Optimization for lattices,
packings, and coverings

Lecture 1

Frank Vallentin (Universitat zu Koln)

Online summer school on optimization, interpolation and modular forms
August 24 to 28, 2020
EPF Lausanne



1. Introduction to conic optimization



WHAT IS... LP and SDP?

LP (linear programming) Maximizing/minimizing a linear functional over a polyhedron

polyhedron intersection of finitely many linear half spaces

= R N affine subspace

cuboctahedron

SDP (semidefinite programming) Maximizing/minimizing a linear functional over a spectrahedron

spectrahedron = S’ N affine subspace
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Why are LP and SDP interesting?

1. Describe a wide class of convex optimization problems
2. LP and SDP can be solved efficiently (in theory and practice)
3. Duality theory gives optimality criteria and a systematic way to prove rigorous upper/lower bounds

4. LP and SDP can be used to prove that a point configuration is optimal or near optimal

5. Lots of other applications... combinatorial optimization, global polynomial optimization, engineering, machine
learning, quantum information, game theory, ...



General framework: Conic optimization

E finite-dimensional Euclidean space with inner product (x, y)

K C E proper convex cone

aK + pK C Kfora, p € R_, K full-dimensional, K closed, K N (—K) = {0}

K gives partial orderingon Ebyx >, y< x—y € K P = {(xl,xz,t): 32 4 22 g}

K is the domain of nonnegative elements

primal standard form of conic program

P*zsup{<C,X>ZXEEaxZKO’ <aj’x>:bf(j€[m])} |

X 1s the optimization variable




Important examples

Linear programming (LP)
E=R", (x,y)=x'y, K=R"
Second order cone programming (SOCP)
E=R"™ ((xs),00)=xTy+st, K=2""={(x,5):|lx]l, <s)
Semidefinite programming (SDP)
E=S", (X,Y)=TrXY, K=S"
Determinant maximization (MAXDET)

E=S"XR, {(X,s),Y,))=TrXY+st, K=" ={(X,s):X€S"s>0,(det X)""" > 5}

Polynomial optimization (POP)

E=R[x,....x ], (f,g = %f(V)g, K=P,,=1{f:f(x) >20forallx € R"}, deven



ot @
Dualization "{

primal standard form of conic program
p* = sup {(c,x) X EE, x>0, (a,x) =b;(j € [m])}
dual standard form of conic program
d* = inf{blyl ++by, V..V, €ER yiay+ - +y,.a, > c}

where K* = {y € E: (x,y) > O forall x € K} is the dual cone of K Bipolar theorem: (K*)* = K

Important examples

self dual cones: (R7)* =RT (Z"h* = 1 (§)* =§"

Koecher-Vinberg classification of symmetric cones (real Euclidean Jordan algebras)

non self dual cones:

(2"H* = {(Y,t) €S" xR : (detY)" > —i}

n
(P, )" =0,4= {(alTx)d + o+ (@) ap,...,a. e R, rE N} sums of even powers of linear forms



(U) dfoea s TR IRTE el A g O WL SE(S LTS AEnA D0 S ik 0ON D et thn ¢ Lol e A r e o, SO TRED

{(Vhr\(. 'f"-l)rfo
;Ifw.u-:,w.- 4 - - U (=) P-
> =l T'he dualization cheat sheet (o
[UTSPGHH €.
”“‘“"""a VT ZAVIT T TPGNRLAIVT VA [LY]T JWRRA AT LT . 2 0mn UM LV 1] it T e et DRZ0O
e MEI" D sty L™ ine KonvexUombsinakida obn 1. X alls y = (Cotin; mit ol 20, CA=1)  RQMRE\ a..w L—) bip. 0
"U"Konuc}t wenn: \JMEM VX1, XwEC W da,. drr.r 20 Cp - z
JWEI G{{m unakh ,,wCnn ¥ d1, . !ffavLIlZ (di=0 o o 1
fallsAce w*l\iujbécnz kel x=8.00  Mmaximize minimize

{XenRr u)-:a& hapen Hallardume 1€,DE Y, 1y 0rk : .

Dchl Hypecccie ”RAPt *u’rlhrpachc UC‘::(_ . var%able > 0 > s constra}nt
g™+ P {xe kh: Axeb} [P=tvavfrd.- x;_]mpt%\,fa variable <z ( <+ constraint
6”5“{""7 1 V"éﬁ.““‘ et Wegel @\sVxy unconstrained variable | = constraint
E:Zfayiéﬁziw{(bf AE{ d;’g I'E‘i Pg’ ’LPE';' fhmn:a(r; = constraint unconstrained variable

: . : 7

F‘Lnjﬁm‘SChiﬂ Sﬂﬁ&fglm h}ubf_‘ u, UJ[-(HTJ&'L‘} C&{L S COIlStI‘aIIlt Varlable Z O U
3wt [Die ékw\mﬁkimmumen e =0, 010 > constraint variable < () !
w‘?“ﬁ?‘t fer Leéohloy wn 2an$ it u Av right-hand side objective function J
A AEW™, 485l Oplimumn des Lin. ﬂ(J/ oy T . . . l/v
o Piog 2y Min21 420, be =1 oA < 26 |G=Y, ) une objective function right-hand side _
onten d.h. We (éfc{ enf= Hln\HLa‘EM (-E/“A/k G

a)0 hat ng . Lenge b\ Endlea nichtvon M e iclecit

¢ ‘ﬂﬁ\'it b bt [Igjju eV V=UuW pak Uc”é:‘: lenl| = kﬂuﬂ.—’]]Ma‘B}"&
enfut 2 4¢(.du

;(A’{'-C M(jdﬁm

it M=V 2 w0 w(i) | Me € Uath)

DTN (A7) (l:e/fr lns dons 1ol daecY M o A dof A m% VI AWER Y

RS S RN VIV | A7 I = N

de. U‘*“I"f-'.] Jllw . ﬁﬁirﬂ EHCC\LL l Ch. ’
L.-m “"1‘] mcht Alnn ..3 lwf Kﬁ(. At‘:’i{y |

RELYEDN §. U0 LA

“-f”t .'}(Li t

1 'Il"l .



Duality theory

primal p* = sup {(c,x) X EE, x>g0,(a,x) =D (j € [m])}

dual d* = inf{blyl +--+b, v, V..V, € R, yiay + - +y,a, =g c}

weak duality p* < d*

strong duality if d* > — oo and 3 strictly feasible dual solution y (i.e. y,a; + --- +y,a, — ¢ € int K¥)

then Jx* feasible for primal with p* = (¢, x*) and p* = d*

(similarly with primal and dual interchanged)

optimality condition / complementary slackness Suppose primal and dual are both strictly feasible,
suppose x primal feasible and y dual feasible,

then (x, y) is optimal iff (x, y,a, + -+ +y,a, —c) =0



