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Permutation Equivariant Functions

@ Domain of directed graphs with N € N nodes and d, d’ € N dimensional node and edge
features Dy g 4 := RNV x RNXNxd

@ AfunctionT : Dygq — RN*!is permutation equivariant if
7(o(a,4)) = a(7(a, £)),
forany (a,/) € Dy 44 and permutation o of [N].
@ The permutation o(a, ¢) of a graph (a,!) € Dy 4 is defined as (c(a), o(£)) where
U(G),"k = Uo-1(j) k fori e [N],k € [d]
a(0)ijk = Lo—1(i).o-1(j) .k fori,j € [N],k € [d]
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Permutation Equivariant Neural Networks (PENNSs)

@ We propose approximating permutation equivariant functions by permutation
equivariant neural networks (PENNSs).

@ APENN : Dy 44 — R¥*!is defined by

N
PENN(a, £)x := p | ak, Z @(ijfjkﬂj),z@ aj, Z ¢ (ai, 4, aj)

JEN (k) i=1 JEN(i)

for FNNs p, &, 1&, and ¢.

@ PENNSs belong to the family of message passing GNNs and cover many commonly used
GNN architectures.
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Outline

e Universality of PENNs in Probability



Properties of Message Passing

@ Message passing is permutation equivariant
@ Simple Message passing GNNs are not universal (tree-like equivalence)
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Approaches to improve the expressiveness of GNNs

@ Considering k-hop neighborhoods (Morris et al. [9], Maron et al. [7]) or high-dimensional
tensors representations ( Maron et al. [6], Maron et al. [8], Keriven and Peyré [5]) —
computational inefficient.

Alternative: enrich node features and still use standard GNNs

Adding unique node labels (Murphy et al. [10], Dasoulas et al. [3]).

Adding random node features (Sato et al. [12]).
With random node features there exist few universality results with limitations:

» Invariant functions on simple graphs (undirected, no node or edge features) of fixed size
(Abboud et al. [1]) or continuous invariant functions on bounded domains of directed graphs
with node and 1-dimensional edge features (Puny et al. [11]).

@ We improve on all these results and show universal approximation for measurable in- and
equivariant functions on directed graphs with multidimensional node and edge features.
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Random Node Features

© We extend the feature space by additional d,-dimensional node features with values in
RNXdr.

@ Universality in probability => we consider random graphs (A, L) : Q@ — Dy 4 # and
random additional node features R : Q — RV*% on some probability space (Q, F, P).

Definition
We say that random features R : Q — RN*% provide finite unique node features with high
probability if for any p € (0,1) there exist M € N and a function h : R% — [M] such that

B (Vi € [NL.i # ] h(R) # h(R)) > p.
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Examples for finite unique node features w.h.p.

@ Deterministic features,e.g. R = (1,...,N)
@ One-hot or binary encoding of node IDs

1 0 ... 0 0 0 0

01 .. 0 0 0 1
R= . R =

00 ... 1 11 ... 1

@ Random permutations o(R) of any deterministic R

@ R = (Ry,...,Ry) € L°(RN) with continuous i.i.d. components R;, e.g. uniformly on [0, 1] or
normally on R.
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Universality of R-PENNs

@ ForaPENN : Dy 4.4, 4 — RV on the extended domain RN*d+d x RV*Nxd" and random
node features R : Q — RV*% we define

R—PENN(G,E) = PENN((G,f),€)|r:R (G,f) S DN,d,d’

Theorem

Let (A,L) : Q — Dy g4 be any random graph and R : Q — R *dr any finite unique node features
with high probability.

Further, letT : Dy g 4 — RN*! be a measurable, permutation equivariant function.

Then, fore, d > 0, there exists an R-PENN such that

P (||7((A, L)) — R-PENN(A,L)| <€) > 1 — 6.
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Are R-PENNSs still permutation equivariant?

@ Adding random node features destroys permutation equivariance of the R-PENN on Dy 4 4.

@ In general, for a permutation o
o(R-PENN(a, £)) # R-PENN(o(a, ¢))
@ However, we can recover the following:

Proposition

If o(R) and R are distributed identically for a permutation o € Sy, then o(R-PENN(a, ¢)) and
R-PENN(o(a, £)) are distributed identically for any (a,{) € Dy 4 «. In particular, assuming
integrability, we obtain permutation equivariance in expectation:

E [¢(R-PENN(a, £))] = E [R-PENN(o(a, £))] .
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@ Assume o(R) ~ Rfor all permutations o € Sy.
@ Fori.i.d. copies R ... RM of R, by the law of large enumbers we get for any o € Sy and
(a,¢) € Dyga

M M
. 1 i T 1 i
lim > o(R-PENN(a, £)) = Jim ,§—1 R'-PENN(o(a, £)).

Mmoo M
@ Therefore, with the class of functions
1 L
v > R-PENN((a, ) (a,€) € Dygu
i=1

we can “increase” permutation equivariance by considering an average over M € N
independent copies of R. This can improve performance, e.g., faster convergence and
improved generalization as in Bechler-Speicher et al. [2].
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@ Pointwise Universality and Approximation Rates



Stronger Assumptions

We make the following (stronger) assumptions in order to establish approximation rates:

@ We consider the compact domain D,[\?@:]d, = [0, 1]V%9 x [0, 1]VNxd",
@ Therandom features R : Q — [0, 1]V provide finite unique node features and have support
on|o, 1]V,

@ 7:Dygg — RV*!is a k € N>, times continuously differentiable permutation
equivariant function.
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Approximation Rates of R-PENNs

Theorem

Assume above assumptions. Then, for every § € (0, 1) there exist constants c1 , ¢; > 0 such that
for every e > 0 there exists an R-PENN with

P| max |r(a,f) — RPENN(a,0)| <e | >1-04.

0,
(a,Z)EDI[Vy d” »

Moreover, we have the following upper bounds of the neural network complexity:
Forx € {p, & $, 1} we have L(x) < c1log, (1), and M(x) < c1 ()% * ™ (log, (1))

@ D, 4, p, z/A) are the FNNs specifying the R-PENN.
@ L(x) isthe number of layers and M(x) the number of non zero weights.
@ ¢, is explicitly goven intermsof N,d, d’,and §
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© Generalization Bounds



Generalization Gap

®© ©6 6 6 6 o6 o o

Let G be a set of graphs and ) a set of labels.

Let H C VY be a hypothesis class (later: class of PENNSs).

Let Z := G x Y be the space of graph-label pairs, with distribution p.
LetS = (G1,"1), ..., (G, Y)) ~ p¥ be an (i.i.d.) random sample of size k
Arealizations = ((g1,¥1),- - -, (9, ¥)) € Z¥is sample of size k.

uw

A graph learning algorithm A : Z¥ — # assigns to each sample s a hypothesis As.

Let/: Y x Y — R, be abounded loss function.
The expected and empirical errors of A; are defined as

loxp(As) = E(Gvy)NM[E(AS(G),Y)], lomp(As) == ’ Z (As(g
(9.y)€es

The quantity |[lexp(As) — Lemp(As)| is the generalization gap.
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Road to Generalization Bounds

@ Introduce pseudo-metric on graph space (via unrolling tree).

@ Show Lipschitz continuity of all function in H with respect to pseudo metric.

@ Robustness setting of Xu and Mannor [13] yields generalization bounds depending on
covering number.

@ Bounding covering number yields actual bounds.

A Al

Figure: Graph X (left) and Level 1 unrolling tree 71 (X) (right). Note: iy = hy = hs = h7 = hio,h2 = hy = hs = hg = h13,and
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Pseudo-metrics .
LMU

Definition

LetL € No, X, Y € Gy, and T((X), TL(Y) the level L unrolling-trees of X, Y, respectively. For
i,j € V(TL(X)), let hf, e, and h{ , e]; denote the node and edge features of Ti(X) and T.(Y),
respectively. We define

; (1)

. . X X pX 14 Y Y
WS iy o (A AR LN
edge-preserving bijection i ?K(:azr(()i()))

where we set x(0) = 0, hy = hj = 0, and ¥, = e, = 0.

This pseudo-metric is the smallest total euclidean distance between (node, edge, node)-triples
of two unrolling trees that can be obtained among all edge-preserving bijections.
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Edge-Preserving Bijection
g g bl ) B

MONCHEN

AALE AN

Figure: Two trees with virtual roots (grey). The bijection x maps main nodes of the left tree to main nodes of the right tree (yellow
regions), and correspondingly their children (cyan regions); shown for one highlighted pair in red.
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PENN Class
@ LetX e GyandL € N.

@ Letp, a, ¢, and 1 be functions of appropriate dimensions. We could also have different
a, ¢, v for different layers.
@ In each message-passing step [, for each k:

h,(([)zp h/(<l 1) Z ¢(h(l 1) e:k, /(/ 1)) ZO‘ h(/ 1) Z 1/1< (1 1) eij, :[ 1))

iEN (k) JeN] ieN())
(2)
@ After L iterations compute the graph representation
[ . S A® (3)
14091 ’

kev(X)

where 7 is a readout function of appropriate dimension.
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PENN Class

ForK > 0and L € N we consider the following subclass of PENNSs:

hy is computed by (2) and (3),
Hik:=499:X—=hx |p,o, 0,9, and T areK-Lipschitz FNNs,
¢('a 07 ) = ¢(a 07 ) =0.
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Lipschitz Continuity

Proposition

LetX,Y € Gy, and let g € H, x for some L € Nand K > 0. Then for
C(K, L, N) —_ 4L3L_1N2(L_1)K3L+1,

lg(X) = g(V)I| < - di(X,Y).

In the 1-layer case:
Proposition

LetX,Y € Gy, and let g € H,  for some K > 0. Then

lg(X) — g(V)]| < 4K*d1(X, Y).
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Proof Idea :
(hxa Z (bhkv Ik’ Za(hj)'(7 Z w(hjx7ef(j7hx)))

ieN (k) JEN] ieN())

b —hl | < K,

ieN (k) JjelM ieN(j)

<K i = hi]
N——

Z ¢h /ka Z d) ,kv

iEN (k) ieN (k)

S”('r'?h)[g)f('ﬁh;)l‘SdL(va)

+ Za<hjf, > w(hY, e,XJ,hX) —Za(hj, > w(hl el hl)

j€N]

IN

]
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Generalization Bounds

Proposition

Let Gy be a compact subset of Dy 4 « and let d; denote the pseudo-metric on Gy. Let Y C {0, 1}.
Let?:Y x Y — Ry be aloss function bounded by M, > 0. Let K3, > 0 and let Hy k,, C X9 be
the set of 1-layer PENNSs defined previously.

Letke N, A: Zk H1k,, be any learning algorithm, and S be a random sample of size k of Z.
Then, for any 6, > 0, with probability at least 1 — §

2KIn(2) + 2In(1/9)
k )

|£eXP(~AS) - Eemp(As)| S 2¢ + Mz\/

where

K =2-N(Gn,dr,c/(8K%)).

Reminder: Covering number is the smallest number of e-balls needed to cover a set.
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Covering Number Bound

Connection between the graph pseudo-metric d; and the metric induced by the Frobenius
norm on the space of tensor representations RV x(d+d"+d)

Proposition

LetX,Y € Gp. Let ZX € R™*(¢+d"+d) pe g tensor representation of X defined by ¥, . = (Y, eX;, hY)
fori,j € [n], and define Z" analogously. Then

di(X,v) <2- |12 = Z"|],
di(X,Y) < (1 + V(TL200))I1Z* = 217, L € N>».
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Conclusion .
LMU

Previous talk:

@ We introduce systemic risk measures of graph valued financial networks based on
random allocations; see Gonon et al. [4].

@ To compute them we propose PENNSs.
This talk:
@ Weintroduce random node features.

@ We show that PENNs with random node features are universal approximators of
permutation-equivariant functions.

@ We also provide approximation rates.

@ We prove generalization bounds for PENNSs.
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Thank you for your attention!

Questions?
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