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Based on
Flandoli F., Zanco G. - An infinite-dimensional approach to
path-dependent Kolmogorov equations, to be published on AoP J

Flandoli F., Russo F., Zanco G. - Infinite-dimensional calculus under
weak spatial regularity of the process, in preparation J
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Motivation

Models with general (adapted) dependance on the past J

@ Delay in state and/or in control variable
@ Pricing and hedging of path-dependent options

@ Pricing and hedging of options written on stocks described by
equations that depend on (at least part of) the previous history of
the stocks

@ Analysis of incentives to innovation in firms with an established
market, optimal investment strategies depending on knowledge
and R&D investment
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dX(t) = b(Xy)dt+o(X;)dW(r) forre[0,T],
X0) = «x
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{dX(t) = b(X,)dt + o(X,)dW(t) fort € [, T],
X(t) = ~(r) forte]0,1)
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SDEs: classical. Tsirelson’s example.
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{dX(t) = b(X,)dt + o(X,)dW(t) fort € [, T],
X(t) = ~(r) forte]0,1)

X = {X(S)}se[o,z] )

b= {b}cion) » br: D([0,;RY) — R

SDEs: classical. Tsirelson’s example.

Calculus&PDEs: very recent, Dupire 09, Cont-Fournié *10&’13, Peng
11, Cosso '12, Ekren-Keller-Touzi-Zhang '13&’14, Di
Girolami-Russo '10&'14, Cosso-Russo '15,
Cosso-Federico-Gozzi-Rosestolato-Touzi ’15...
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i) = [ g (4(1),(s)) ds
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Example

i) = [ g (4(1),(s)) ds

Example

b (v) = h (7(1),7(10)) 1,1 (7)
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Example
b = [ ¢ 07060 0
Example
b (1) = b (4(0),2(10)) Ty (0
Example
b0 = (0, [ o005
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Example
b = [ ¢ 07060 0

Example
by () = h (y(2),7(t0)) Lpgy 19(2)

Example
b0 = (0, [ o005

Example

b () = q(v(t),7(t — 7))
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SDEs and Kolmogorov equation

Delay equations framework J
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SDEs and Kolmogorov equation

Delay equations framework J

L2 =R x LP((~T,0);RY), p > 2,
D : =R? x Dy([~T,0); RY),

C:=R4x {(p € Cy([-T,0); RY) : EllxiTl})lgo(s)} ,

c:= {y: (%) GCS.t.leiTrggo(s)}.
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backward extension operator

L, : D([0,1); RY) — D([-T,0); RY)
Li(7)(s) = y(0) L1y _p(s) +v(t + ) _0)(s), s€[-T,0)
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backward extension operator

L, : D([0,1); RY) — D([-T,0); RY)
Li(7)(s) = v(0)Li_p,—)(s) +y(t +5)L[1,0)(s), s€[-T,0)
restriction operator
M, : D([-T,0); RY) — D([0,1); RY)
Mi(p)(s) = (s —1), s€[0,1)

~  Mip(s) se€]0,1)
(35 = { 2 2
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backward extension operator

L, : D([0,1); RY) — D([-T,0); RY)
Li(7)(s) = v(0)Li_p,—)(s) +y(t +5)L[1,0)(s), s€[-T,0)
restriction operator
M, : D([-T,0); RY) — D([0,1); RY)
Mi(p)(s) = (s —1), s€[0,1)

Mip(s) s €[0,1)
x s=t

(26 = {

MLry=~, LM 7’é 2
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bt (5)) = blt.x, ) o= by (M, (5)) 3 bily) = b(t.7(1), L)
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bt (5)) = blt.x, ) o= by (M, (5)) 3 bily) = b(t.7(1), L)

Y= <{X(f +)§§?se[—T,0]> B <X)[S?”]>
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bt (5)) = blt.x, ) o= by (M, (5)) 3 bily) = b(t.7(1), L)

P = <{X(f +)§§?s6[—T70]> B <X)[S?”]>

T (0) = (o) = (57 = (705)
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Y(r) = ({X(r +)§§t})se[—T0> <X[f T

)
o (60 = (o)« (167) + (7057)
()= @) 0) =) () - (7)

Dom(A) = {(j;) eCstpec ([-T, 0);]Rd)} = Y(r) ¢ Dom(A)

ﬁ

A generates semigroup e, Cy in £P (with the right domain) and in C,
not Cp in C and in D
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BeL™ (0, T; C° (E, E)) . X constant
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BeL™® (0, T; C° (E, E)) . X constant

{ dY(t) = AY(t)dt+ B(t,Y(¢))dt +Xdp(r), te€ [t,T],
Y(to) =y
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BeL™ (0, T; C° (E, E)) . X constant

t t
Yo¥(w,t) = e(’_IO)Ay +/ e(t_s)AB(s, Y (w,s))ds +/ =94y, db(w, )

T to
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BeL™ (0, T; C° (E, E)) . X constant

t t
YO (w, 1) = 704y, +/ =B (s, YOV (w, s)) ds +/ Y dB(w, 5)

T to

@ Existence and uniqueness of solutions
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BeL™ (0, T; C° (E, E)) . X constant

t t
Y (w, t) :e(’_'O)Ay—i—/ e(t_s)AB(s, Y’°’y(w,s))ds+/ e(t_s)AEdﬂ(w,s)

1o 1o

@ Existence and uniqueness of solutions
@ Continuous if E=LP, L if E=D

Infinite-dimensional methods for path-dependent equations



7th AMaMeF and Swissquote Lausanne, 8 September 2015

BeL™ (0, T; C° (E, E)) . X constant

t t
Y (w, t) :e(’_'O)Ay—i—/ e(t_s)AB(s, Y’°’y(w,s))ds+/ e(t_s)AEdﬂ(w,s)

1o 1o

@ Existence and uniqueness of solutions

@ Continuous if E=LP, L if E=D

@ Two times Fréchet differentiable w.r.t. initial data with a-Hoélder
second differential
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BeL™ (0, T; C° (E, E)) . X constant

t t
Y (w, t) :e(’_'O)Ay—i—/ e(t_s)AB(s, Y’°’y(w,s))ds+/ e(t_s)AEdﬂ(w,s)

1o 1o

@ Existence and uniqueness of solutions

@ Continuous if E=LP, L if E=D

@ Two times Fréchet differentiable w.r.t. initial data with a-Hoélder
second differential

@ Continuous = Markov
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Ou

E(t’ y)+(Du(t,y),Ay + B (t,y))—l—% Tr (SX*D?u(t,y)) =0, u(T,”) =,
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Ou

E(t’ y)+(Du(t,y),Ay + B (t,y))—l—% Tr (SX*D?u(t,y)) =0, u(T,”) =,

u(t,y) = E[® (Y(T))]
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Ou

o (13)+ (Dult, ), Ay + B (1 y))—l—% T (55 D%u(r,y) =0,  w(T,”) =9,

o0
Tr (EZ*DZu(t, y)) = Z aszzu(t, y)(ej, )
=1
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0 1 .
) HDule, ), Ay + B ()4 Tr (5 Du(e0) =0, u(T,) =,
d
Tr (EZ*DZM(Z, y)) = Z UJ-ZDzu(t, y)(ej, )
j=1
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T
u(ty) - @ (y) = / (Du(s,y) Ay + B (s,)) ds+

d

1 T
+§/z ;:UJ-ZDZu(s,y)(ej,ej) ds

—1
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T
u(ty) - @ (y) = / (Du(s,y) Ay + B (s,)) ds+

d

1 T
+§/z ;:UJ-ZDZu(s,y)(ej,ej) ds

—1

Definition
Given ® € C;* (D, R), we say that u : [0, 7] x D — R is a classical
solution of the Kolmogorov equation with final condition ® if

ue L™ (0, T, > (D,R)) nC([0,T] x D,R)

for some o/ € (0, 1), and satisfies the above identity for every 7 € [0, T
and y € Dom (A), with the duality terms understood with respect to the
topology of D.
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Theorem

Let® € C*“ (D,R) be given and let B € L™ (0, T;C} (D, D)). The function
u:[0,T] x D — R given by

u(t,y) = E[@ (Y(T))],

is a solution of the Kolmogorov equation with final condition ® under the

assumption that for any s € [-T,0], anyr > s, anyy € 8 and for almost every
a € [—T,0] the following hold:

(DR, (11 )) — (DDO), (109 ));

D2<I>(y) (],1 (]1[:)0] ) - (]1[111,0]) ) (1[11110] ) ) —
qu)(y)( (]1[;,0]) o Jn (]1[3,0]) - (]1[,11‘0] ) ) — 05
D2<I>(y) (Jn (]l[al,o]) - (]1[(},0]) 3 In (]1[310]) a (]1[”1*0] ) ) —0

and idem for B.
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If®: L7 — Ris C;* and B € L™ <0, T; Co™ (LP, EP)> then the function

u(ty) :=E[@¥7(T)], () €[0,T]x L,

is a solution of the Kolmogorov equation in LP with final condition ®.

v
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Theorem

If®: L7 — Ris C;* and B € L™ <0, T; Co™ (LP, EP)> then the function

u(ty) :=E[@¥7(T)], () €[0,T]x L,

is a solution of the Kolmogorov equation in LP with final condition ®.

v

+ approximating procedure using smoothing only of the past
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Change of variables formula

What about uniqueness?
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Change of variables formula

What about uniqueness? Need lio formula

dY(¢r) = AY(¢) dt+B(t, Y (1)) dr+%(1, Y (¢)) dB(r) € C,
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Change of variables formula

What about uniqueness? Need lio formula

dY (1) = AY(1) di+B(1, Y(1)) di+5(1, Y(1)) dB(1) € C, F:[0,T]xC — R
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Change of variables formula

What about uniqueness? Need lto formula

dY (1) = AY(1) de4+-B(1, Y(1)) dt+5(r, Y(1)) dB(1) € C, F:[0,T]xC — R
F(t, Y(1)) — F(0, Y(0)) = /0 ' OF (s, Y(s)) ds

+/Z<AY(S)+B(S, Y(s),DF(s,Y(s))) ds—}-/t(DF(s, Y(s)),2(s, Y(s))dB(s))
0 0

T / 2 Tre S5, V() (s, ¥(5)) DF (s, ¥(5))] ds
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Change of variables formula

What about uniqueness? Need lto formula

dY(r) = AY(¢) dt+B(¢,Y (1)) dt+X(z,Y(¢))dB(r) e C, F:[0,T] xC R

W+/ DF(s, Y(s)), £(s, Y(s)) dB(s))

0 Tr]Rd[ Y(s))*D*F (s, Y(s))] ds

Problems: Y(z) ¢ Dom(A) and usually also 0,F(t,-) makes sense only
on Dom(A)
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Theorem

LetF € C([0,T] x C) be such that DF € C (|0, T] x C;C*),
D*F € C([0,T] x C;L(C;C*)), O;F € C([0,T] x Dom(A); R). Assume
that there exists a continuous function G : [0,T] x C — R such that

G(t,y) = 0,F(t,y) + (Ay, DF(t,y)) on [0,T] x Dom(A).
Then

F(t,Y(1)) = v+ [ 6

S—

4 / ’<B<s Y(s)), DF(s, ¥(5))) ds + / (DE(s, ¥(s)), (s, ¥(s)) dB(s))
0
—i—/o 2Tr]R,z [S(s, Y ()2 (s, Y(s))*D*F (s, Y(s))] ds

v
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Theorem

LetF € C([0,T] x C) be such that DF € C ([0,T] x C;C*),
D*F € C([0,T) x C;L(C;C*)), O,F exists on T x Dom(A), \(T) = T and
T does not depend on y. Assume that there exists a continuous
2
function G : [0,T] x C — R such that

G(1,y) = OiF(1,y) + (Ay, DF(1,)) on T x Dom(A).
Then

F(t,Y(1)) = v+ [ G

S—

T / ’<B<s Y(s)), DF(s, ¥(5))) ds + / (DF(s, Y(5)), (s, ¥(5)) dB(s))
0

—i—/o 2Ter [S(s, Y(s5))X(s, Y(s))*D*F(s, Y(s))] ds

v
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Theorem

If F, DF, D*F are piecewise continuous, i.e. 3 t;,...,t, S.t.
F e C([tjti1) x E),Vyt— F(t,y) is cadlag, Vty — F(t,y) is
continuous, O;F exists on T x Dom(A), then

F(1,Y(t)) = F(0,Y(0)) + /té(s, Y(s))ds + AF(Y;t1, ..., ty)
0
4 / (B(s, ¥(s)), DF (s, ¥(s))) ds + / (DE(s, ¥(s)), (s, ¥(s)) dB(s))
0 0

i /0 2 Trne [S(5, ¥(5))5 (s, V()" DF(s, ¥(5))] ds

v
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Example

560 = [eaae s = Gun =g (02)
but
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Example

560 = [eaae s = Gun =g (02)

but
oF
or — o (v (D
at(t,y)+<Ay,DF(t,y)> g(y Y )

Example

1100 = (30, 7(00)) = G 63) = ~nh (505D 10 1)) ¥ (10 1)

but
OF

E(l‘a

y) + (Ay, DF(t,y)) = 0
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Example

76 = (40, [ 00105

e =om (0. [ 260 006-0)- [ 5@

= _<Ay7DF(t7y)>
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Example

76 = (40, [ 00105

e =ow (50 [0 -0) - [ 66-n

= _<Ay’DF(t7y)>

v

For the Kolmogorov equation the equation itself provides the extension:
1 *
G(t7y) = _<B(tay)aDF(tvy)> - ETer [EZ DzF(t7y)]

therefore uniqueness follows by standard arguments.
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Example
For fi (v) = q (v(#),7( — 7)) we have

£ (W) — 4(0,0) /alq W(s - 1))
/31141 W(s— 7)) ds + + /azzq W(s), W(s — 7)) ds

+/ A qW(s+T1),W /812q W(s—7))ds
0

v
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Comparison with functional Ito calculus

he;
' vi (%) —wilw) _
Viv(y) = lim ( ) D () = tim Vet Q) = v ()

h—0 h h—0+
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Comparison with functional Ito calculus

he;
. vi (%) = vilw) —
Vivi(y) = lim ) G () = tim L en) = ()

h—0 h h—0+

{@W(%) +bi(y) - Vuu(y) + 3 Te [00* V()] =0,
vr(yr) =f(r)
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Comparison with functional Ito calculus

he;
. Vi) = vl ) v —v
Viv(y) = lim ( )h D () = lim e (%’hz (%)

{@W(%) +bi(y) - Vuu(y) + 3 Te [00* V()] =0,
vr(yr) =f(r)

Theorem (Dupire - 2009; Cont, Fournié - 2013)

(Under suitable assumptions)
t
v (Xy) — (XO):/ Dvs (Xs) ds + / Vs (Xy) dX(s) +
0
+ 1 / Te V20, (X;) d[X] (5)
2 /o
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Theorem

Ifv(7): = ult, v(6), Lry) oru(t,x,¢): = v (Mt(;;)) then

0 .
Div(y) = au(r,x, L), i=1,...,d.

Ifv(v): =u(t,~(t),Ly) and Du and o,u exists on Dom(A), then Z,v
exists on Dom(A) and

ou

Dw(v) = Bt (tv’Y(t)7Lt'71) =+ <D”(t> 7(t)7L17t)7A(L17t)>'

Ifu(t,x,o): =y, (1\71t (;‘,)), v exists everywhere and Du, O,u exist on
Dom(A) then Z,v is the extension.
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Theorem

If the infinite dimensional liftings B and ® of b, and f satisfy the

assumptions of the previous theorems, then, for almost every t, the
function

vi(y) = E[f (X7(T))]
is a solution of the path dependent Kolmogorov equation.

Infinite-dimensional methods for path-dependent equations
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Theorem

If the infinite dimensional liftings B and ® of b, and f satisfy the
assumptions of the previous theorems, then, for almost every t, the
function

vi(y) = E[f (X7(T))]
is a solution of the path dependent Kolmogorov equation.

Proof: ~
sety = (v(t), L) € C;
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Thank you for your kind attention J
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