale
equation C2.

This is it - the wavelet now follows directly from CA4.
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9.5.4 Wavelet Algorithms

We discuss Mallat’s algorithm, see e.g. [10, Section 4.5.3] or [0, Section 7.3].
Suppose that the signal of interest f (0)(t) lives at scale Vj. Hence, it can be written as
oo
FOwW = 3 bap(t—n). (9-77)
n=—00

Our goal is to express that function in terms of the wavelet, i.e.,

OB = >0 Y amntbma(t). (9.78)

m=1n=—o0

Note that the scale parameter m only starts at 1. This is because our signal f(©) (t) lives at
scale Vj, and hence, only the wavelets that are coarser than scale Vj are needed.

We now describe an algorithm that takes the coefficients b, as inputs and produces
the coefficients a,,, as outputs. The key step is, at each scale m = 1,2,..., to split the
remaining signal into two parts, namely V,,, and W,,. More specifically:

M1. Project fO(t) into Wy. This is easy because we have an orthonormal basis for W7,
namely, the wavelets {%w(t/ 2 — n)}pez. Therefore, the projection is given by

o0

1

dO@) =Y <f(0)(t)7ﬁw(t/2—n)>w(t/2—n). (9.79)

But the coefficients a1, can be computed easily from the coefficients b,, as

o0

an = Y §il2n— by, (9.80)

{=—00
where §1[n] = ¢i1]—n]. Note that this is merely a filtering operation, followed by

downsampling by a factor of two.

M2. Project f(O(t) into Vi. This is easy because we have an orthonormal basis for Vi,
namely, {%@(Qt — n) }nez. Therefore, the projection is given by

oo

IOy <f(0)(t),\}isO(t/?—n)W(t/?—n)- (9.81)

n=—oo

bl,n

But the coefficients by, can be computed easily from the coefficients b,, as

o0

bin = Y Gol2n— by, (9.82)

{=—00

where go[n] = go[—n]. Note that this is merely a filtering operation, followed by
downsampling by a factor of two.
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The main trick is to realize that we can now repeat these steps for f (1)(t), projecting this
signal into the spaces Wy and V3, respectively. This leads exactly to the same filtering and
downsampling. In the end, this leads exactly to the filter bank structure of Figure 9.4, with
the filters being

hiln] = ailn] (= gi[-nl) (9.83)
holn] = go[n] (= go[-nl) (9.84)

9.5.5 Wavelet Design — Further Considerations

We discuss the vanishing moments versus support size question, leading to Daubechies’
wavelet, see e.g. [10, Section 4.4.4] or [, Section 7.2].

One of the key goals of wavelet analysis is to ensure a compact signal description. That
is, we would like many wavelet coefficients to be small or zero, and only as few as possible
to be large. There are two wavelet “dimensions,” namely, shift and scale, and we discuss
them in turn:

D1. Along the time shifts, such a property will be enabled by short time support of the
wavelet: That way, local behavior only affects a few wavelets. It can be verified that
©(t) has compact support if and only if the filter go[n] also has compact support (i.e.,
is an FIR filter), and those supports are equal. Let those supports be [IN1, N3]. Then,
the wavelet 1 (t) also has compact support, namely, [(N; —Na+1)/2, (No— N1 +1)/2].

D2. Along the scale dimension, we will consider the so-called vanishing moments. A
wavelet 1 (t) is said to have p vanishing moments if

oo
/ thp(tydt = 0, for 0 < k < p. (9.85)
—0o0

Intuition: Wherever the signal z(t) is smooth, this ensures that wavelet coefficients
corresponding to small scales will be small. (This can be understood by expressing
x(t) locally as a Taylor series.) With a small loss of generality, the wavelet having p
vanishing moments is that same as the filter Go(e/*) having p zeros at w = 7. That
is, the filter Go(e/*) can be written as

Go(¢™) = V2 (Hs_]w> R(e™7), (9.86)

where R(e/*) is arbitrary but has no poles at w = 7.

Now, what we would like is to have a wavelet of compact support and having as many
vanishing moments as possible. However, unfortunately, there is a kind of uncertainty
principle, given by Daubechies’ theorem:

time support of wavelet > 2(# of vanishing moments) — 1. (9.87)

The most astonishing thing about this insight is that the functions that attain this bound
with equality look rather crazy...!
A bit more formally, the theorem is stated as follows (see e.g. [0, Theorem 7.5]):
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Theorem 9.6. A real filter go[n| satisfying
|Go(e7)]? + |Go(e/ )P = 2. (9.88)

and having p zeros at w = w must have at least 2p non-zero coefficients. Daubechies filters
have exactly 2p non-zero coefficients.

Using point D1., this means that also the corresponding scaling function as well as the
wavelet must have support at least 2p — 1. The theorem follows from a deep result about
polynomials called Bezout theorem.

Proof. Recall that we can write

Go(e) = ﬁ(”?jw) R(e ), (9.89)

or, equivalently,

Go()2 = 2 (cosg)% [R()2. (9.90)

But now, since go[n] is real valued, |Go(e/)|? is an even function of w and can therefore be
expressed as a polynomial in cosw. Using the trigonometric identity sin®(%) = (1—cosw)/2,
we can equivalently write |R(e/*)|? as a polynomial in sin?(%), and hence, we obtain

w 2 LW

Go(e#)2 = 2(cos§> " P(sin = (9.91)

for some yet to be determined polynomial P(-). The next trick is to recall that sin*(%) +
cos?(¥) =1, and thus,
4 p
Go(e)2 = 2 (1 — sin® %) P(sin? g). (9.92)
To make notation simpler, we define y = sin?(w/2). Plugging this back into Equation (9.88),
this leads to the condition

(1-y)PP(y) +y'P1-y) = 1L (9.93)

In order to minimize the coefficients of the filter gg[n], we want to find the polynomial P(y)
with the smallest degree that satisfies this equation. The Bezout theorem tells us that the
smallest-degree polynomial P(y) has degree p — 1. This implies that Go(e’“) has degree
2p — 1, which means it has 2p coefficients. O
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9.6 Data-adaptive Signal Representations

Fourier, short-time Fourier and wavelet bases are picked based on fundamental considera-
tions (physics, mathematics, general structure). By contrast, let us now study a scenario
where we have ample data (and computational power). Then, it is tempting to conjecture
that appropriate signal representations can be found simply by looking at the data.

Specifically, let us now consider the setting where we are given a (large) set of n data
points in potentially high dimension k. Denote the data points by xW x@ . x(™ where
each data point x() is a k-dimensional vector. The canonical approach to finding an (or-
thonormal) basis is the Gram-Schmidt procedure : We arbitrarily select a first sample,
normalize it, and take this to be our first basis element. Then, we arbitrarily select a sec-
ond sample and subtract from it its projection onto the first basis element, and so on. It
should be intuitively clear that practically speaking, this is not a very desirable procedure.
The outcome will in general strongly depend on the order in which the samples are pro-
cessed, and it will lack any interesting structural properties. The procedure will work fine
if the data samples all lie exactly in a p-dimensional subspace (with p < k), but if this is
only approximately true, the outcome will generally suffer.

Instead, we will now consider an alternative procedure. Here, we start by fixing a certain
p < k. The goal is to find a good p-dimensional basis such that most of the data points
can be represented quite accurately in terms of this basis. It is not initially clear what
“most” and “quite accurately” should mean. One intuitively pleasing metric is to select the
basis (and corresponding coefficients for each data sample) so as to minimize the overall
mean-squared error, that is:

3 X9 - xG|P?, (9.94)
j=1

—_

where x0) represents the best approximation to x) within the chosen basis. In spite of
appearance, this problem actually has a clean solution : This is precisely the Eckart-Young
theorem.

To see this, let us denote the (yet unknown) basis vectors by ¢1, ¢2, - -, ¢p, and collect
them (as column vectors) into the k x p matrix

O = (¢ da - ). (9.95)

Then, we can express
x() = &fl), (9.96)

where £U0) is the feature vector corresponding to data sample x9). Hence, we are looking
for

n

min min |x) — ®f())|2 3 (9.97)
1

feature vectors {f(1)}7_ €CP | basis vectors {¢;}]_, €CF i
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To see how to proceed, we can rewrite
S Ik — 2t D)2 = Y trace <(X(j> — pfW)(xU) — @fw)H)
j=1

n

j=1
= trace (X — ®F)(X — @F)")
= | X - ®F|3%, (9.98)

where we have collected all the data samples into the k& x n matrix X and all the feature
vectors into the p X n matrix F.

This problem is precisely addressed by the Eckart—Young theorem that we have discussed
earlier. The answer is simply to determine the SVD of the matrix X, and retain only the p
largest singular values along with their corresponding singular vectors. Explicitly:

T
X = Usv?=> omyv, (9.99)
i=1

where r is the rank of the matrix X and where, as always, we assume that the singular
values are ordered in decreasing order. Then, from the Eckart—Young theorem, we know
that our error criterion is minimized if

p
OF = > oy (9.100)
=1

In other words, we may select our basis vectors of length & to be the left singular vectors
of X (that is, the eigenvectors of X X ),

$1=u1, g2 =1z, ‘-, Op =1y, (9.101)

in which case the matrix of feature vectors (of dimension p x n) is given by

O'1V{{

02V2H

F = . . (9.102)
oyl

For example, the first column of this matrix is the feature vector corresponding to the first
data sample, x(1). Of course, this feature vector (of length p) can also be found by projecting
the data sample successively into the p basis elements uy, ug, - - - ,u,. It is left as an exercise
to the reader to show that this indeed leads to the same answer.

Let us also remark that this is, quite obviously, not the unique basis — we can always
rotate the basis to find an alternative basis (spanning exactly the same space). This will
change the feature vectors, but it will not change the approximation quality.
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We should note that this is precisely the PCA (Principal Components Analysis) or
Karhunen—Loeve transform (KLT) that you have quite possibly encountered elsewhere. In
the PCA, we first find the covariance matrix of the data samples (using the above notation,
this is the matrix X X ), and then find its eigendecomposition. Clearly, the eigenvectors of
the matrix X X are precisely the vectors uj, us, - - - , u; above, and the PCA stipulates to
use the eigenvectors corresponding to the p largest eigenvalues of X X as the approximate
basis — exactly the same solution as the one we found above. However, we believe that the
above is a much more insightful (and convincing) derviation than the “derivation” given in
many texts on Machine Learning. Of course, that’s just our own biased opinion.

9.6.1 Fzample : word2vec

As a concrete (rather advanced) example, we now study the word2vec machinery developed
by Mikolov et al. in [11]. This is a way of representing words by real-valued vectors.

The word2vec construction

We suppose that we have a large corpus of sentences in the English language (or your
language of preference). We isolate individual words. For English, this leads to about
1’000’000 words. Every word j will be represented by a (column) vector x(@) of length
1°000°000: The entry xl(j ) captures the relationship from word j to word <. Specifically, the
Ej ) is the count of how many times word ¢ is observed in “close vicinity” of word j
in the corpus of sentences. The definition of “close vicinity” can be tweaked in a number
of ways. For example, we may say that word ¢ is observed in close vicinity of word j if
it is found within a window of 5 words around word j. (Asymmetric windows can also be
defined, as can be weighted.)

value

Clearly, most vectors xU) are rather sparsely populated, and may have a few large entries
and several much smaller ones (representing the rarer occasions of use of word j).

Next, we form the matrix (of dimensions 1’000’000 by 1°000°000) :
X = ( x(1)  x(2) ... x(17000"000) ) (9.103)

This matrix is sparsely populated.

The next step is to form the so-called PMI matriz, for pointwise mutual information.
The usefulness of this step is rather mysterious and not fully understood. Specifically, we
form the matrix P which is of the same dimensions as X and whose entry in the ¢th row
and jth column is

By = o e X (S X) (9.104)

Empirically, it is observed that this matrix is low-rank.
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0.7 Problems

Problem 9.1 (Some review problems on linear algebra). (a) (Frobenius norm) Prove that
| Al|% = trace(AH A).

(b) (Singular Value Decomposition) Let o;(A) denote the i singular value of an m x n
matrix A. Prove that || A||% = Z?;Hll{m’n} o2(A)

(2
(c¢) (Projection Matrices) Consider a set of k orthonormal vectors in C", denoted by
uj,ug,--- ,uk. The projection matrix (that projects an arbitrary vector into the subspace

spanned by these orthonormal vectors) is given by

k
P = > uuf. (9.105)
=1

e Prove that this matrix is Hermitian, i.e., PH = P.

e Prove that this matrix is idempotent, i.e., P> = P. (In words, projecting twice into
the same subspace is the same as projecting only once.)

e Prove that trace(P) = k, i.e., equal to the dimension of the subspace.

e Prove that the diagonal entries of P must be real-valued and non-negative. Then,
prove that the diagonal entries of P cannot be larger than 1 (this is a little more
tricky).

Problem 9.2 (Eckart—Young Theorem). In these lecture notes, we show the proof of the
converse part of the Eckart—Young theorem for the spectral norm. In this problem, you do
the same for the case of the Frobenius norm.

(a) For any matrix A of dimension mxn and an arbitrary orthonormal basis {xj, - ,x,}
of C™, prove that

IAIF = [ Ax]*. (9.106)
k=1

(b) Consider any m x n matrix B with rank(B) < p. Clearly, its null space has dimension
no smaller than n — p. Therefore, we can find an orthonormal set {x1,--- ,X,_p} in the null
space of B. Prove that for such vectors, we have

n—p
A= Bl > D [lAx|* (9.107)
k=1
(¢) (This requires slightly more subtle manipulations.) For any matrix A of dimension
m x n and any orthonormal set of n — p vectors in C", denoted by {x1,--- ,X,—p}, prove
that

n—p r
SollAxe* > Y o (9.108)
k=1

Jj=p+1

Hint: Consider the case m > n and the set of vectors {z1,--- ,z,_p}, where z;, = VHx,.
Express your formulas in terms of these and the SVD representation A = ULV,
(d) Briefly explain how (a)-(c) imply the desired statement.
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Problem 9.3 (The Fourier matrix diagonalizes all circulant matrices). The discrete Fourier
transform (DFT) X of the vector x is given by

1
X=Wx and x= NWHX. (9.109)

In this homework problem, you will prove that the Fourier matrix diagonalizes all circulant
matrices.

(a) To cut the derivation into two simpler steps, we introduce an auxiliary matrix M,
defined as

bp by-1 bn-2 bn-3 ... b1
by bo bn-1 by—o ... bg
bo b1 bo by_1 ... b3
bnv-1 by—2 bn-3 bn_4 ... b

This is a circulant matrix
Let us denote the unitary DFT of the sequence {bg,b1,...,bxy—_1} by {Bo, B1,...,Bn-1}.
Write out the matrix M in terms of {By, B1,...,Bnx_1}. Hint: The first column of the
matrix M is simply given by

bo By
by By
bo By
wl o, = | B (9.111)
bn_1 Bn_1

To find the second column, you will need to use some Fourier properties.
(b) Using the matrix M from above, compute the full matrix product

wAwt = mwh, (9.112)

Hint: Handle every row of the matrix M separately. Define the vector m such that m# is
simply the first row of the matrix M. But the product m”? W is easily computed, recalling
that m?WH = (Wm)¥.

Problem 9.4 (Inner Products). Consider the standard n-dimensional vector space R".

1. Characterize the set of matrices W for which y? Wx is a valid inner product for any
x,y € R™.

2. Prove that every inner product (x,y) on R” can be expressed as y Wx for an appro-
riately chosen matrix W.

3. For a subspace of dimension k£ < n, spanned by the basis by, bo, ..., by € R", express
the orthogonal projection operator (matrix) with respect to the general inner product
(x,y) = y'Wx. Hint: For any vector x € R", express its projection as X = Z?:l a;b;.
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