SOLUTION TO EXERCISE 6 FOR LEONARDO’S EXERCISE SESSION

RUOYUAN LIU

1. SOLUTIONS

By writing Y (s,n) = X (s,n) — )/(1\\4(5, n), we see that Y (s, n) satisfies

d}/}(s, n) = d)?(s,n) - %}?(s,n)ds.

By solving this SDE, we obtain
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for |n| < M and Y(s,n) = X(s,n) for [n| > M. Thus,
X(s,n) = X(s,n) — Y(s,n) = / (1—e WE)dX (s,m).
0

i. By independence and Ito’s isometry ,
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For the lower bound, we simply note that for |n| < M,
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ii. By independence, Ito’s isometry, and the Cauchy, we have
E [2 XX ydx — Xﬁdz}
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iii. By Plancherel’s identity and independence, we have

E“ 5 XMfd:c‘Q} :EU nz @(n)A(n)ﬂ

iv. Note that one can write : Y2: as the following multiple stochastic integral:
Z / / tl,nl tQ,TLQ)del(Sl)deQ (82) Z(n1+n2)x.
ni,n2€Z?

By Ito’s isometry for the multiple stochastic integral, we have
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v. By Plancherel’s identity, the SDE solved by Xjs, and Ito’s isometry, we have

E[/Ol HCZXM(S)HZldS} - |n§M<n>2E[/01 (i@(s,n)‘gds]
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