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G.F. Voronoi (1868-1908)

2. Voronol’s lattice reduction theory



Parameter space of lattice &
Voronoi’s second reduction theory

SN’_"‘F = coneg{xx' : x € 7"} U S . C S rational closure of ST |

GL, (Z) acts on §1 by (g, 0) — g' Qg

reduction theory of lattices = find ,,nice”“ fundamental domain for SN’}F /| GL (Z)
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properties

infinite polyhedral face-to-face tiling

all triangular polyhedra GL,(Z)-equivalent
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Construction of Delaunay polyhedra "{

Empty sphere construction

Delaunay polyhedra of Q € S’

P = conv{v, vy, ...},v; € Z", where

B.N. Delaunay

= B.H. lenone : n . o) ) )
TN Deon so01080  there is a center ¢ € R and a radius 7 > 0 so that

Olv, —c] = r?>and Q[w —c] > r’ forallw & Z"\{v{, V5, ...}

with Q[x] = x"Ox
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Delaunay subdivisions & secondary cones "{

Delaunay subdivision of Q € S’

Del(Q) = {P : P is a Delaunay polyhedron of Q}is a polyhedral complex

Secondary cone of Delaunay subdivision

A(Del(Q)) = {Q' € S : Del(Q') = Del(Q)}

is (open) polyhedral cone in S’v’_’ﬁ facets of A(Del(())) are determined by facets in Del(Q)
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Some facts about secondary cones "{

A(Del(Q)) is full-dimensional <= Del(Q) is a triangulation

A(Del(Q)) C A(Del(Q") < Del(Q’) is a refinement of Del(Q)

2.9 % %:émna;& Zj |

. n+ 1
Del(Q), Del((Q’) triangulations, dim (A(DeI(Q) N A(DeI(Q’)) = ( ) — 1

<> Del(Q), Del(Q’) differ by a bistellar flip

2.9 % ‘h\; 1%%

AN
/

i
'

AN
/

/N

Wz

RN




Main theorem of Voronoi’s second reduction theory

There are only finitely many n-dimensional Delaunay triangulations up to GL (Z)-equivalence.

Furthermore: SN’}F — U A(D)

2 Delaunay triangulation

Known classification
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3. Application to lattice sphere covering



Lattice sphere covering problem
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MAXDET optimization
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Basic idea

Fix Delaunay triangulation &, then the restricted lattice covering problem becomes a tractable MAXDET problem.
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Algorithmic approach to lattice covering

Schirmann, Vallentin (2006):

C++ implementation of Voronoi’s second reduction theory (scc = second cone cruiser)

finding solutions for dimensions n < 3,

reproving results of Baranovski, Ryshkov (1976)

finding new, conjecturally optimal lattices for n > 6

2020: still only conjectures



The \,, sphere covering problem

The Leech lattice gives clearly the least dense sphere covering in dimension 24.

Currently, we don’t have a good method (like LP bounds) to come anywhere close to a proof.



N\, , is locally optimal for covering
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Proof by MAXDET
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Relaxation
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Second condition




Spherical t—designs

X C S~ ! spherical ¢t-design

/S - f(z)dw(x | X| Z f(x) for all polynomials of degree < ¢.
reX
configuration | strength
n-gon n—1
simplex 2
cross polytope 3
icosahedron 5
240 7
196560 11

Useful for optimality conditions: X spherical 2-design <= > zz' = %'I
reX



Putting it together
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