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My moonshot: From data to real-world impact 

Solve large-scale discrete optimization problems 
subject to uncertainty (exogenous or endogenous) 
while leveraging recent relevant data

Contextual stochastic optimization lens: 
Foundational concepts and motivation 

From data to decision 
- Two decision pipelines: from context to decision 
- Three training pipelines: how to use data to improve 

prescriptive performance 

From data to real-world impact 
- What do we know and what topics require more 
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ILLUSTRATIVE EXAMPLE:  
CONTEXTUAL STOCHASTIC OPTIMIZATION AND EXOGENOUS UNCERTAINTY

Forel, Parmentier, Vidal, Explainable Data-driven Optimization: From Context to Decision and 
Back Again, In International Conference on Machine Learning, 2023.

Explainable Data-Driven Optimization:

From Context to Decision and Back Again

Alexandre Forel
1

Axel Parmentier
2

Thibaut Vidal
1

Abstract

Data-driven optimization uses contextual informa-
tion and machine learning algorithms to find solu-
tions to decision problems with uncertain param-
eters. While a vast body of work is dedicated to
interpreting machine learning models in the clas-
sification setting, explaining decision pipelines in-
volving learning algorithms remains unaddressed.
This lack of interpretability can block the adoption
of data-driven solutions as practitioners may not
understand or trust the recommended decisions.
We bridge this gap by introducing a counterfac-
tual explanation methodology tailored to explain
solutions to data-driven problems. We introduce
two classes of explanations and develop methods
to find nearest explanations of random forest and
nearest-neighbor predictors. We demonstrate our
approach by explaining key problems in opera-
tions management such as inventory management
and routing.

1. Introduction

Data-driven optimization leverages contextual information
to solve problems subject to uncertainty by combining ma-
chine learning and optimization methods. Contextual infor-
mation includes auxiliary data such as prices, temporal infor-
mation, or meteorological data. While utilizing contextual
information can significantly improve data-driven decision-
making (Hannah et al., 2010; Bertsimas & Kallus, 2020;
Mišić & Perakis, 2020), the resulting decision pipelines are
often complex and lack transparency. Yet, decisions must be
interpretable to be used in practice. They should allow prac-
titioners to understand what features of the context make a
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specific decision optimal, and to what extent a change in the
context leads to changes in the decisions. This is especially
relevant in industrial settings when comparing a new data-
driven policy to the existing policy, which might be based
on a mix of expert knowledge and quantitative methods.

To enable explainable data-driven optimization, we revisit
the concept of counterfactual explanation, used extensively
to explain machine learning classifiers (Wachter et al., 2017;
Verma et al., 2020). Thus, we explain a decision by an-
swering the question: In what alternative context would

the previous expert-based solution be better than the

data-driven solution? This alternative context forms a
contrastive explanation, highlighting the main features that
make the data-driven decision optimal. In other words,
we focus on explaining decisions rather than classes or la-
bels, as is typical in explainable AI. A notable difference is
that decision spaces often involve an intractable number of
possible decisions (rather than a few classes), making the
explanation task much harder.

Figure 1. Shortest path over Los Angeles downtown area: opti-
mal path z⇤ in context xn+1 = {Midday, 57.17, 4, 0, 6.99, 2, 11}
shown in blue, and alternative path zalt shown in green. The alter-
native path becomes optimal when a single feature of the context is
modified: "Midday" ! "AM". The details are given in Section 4.3.

To illustrate, consider a shortest-path problem over the Los
Angeles downtown area. Given historical data and con-
textual information, a data-driven optimization model can
provide a shortest path between two nodes, as shown in blue
in Figure 1. Typically, the number of possible shortest paths
between two points grows exponentially with the size of the
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‣ Contextual stochastic optimization (CSO): For 
any context  identify path  from East 
to West Los Angeles minimizing expected travel 
time

x ∈ X z*(x)

Depending on the context, the green or the blue 
path is optimal

and improving training procedures based on unrolling and implicit di↵erentiation.

2 Contextual optimization: An overview

The contextual optimization paradigm seeks a decision (i.e., an action) z in a feasible set Z ✓ Rdz

that minimizes a cost function c(z,y) with uncertain parameters y 2 Y ✓ Rdy . The uncer-

tain parameters are unknown when making the decision. However, a vector of relevant covari-

ates x 2 X ✓ Rdx , which is correlated with the uncertain parameters y, is revealed before having

to choose z. The joint distribution of the covariates in X and uncertain parameters in Y is denoted

by P.

2.1 Contextual problem and policy

In general, uncertainty can appear in the objectives and constraints of the problem. In the main

sections of this paper, we focus on problems with uncertain objectives and consider that the decision-

maker is risk-neutral. We broaden the discussion to risk-averse settings and uncertain constraints

in Section 6.

The CSO problem. Given a covariate described by a vector of covariates x and the joint distri-

bution P of the covariates x and uncertain parameter y, a risk-neutral decision-maker is interested in

finding an optimal action z
⇤(x) 2 Z that minimizes the expected costs conditioned on the covariate

x. Formally, the optimal action is a solution to the CSO problem given by:

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] , (1)

where P(y|x) denotes the conditional distribution of y given the covariate x and it is assumed

that a minimizer exists. For instance, a minimizer exists when Z is compact, P(y|x) has bounded
support and c(z,y) is continuous in z almost surely (see Van Parys et al. 2021, for more details).

Problem (1) can equivalently be written in a compact form using the expected cost operator

h(·, ·) that receives an action as a first argument and a distribution as a second argument:

z
⇤(x) 2 argmin

z2Z
h(z,P(y|x)) := EP(y|x) [c (z,y)] . (2)

Optimal policy. In general, the decision-maker repeatedly solves CSO problems in many di↵erent

contexts. Hence, the decision-maker is interested in finding the policy that provides the lowest long-

term expected cost, that is:

⇡
⇤
2 argmin

⇡2⇧
EP

⇥
c(⇡(x),y)

⇤
= argmin

⇡2⇧
EP

⇥
h(⇡(x),P(y|x))

⇤
, (3)

where ⇧ := {⇡ : X ! Z} denotes the class of all feasible policies.

Note that the optimal policy does not need to be obtained explicitly in a closed form. Indeed,

based on the interchangeability property (see Theorem 14.60 of Rockafellar and Wets 2009), solving
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‣ Contextual information / features  revealed 
before solving the problem 

‣ Time of day, weather, visibility, … 

‣ Random parameters: Travel times  follow 
conditional distribution

x

y
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ILLUSTRATIVE EXAMPLE: CONTEXTUAL STOCHASTIC DISCRETE OPTIMIZATION AND 
ENDOGENOUS UNCERTAINTY, COMPETITIVE FACILITY LOCATION

Legault and Frejinger, A Model-free Approach for Solving Choice-based Competitive Facility 
Location Problems Using Simulation and Submodularity, INFORMS Journal on Computing, 2024.

Choice-based competitive facility location problem

Objective: Maximize the expected
market share of a new firm
entering an existing market.

Decisions: Given a fixed budget,
select the facilities to open from a
set of candidate locations.

Demand modeling: Customers
select the available alternative
that maximizes their random
utility function.

Illustrative example
5000 customers, 10 competitors,

budget: 15/50 facilities

2

‣ CSO problem: For any context  identify a 
set of locations to open  to maximize 
expected demand capture

x ∈ X
z*(x)

Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z

f✓(x) :=
NX

i=1

�yi(x)

f✓(x) :=
NX

i=1

�g✓(x)+"i

Other stu↵ I need

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (12)

(CSO) z
⇤(x) 2 argmin

z2Z(y)
EP(y|x,z) [c (z,y)] (13)

c(z,y(z))

z
⇤(x) 2 argmax

z2Z
EP(y|x,z) [r(z,y)]

6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
els. They are mostly mentioned here for generality. There we also have many
applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.

• Minimize and estimation error ⇢

min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
[D(f✓(x),y)], (14)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

Training pipeline
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Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z
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z
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6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
els. They are mostly mentioned here for generality. There we also have many
applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.
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min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
[D(f✓(x),y)], (14)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

Training pipeline

6

1

‣ Contextual information / features  revealed 
before solving the problem 

‣ Locations amenities, … 

‣ Random parameters: Demand attracted to 
different locations  follow conditional 
distribution                     that is endogenous, i.e. 
decision-dependent

x

y
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ILLUSTRATIVE EXAMPLE: ENDOGENOUS UNCERTAINTY 
CHANGES DUE TO CONTEXT

1

: presence or not of an attractive 
feature
x

1

2

3

4

Decision  : open 1, 2 and 3. Close 4.z1

Uniform distribution (in yellow) over 1, 2 and 3 when 2 does not have 
an attractive feature

Higher probability for 2 (in orange) when it has an attractive 
feature

Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z

f✓(x) :=
NX

i=1

�yi(x)

f✓(x) :=
NX

i=1

�g✓(x)+"i

Other stu↵ I need

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (12)

(CSO) z
⇤(x) 2 argmin

z2Z(y)
EP(y|x,z) [c (z,y)] (13)

c(z,y(z))

z
⇤(x) 2 argmax

z2Z
EP(y|x,z) [r(z,y)]

6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
els. They are mostly mentioned here for generality. There we also have many
applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.

• Minimize and estimation error ⇢

min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
[D(f✓(x),y)], (14)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

Training pipeline

6

Conditional 
distribution of 
attracted demand, 
i.e., customer 
represented in green
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1

: presence of attractive featurex

1

2

3

4

In blue a distribution for decision  to open all four facilitiesz2

Orange distribution same as before: 2 has attractive feature 
and decision to open 1, 2 and 3 only (decision )z1

Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z

f✓(x) :=
NX

i=1

�yi(x)

f✓(x) :=
NX

i=1

�g✓(x)+"i

Other stu↵ I need
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6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
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applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.

• Minimize and estimation error ⇢

min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
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where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

Training pipeline

6

Conditional 
distribution of 
attracting demand, 
i.e., customer 
represented in green

Decision to 
open or not

ILLUSTRATIVE EXAMPLE: ENDOGENOUS UNCERTAINTY 
CHANGES DUE TO DECISIONS

Legault and Frejinger, A Model-free Approach for Solving Choice-based Competitive Facility 
Location Problems Using Simulation and Submodularity, INFORMS Journal on Computing, 2024.

Level of uncertainty — entropy — matters for solution quality of sample average approximation and computational performance.
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1
MOTIVATION: CSO PROBLEMS ARISE IN DIFFERENT APPLICATION DOMAINS

Energy, supply chain management, transportation, mobility, finance, infrastructure planning, maintenance… 
Common features: contextual, large-scale, solved repeatedly over time, discrete variables, non-trivial constraints 

Our focus: single or two-stage formulations
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HUMAN BEHAVIOUR AND ENDOGENOUS UNCERTAINTY
1

‣ Often a high degree of uncertainty related to demand 

‣ Exploit endogenous distributions (bilevel formulations) 

‣ Demand management, e.g., through pricing 

‣ Supply management, e.g. offer services that are attractive 
to customers 

‣ Encourage sustainable behaviour

Lamontagne, Carvalho, Frejinger, Gendron, Anjos, Atallah, Optimizing electric vehicle 
charging station placement using advanced discrete choice models, INFORMS Journal on 
Computing 35(5):1195-1213, 2023.

Pinzon Ulloa, Frejinger, Gendron, A logistics provider’s profit maximization facility location 
problem with random utility maximizing followers, Computers & OR 167, 2024.
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AIM: FIND AN OPTIMAL POLICY FOR ANY x ∈ X

Utsav Sadana, Chenreddy, Delage, Forel, Frejinger, Vidal, A survey on 
contextual optimization methods for decision-making under uncertainty, 
European Journal of Operational Research 320:271-289, 2025.

Class of feasible policies

Joint distribution of features 
and uncertain parameters

Solving the CSO problem for any  naturally 
identifies an optimal policy  
(Theorem 14.60, Rockafellar and Wets, Variational Analysis, 
Vol. 317, 2009)

x

Optimal policy, lowest long-term expected cost

U. Sadana et al.

• Decision rule optimization: This approach was introduced to
the operation research community in Liyanage and Shanthikumar
(2005) for data-driven optimization and popularized in Ban and
Rudin (2019) for big data environments, although a similar idea
was already common practice in reinforcement learning under the
name of policy gradient methods (see Sutton et al., 1999, and
literature that followed). It consists in employing a parameterized
mapping as the decision rule and in identifying the parameter that
achieves the best empirical performance based on the available
data. The decision rule can be formed as a linear combination
of functions of the covariates or even using a deep neural net-
work (DNN). When the data available is limited, some form of
regularization might also be needed.

• Sequential learning and optimization (SLO): Bertsimas and
Kallus (2020) appears to be the first to have formalized this
two-stage procedure (also referred to as predict/estimate-then-
optimize or prescriptive optimization/stochastic programming)
that first uses a trained model to predict a conditional distribution
for the uncertain parameters given the covariates, and then solves
an associated contextual stochastic optimization (CSO) problem
to obtain the optimal action. This procedure can be robustified
to reduce post-decision disappointment (Smith & Winkler, 2006)
caused by model overfitting or misspecification by using proper
regularization at training time or by adapting the CSO problem
formulation.

• Integrated learning and optimization (ILO): In the spirit of
identifying the best decision rule, one might question in SLO the
need for high precision predictors when one is instead mostly
interested in the quality of the resulting prescribed action. This
idea motivates an integrated version of learning and optimiza-
tion that searches for the predictive model that guides the CSO
problem toward the best-performing actions. The ILO paradigm
appears as early as in Bengio (1997) and has seen a resurgence
recently in active streams of literature under various names such
as smart predict-then-optimize, decision-focused learning, and
(task-based) end-to-end learning/forecasting/optimization.

The outline of the survey goes as follows. Section 2 rigorously
defines the three frameworks for identifying the best mapping from
covariate to action based on data: decision rule optimization, SLO, and
ILO. Section 3 reviews the literature on decision rule optimization with
linear and non-linear decision rules. Section 4 focuses on SLO, including
the models that lead to robust decisions, and Section 5 describes the
models based on the ILO framework and the algorithms used to train
them. Because ILO is the more recent and less explored framework of
the three identified, we provide a separate subsection of applications
of ILO to diverse problems such as logistics and energy management.
Section 6 provides an overview of active research directions being
pursued both from a theoretical and applications perspective. Section 7
concludes our survey with a summary of our contributions.

We note that there are other surveys and tutorials in the literature
that are complementary to ours. Mi≤i¢ and Perakis (2020) survey the
applications of the SLO framework to problems in supply chain man-
agement, revenue management, and healthcare operations. Qi and Shen
(2022) is a tutorial that mainly focuses on the application of ILO to
expected value-based models with limited discussions on more general
approaches. It summarizes the most popular methods and some of their
theoretical guarantees. Kotary et al. (2021) provide a comprehensive
survey of the literature proposing ML methods to accelerate the resolu-
tion of constrained optimization models (see also Bengio et al., 2021).
It also reviews some of the earlier literature on ILO applied to what
we define as ‘‘expected value-based models’’, a subset of CSO problems
(see Definition 1) where uncertainty can be completely described by
a sufficient statistic before the optimization problem is solved. Mandi

et al. (2023)1 include more recent expected value-based models and
provide a comprehensive evaluation of their methods, complementing
the toolbox of Tang and Khalil (2022) that provided an interface for
solving expected value-based models.

Our survey of ILO literature goes beyond the expected value-based
models and reflects better the more modern literature by casting the
contextual decision problem as a CSO problem and presenting a com-
prehensive overview of the current state of this rapidly progressing
field of research. We establish links between approaches that minimize
regret (Elmachtoub & Grigas, 2022), (task-based) end-to-end learn-
ing (Donti et al., 2017) and imitation-based models (Kong et al., 2022).
Further, we create a taxonomy based on the training procedure for a
general ILO framework encompassing recent theoretical and algorith-
mic progresses in designing differentiable surrogates and optimizers
and improving training procedures based on unrolling and implicit
differentiation.

2. Contextual optimization: An overview

The contextual optimization paradigm seeks a decision (i.e., an
action) z in a feasible set Z ” Rdz that minimizes a cost function c(z, y)
with uncertain parameters y À Y ” Rdy . The uncertain parameters
are unknown when making the decision. However, a vector of relevant
covariates x À X ” Rdx , which is correlated with the uncertain param-
eters y, is revealed before having to choose z. The joint distribution of
the covariates in X and uncertain parameters in Y is denoted by P.

2.1. Contextual problem and policy

In general, uncertainty can appear in the objectives and constraints
of the problem. In the main sections of this paper, we focus on problems
with uncertain objectives and consider that the decision-maker is risk-
neutral. We broaden the discussion to risk-averse settings and uncertain
constraints in Section 6.

The CSO problem. Given a covariate described by a vector of covari-
ates x and the joint distribution P of the covariates x and uncertain
parameter y, a risk-neutral decision-maker is interested in finding an
optimal action z

<(x) À Z that minimizes the expected costs conditioned
on the covariate x. Formally, the optimal action is a solution to the CSO
problem given by:

(CSO) z
<(x) À argmin

zÀZ
EP(yx) [c (z, y)] , (1)

where P(yx) denotes the conditional distribution of y given the co-
variate x and it is assumed that a minimizer exists. For instance, a
minimizer exists when Z is compact, P(yx) has bounded support and
c(z, y) is continuous in z almost surely (see Van Parys et al., 2021, for
more details).

Problem (1) can equivalently be written in a compact form using the
expected cost operator h(�, �) that receives an action as a first argument
and a distribution as a second argument:

z
<(x) À argmin

zÀZ
h(z,P(yx)) := EP(yx) [c (z, y)] . (2)

Optimal policy. In general, the decision-maker repeatedly solves CSO
problems in many different contexts. Hence, the decision-maker is
interested in finding the policy that provides the lowest long-term
expected cost, that is:

⇡
< À argmin

⇡À⇧
EP

⌅

c(⇡(x), y)
⇧

= argmin
⇡À⇧

EP
⌅

h(⇡(x),P(yx))
⇧

, (3)

where ⇧ := {⇡ : X ô Z} denotes the class of all feasible policies.

1 Mandi et al. (2023) appeared online soon after the submission of our
paper.

European�Journal�of�Operational�Research�320��������271–289�
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U. Sadana et al.
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literature that followed). It consists in employing a parameterized
mapping as the decision rule and in identifying the parameter that
achieves the best empirical performance based on the available
data. The decision rule can be formed as a linear combination
of functions of the covariates or even using a deep neural net-
work (DNN). When the data available is limited, some form of
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an associated contextual stochastic optimization (CSO) problem
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regularization at training time or by adapting the CSO problem
formulation.

• Integrated learning and optimization (ILO): In the spirit of
identifying the best decision rule, one might question in SLO the
need for high precision predictors when one is instead mostly
interested in the quality of the resulting prescribed action. This
idea motivates an integrated version of learning and optimiza-
tion that searches for the predictive model that guides the CSO
problem toward the best-performing actions. The ILO paradigm
appears as early as in Bengio (1997) and has seen a resurgence
recently in active streams of literature under various names such
as smart predict-then-optimize, decision-focused learning, and
(task-based) end-to-end learning/forecasting/optimization.

The outline of the survey goes as follows. Section 2 rigorously
defines the three frameworks for identifying the best mapping from
covariate to action based on data: decision rule optimization, SLO, and
ILO. Section 3 reviews the literature on decision rule optimization with
linear and non-linear decision rules. Section 4 focuses on SLO, including
the models that lead to robust decisions, and Section 5 describes the
models based on the ILO framework and the algorithms used to train
them. Because ILO is the more recent and less explored framework of
the three identified, we provide a separate subsection of applications
of ILO to diverse problems such as logistics and energy management.
Section 6 provides an overview of active research directions being
pursued both from a theoretical and applications perspective. Section 7
concludes our survey with a summary of our contributions.

We note that there are other surveys and tutorials in the literature
that are complementary to ours. Mi≤i¢ and Perakis (2020) survey the
applications of the SLO framework to problems in supply chain man-
agement, revenue management, and healthcare operations. Qi and Shen
(2022) is a tutorial that mainly focuses on the application of ILO to
expected value-based models with limited discussions on more general
approaches. It summarizes the most popular methods and some of their
theoretical guarantees. Kotary et al. (2021) provide a comprehensive
survey of the literature proposing ML methods to accelerate the resolu-
tion of constrained optimization models (see also Bengio et al., 2021).
It also reviews some of the earlier literature on ILO applied to what
we define as ‘‘expected value-based models’’, a subset of CSO problems
(see Definition 1) where uncertainty can be completely described by
a sufficient statistic before the optimization problem is solved. Mandi

et al. (2023)1 include more recent expected value-based models and
provide a comprehensive evaluation of their methods, complementing
the toolbox of Tang and Khalil (2022) that provided an interface for
solving expected value-based models.

Our survey of ILO literature goes beyond the expected value-based
models and reflects better the more modern literature by casting the
contextual decision problem as a CSO problem and presenting a com-
prehensive overview of the current state of this rapidly progressing
field of research. We establish links between approaches that minimize
regret (Elmachtoub & Grigas, 2022), (task-based) end-to-end learn-
ing (Donti et al., 2017) and imitation-based models (Kong et al., 2022).
Further, we create a taxonomy based on the training procedure for a
general ILO framework encompassing recent theoretical and algorith-
mic progresses in designing differentiable surrogates and optimizers
and improving training procedures based on unrolling and implicit
differentiation.

2. Contextual optimization: An overview

The contextual optimization paradigm seeks a decision (i.e., an
action) z in a feasible set Z ” Rdz that minimizes a cost function c(z, y)
with uncertain parameters y À Y ” Rdy . The uncertain parameters
are unknown when making the decision. However, a vector of relevant
covariates x À X ” Rdx , which is correlated with the uncertain param-
eters y, is revealed before having to choose z. The joint distribution of
the covariates in X and uncertain parameters in Y is denoted by P.

2.1. Contextual problem and policy

In general, uncertainty can appear in the objectives and constraints
of the problem. In the main sections of this paper, we focus on problems
with uncertain objectives and consider that the decision-maker is risk-
neutral. We broaden the discussion to risk-averse settings and uncertain
constraints in Section 6.

The CSO problem. Given a covariate described by a vector of covari-
ates x and the joint distribution P of the covariates x and uncertain
parameter y, a risk-neutral decision-maker is interested in finding an
optimal action z

<(x) À Z that minimizes the expected costs conditioned
on the covariate x. Formally, the optimal action is a solution to the CSO
problem given by:

(CSO) z
<(x) À argmin

zÀZ
EP(yx) [c (z, y)] , (1)

where P(yx) denotes the conditional distribution of y given the co-
variate x and it is assumed that a minimizer exists. For instance, a
minimizer exists when Z is compact, P(yx) has bounded support and
c(z, y) is continuous in z almost surely (see Van Parys et al., 2021, for
more details).

Problem (1) can equivalently be written in a compact form using the
expected cost operator h(�, �) that receives an action as a first argument
and a distribution as a second argument:

z
<(x) À argmin

zÀZ
h(z,P(yx)) := EP(yx) [c (z, y)] . (2)

Optimal policy. In general, the decision-maker repeatedly solves CSO
problems in many different contexts. Hence, the decision-maker is
interested in finding the policy that provides the lowest long-term
expected cost, that is:

⇡
< À argmin

⇡À⇧
EP

⌅

c(⇡(x), y)
⇧

= argmin
⇡À⇧

EP
⌅

h(⇡(x),P(yx))
⇧

, (3)

where ⇧ := {⇡ : X ô Z} denotes the class of all feasible policies.

1 Mandi et al. (2023) appeared online soon after the submission of our
paper.
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Context x
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Decision 
rule π(x)

Prediction 
model

Optimization 
model & solver z*(x)

We need information about the uncertainty to optimize, but the distributions are unknown to us.

How to use data                                 to find a policy that approximates well the optimal policy?

costs conditioned on the covariate x. Formally, the optimal action is a solution
to the CSO problem given by:

z
⇤(x) 2 argmin

z2Z
h(z,P(y|x)) := EP(y|x) [c (z,y)] . (5)

z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (6)

z
⇤
d(x) 2 argmin

z2Zd

EP̂(y|x) [cd (z,y)] (7)

DN =

DN = {(xi,yi)}
N
i=1

where P(y|x) denotes the conditional distribution of y given the covariate x
and it is assumed that a minimizer exists, and expected h(·, ·) is cost operator
(first argument is an action and second is a distribution).

Compared to stochastic optimization

z
⇤ 2 argmin

z2Z
EP(y) [c (z,y)] . (8)

Decision-maker solves CSO in many di↵erent context. So we seek a policy
that provides the lowest long-term expected cost

⇡
⇤ 2 argmin

⇡2⇧
EP

⇥
c(⇡(x),y)

⇤
= argmin

⇡2⇧
EP

⇥
h(⇡(x),P(y|x))

⇤
, (9)

where ⇧ := {⇡ : X ! Z} denotes the class of all feasible policies.

⇡
⇤ 2 argmin

⇡:X!Z
EP

⇥
c(⇡(x),y)

⇤
,

⇡
⇤(x) 2 argmin

z2Z
EP(y|x)

⇥
c(z,y)

⇤

3

2

Decision

Decision
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Potential value: Improved prescriptive performance at the expense of higher prediction error.

train the predictive component to minimize the task loss (i.e., the downstream costs incurred by the

decision) as stated in (3). The prescriptive performance may guide the estimation procedure toward

a solution with higher MSE (or any distance metric) that nevertheless produces a nearly-optimal

decision. This is illustrated in Figure 4.

Z

z
⇤(x) = z

⇤(x, g✓A)

z
⇤(x, g✓B )

g✓A(x)

E[y|x]

g✓B (x)

Figure 4: Predicting g✓A(x) results in the optimal action z
⇤(x, g✓A) = z

⇤(x) whereas a small error
resulting from predicting g✓B (x) leads to a suboptimal action z

⇤(x, g✓B ) under c(x,y) := �y>x,
i.e., h(z,P(y|x)) = �E[y|x]>z (adapted from Elmachtoub and Grigas 2022).

Finding the best parameterization of a contextual predictor that minimizes the downstream

expected costs of the CSO solution can be formulated as the following problem:

min
✓

H(z⇤(·, f✓), P̂N ) = min
✓

EP̂N

⇥
c(z⇤(x, f✓),y)

⇤
. (9)

The objective function in (9) minimizes the expected cost of the policy over the empirical distri-

bution. The policy induced by this training problem is thus optimal with respect to the predicted

distribution and minimizes the average historical costs over the whole training data. Figure 5

describes how the downstream cost is propagated by the predictive model during training. This

training procedure necessarily comes at the price of heavier computations because an optimization

model needs to be solved for each data point, and di↵erentiation needs to be applied through an

argmin operation.
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Optimization
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Task loss
Context
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Prediction

f✓(xi)

Decision

z⇤(xi, f✓)

r✓c(z⇤(xi, f✓),yi)

Parameter

yi

Figure 5: ILO training pipeline for a given training example.
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MOTIVATING EXAMPLE (PREDICT, THEN OPTIMIZE DECISION PIPELINE) 
AIM OF LEARNING PIPELINE: MAXIMIZE PRESCRIPTIVE PERFORMANCE

Example adapted from: Elmachtoub and Grigas, Smart “Predict, then optimize”, 
Management Science 68(1):9-26, 2022.
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Task loss: Train predictive component to minimize downstream cost incurred by the decision (bilevel problem)

Training pipeline for a given training example :(xi, yi)
Machine learning model   approximates fθ(x)

and improving training procedures based on unrolling and implicit di↵erentiation.

2 Contextual optimization: An overview

The contextual optimization paradigm seeks a decision (i.e., an action) z in a feasible set Z ✓ Rdz

that minimizes a cost function c(z,y) with uncertain parameters y 2 Y ✓ Rdy . The uncer-

tain parameters are unknown when making the decision. However, a vector of relevant covari-

ates x 2 X ✓ Rdx , which is correlated with the uncertain parameters y, is revealed before having

to choose z. The joint distribution of the covariates in X and uncertain parameters in Y is denoted

by P.

2.1 Contextual problem and policy

In general, uncertainty can appear in the objectives and constraints of the problem. In the main

sections of this paper, we focus on problems with uncertain objectives and consider that the decision-

maker is risk-neutral. We broaden the discussion to risk-averse settings and uncertain constraints

in Section 6.

The CSO problem. Given a covariate described by a vector of covariates x and the joint distri-

bution P of the covariates x and uncertain parameter y, a risk-neutral decision-maker is interested in

finding an optimal action z
⇤(x) 2 Z that minimizes the expected costs conditioned on the covariate

x. Formally, the optimal action is a solution to the CSO problem given by:

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] , (1)

where P(y|x) denotes the conditional distribution of y given the covariate x and it is assumed

that a minimizer exists. For instance, a minimizer exists when Z is compact, P(y|x) has bounded
support and c(z,y) is continuous in z almost surely (see Van Parys et al. 2021, for more details).

Problem (1) can equivalently be written in a compact form using the expected cost operator

h(·, ·) that receives an action as a first argument and a distribution as a second argument:

z
⇤(x) 2 argmin

z2Z
h(z,P(y|x)) := EP(y|x) [c (z,y)] . (2)

Optimal policy. In general, the decision-maker repeatedly solves CSO problems in many di↵erent

contexts. Hence, the decision-maker is interested in finding the policy that provides the lowest long-

term expected cost, that is:

⇡
⇤
2 argmin

⇡2⇧
EP

⇥
c(⇡(x),y)

⇤
= argmin

⇡2⇧
EP

⇥
h(⇡(x),P(y|x))

⇤
, (3)

where ⇧ := {⇡ : X ! Z} denotes the class of all feasible policies.

Note that the optimal policy does not need to be obtained explicitly in a closed form. Indeed,

based on the interchangeability property (see Theorem 14.60 of Rockafellar and Wets 2009), solving

5
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Fig. 5. ILO training pipeline for a given training example.

Table 1
Notation: distributions, variables, and operators.

Domain Description

P M(X ù Y) True (unknown) joint distribution of (x, y)
ÇP
N

M(X ù Y) Joint empirical distribution of (x, y)

�
y

M(Y) Dirac distribution that puts all of its weight on y

x X ” Rdx Contextual information

y Y ” Rdy Uncertain parameters

z Z ” Rdz A feasible action

✓ ⇥ Parameters of a prediction model
Ç✓ ⇥ Optimal parameter value that minimizes the estimation error

c(z, y) R Cost of an action z under y

h(z,Qy ) R Expected cost of an action z under Qy (a distribution over y)

H(⇡,Q) R Expected cost of a policy ⇡ under Q (a distribution over (x, y))

f✓(x) M(Y) Estimate of the conditional distribution of y given x

g✓(x) Rdy Estimate of the conditional expectation of y given x

⇡
<(x) Z Optimal solution of CSO under true conditional distribution P(yx)

⇡✓(x) Z Action prescribed by a policy parameterized by ✓ for context x

z
<(x) Z Optimal solution to the CSO problem under the true conditional distribution P(yx)
z
<(x, f✓) Z Optimal solution to the CSO problem under the conditional distribution f✓(x)

z
<(x, g✓) Z Optimal solution to the CSO problem under the Dirac distribution �

g✓ (x)

⇢(f✓ , ÇPN
) R Expected prediction error for distribution model f✓ based on empirical distribution ÇP

N

⇢(g✓ , ÇPN
) R Expected prediction error for point prediction model g✓ based on empirical distribution ÇP

N

performance from using LDRs. Ban and Rudin (2019) consider un-
constrained problems because it is difficult to ensure the feasibility
of policies and maintain computational tractability using the ERM
approach.

Bertsimas and Kallus (2020) present a general theory for gener-
alization bounds of decision rules based on Rademacher complexity
that goes beyond LDR, although their main examples in this context
pertain to LDR. Unfortunately, LDRs may not be asymptotically optimal
in general. To generalize LDRs, one can consider decision rules that
are linear in the transformations of the covariate vector (Ban & Rudin,
2019). It is also possible to lift the covariate vector to a reproducing
kernel Hilbert space (RKHS, Aronszajn, 1950), as seen in the next
section.

3.2. RKHS-based decision rules

To obtain decision rules that are more flexible than linear ones with
respect to x, it is possible to lift the covariate vector to an RKHS in
which LDRs might achieve better performance. Let K : X ù X ô R
be the symmetric positive definite kernel associated with the chosen
RKHS, e.g., the Gaussian kernel K(x1,x2) := exp(*Òx1 * x2Ò2_(2�2)).
Given K, the RKHS H

K
is defined as the closure of a set of functions

given below:

$

' : X ô R «L À N, v1, v2,… , v
L
À X , '(x) =

L
…

l=1
a
l
K(v

l
,x),≈x À X

%

,

with the inner product of '1(x) = ≥L1
i=1 a

i

1K(vi1,x) and '2(x) =
≥L2

j=1 a
j

2K(vj2,x) given by:

Í'1,'2Î =
L1
…

i=1

L2
…

j=1
a
i

1a
j

2K(vi1, v
j

2).

Bertsimas and Koduri (2022) approximate the optimal policy with a
linear policy in the RKHS, i.e. ⇡

'
(x) := Í',K(x, �)Î when dz = 1, and

show using the representer theorem (see Theorem 9 in Hofmann et al.,
2008) that the solution of the following regularized problem:

min
'ÀHK

H(⇡
'
, ÇP

N
) + �Ò'Ò

2
2,

takes the form ⇡
<(x) = ≥N

i=1 K(x
i
,x)a<

i
. Hence, this reduces the decision

rule problem to:

min
aÀRN

H

H

N
…

i=1
K(x

i
, �)a

i
, ÇP

N

I

+ �

N
…

i=1

N
…

j=1
K(x

i
,x

j
)a

i
a
j
.

This can be extended to dz > 1 by employing one RKHS for each z
i
.

European�Journal�of�Operational�Research�320��������271–289�

275�

Policy induced by ILO training pipeline minimizes downstream expected cost over empirical distribution.

Computationally costly! Optimization problem solved for each data point and differentiation through argmin.
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Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z

f✓(x) :=
NX

i=1

�yi(x)

f✓(x) :=
NX

i=1

�g✓(x)+"i

Other stu↵ I need

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (12)

(CSO) z
⇤(x) 2 argmin

z2Z(y)
EP(y|x,z) [c (z,y)] (13)

c(z,y(z))

z
⇤(x) 2 argmax

z2Z
EP(y|x,z) [r(z,y)]

P̂(y|x, z)

P̂(y|x)

6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
els. They are mostly mentioned here for generality. There we also have many
applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.

• Minimize and estimation error ⇢

min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
[D(f✓(x),y)], (14)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

6
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Fig. 3. SLO training pipeline for a given training example.

the uncertain parameter given the covariates since h(z,P(yx)) =
EP(yx)[c(z, y)] = c(z,EP(yx)[y]). Training the contextual predictor,
therefore, reduces to a mean regression problem over a parameterized
function g✓(x). Specifically,

min
✓

⇢(g✓, ÇPN
) +⌦(✓) with ⇢(g✓, ÇPN

) := E ÇPN
⌅

d(g✓(x), y)
⇧

, (7)

for some distance metric d, usually the mean squared errors. While
the mean squared error is known to asymptotically retrieve gÇ✓(x) =
EP(yx)[y] as N ô ÿ under standard conditions, other distance metric
or more general loss functions can also be used (Hastie et al., 2009).
For any new covariate x, an action is obtained using:

z
<(x, g✓) À argmin

zÀZ
h(z, �

g✓(x)) = argminzÀZ
c(z, g✓(x)), (8)

where, with a slight abuse of notation, z< now takes an estimator of
the mean of the conditional distribution as the second argument, and
with �y being the Dirac distribution putting all its mass at y. In the
remainder of this survey, we refer to these approaches as expected
value-based models, while the more general models that prescribe
using a conditional distribution estimator (i.e. z<(x, f✓)) will be referred
as a conditional distribution-based models when it is not clear from
the context.

Integrated learning and optimization. Sequential approaches ignore the
mismatch between the prediction divergence D and the cost function
c(x, y). Depending on the covariate, a small prediction error about
P(yx) may have a large impact on the prescription. In integrated
learning, the goal is to maximize the prescriptive performance of the
induced policy. That is, we want to train the predictive component
to minimize the task loss (i.e., the downstream costs incurred by the
decision) as stated in (3). The prescriptive performance may guide
the estimation procedure toward a solution with higher MSE (or any
distance metric) that nevertheless produces a nearly-optimal decision.
This is illustrated in Fig. 4.

Fig. 4. Predicting g✓
A

(x) results in the optimal action z
<(x, g✓

A

) = z
<(x) whereas a small

error resulting from predicting g✓
B

(x) leads to a suboptimal action z
<(x, g✓

B

) under
c(x, y) := *yÒx, i.e., h(z,P(yx)) = *E[yx]Òz (adapted from Elmachtoub and Grigas
(2022)).

Finding the best parameterization of a contextual predictor that
minimizes the downstream expected costs of the CSO solution can be
formulated as the following problem:

min
✓

H(z<(�, f✓), ÇPN
) = min

✓
E ÇPN

⌅

c(z<(x, f✓), y)
⇧

. (9)

The objective function in (9) minimizes the expected cost of the policy
over the empirical distribution. The policy induced by this training
problem is thus optimal with respect to the predicted distribution
and minimizes the average historical costs over the whole training
data. Fig. 5 describes how the downstream cost is propagated by the
predictive model during training. This training procedure necessarily
comes at the price of heavier computations because an optimization
model needs to be solved for each data point, and differentiation needs
to be applied through an argmin operation.

2.3. Summary

This section presented the main pipelines proposed in recent years
to address contextual optimization. Although these pipelines all in-
clude a learning component, they differ significantly in their specific
structures and training procedures. Overall, there are several design
choices that the decision-maker should make when tackling contextual
optimization: (i) the type of loss function used during training, which
defines whether an approach belongs to the decision rule (using ERM),
sequential (minimizing the estimation error), or integrated paradigm
(minimizing the downstream cost of the policy), (ii) the class of the
predictive model (e.g., linear, neural network, or random forest) and
its hyperparameters. Each design choice has its own inductive bias and
may imply specific methodological challenges, especially for ILO. In
general, it is a priori unclear what combination of choices will lead
to the best performance with limited data; therefore, pipelines have to
be evaluated experimentally.

In the following sections, we survey the recent literature corre-
sponding to the three main frameworks for contextual optimization
using the notation introduced so far, which is summarized in Table 1.

3. Decision rule optimization

Decision rules obtained by solving the ERM in Problem (4) minimize
the cost of a policy on the task, that is, the downstream optimization
problem. Policy-based approaches are especially efficient computation-
ally at decision time since it suffices to evaluate the estimated policy.
No optimization problem needs to be solved once the policy is trained.
We defined the decision rule approach as employing a parameterized
mapping ⇡✓(x), e.g., linear policies (Ban & Rudin, 2019) or a neural
network (Oroojlooyjadid et al., 2020). Since policies obtained using
neural networks lack interpretability, linear decision rules are widely
used.

3.1. Linear decision rules

Ban and Rudin (2019) show that an approach based on the sample-
average approximation (SAA) that disregards side information can
lead to inconsistent decisions (i.e., asymptotically suboptimal) for a
newsvendor problem. Using linear decision rules (LDRs), they study
two variants of the newsvendor problem with and without regulariza-
tion:

min
⇡:«✓ÀRdx ,⇡(x)=✓Òx,≈x

H(⇡, ÇP
N
)+⌦(⇡) = min

✓
1
N

N
…

i=1
u(y

i
*✓Òx

i
)++o(✓Òx

i
*y

i
)++�Ò✓Ò2

k
,

where u and o denote the per unit backordering (underage) and hold-
ing (overage) costs. Ban and Rudin (2019) show that for a linear
demand model, the generalization error for the ERM model scales as
O(dx_

˘

N) when there is no regularization and as O(dx_(
˘

N�)) with
regularization. However, one needs to balance the trade-off between
generalization error and bias due to regularization to get the optimal
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Fig. 1. Decision and training pipelines based on the decision rule paradigm: (left) the decision pipeline and (right) the training pipeline for a given training example (x
i
, y

i
).

Note that the optimal policy does not need to be obtained explic-
itly in a closed form. Indeed, based on the interchangeability prop-
erty (see Theorem 14.60 of Rockafellar & Wets, 2009), solving the CSO
problem (1) for any covariate x naturally identifies an optimal policy:

Ñ⇡(x) À argmin
zÀZ

h(z,P(yx)) a.s.

€ EP
⌅

h( Ñ⇡(x),P(yx))
⇧

= min
⇡À⇧

EP
⌅

h(⇡(x),P(yx))
⇧

,

assuming that a minimizer of h(z,P(yx)) exists almost surely. Thus, the
two optimal policies ⇡< and z

<(�) coincide.

2.2. Mapping covariate to actions in a data-driven environment

Unfortunately, the joint distribution P is generally unknown. In-
stead, the decision-maker possesses historical data D

N
=

�

(x
i
, y

i
)
�N

i=1
that is assumed to be made of independent and identically distributed
realizations of (x, y) À X ùY . Using this data, the decision-maker aims
to find a policy that approximates well the optimal policy given by
(3). Many approaches have been proposed to find effective approx-
imate policies. Most of them can be classified into the three main
frameworks that we introduce below: (i) decision rule optimization,
(ii) sequential learning and optimization, and (iii) integrated learning
and optimization.

2.2.1. Decision rule optimization
In this framework, the policy is assumed to belong to a hypothesis

class ⇧✓ := {⇡✓}✓À⇥ ” ⇧ that contains a family of parametric policies
⇡✓ : X ô Z (e.g., linear functions or decision trees). The parameterized
policy ⇡✓ maps directly any covariate x to an action ⇡✓(x) and will be
referred to as a decision rule.

Denote by ÇP
N
the empirical distribution of (x, y) given historical

data D
N
. One can identify the ‘‘best’’ parameterization of the policy

in ⇧
✓ by solving the following empirical risk minimization (ERM)

problem:

(ERM) ✓< À argmin
✓

H(⇡✓, ÇPN
) := E ÇPN

⌅

c(⇡✓(x), y)
⇧

. (4)

In simple terms, Problem (4) finds the policy ⇡✓< À ⇧
✓ that

minimizes the expected costs over the training data. This decision
pipeline is shown in Fig. 1. Notice that there are two approximations
of Problem (3) made by Problem (4). First, the policy is restricted to a
hypothesis class that may not contain the true optimal policy. Second,
the long-term expected costs are calculated over the empirical distribu-
tion ÇP

N
rather than the true distribution P. Furthermore, Problem (4)

focuses its policy optimization efforts on the overall performance (av-
eraged over different covariates) and disregards the question of making
the policy achieve a good performance uniformly from one covariate to
another.

2.2.2. Learning and optimization
The second and third frameworks combine a predictive component

and an optimization component. The predictive component is a general
model f✓, parameterized by ✓, whose role is to provide the input of the
optimization component. For any covariate x, the intermediate input
f✓(x) can be interpreted as a predicted distribution that approximates
the true conditional distribution P(yx) (or a sufficient statistic in the
case of expected value-based models). The predictive component is
typically learned from historical data.

At decision time, a learning and optimization decision pipeline (see
Fig. 2) solves the CSO problem under f✓(x), namely:

z
<(x, f✓) À argmin

zÀZ
h(z, f✓(x)). (5)

The solution of Problem (5) minimizes the expected cost with respect
to the predicted distribution f✓(x). Notice that the only approximation
between Problem (5) and the true CSO problem in (2) lies in f✓ being
an approximation of P(yx). Since the predicted distribution changes
with the covariate x, this pipeline also provides a policy. In fact,
if the predictive component were able to perfectly predict the true
conditional distribution P(yx) for any x, the pipeline would recover
the optimal policy ⇡

< given in (3).

Fig. 2. Decision pipeline for learning and optimization.

We now detail the second and third frameworks to address con-
textual optimization: SLO and ILO. They differ in the way the predic-
tor f✓(x) is trained using the historical data.

Sequential learning and optimization. In this framework, the contextual
predictor is obtained by minimizing an estimation error, ⇢, between
the conditional distribution given by f✓(x) and the true conditional
distribution of y given x. Training the contextual parametric predictor
usually implies solving the following estimation problem:

min
✓

⇢(f✓, ÇPN
) +⌦(✓) with ⇢(f✓, ÇPN

) := E ÇPN [D(f✓(x), y)], (6)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓. The conditional
distribution can also take a non-parametric form, e.g. k-nearest neigh-
bor, where ✓ then captures hyper-parameters of the non-parametric
model (such as the number of neighbors) selected through a form of
cross-validation scheme. The SLO training pipeline is shown in Fig. 3.

Definition 1 (Expected Value-Based Models). When the cost function
c(x, y) of the decision model is linear in y, the problem of estimating
a conditional distribution reduces to finding the expected value of
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Fig. 5. ILO training pipeline for a given training example.

Table 1
Notation: distributions, variables, and operators.

Domain Description

P M(X ù Y) True (unknown) joint distribution of (x, y)
ÇP
N

M(X ù Y) Joint empirical distribution of (x, y)

�
y

M(Y) Dirac distribution that puts all of its weight on y

x X ” Rdx Contextual information

y Y ” Rdy Uncertain parameters

z Z ” Rdz A feasible action

✓ ⇥ Parameters of a prediction model
Ç✓ ⇥ Optimal parameter value that minimizes the estimation error

c(z, y) R Cost of an action z under y

h(z,Qy ) R Expected cost of an action z under Qy (a distribution over y)

H(⇡,Q) R Expected cost of a policy ⇡ under Q (a distribution over (x, y))

f✓(x) M(Y) Estimate of the conditional distribution of y given x

g✓(x) Rdy Estimate of the conditional expectation of y given x

⇡
<(x) Z Optimal solution of CSO under true conditional distribution P(yx)

⇡✓(x) Z Action prescribed by a policy parameterized by ✓ for context x

z
<(x) Z Optimal solution to the CSO problem under the true conditional distribution P(yx)
z
<(x, f✓) Z Optimal solution to the CSO problem under the conditional distribution f✓(x)

z
<(x, g✓) Z Optimal solution to the CSO problem under the Dirac distribution �

g✓ (x)

⇢(f✓ , ÇPN
) R Expected prediction error for distribution model f✓ based on empirical distribution ÇP

N

⇢(g✓ , ÇPN
) R Expected prediction error for point prediction model g✓ based on empirical distribution ÇP

N

performance from using LDRs. Ban and Rudin (2019) consider un-
constrained problems because it is difficult to ensure the feasibility
of policies and maintain computational tractability using the ERM
approach.

Bertsimas and Kallus (2020) present a general theory for gener-
alization bounds of decision rules based on Rademacher complexity
that goes beyond LDR, although their main examples in this context
pertain to LDR. Unfortunately, LDRs may not be asymptotically optimal
in general. To generalize LDRs, one can consider decision rules that
are linear in the transformations of the covariate vector (Ban & Rudin,
2019). It is also possible to lift the covariate vector to a reproducing
kernel Hilbert space (RKHS, Aronszajn, 1950), as seen in the next
section.

3.2. RKHS-based decision rules

To obtain decision rules that are more flexible than linear ones with
respect to x, it is possible to lift the covariate vector to an RKHS in
which LDRs might achieve better performance. Let K : X ù X ô R
be the symmetric positive definite kernel associated with the chosen
RKHS, e.g., the Gaussian kernel K(x1,x2) := exp(*Òx1 * x2Ò2_(2�2)).
Given K, the RKHS H

K
is defined as the closure of a set of functions

given below:

$

' : X ô R «L À N, v1, v2,… , v
L
À X , '(x) =

L
…

l=1
a
l
K(v

l
,x),≈x À X

%

,

with the inner product of '1(x) = ≥L1
i=1 a

i

1K(vi1,x) and '2(x) =
≥L2

j=1 a
j

2K(vj2,x) given by:

Í'1,'2Î =
L1
…

i=1

L2
…

j=1
a
i

1a
j

2K(vi1, v
j

2).

Bertsimas and Koduri (2022) approximate the optimal policy with a
linear policy in the RKHS, i.e. ⇡

'
(x) := Í',K(x, �)Î when dz = 1, and

show using the representer theorem (see Theorem 9 in Hofmann et al.,
2008) that the solution of the following regularized problem:

min
'ÀHK

H(⇡
'
, ÇP

N
) + �Ò'Ò

2
2,

takes the form ⇡
<(x) = ≥N

i=1 K(x
i
,x)a<

i
. Hence, this reduces the decision

rule problem to:

min
aÀRN

H

H

N
…

i=1
K(x

i
, �)a

i
, ÇP

N

I

+ �

N
…

i=1

N
…

j=1
K(x

i
,x

j
)a

i
a
j
.

This can be extended to dz > 1 by employing one RKHS for each z
i
.
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“Classical” training for predictive 
performance 

E.g. negative log-likelihood as divergence 
function 

2

Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓̂(x)

Decision

z

f✓(x) :=
NX

i=1

�yi(x)

f✓(x) :=
NX

i=1

�g✓(x)+"i

Other stu↵ I need

(CSO) z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (12)

(CSO) z
⇤(x) 2 argmin

z2Z(y)
EP(y|x,z) [c (z,y)] (13)

c(z,y(z))

z
⇤(x) 2 argmax

z2Z
EP(y|x,z) [r(z,y)]

P̂(y|x, z)

P̂(y|x)

6.1 Training: Sequential Learning and Optimization

Emma There is of course a wealth of literature on expected value-based mod-
els. They are mostly mentioned here for generality. There we also have many
applications. What is important to keep in mind, is that it is tricker to estimate
conditional distribution than the expected value.

• Minimize and estimation error ⇢

min
✓

⇢(f✓, P̂N ) + ⌦(✓) with ⇢(f✓, P̂N ) := EP̂N
[D(f✓(x),y)], (14)

where D is a divergence function, e.g., negative log-likelihood and the
regularization term ⌦(✓) controls the complexity of f✓

6
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TOPICS WE COVER NEXT (FOCUS ON CONSTRAINED PROBLEMS)
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SLO: ESTIMATE DISCRETE CONDITIONAL DISTRIBUTION AND 
SOLVE A SAA PROBLEM

Residual-based distribution Weight-based distribution

Measure residuals (errors) of a trained 
regression model on historical data to 

construct a conditional distribution

Assign weights to historical data

Weights based on proximity (between  and 
historical observations using e.g. kNN), or using 
supervised learning (e.g. random forests)

x

Many works in the literature, see survey for references.  
E.g., studies on how to prevent overly optimistic policies  (Bertsimas and Van Parys, 2022) 

through regularization and distributionally robust optimization.

Sadana, Chenreddy, Delage, Forel, Frejinger, Vidal, A survey on contextual optimization 
methods for decision-making under uncertainty, European Journal of Operational Research 
320:271-289, 2025.

Pointers: Bertsimas and Kallus (2020), Ban and 
Rudin (2019)

Pointers: Ban et al. (2019), Kannan et al. (2020), 
Deng and Sen (2022)

2a
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EXPECTED VALUE-BASED MODELS: POINT PREDICTION SUFFICE

Decision pipeline

Cost function of optimization model is linear in 

where D is a divergence function, e.g., negative log-likelihood and the regularization term ⌦(✓)

controls the complexity of f✓. The conditional distribution can also take a non-parametric form,

e.g. k-nearest neighbor, where ✓ then captures hyper-parameters of the non-parametric model (such

as the number of neighbors) selected through a form of cross-validation scheme. The SLO training

pipeline is shown in Figure 3.

Prediction
model

Estimation error
Context

xi

Prediction

f✓(xi)

Parameter

yi

r✓D(f✓(xi),yi) +r✓⌦(✓)

Figure 3: SLO training pipeline for a given training example.

Definition 1 (Expected value-based models) When the cost function c(x,y) of the decision

model is linear in y, the problem of estimating a conditional distribution reduces to finding the

expected value of the uncertain parameter given the covariates since h(z,P(y|x)) = EP(y|x)[c(z,y)] =

c(z,EP(y|x)[y]). Training the contextual predictor, therefore, reduces to a mean regression problem

over a parameterized function g✓(x). Specifically,

min
✓

⇢(g✓, P̂N ) + ⌦(✓) with ⇢(g✓, P̂N ) := EP̂N
[d(g✓(x),y)] , (7)

for some distance metric d, usually the mean squared errors. While the mean squared error is known

to asymptotically retrieve g✓̂(x) = EP(y|x)[y] as N ! 1 under standard conditions, other distance

metric or more general loss functions can also be used (Hastie et al. 2009). For any new covariate

x, an action is obtained using:

z
⇤(x, g✓) 2 argmin

z2Z
h(z, �g✓(x)) = argmin

z2Z
c(z, g✓(x)), (8)

where, with a slight abuse of notation, z⇤ now takes an estimator of the mean of the conditional

distribution as the second argument, and with �y being the Dirac distribution putting all its mass

at y. In the remainder of this survey, we refer to these approaches as expected value-based

models, while the more general models that prescribe using a conditional distribution estimator

(i.e. z
⇤(x, f✓)) will be referred as a conditional distribution-based models when it is not clear

from the context.

Integrated learning and optimization. Sequential approaches ignore the mismatch between

the prediction divergence D and the cost function c(x,y). Depending on the covariate, a small

prediction error about P(y|x) may have a large impact on the prescription. In integrated learning,

the goal is to maximize the prescriptive performance of the induced policy. That is, we want to

8

Decision
rule

Context

x

Decision

⇡✓(x)

Decision
rule

Task loss
Context

xi

Decision

⇡✓(xi)

r✓c(⇡✓(xi),yi)

Parameter

yi

read briefly Ban and Rundin (2019) linear decision rules for news vendor problem
(application to nursing sta�ng)

not read Non-linear. early paper by Zhang and Gao (2017) and Oroojlooyjadid et
al (2020).

not read Bertsimas et al (2019).

not read Distributionally robst Zhang et al (2023)

Emma Link to Policy Gradient, also link to Inverse RL and Dynamic Dis-
crete Choice Models.

In RL Policy Gradient methods, in OR Liyanage and Shanthikumar (2005)
and Ban and Rubin (2019).

Emma Make link to route choice modeling and inverse optimization.

5 Integrated learning and optimization

• Combine a predictive component f✓, predicted distribution f✓(x) that
approximates P(y|x)

• At prediction time, solve CSO problem under f✓(x)

z
⇤(x, f✓) 2 argmin

z2Z
h(z, f✓(x)) (6)

• Predicted distribution changes with x so solving this problem results in a
policy

• How to train f✓ – sequential or integrated?

Decision pipeline

Prediction
model

Optimization
model

Context

x

Prediction

f✓(x)

Decision

z

4

Predicted distribution  
that approximates Expected value-

based models

Decision pipeline

2.3 Summary

This section presented the main pipelines proposed in recent years to address contextual opti-

mization. Although these pipelines all include a learning component, they di↵er significantly in

their specific structures and training procedures. Overall, there are several design choices that the

decision-maker should make when tackling contextual optimization: (i) the type of loss function

used during training, which defines whether an approach belongs to the decision rule (using ERM),

sequential (minimizing the estimation error), or integrated paradigm (minimizing the downstream

cost of the policy), (ii) the class of the predictive model (e.g., linear, neural network, or random for-

est) and its hyperparameters. Each design choice has its own inductive bias and may imply specific

methodological challenges, especially for ILO. In general, it is a priori unclear what combination of

choices will lead to the best performance with limited data; therefore, pipelines have to be evaluated

experimentally.

In the following sections, we survey the recent literature corresponding to the three main frame-

works for contextual optimization using the notation introduced so far, which is summarized in

Table 1.

Table 1: Notation: distributions, variables, and operators.

Domain Description

P M(X ⇥ Y) True (unknown) joint distribution of (x,y)

P̂N M(X ⇥ Y) Joint empirical distribution of (x,y)

�y M(Y) Dirac distribution that puts all of its weight on y

x X ✓ Rdx Contextual information

y Y ✓ Rdy Uncertain parameters

z Z ✓ Rdz A feasible action

✓ ⇥ Parameters of a prediction model

✓̂ ⇥ Optimal parameter value that minimizes the estimation error

c(z,y) R Cost of an action z under y

h(z,Q⇠) R Expected cost of an action z under Q⇠ (a distribution over y)

H(⇡,Q) R Expected cost of a policy ⇡ under Q (a distribution over (x,y))

f✓(x) M(Y) Estimate of the conditional distribution of y given x

g✓(x) Rdy Estimate of the conditional expectation of y given x

⇡
⇤(x) Z Optimal solution of CSO under true conditional distribution P(y|x)

⇡✓(x) Z Action prescribed by a policy parameterized by ✓ for context x

z
⇤(x) Z Optimal solution to the CSO problem under the true conditional distribution P(y|x)

z
⇤(x, f✓) Z Optimal solution to the CSO problem under the conditional distribution f✓(x)

z
⇤(x, g✓) Z Optimal solution to the CSO problem under the Dirac distribution �g✓(x)

⇢(f✓, P̂N ) R Expected prediction error for distribution model f✓ based on empirical distribution P̂N

⇢(g✓, P̂N ) R Expected prediction error for point prediction model g✓ based on empirical distribution P̂N

10

where D is a divergence function, e.g., negative log-likelihood and the regularization term ⌦(✓)

controls the complexity of f✓. The conditional distribution can also take a non-parametric form,

e.g. k-nearest neighbor, where ✓ then captures hyper-parameters of the non-parametric model (such

as the number of neighbors) selected through a form of cross-validation scheme. The SLO training

pipeline is shown in Figure 3.
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Definition 1 (Expected value-based models) When the cost function c(x,y) of the decision

model is linear in y, the problem of estimating a conditional distribution reduces to finding the

expected value of the uncertain parameter given the covariates since h(z,P(y|x)) = EP(y|x)[c(z,y)] =

c(z,EP(y|x)[y]). Training the contextual predictor, therefore, reduces to a mean regression problem

over a parameterized function g✓(x). Specifically,

min
✓

⇢(g✓, P̂N ) + ⌦(✓) with ⇢(g✓, P̂N ) := EP̂N
[d(g✓(x),y)] , (7)

for some distance metric d, usually the mean squared errors. While the mean squared error is known

to asymptotically retrieve g✓̂(x) = EP(y|x)[y] as N ! 1 under standard conditions, other distance

metric or more general loss functions can also be used (Hastie et al. 2009). For any new covariate

x, an action is obtained using:

z
⇤(x, g✓) 2 argmin

z2Z
h(z, �g✓(x)) = argmin

z2Z
c(z, g✓(x)), (8)

where, with a slight abuse of notation, z⇤ now takes an estimator of the mean of the conditional

distribution as the second argument, and with �y being the Dirac distribution putting all its mass

at y. In the remainder of this survey, we refer to these approaches as expected value-based

models, while the more general models that prescribe using a conditional distribution estimator

(i.e. z
⇤(x, f✓)) will be referred as a conditional distribution-based models when it is not clear

from the context.

Integrated learning and optimization. Sequential approaches ignore the mismatch between

the prediction divergence D and the cost function c(x,y). Depending on the covariate, a small

prediction error about P(y|x) may have a large impact on the prescription. In integrated learning,

the goal is to maximize the prescriptive performance of the induced policy. That is, we want to

8

where D is a divergence function, e.g., negative log-likelihood and the regularization term ⌦(✓)

controls the complexity of f✓. The conditional distribution can also take a non-parametric form,

e.g. k-nearest neighbor, where ✓ then captures hyper-parameters of the non-parametric model (such

as the number of neighbors) selected through a form of cross-validation scheme. The SLO training

pipeline is shown in Figure 3.
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Definition 1 (Expected value-based models) When the cost function c(x,y) of the decision

model is linear in y, the problem of estimating a conditional distribution reduces to finding the

expected value of the uncertain parameter given the covariates since h(z,P(y|x)) = EP(y|x)[c(z,y)] =

c(z,EP(y|x)[y]). Training the contextual predictor, therefore, reduces to a mean regression problem

over a parameterized function g✓(x). Specifically,

min
✓

⇢(g✓, P̂N ) + ⌦(✓) with ⇢(g✓, P̂N ) := EP̂N
[d(g✓(x),y)] , (7)

for some distance metric d, usually the mean squared errors. While the mean squared error is known

to asymptotically retrieve g✓̂(x) = EP(y|x)[y] as N ! 1 under standard conditions, other distance

metric or more general loss functions can also be used (Hastie et al. 2009). For any new covariate

x, an action is obtained using:

z
⇤(x, g✓) 2 argmin

z2Z
h(z, �g✓(x)) = argmin

z2Z
c(z, g✓(x)), (8)

where, with a slight abuse of notation, z⇤ now takes an estimator of the mean of the conditional

distribution as the second argument, and with �y being the Dirac distribution putting all its mass

at y. In the remainder of this survey, we refer to these approaches as expected value-based

models, while the more general models that prescribe using a conditional distribution estimator

(i.e. z
⇤(x, f✓)) will be referred as a conditional distribution-based models when it is not clear

from the context.

Integrated learning and optimization. Sequential approaches ignore the mismatch between

the prediction divergence D and the cost function c(x,y). Depending on the covariate, a small

prediction error about P(y|x) may have a large impact on the prescription. In integrated learning,

the goal is to maximize the prescriptive performance of the induced policy. That is, we want to
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Conditional 
distribution-based 

models

2.3 Summary

This section presented the main pipelines proposed in recent years to address contextual opti-

mization. Although these pipelines all include a learning component, they di↵er significantly in

their specific structures and training procedures. Overall, there are several design choices that the

decision-maker should make when tackling contextual optimization: (i) the type of loss function

used during training, which defines whether an approach belongs to the decision rule (using ERM),

sequential (minimizing the estimation error), or integrated paradigm (minimizing the downstream

cost of the policy), (ii) the class of the predictive model (e.g., linear, neural network, or random for-

est) and its hyperparameters. Each design choice has its own inductive bias and may imply specific

methodological challenges, especially for ILO. In general, it is a priori unclear what combination of

choices will lead to the best performance with limited data; therefore, pipelines have to be evaluated

experimentally.

In the following sections, we survey the recent literature corresponding to the three main frame-

works for contextual optimization using the notation introduced so far, which is summarized in

Table 1.

Table 1: Notation: distributions, variables, and operators.

Domain Description

P M(X ⇥ Y) True (unknown) joint distribution of (x,y)

P̂N M(X ⇥ Y) Joint empirical distribution of (x,y)

�y M(Y) Dirac distribution that puts all of its weight on y

x X ✓ Rdx Contextual information

y Y ✓ Rdy Uncertain parameters

z Z ✓ Rdz A feasible action

✓ ⇥ Parameters of a prediction model

✓̂ ⇥ Optimal parameter value that minimizes the estimation error

c(z,y) R Cost of an action z under y

h(z,Q⇠) R Expected cost of an action z under Q⇠ (a distribution over y)

H(⇡,Q) R Expected cost of a policy ⇡ under Q (a distribution over (x,y))

f✓(x) M(Y) Estimate of the conditional distribution of y given x

g✓(x) Rdy Estimate of the conditional expectation of y given x

⇡
⇤(x) Z Optimal solution of CSO under true conditional distribution P(y|x)

⇡✓(x) Z Action prescribed by a policy parameterized by ✓ for context x

z
⇤(x) Z Optimal solution to the CSO problem under the true conditional distribution P(y|x)

z
⇤(x, f✓) Z Optimal solution to the CSO problem under the conditional distribution f✓(x)

z
⇤(x, g✓) Z Optimal solution to the CSO problem under the Dirac distribution �g✓(x)

⇢(f✓, P̂N ) R Expected prediction error for distribution model f✓ based on empirical distribution P̂N

⇢(g✓, P̂N ) R Expected prediction error for point prediction model g✓ based on empirical distribution P̂N
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Sadana, Chenreddy, Delage, Forel, Frejinger, Vidal, A survey on contextual optimization methods for decision-making under 
uncertainty, European Journal of Operational Research 320:271-289, 2025.

2

Survey on expected value-based models: Mandi, Kotary, Verden, Mulamba, Bucarey, Guns, Fioretto, Decision-Focused Learning: 
Foundations, State of the Art, Benchmark and Future Opportunities, Journal of Artificial Intelligence 81:1623-1701, 2024.
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THREE GRADIENT-BASED METHODS FOR ILO

Implicit differentiation Surrogate differentiable 
loss function

Surrogate differentiable 
optimizer

Quadratic programs with 
uncertain feasible domain Donti 
et al. (2017), Amos and Kolter 
(2017) 

Linear objective, integer 
variables Wilder et al. (2019), 
Ferber et al. (2020)

Linear objective in predicted 
parameters, continuous or integer 
variables, seminal work by 
Elmachtoub and Grigas (2022) “smart 
predict, then optimize”

Majority of studies focus on expected value-based models. 
Many different methods, each with its specific tricks to deal with gradient being zero almost everywhere, and 

computational challenges under specific restrictions on the models considered. 
Rem: In case of differentiable model it allows for “optimization as a layer” in neural networks.

Regret minimization Stochastic perturbations of 
parameters 

Lead to differentiable 
optimization problems 

Berther et al. (2020), Dalle et al. 
(2022)

Sadana, Chenreddy, Delage, Forel, Frejinger, Vidal, A survey on contextual optimization 
methods for decision-making under uncertainty, European Journal of Operational Research 
320:271-289, 2025.

2b

costs conditioned on the covariate x. Formally, the optimal action is a solution
to the CSO problem given by:

z
⇤(x) 2 argmin

z2Z
h(z,P(y|x)) := EP(y|x) [c (z,y)] . (5)

z
⇤(x) 2 argmin

z2Z
EP(y|x) [c (z,y)] (6)

z
⇤
d(x) 2 argmin

z2Zd

EP̂(y|x) [cd (z,y)] (7)

DN =

DN = {(xi,yi)}
N
i=1

where P(y|x) denotes the conditional distribution of y given the covariate x
and it is assumed that a minimizer exists, and expected h(·, ·) is cost operator
(first argument is an action and second is a distribution).

Compared to stochastic optimization

z
⇤ 2 argmin

z2Z
EP(y) [c (z,y)] . (8)

Regret
c (z⇤(xi, g✓(xi)),yi)� c (z⇤(xi,yi),yi)

Decision-maker solves CSO in many di↵erent context. So we seek a policy
that provides the lowest long-term expected cost

⇡
⇤ 2 argmin

⇡2⇧
EP

⇥
c(⇡(x),y)

⇤
= argmin

⇡2⇧
EP

⇥
h(⇡(x),P(y|x))

⇤
, (9)

where ⇧ := {⇡ : X ! Z} denotes the class of all feasible policies.

⇡
⇤ 2 argmin

⇡:X!Z
EP

⇥
c(⇡(x),y)

⇤
,

⇡
⇤(x) 2 argmin

z2Z
EP(y|x)

⇥
c(z,y)

⇤

3
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BACK TO THE OVERVIEW: TRADEOFF BETWEEN ILO AND SLO

Aim: train algorithm for 
prescriptive performance

Feasibility 
guarantee

Predict/estimate, 
then optimize

SLOILO

Small data / model 
misspecification

Large data / no model 
misspecification

Feasibility guarantee because optimization solver is 
used at inference/deployment (decision pipeline)

Empirical studies: ILO generally performs better than 
SLO when there is model misspecification

Theoretical studies: Non-linear CSO, asymptotic 
results, stochastic dominance of regret distribution: 
SLO dominates ILO for well-specified models, ILO 
dominates SLO for misspecified models (Elmachtoub 
et al., 2023, arXiv:2304.06833v3) 
Finite sample performance (based on Taylor series 
expansion of regrets): ILO has “universal double 
benefit” over SLO under model misspecification, SLO 
may be advantageous for nearly well-specified 
models (Elmachtoub et al., 2025, 
arXiv:2503.00626v1)

2b
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Aim: train algorithm for 
prescriptive performance

Requirements 
at deployment/

inference

Decision rulePredict/estimate, 
then optimize

Data 
characteristics

SLOILOTraining 
pipeline

Small data / model 
misspecification

Large data / no model 
misspecification

Decision 
pipeline

Decision rule

Use to speed 
up algorithms

2b

2c

2a

Feasibility 
guarantee

May be difficult to guarantee feasibility 
Very short computing time budget

2
NEXT: SPEED UP ALGORITHMS USING DECISION RULES
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DECISION RULES: USEFUL BEYOND CSO, ON THEIR OWN AND IN OTHER ALGORITHMS

‣ Setting: Similar instances solved repeatedly over time 
‣ Aim: Exploit shared structure and use machine learning to predict high-quality 

solutions in very short compute time (online / inference) 
‣ Used extensively for continuous unconstrained problems (Amos, Tutorial on 

amortized optimization, 2022, arXiv:2202.00665v3) 
‣ Challenging in presence of constraints and discrete variables (Kotary et al., End-

to-End Constrained Optimization Learning: A Survey, 2021, arXiv:2103.16378v1)

Decision 
rule

Machine learning 
oracle replace 

solver at inference

Parameters 
defining problem 

instance
Solution

How to guarantee feasibility in the presence of non-trivial constraints?

2c
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Van Hentenryck, Optimization Learning, arXiv:2501.03443v1, 2025.

“OPTIMIZATION PROXIES” SUCCESSFULLY APPLIED IN POWER SYSTEMS

Machine learning 
model predicts a 

solution

Parameters 
defining problem 

instance

Feasible 
Solution

Decision 
pipeline

Solution repaired 
by solving a system 

of equations

Optimization Proxy of a linear program

2c



© Emma Frejinger 26
Van Hentenryck, Optimization Learning, arXiv:2501.03443v1, 2025.

“OPTIMIZATION PROXIES” SUCCESSFULLY APPLIED IN POWER SYSTEMS

Machine learning 
model predicts a 

solution

Parameters 
defining problem 

instance

Feasible 
Solution

Decision 
pipeline

Solution repaired 
by solving a system 

of equations

Optimization Proxy of a linear program

Training 
pipeline

Example instance
Optimization proxy 

(neural net)
Task loss 

Obj. fn. value

Gradient ∇θc(πθ)

πθ

No precomputed 
labels (solutions), 

only access to 
objective function

2c
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Van Hentenryck, Optimization Learning, arXiv:2501.03443v1, 2025.

“OPTIMIZATION PROXIES” SUCCESSFULLY APPLIED IN POWER SYSTEMS

Feasibility guaranteed thanks to problem-specific “repair” layers.  
Training “end-to-end” leads to better performance compared to only repairing solution at inference time. 

Order of magnitudes improvements in efficiency! Makes e.g. real-time risk assessment possible.

Machine learning 
model predicts a 

solution

Parameters 
defining problem 

instance

Feasible 
Solution

Decision 
pipeline

Solution repaired 
by solving a system 

of equations

Optimization Proxy of a linear program

Training 
pipeline

Example instance
Optimization proxy 

(neural net)
Task loss 

Obj. fn. value

Gradient ∇θc(πθ)

πθ

No precomputed 
labels (solutions), 

only access to 
objective function

2c
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Larsen, Lachapelle, Bengio, Frejinger, Lacoste Julien, Lodi, Predicting Tactical Solutions to Operational 
Planning Problems Under Imperfect Information, INFORMS Journal on Computing 34(1):227-242, 2022.

SLO AND “DECISION RULES” SUCCESSFULLY USED IN A MATHEURISTIC 
TO SOLVE TWO-STAGE STOCHASTIC PROGRAMS (MIXED INTEGER)

Decision 
pipeline

Larsen, Frejinger, Gendron, Lodi, Fast Continuous and Integer L-Shaped Heuristics Through Supervised 
Learning, INFORMS Journal on Computing 36(1):203-223, 2024.

2c

Context x Prediction 
model

Optimization 
model & solver z*(x)

Decision

Two-stage stochastic program 

Integer second stage: context includes first-
stage decision variables 

Benders decomposition method (L-Shaped) 

‣ Computational bottleneck: iteratively 
computing information about second-
stage solution when solving first-stage 
problem 
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Larsen, Lachapelle, Bengio, Frejinger, Lacoste Julien, Lodi, Predicting Tactical Solutions to Operational 
Planning Problems Under Imperfect Information, INFORMS Journal on Computing 34(1):227-242, 2022.

SLO AND “DECISION RULES” SUCCESSFULLY USED IN A MATHEURISTIC 
TO SOLVE TWO-STAGE STOCHASTIC PROGRAMS (MIXED INTEGER)

Prediction 
model

Optimization 
model 

Benders 
Decomposition

Decision 
pipeline

MILP solver

Decision rule

Feasible 
Solution

Larsen, Frejinger, Gendron, Lodi, Fast Continuous and Integer L-Shaped Heuristics Through Supervised 
Learning, INFORMS Journal on Computing 36(1):203-223, 2024.

2c
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Larsen, Lachapelle, Bengio, Frejinger, Lacoste Julien, Lodi, Predicting Tactical Solutions to Operational 
Planning Problems Under Imperfect Information, INFORMS Journal on Computing 34(1):227-242, 2022.

Prediction 
model

Optimization 
model 

Benders 
Decomposition

Decision 
pipeline

MILP solver

Decision rule

Training 
pipeline

Feasible 
Solution

Example instance 
Second stage 

problem

“Aggregate”  
decision rule 
(neural net)

Estimation error

Gradient

π̄θ

“Aggregate” 
solution to example 

instance

Larsen, Frejinger, Gendron, Lodi, Fast Continuous and Integer L-Shaped Heuristics Through Supervised 
Learning, INFORMS Journal on Computing 36(1):203-223, 2024.

2c

Standard 
supervised learning 

Compute solutions 
(labels) offline 

Aggregate solution: 
information for 

Benders cuts, e.g., 
value of second-
stage problem 

SLO AND “DECISION RULES” SUCCESSFULLY USED IN A MATHEURISTIC 
TO SOLVE TWO-STAGE STOCHASTIC PROGRAMS (MIXED INTEGER)
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Larsen, Lachapelle, Bengio, Frejinger, Lacoste Julien, Lodi, Predicting Tactical Solutions to Operational 
Planning Problems Under Imperfect Information, INFORMS Journal on Computing 34(1):227-242, 2022.

Feasibility guaranteed because general purpose solver is used at deployment. 
Speed ups of one to two orders of magnitude and optimality gaps close to zero. 

Prediction 
model

Optimization 
model 

Benders 
Decomposition

Decision 
pipeline

MILP solver

Decision rule

Training 
pipeline

Feasible 
Solution

Example instance 
Second stage 

problem

“Aggregate”  
decision rule 
(neural net)

Estimation error

Gradient

π̄θ

“Aggregate” 
solution to example 

instance

Larsen, Frejinger, Gendron, Lodi, Fast Continuous and Integer L-Shaped Heuristics Through Supervised 
Learning, INFORMS Journal on Computing 36(1):203-223, 2024.

2c

Standard 
supervised learning 

Compute solutions 
(labels) offline 

Aggregate solution: 
information for 

Benders cuts, e.g., 
value of second-
stage problem 

SLO AND “DECISION RULES” SUCCESSFULLY USED IN A MATHEURISTIC 
TO SOLVE TWO-STAGE STOCHASTIC PROGRAMS (MIXED INTEGER)
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My moonshot: From data to real-world impact 

Solve large-scale discrete optimization problems 
subject to uncertainty (exogenous or endogenous) 
while leveraging recent relevant data

Contextual optimization lens: Foundational concepts 
and motivation 

From data to decision 
- Two decision pipelines: from context to decision 
- Three training pipelines: how to use data to improve 

prescriptive performance 

From data to real-world impact 
- What do we know and what topics require more 

research
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NO REAL-WORLD IMPACT WITHOUT ADOPTION

DECISION 
HUMAN IN THE LOOP

Actual decision-
making based on 

suggested solution  

Risk and 
interpretability 

matter

OUTCOME 

Implementation in a 
physical environment 
Observed outcomes, 
avoid post decision 

disappointment

LEARNING AND 
OPTIMIZATION

Contextual stochastic 
optimization

Solution Execution

Data (censored / constrained)

Not only a “practical issue”. Today we did not have time to cover risk models, counterfactual explanations, 
interpretability (and related regulation), effective exploration, …

3
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WHAT WE KNOW — TAKEAWAYS

Contextual optimization problems subject to known (non-trivial) constraints, exogenous 
uncertainty in the objective only (convex problems, mixed-integer linear programs)

Decision rule
Predict/estimate, 

then optimize

Select decision pipeline 
based on application-
specific requirements

or

Methodologies for training machine learning models to maximize prescriptive performance

SLO ILO Decision rule

Important advantages, but has scalability 
issues (computationally challenging)

Computational advantages 
and strong performance 
for well-specified models

Computational 
advantage at inference/

deployment
Most works limited to expected value-

based models. Exceptions include 
contextual uncertainty sets (Chenreddy & 

Delage, 2024, arXiv:2304.04670v1)

Estimate distributions

3
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WHAT WE DO NOT KNOW — TOPICS THAT NEED MORE RESEARCH

ILO for problems subject to endogenous uncertainty

Model misspecification likely 
‣ Often small data setting 
‣ Demand distributions are endogenous in many problems and hard to estimate

Computational challenges! Optimization problems subject to endogenous uncertainty 
are often computationally costly to solve (e.g. use of bilevel programming)

ILO for problem formulations with uncertainty in the constraints

Challenging to guarantee feasibility

3
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