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Abstract

We study utility indifference pricing of claim streams with intertem-
poral consumption and power (CRRA) utilities. We derive explicit for-
mulas for the derivatives of the utility indifference price with respect to
claims and wealth. The simple structure of these formulas is a reflec-
tion of surprising operator identities for the derivatives of the optimal
consumption stream. For example, the partial derivative of the opti-
mal consumption stream with respect to the endowment is always a
projection. Furthermore, it is an orthogonal projection with respect to
a natural ”economic inner product”.

We find that the indifference price is a highly non-linear function
of the wealth and obtain its asymptotic behavior when the claims to
wealth ratio is either very small or very large.

In the large claims to wealth ratio limit, the asymptotic expansion
of the indifference price is given in terms of fractional powers of the
wealth. We also obtain sharp global bounds for the indifference price.

1 Introduction

Imagine that we must either

(1) as a representative of a private bank, or, hedge fund, determine the
price of an over the counter derivative (option) contract,

or
(2) determine, as a representative of a corporation, the correct price for a

real option (a capital investment),
or
(3) determine, as a representative of an insurance (reinsurance) company,

the price of an insurance contract.

In each case, we want to determine the optimal price of a financial con-
tract market consistently, by exploiting correlations between the payoff of our
investment and the global the stock market (see, Wüthrich et al. [26] for an
applied theory of market consistent pricing of insurance contracts).

For a complete market, with asset prices following geometric brownian mo-
tions, Black and Scholes [2] solved this pricing problem. Completeness is an
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essential hypothesis for their solution, because it implies that the payoff of
any option can be perfectly replicated by a suitable trading strategy in stocks
and bonds. The Black-Scholes price of an option is determined by arbitrage
(linearly), and is equal to the price of the replicating strategy.

On the other hand, many aspects of the market consistent pricing problem
for incomplete markets are still under investigation, because now, the general
payoff cannot be replicated by trading in stocks and bonds.

A common dodge around market consistent pricing is to decompose the
payoff (or, synonymously, contingent claim) into hedgeable and unhedgeable
components. The first component is priced by arbitrage, and the second non
linearly. In the context of insurance, the non linear component is referred
to as the insurance loading, namely, the risk premium that the insured pays
to the insurer. The loading depends on the risk aversion of the insurance
company.

If an insurance company is ”sufficiently isolated” from the financial mar-
kets, then there is a well known theoretical principle that guides the pricing
of its insurance contracts. Namely, the principle of utility indifference. That
is, the price of the contract is chosen so that the utility of the company is the
same before and after the contract is sold. Here, we imagine that the company
acts as a rational agent, maximizing a von Neumann-Morgenstern utility.

If, by contrast, the company is not isolated from the financial markets, an
important modification of the basic utility indifference principle is required.
Now, the company can modify its effective claims stream by choosing an ap-
propriate trading strategy in available securities. Of course, a rational com-
pany will choose a strategy that maximizes its utility. In this context, the
von Neumann-Morgenstern utility function should be replaced by the maxi-
mal utility, achievable by trading. That is, the maximal utility achievable by
trading is the same before and after contracts are sold.

Pricing by maximal utility achievable by trading indifference is market
consistent in the sense that perfectly hedgeable contingent claims are auto-
matically priced by arbitrage.

The same economic reasoning applies verbatim to the pricing problems (1)
and (2) from above.

Hodges and Neuberger [11] (see, also, Davis [4]) were the first to consider
utility indifference pricing in incomplete markets. Since then, the interest
to this topic has grown dramatically. See, e.g., [1], [3], [5], [7], [8], [9], [15],
[18], [19], [20], [21], [22], [23], [24], [25]. See, also, [10] for a general survey of
existing literature on this topic.

A necessary prerequisite for implementing the maximal utility achievable
by trading indifference principle, is a solution to the utility maximization
problem. It is impossible to analyze the implications of maximal utility indif-
ference without good control of the maximum, that is, the optimal consump-
tion / wealth stream. As far as we have been able to determine, very little
is known about the structure of these streams in the presence of unhedgeable
claims. There are general, nonconstructive existence / uniqueness results (see,
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e.g., Kramkov and Schachermeyer [14] and Karatzas and Zitkovic [13]).
If there are no unhedgeable claims, the Euler-Lagrange equations become

linear after a change of variables. In the presence of unhedgeable claims,
the Euler-Lagrange equations are genuinely nonlinear, except for the special
case of exponential utilities (see, e.g., [12] and [18]). In the latter case, the
equations ”factor” to the point where they can be linearized after a change of
variables. For this reason, almost all the analysis of indifference pricing, that
we are aware of, is for exponential utilities. See, e.g., [3], [7], [8], [18], [21],
[22], [24].

We illustrate ”factoring” for exponential utilities in the simple case of
”tradeless” indifference pricing. The ”tradeless” indifference price π of a
claim y is the solution to

u(x) = E[u(x + π − y)] (1.1)

where x is the wealth of the insurance company. If u(x) = −e−γ x then

π = γ−1 log E[eγ y] (1.2)

is clearly independent of x .
The conclusion of the last paragraph makes indifference pricing with ex-

ponential utilities unrealistic. Prices should depend on the wealth of the
company, as already emphasized by El Karoui and Rouge [24].

In this paper, we explicitly construct the optimal consumption stream for
market consistent, utility indifference pricing for all benchmark power utilities

uγ(c) =
c1−γ − 1

1 − γ
(1.3)

In particular, the log Bernoulli utility u1(c) = log c . Power utilities are
supported on R+ , satisfy the Inada condition u′(0) = + ∞ as well as many
other natural economic properties.

Our construction is a direct outgrowth of Malamud and Trubowitz [16],
where optimal consumption streams were explicitly constructed by a recursive
procedure for a new class C of incomplete financial markets with no insurance
sector. The class C is characterized by several important mathematical and
economic properties. For example, it is the only class for which the crucial
economic properties of precautionary savings and marginal propensity to con-
sume. From this point of view, they are the only sensible incomplete markets.
The class C also includes all discrete time diffusion driven incomplete markets
and, consequently, almost all classical incomplete market models.

In [16], we exploited a local, recursive procedure for constructing optimal
consumption streams. Here, we introduce (see, Theorem 3.7) a global con-
struction. One important consequence of our new construction is that the
derivative of the optimal consumption stream with respect to the endow-
ment is a projection at any point in the space of endowments (see, Theorem
3.9). This is surprising. The projections are not immediately orthogonal.
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However, there is an economically natural inner product, for which the pro-
jections become orthogonal. The inner product depends on the point in the
space of endowments and thus introduces a natural Riemanian structure into
the model.

The projection property of the derivative makes it possible to calculate the
first, second and third derivatives of the indifference price in a useful, explicit
form. Unexpectedly, cancellations allow us to obtain sharp, global bounds on
the indifference prices (see, Theorem 7.4).

We also give a straightforward analysis of indifference prices in the small
claims limit and obtain a second order expansion. This complements the
results of [7], [9], [15].

The large claims limit is another matter. It is rather subtle. By homo-
geneity, the indifference prices of large claims are naturally expanded in small
capital and the leading term is a fractional power. The fractional power (see,
Theorem 6.10) is a function of both risk aversion and fixed claims. The differ-
ence between the sharp, global bounds of Theorem 7.4 and the first two terms
of the small capital expansion goes to zero at an explicitly calculable rate.

Organization of the paper:
In section 2, we discuss general incomplete markets and the related utility

maximization problem. We introduce the class C of incomplete markets and
study its basic properties.

In section 3, we construct express the solution to the utility maximization
problem through an explicitly constructed non-linear map and study its prop-
erties. In particular, we show that the derivative of the optimal consumption
with respect to the endowment is always a projection.

In section 4, we calculate other derivatives of the optimal consumption and
establish useful algebraic identities for these derivatives.

In section 5, we introduce the utility indifference price and calculate its
derivatives.

In section 6, we study the asymptotic behavior of the indifference price as
the capital goes to zero.

In section 7, we establish sharp, global bounds for the indifference price.
Finally, in section 8 we calculate the second order expansion of the indif-

ference price when the claim size is small.

2 General Incomplete markets

2.1 The structure of market incompleteness

The randomness in our model is described by a finite, filtered probability
space (Ω , G , B , P ) where the filtration G = (Gt)

T
t=0 satisfies

{∅ , Ω} = G0 ⊂ G1 ⊂ . . . ⊂ GT = B. (2.1)

There are T time periods. We emphasize that everywhere in this paper
the probability space Ω and time horizon T are assumed to be finite. The
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problem of passing to a continuous time limit is a topic of ongoing research.

Definition 2.1 A financial asset is a pair of G -adapted processes, a price
process p = (pt , t = 0 , . . . , T ) and a dividend process d = (dt , t =
0 , . . . , T ) .

A financial market (M , G) is a collection of financial assets.
A τ -period risk free bond at time t is the asset, whose dividend process

dθ = 1 for θ = t + τ and dθ = 0 otherwise.

For the sake of brevity, we will often use (pt) to denote a process without
indicating that t = 0 , . . . , T .

We allow for an arbitrary type of market incompleteness, except for a
natural

Assumption 1 One period risk free bonds are available for trading at each
moment of time.

Definition 2.2 Let (M , G) = {A1 , . . . , AN} be the underlying financial
market with financial assets A1 , . . . , AN . Asset Ai has a price process (pi t)
and a dividend process (di t) . The payoff subspace Lt at time t is defined by

Lt =

{

N
∑

i=1

xi t−1 (pi t + di t) | xi t−1 ∈ L2(Gt−1) for all i = 1 , . . . , N

}

.

(2.2)
This is the set of payoffs at time t of all possible Gt−1 -measurable invest-
ments xi t−1 at time t − 1 . We denote by PLt

the orthogonal projection
onto the subspace Lt in the space L2(Gt) . Similarly, let PGt , t = 1 , . . . , T ,
be the orthogonal projection (conditional expectation) from L2( Ω , B) onto
L2(Ω , Gt) . We write PG for the direct sum

PG = ⊕T
t=1 PGt

. (2.3)

Note that, by Assumption 1, 1 ∈ L2(Gt−1) ⊂ Lt and, consequently,
PLt

1 = 1 . Furthermore, for any Gt−1 -measurable Y and any Gt -measurable
X we have

PLt
(X Y ) = Y PLt

X. (2.4)

A portfolio strategy for an agent, with a G -adapted individual endowment
process, trading on the market (M , G) is an N dimensional, G -adapted
process x = (x1, . . . ,xN) . Here, xj = (xj 0 , . . . , xj T−1 , 0) . The random
variable xj t counts the number of shares of asset Aj held at time t + 1 before
dividends are paid and assets are traded. The last component 0 formalizes
the convention that no investments are made at the final time period T .

Definition 2.3 The dividend process Dx generated by the portfolio strategy
x is

Dx,t =
N
∑

i=1

(di t + pi t) xi t−1 −
N
∑

i=1

pi t xi t (2.5)
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for t = 0 , . . . , T , where di and pi are the dividend and price processes of
the asset Ai . In particular, the initial investment is Dx , 0 = −

∑N
i=1 pi 0 xi 0 .

The process

Xt = Xt(x) =
N
∑

i=1

(di t + pi t) xj t−1 (2.6)

is referred to as the wealth process of the strategy x .

Definition 2.4 A market (M , G) is arbitrage free if there is no portfolio
strategy x such that Dx , t ≥ 0 for all t = 0 , . . . , T and Dx , τ > 0 for
some τ with positive probability.

A market (M , G) is dynamically complete if for any G -adapted process
(Yt , t = 1 , . . . , T ) there exists a portfolio strategy x such that

Dx , t = Yt (2.7)

for all t = 1 , . . . , T .

Definition 2.5 A G -adapted process R = (Rt) is referred to as a state
price density process (SPD process) for the market (M , G) if the identity

Rt pi t = E
[

Rt+1

(

pi t+1 + di t+1

) ∣

∣

∣Gt

]

(2.8)

holds for any asset Ai , i = 1 , . . . , N and any t = 0 , . . . , T − 1 .

In particular, under the standard no-bubble condition pi T = 0 , the price

pi t = R−1
t E

[

T−τ
∑

τ=1

Rt+τ di t+τ

∣

∣

∣Gt

]

(2.9)

is the discounted value of future dividends.
The following lemma summarizes some well known properties of state price

densities.

Lemma 2.6 A market (M , G) is arbitrage free if and only if there exists a
positive SPD process.

An arbitrage free market (M , G) is dynamically complete if and only if
there exists a unique, positive SPD process.

A process D is a dividend process of a portfolio strategy if and only if it is
orthogonal to any SPD process, i.e.,

E

[

T
∑

t=0

Dt Rt

]

= 0 (2.10)

for any SPD process R .
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See, e.g., [6].
When markets are incomplete, there are infinitely many state price density

processes. This is one of the main difficulties in the analysis of utility max-
imization in incomplete markets. Malamud and Trubowitz [16] introduced a
unique, natural, ”aggregate” state price density process and showed that all
budget constraints and first order conditions can be formulated in terms of
this special SPD process.

Lemma 2.7 Under the assumption of no arbitrage, there exists a unique, ag-
gregate state price density process M = (Mt) such that Mt ∈ Lt for all
t = 1 , . . . , T . Furthermore, a process R = (Rt) is a state price density
process if and only if

PLt

Rt

Rt−1

=
Mt

Mt−1

(2.11)

for all t .

See, [16], Lemma 2.5.
The aggregate SPD process M is natural because it lives in the market

subspace, just like the prices themselves. Note that, in general, M is not
positive.1 The main source of problems is that the projection PLt

is not
necessarily positivity preserving. This fact motivated the introduction of
a new class C of incomplete markets in Malamud and Trubowitz [16] .

Definition 2.8 An incomplete market (M , G) belongs to the class C if
there exists a subfiltration H = (Ht , t = 0 , . . . , T ) of G such that

• Ht+1 ⊃ Gt ⊃ Ht for all t .

• The payoff process (pi t + di t) of any asset Ai is adapted to H .

• Any Ht measurable claim Y can be replicated by a Gt−1 measurable
portfolio x1 , . . . , xN of assets, purchased at time t − 1 . That is,

Y =
N
∑

i=1

xi

(

pi t + di t

)

. (2.12)

Equivalently, Lt = L2(Ht) and PLt
= PHt

= E [ · |Ht ] .

We refer to H as the hedgeable filtration.

It is possible to show (see, [16]) that PLt
is positivity preserving if and only if

there exists a subalgebra Ht ⊂ Gt such that PLt
is the conditional expecta-

tion relative to Ht . In particular, it is possible to show (see, [16], Proposition
3.4) that the aggregate state price density process M is the unique positive
state price density process adapted to H .

The class C has many interesting properties. As an illustration, we present
a natural subclass of incomplete markets from the class C .

1It is possible that Mt = 0 with positive probability. But, in [16], M is constructed as
a product one period stochastic discount factors Mt/Mt−1 which are well defined.
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Example 2.9 As an example, consider a market, consisting of assets without
dividends, for which the price processes satisfy the discrete time SDE of the
form

pi t = pi t−1 + µi t−1 +
N
∑

j=1

σi j t−1 Xi t, (2.13)

where (σi j t) , (µi t) are arbitrary, G -adapted processes and the process

Bi τ =
τ
∑

t=0

Xi t

is a martingale with respect to G for any i = 1 , . . . , N . SDE (2.13) is a
discrete analog of the continuous time SDE

dpi t = µi t dt +
N
∑

j=1

σi j t dBj t (2.14)

with predictable processes (µi t) and (σi j t) . Let F be the natural filtration,
generated by the martingales Bi , i = 1 , . . . , N (i.e., the minimal filtration
for which the martingales are adapted). Suppose now that the martingales
Bi , i = 1 , . . . , N have the spanning property: any F -martingale Zt can be
represented as a stochastic integral w.r.t. Bis:

dZt = Zt − Zt−1 =
N
∑

i=1

ξi t−1 Xi t

Then, if the matrix (σi j t)i,j=1,...,n is invertible, the market is in the class C

and the hedgeable σ-algebra Ht is given by Ht = σ(Ft , Gt−1) , the minimal
algebra, generated by Ft and Gt−1 .

Recall that in a standard, diffusion driven incomplete market, price pro-
cesses follow (2.14), but with Bi being Brownian motions. It is possible to
show that any diffusion driven incomplete market can be approximated by a
discrete time incomplete market of the above form. Here, it is important that
Brownian motions naturally have the spanning property. See, [16], Section
4.2.

In the sequel, we make the following

Assumption 2 The market (M , G) belongs to the class C . The correspond-
ing hedgeable filtration is denoted by H . The unique, positive, aggregate state
price density process adapted to H and normalized by M0 = 1 is denoted by
M = (Mt) .

Assumption 2 implies that the following is true.

Proposition 2.10 For any H -adapted process (Xt) there exists a G -adapted
portfolio strategy x such that (Xt) coincides with the wealth process of this
strategy, Xt = Xt(x) for all t . In this case,

Dx , t = Xt − E
[

Mt+1

Mt

Xt+1 |Gt

]

(2.15)

8



for all t . Here, we use the standard convention X0 = XT+1 = 0 .

See, Lemma 3.4 in [17].

2.2 The budget set

Initial value of a process (stream) will play a special role in our considerations.
For this reason, starting from this section, we will always treat the value
of a random process at time zero separately and write a process (wt , t =
0 , . . . , T ) as (w0 , w) where w = (wt , t = 0 , . . . , T ) .

Definition 2.11 Consider an agent endowed with an (income) stream (w0 , w)
of consumption good, trading in the financial market to achieve a desirable
consumption stream (c0 , C) . A consumption stream (c0 , C) is achievable by
trading if there exists a G -adapted portfolio stratetegy x such that

ct = wt + Dx , t (2.16)

for all t = 0 , . . . , T .

Definition 2.12 The budget set B(w0,w) of an agent with a G-adapted
endowment process (w0 , w) with w = (wt , t ≥ 1) is the set of all positive
consumption streams, that can be achieved by trading.

By Proposition 2.10, the following is true

Lemma 2.13 A stream (c0 , C) ∈ B(w0 , w) if and only if there exists an
H-adapted wealth process (Xt) such that

ct = wt + Xt − E
[

Mt+1

Mt

Xt+1

∣

∣

∣Gt

]

> 0 (2.17)

for all t = 0 , . . . , T .

In applications to pricing insurance claims, we will be in the situation when
the endowment stream (wt) takes negative values. Thus, we must make sure
that the budget set is non-empty.

Definition 2.14 Let Y = (Yt , t = 1 , . . . , T ) be a G -adapted process.
The upper hedging price for Y at time zero is the minimal number Yu

0 ∈ R

such that there exists a portfolio strategy x satisfying

Dx , t ≥ Yt (2.18)

for all t = 1 , . . . , T with −Dx , 0 ≤ Yu
0 . A portfolio strategy x is called

upper hedging for Y if (2.18) is satisfied.

In general, the calculation of the upper hedging price is a non-trivial prob-
lem. But, for incomplete markets in the class C , the upper hedging price can
be explicitly calculated by a simple, recursive procedure.
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Definition 2.15 Let A ⊂ B be a sub-σ-algebra and X ∈ L∞(B) . The
conditional supremum esssup[X |A] of X relative to A is the unique, A -
measurable variable Z , satisfying Z ≥ X such that Z1 ≥ Z for any A-
measurable variable Z1 satisfying Z1 ≥ X . When the probability space is
finite, we have

esssup[X |A] = max[X |A] . (2.19)

Proposition 2.16 Let Yu
T+1 = 0 and define inductively for t ≤ T

Yu
t = max

[

Yt + M−1
t E [Yu

t+1 Mt+1 |Gt] |Ht

]

(2.20)

for t ≥ 1 and
Yu

0 = E[M1 Y1] .

Then, Yu
0 is the upper hedging price for the stream Y . Furthermore, for any

upper hedging strategy x for the stream Y , the wealth process Xt(x) satisfies

Xt(x) ≥ Yu
t (2.21)

for all t ≥ 1 . Thus, (Yu
t ) is the minimal upper hedging wealth process.

In particular, if x is an upper hedging strategy and Dx 0 = −Yu
0 then

Xt(x) = Yu
t for all t = 1 , . . . , T .

Proof. We do the proof by backward induction. The claim is obvious for
t = T + 1 (we use the convention Yt+1 = 0 ). Suppose that the claim is
proved for all t ≥ τ + 1 and let us prove it for t = τ . We have

Dx t = Xt − M−1
t E[Mt+1 Xt+1 |Gt] ≥ Yt (2.22)

if and only if

Xt ≥ max
[

Yt + M−1
t E [Xt+1 Mt+1 |Gt] |Ht

]

≥ max
[

Yt + M−1
t E [Yu

t+1 Mt+1 |Gt] |Ht

]

= Yu
t (2.23)

and Xt = Yu
t implies Xt+1 = Yu

t+1 . Therefore, X0 = Yu
0 if and only if

Xt = Yu
t for all t . The proof is complete. �

Lemma 2.17 The budget set B(w0 , w) is non-empty if and only if

w0 > (−w)u
0 (2.24)

In the sequel, we always assume that (2.24) holds.
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2.3 Utility maximization problem

Consider an agent with a G -adapted endowment process (w0 , w) . It is stan-
dard in the modern literature to assume that the rational behavior of the
agent can be characterized by an expected, discounted, intertemporal utility

E

[

T
∑

t=0

e−ρ t u(ct)

]

(2.25)

over all consumption streams (c0 , C) Facing his endowment stream, an agents
uses financial markets to achieve the optimal consumption stream (c0 , C)
maximizing the above utility of all achievable consumption streams in the
budget set B(w0 , w) .

Utility function u(c) is assumed to be monotone increasing, concave utility
and satisfying the Inada conditions

lim
c→0

u′(c) = +∞ , lim
c→ +∞

u′(c) = 0. (2.26)

Since, by assumption, Ω is finite, Inada conditions and strict concavity guar-
antee existence and uniqueness of the optimal consumption stream for the
objective function (2.25). The stream (c0 , C) satisfies the standard Euler
equation (see, (B.20) in [17])

u′(ct) pi t = E
[

e−ρ u′(ct+1)
(

pi t+1 + di t+1

) ∣

∣

∣Gt

]

(2.27)

for any asset Ai , i = 1 , . . . , N .
By definition, (2.24) is necessary for the utility maximization problem to be

well defined. Standard results imply that it is also sufficient for the existence
of the solution. In fact, the optimal consumption stream exists and satisfies
the first order conditions under fairly general assumptions. See, Kramkov and
Schachermeyer [14], Karatzas and Zitkovic [13]. Existence proof for general
probability spaces is rather complicated, but in the finite dimensional setting
of our model, it is a consequence of standard convex optimization.

Using Lemma 2.13, it is possible to show that, for the class C , the Euler
equations take a special form, indicated below (see, Malamud and Trubowitz
[16], Proposition 5.2). Furthermore, a direct calculation shows that

Xt(x) = PGt

[

T
∑

τ=t

Dx τ
Mτ

Mt

]

(2.28)

for any portfolio strategy x . This identity allows us to rewrite the budget
constraints in a form, involving only the consumption and endowment. See,
[16], Theorem 2.15 and Propositions 5.1-5.2.

Proposition 2.18 The utility maximization problem has a solution if and
only if (2.24) is satisfied. The optimal consumption stream (c0 , C) is uniquely
determined by the first order conditions

e−ρ E [u′(ct+1) |Ht+1 ] =
Mt+1

Mt

u′(ct) (2.29)
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and the budget constraints

(I − PHt
) PGt

[

T
∑

τ=t

(cτ − wτ ) Mτ

]

= 0 (2.30)

for all t = 1 , . . . , T and

E

[

T
∑

τ=0

(cτ − wτ ) Mτ

]

= 0. (2.31)

Furthermore, c0 = c0(w0 , w) is monotone increasing in w0 .

(2.29), (2.30) and (2.31) form a highly non linear and complicated system
of equations. Malamud and Trubowitz [16] introduced a recursive procedure
for explicitly solving the system (2.29), (2.30) and (2.31).

Note that the first order conditions can be formulated in the following
equivalent form.

Corollary 2.19 Let (c0 , C) be the optimal consumption stream. Then,

Rt = e−ρtu′(ct) (2.32)

is a state price density process for the market (M, G).

Proof. See (B.20) in [17]. �

The special state price density process (2.32) is known in economics as the
subjective state price density process of the agent. Note that, since the market
is incomplete, there is no unique way of valuing streams of unhedgeable claims.
The intuition behind (2.32) is that the agent uses this, subjective, discounting
to measure unhedgeable claims.

3 Separating consumption at time zero

From now on we will work exclusively with the power utility function

u(c) =
c1−γ

1 − γ
(3.1)

for γ > 0 , γ 6= 1 and u(c) = log c for γ = 1 . This class of utilities is often
referred to as the constant relative risk aversion utility functions (abbreviated
as CRRA). A large part of the analysis can be directly extended to the case
of general utility functions.

Consumption at time zero plays a very special role in the structure of the
optimal consumption stream. We illustrate this on the simple example of a
complete market.
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If the market is complete, Ht = Gt , and the first order conditions (2.29)
take the simple form

e−ρ t c−γ
t = Mt c−γ

0 ⇔ ct = e−ρ t /γ M
−1/γ
t c0. (3.2)

Furthermore, the single, intertemporal budget constraint (2.31) implies that

c0 =
w0 + E

[

∑T
t=1 wt Mt

]

1 + E
[

∑T
t=1 e−ρt/γ M

1−1/γ
t

] . (3.3)

Thus, endowment process (w0 , w) only enters the optimal consumption stream
through c0 , and c0 is a linear function of the endowment stream. Thus, it is
natural to write the optimal consumption stream C = (ct , t = 1 , . . . , T )
in the form

C = C(c0) and c0 = c0(w0 , w). (3.4)

It turns out that a similar representation is possible in general incomplete
markets. This representation plays a crucial role in our analysis.

3.1 Notations and definitions

Let
H = ⊕T

t=1L2(Ω, Gt), (3.5)

be the Hilbert space of all adapted processes, starting at t = 1 , equipped
with the standard inner product

〈Z,Y〉 =
T
∑

t=1

E[ZtYt] =
T
∑

t=1

〈Zt, Yt〉 . (3.6)

for any Z = (Zt) , Y = (Yt) ∈ H . Any G-adapted process

a = (a1 , . . . , aT ) (3.7)

defines a natural multiplication operator on H via

aZ = diag(at)
T
t=1 Z = (at Zt) ∈ H. (3.8)

We will also use the operator

d = diag(e−ρt)T
t=1. (3.9)

Depending on the context, we use boldface letters to denote both vectors and
the corresponding multiplication operators.

The following special, scaled inner product plays a crucial role in our anal-
ysis.
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Definition 3.1 Fix an endowment stream (w0 , w) . Let

(c0 , C) = (c0(w0 , w) , C(c0 , w)) (3.10)

be the corresponding optimal consumption stream, defined in Proposition 2.18.
We define the scaled inner product

〈Z,Y〉c =
T
∑

t=1

e−ρt E
[

c−γ−1
t Zt Yt

]

=
〈

dC
−γ−1 Z , Y

〉

. (3.11)

Remark 3.2 We emphasize that the scaled inner product depends on the en-
dowment stream. Thus, it should be viewed as a Riemanian structure on the
space of all endowment streams: in each point of the space, there is a metric,
defined by the inner product (3.11).

The following lemma in an immediate consequence of the definition.

Lemma 3.3 Let γ 6= 1 . Then, The norm squared of the optimal consumption
stream C is given by

〈C, C〉c =
T
∑

t=1

e−ρtE
[

c1−γ
t

]

= (1 − γ)U(c0 , C) − c1−γ
0 , (3.12)

where

U(c0 , C) = (1 − γ)−1
T
∑

t=1

e−ρt E
[

c1−γ
t

]

(3.13)

is the maximal utility, achievable by trading, of an agent with endowment
(w0 , w) .

In the sense of Lemma 3.3, the scaled inner product 〈·, ·〉c is an economically
natural inner product: the size(norm) of the consumption stream is equal to
its utility.

Let J : H → H be the linear operator defined by

(JZ)t =
t
∑

τ=1

Zτ . (3.14)

for t = 1 , . . . , T . It is easy to see that the adjoint operator J∗ of J with
respect to the standard inner product is given by

(J∗Z)t = PGt

T
∑

τ=t

Zτ with 〈J Z , Y 〉 = 〈Z , J∗Y 〉 . (3.15)

Let for t = 1, . . . , T ,
Qt = PGt

− PHt
(3.16)

and let Q : H → H be the orthogonal sum

Q = ⊕T
t=1 Qt. (3.17)
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The image
H0 = QH = ⊕T

t=1 Qt L2(Ω, Gt), (3.18)

of the orthogonal projection Q will play an important role in our analysis.
Intuitively, this is the ”unhedgeable” subspace.

Let H1 , H2 be two Hilbert spaces. Consider a smooth map G : H1 →
H2 . By definition, the derivative

D(G) =
∂G(w)

∂w
(3.19)

is a linear map H1 → H2 such that for ε → 0

G(w + εy) = G(w) + ε
∂G(w)

∂w
y + O(ε2). (3.20)

The second derivative

D2(G) =
∂2G(w)

∂w2
(3.21)

is a bilinear map H1 × H1 → H2 such that for ε → 0

G(w + εy) = G(w) + ε
∂G(w)

∂w
y + ε2 ∂2G(w)

∂w2
(y , y) + O(ε3). (3.22)

3.2 Construction of optimal consumption streams

The goal of this section is to understand the structure of the nonlinear map

(w0 , w) → (c0 , C) (3.23)

mapping the endowment stream into the optimal consumption stream, defined
in Proposition 2.18. This is analogous to the complete market case (see,
(3.2)). The recursive construction of [16] explains its local structure, i.e., the
dependence between ct and ct+1 . In this section we introduce a new formalism
that allows to treat this map in a global way and derive interesting properties
of its derivatives, that can not be seen in the ”local”, recursive formalism of
[16].

As we explain above, one of the key ideas is to decouple the initial con-
sumption and construct the map C = C(c0 , w) .

We start with a

Lemma 3.4 There exists a function A : H → R such that for every x ∈
(A(w) , +∞) there exists a unique number (see, (2.24))

w0 > (−w)u
0 (3.24)

for which the optimal consumption stream (c0 , C) , corresponding to the en-
dowment process (w0 , w) , has initial consumption c0 = x .

15



Proof. Fix w ∈ H . By Proposition 2.18, c0 is smooth, monotone increasing
function of w0 ∈ ((−w)u

0 , +∞) . Consequently, it maps ((−w)u
0 , +∞) onto

some interval (A(w) , +∞) . That +∞ is mapped to +∞ is clear because the
first order conditions and finiteness of the probability space immediately imply
that the consumption at time zero must go to infinity as the intertemporal
wealth goes to infinity. �

Fix a consumption c0 at time zero and let

cm = cm(c0) = c0 d
1/γM−1/γ . (3.25)

be the optimal consumption stream in a fictitious complete market with the
unique SPD process M (see, (3.2)).

Definition 3.5 Let H+
0 = {Z ∈ H0; 1 + JZ > 0} . Define the map F :

H+
0 → H0 via

F (Z) = Fc0(Z) = QJ∗ M cm (1 + JZ)−1/γ . (3.26)

Lemma 3.6 The map F : H+
0 → F (H+

0 ) ⊂ H0 is bijective and monotone
decreasing, in the sense that for all Z,Y ∈ H+

0

〈F (Z) − F (Y) , Z − Y〉 ≤ 0. (3.27)

The inequality is strict as soon as Z 6= Y .

Proof of Lemma 3.6. Denote by D(F ) : H0 → H0 the derivative ∂F (Z)/∂Z.
Then, by direct calculation,

D(F ) = D(F )|Z = −γ−1Q J∗ M cm (1 + JZ)−1/γ−1 J. (3.28)

Thus, for any y ∈ H0 = QH we have

〈D(F )y , y〉 = −γ−1〈M cm (1 + JZ)−1/γ−1 J y , J y〉 ≤ 0. (3.29)

The inequality is strict if y 6= 0 . We have

F (Z) = F (Y) +
∫ 1

0
D(F )|Y + t(Z−Y) (Z − Y) dt, (3.30)

and therefore

〈F (Z) − F (Y),Z−Y〉 =
∫ 1

0
〈D(F )|Y+t(Z−Y)(Z−Y), (Z−Y)〉dt ≤ 0, (3.31)

and the equality holds if and only if Z = Y .
Suppose that F is not injective, that is, there exist Y 6= Z such that

F (Y) = F (Z) . Then, the monotonicity condition is obviously violated.
�
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Theorem 3.7 Let w = (wt , t = 1 , . . . , T ) be an endowment process.
Choose c0 > A(w) and let w0 be the corresponding initial endowment. Then,

QJ∗Mw ∈ Fc0(H
+
0 ) (3.32)

and the optimal consumption stream C is given by

C = C(c0 , w) = cm(c0) (1 + J Z(c0 , w))−1/γ (3.33)

with

Z(w) = Z(c0 , w) = F−1
c0

(QJ∗Mw) = F−1 (QJ∗Mw) ∈ H+
0 . (3.34)

The derivatives of the maps C and F are given by

D(C) =
∂C(c0 , w)

∂w
= −γ−1cm−γ

C
1+γ J (D(F ))−1 Q J∗ M, (3.35)

and

D(F ) =
∂F

∂Z
= −γ−1Q J∗ M cm−γ

C
1+γ J. (3.36)

respectively.

Proof. Existence of C follows from Lemma 3.4. Define the process Z =
(Zt , t = 1 , . . . , T ) ∈ H via

c−γ
0 Zt = e−ρ t c−γ

t M−1
t − e−ρ (t−1) c−γ

t−1 M−1
t−1. (3.37)

By (2.29), PHt
Zt = 0 , that is Z ∈ H0 . Summing up (3.37), we get

e−ρ t c−γ
t M−1

t = c−γ
0 + c−γ

0

t
∑

τ=1

Zτ (3.38)

for all t = 1 , . . . , T . That is,

C = cm (1 + J Z)−1/γ . (3.39)

Substituting (3.39) into the budget constraints (2.30), we get

QJ∗Mw = QJ∗M C = QJ∗M cm (1 + JZ)−1/γ = F (Z), (3.40)

which is what had to be proved.
Differentiating

C(c0 , w) = cm (1 + J F−1(QJ∗Mw))−1/γ. (3.41)

with respect to w , we get

D(C) = −γ−1cm (1 + J F−1(QJ∗Mw))−1/γ−1J(D(F ))−1QJ∗M, (3.42)

and the identity

cm (1 + JZ)−1/γ−1 = cm−γ
(

cm (1 + JZ)−1/γ
)1+γ

= cm−γ
C

1+γ (3.43)

implies (3.35). The proof of (3.36) is analogous. �
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Remark 3.8 Theorem 3.7 implies that the optimal consumption stream can
be written in the form

(c0, C) = (c0(w0,w) , C(c0(w0,w) , w)). (3.44)

Given C = C(c0 , w) , the value c0 = c0(w0 , w) is uniquely determined
by the last budget constraint (2.31). This is similar to the complete market
situation (see, (3.2) and (3.3)).

We are now ready to state the main result of this section.

Theorem 3.9 Let c0 > A(w) and (c0,w) 7→ C(c0 , w) be the map defined
in Theorem 3.7. Then, the derivative D(C) = ∂C/∂w , given in (3.35), is
the orthogonal projection Pc onto the subspace

Hc = M
(

dC
−γ−1

)−1
JH0 (3.45)

in the Hilbert space (H, 〈·, ·〉c) , equipped with the scaled inner product (3.11).

We need an auxiliary

Lemma 3.10 The adjoint of Pc = D(C)|w with respect to the standard inner
product 〈 · , ·〉 is given by

P∗
c

= −γ−1 M J D(F )−1 Q J∗
C

γ + 1 cm−γ. (3.46)

Moreover,
Mcmγ

C
−γ−1 Pc = P∗

c
Mcmγ

C
−γ−1. (3.47)

Proof. Let y, z ∈ H0 = QH . Then,

〈D(F ) y, z〉 = 〈−γ−1Q J∗ M cm−γ
C

1+γ J y, z〉 (3.48)

= −γ−1〈J∗ M cm−γ
C

1+γ J y, z〉

= −γ−1〈y, J∗ M cm−γ
C

1+γ J z〉 = 〈y, D(F ) z〉.

Thus, D(F ) : H0 → H0 is selfadjoint with respect to the standard inner
product. Consequently, D(F )−1 is also selfadjoint and

〈D(F )−1 y , z〉 = 〈QD(F )−1 y , z〉 = 〈 y , D(F )−1 Qz〉. (3.49)

for any y ∈ H0 and any z ∈ H . Therefore,

−γ 〈Pc y , z〉 = 〈C
γ + 1 cm−γ J D(F )−1 Q J∗ My , z〉

= 〈y , M J D(F )−1 Q J∗
C

γ + 1 cm−γ z〉 (3.50)

and (3.46) follows. Identity (3.47) is verified by direct calculation. �
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Proof of Theorem 3.9. The operator Q J∗ M maps H onto H0 and therefore,
J (D(F ))−1 Q J∗ M maps H onto J H0 . Substituting the identity cm−γ

C
1+γ =

c−γ
0 d−1MC

1+γ into (3.35), we immediately get that the D(C) maps H onto
Hc .

It remains to prove that D(C) is an orthogonal projection. Identity (3.36)
implies that

Q = D(F ) (D(F ))−1 Q = −γ−1QJ∗M cm−γ
C

1+γJ D(F )−1Q. (3.51)

Multiplying (3.51) from the left and right with −γ−1cm−γ
C

1+γJ D(F )−1 and
J∗ M respectively, we obtain

−γ−1cm−γ
C

1+γJ D(F )−1QJ∗M (3.52)

= γ−2cm−γ
C

1+γJ D(F )−1QJ∗Mcm−γ
C

1+γJ D(F )−1QJ∗M.

That is, D(C) = D(C)2 .
It remains to prove that D(C) is self-adjoint w.r.t. 〈·, ·〉c. By Lemma 3.10,

M cmγ
C
−γ−1D(C) = D∗(C)M cmγ

C
−γ−1, (3.53)

where D∗(C) is the adjoint with respect to the standard inner product. There-
fore, using (3.25), we get

〈D(C)X,Y〉c =
〈

dC
−γ−1D(C)X,Y

〉

=
〈

M cmγ
C
−γ−1D(C)X,Y

〉

=
〈

M cmγ
C
−γ−1X, D(C)Y

〉

=
〈

dC
−γ−1X, D(C)Y

〉

= 〈X, D(C)Y〉c .

(3.54)

which is what had to be proved. �

Lemma 3.11 Under the assumptions of Theorem 3.7, the second derivative
of C(c0 , w) with respect to w is given by

∂2
C(c0 , w)

∂w2
(Y,Y) = (1 + γ) (I − Pc) C

−1 (PcY)2 . (3.55)

Proof of Lemma 3.11. Using (3.26) and (3.36), we get

F (Z + εY) = QJ∗ M cm (1 + JZ + εJY)−1/γ (3.56)

= F (Z) − ε γ−1QJ∗ M cm (1 + JZ)−1/γ−1 JY

+ ε2γ−1
(

γ−1 + 1
)

QJ∗ M cm (1 + JZ)−1/γ−2 (JY)2 + O(ε3)

= F (Z) + ε D(F )|Z(Y) + ε2 D2(F )|Z(Y,Y) + O(ε3).

Therefore,

D2(F )|Z(Y,Y) = γ−1
(

γ−1 + 1
)

QJ∗ M cm (1 + JZ)−1/γ−2 (JY)2. (3.57)
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Let X = QJ∗Mw . Then, by (3.36),

D(F−1)|X = ((D(F ))|F−1X)−1 = −γ
(

Q J∗ M cm−γ
C

1+γ J
)−1

. (3.58)

Differentiating this identity and using (3.57), we arrive at

D2(F−1)|X(Y,Y) (3.59)

= −D(F−1)|X

[

D2(F )|F−1X

(

D(F−1)|X(Y) , D(F−1)|X(Y)
)

]

= −(D(F ))−1 1

γ

(

1

γ
+ 1

)

QJ∗ M cm (1 + JZ)−1/γ−2 (J(D(F ))−1(Y))2,

with Z = F−1(X) .
Differentiating (3.35) twice with respect to w , we obtain

D2(C)(Y,Y) = γ−1(γ−1 + 1) cm (1 + J Z)−1/γ−2(J(D(F ))−1QJ∗MY)2

+γ−1 cm (1 + J Z)−1/γ−1JD2(F−1)(QJ∗MY)2. (3.60)

Making use of (3.59), (3.35) and the identity

cm (1 + JZ)−1/γ−2 = cm−2γ
C

1+2γ , (3.61)

we obtain

D2(C)(Y,Y)

= (γ + 1) C
−1 (PcY)2 − (γ + 1) Pc C

−1 (PcY)2 . (3.62)

This completes the proof. �

Lemma 3.12 Let w be an endowment stream and c0 > A(w) . The map
C(c0 , w) is homogeneous of degree one, that is,

C(c0 , w) = c0 C(1 , c−1
0 w) . (3.63)

Consequently, the Euler identity

∂C(c0 , w)

∂c0
= c−1

0 C(c0 , w) − c−1
0

∂C(c0 , w)

∂w
(w) (3.64)

holds, as well as

∂2
C(c0 , w)

∂c0 ∂w
(y) = − c−1

0

∂2
C(c0 , w)

∂w2
(w , y), (3.65)

and
∂2

C(c0 , w)

∂c2
0

= c−2
0

∂2
C(c0 , w)

∂w2
(w , w). (3.66)
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Proof of Lemma 3.12. Proposition 2.18 implies that both C( λ c0 , λw ) and
λ C(c0 , w) satisfy the first order conditions and budget constraints. Since the
optimal stream is unique, we have

C( λ c0 , λw ) = λ C(c0 , w). (3.67)

Differentiating this identity with respect to λ we get (3.64). Now, differenti-
ating (3.64) with respect to w we get

∂2
C(c0 , w)

∂c0∂w
(y) (3.68)

= c−1
0

∂C(c0 , w)

∂w
(y) − c−1

0

∂2
C(c0 , w)

∂w2
(w , y) − c−1

0

∂C(c0 , w)

∂w
(y),

and (3.65) follows. Differentiating (3.64) with respect to c0 and using formu-
las (3.64) and (3.65) we get

∂2
C(c0 , w)

∂c2
0

= − c−1
0

∂2
C(c0 , w)

∂c0∂w
(w) = c−2

0

∂2
C(c0 , w)

∂w2
(w , w). (3.69)

This completes the proof. �

4 The derivatives of the consumption at time

zero

Until now, we have ignored the dependence of c0 on the endowment and
treated it as a free variable in the map C(c0 , w) . To determine the value of
c0 , we must impose the last budget constraint

c0 + 〈C(c0 , w) , M〉 = w0 + 〈w , M〉. (4.1)

and solve it for c0 = c0(w0 , w) . Note, that the non local structure of
the map C(c0 , w) makes it difficult to study state-wise dependence of the
consumption stream on c0 . But, the local in time, recursive structure of the
optimal consumption stream, derived in [16], allows to address such questions.
In particular, Malamud and Trubowitz [16], Theorem 5.14, show that future
consumption ct(s) = ct(s)(c0 , w) is monotone increasing in c0 for each
state s . Consequently, there exists a unique solution c0 to (4.1).

Lemma 4.1 (First order derivatives, version 1) We have

∂c0(w0,w)

∂w
(y) =

〈(I − (Pc)
∗ ) M , y〉

1 +
〈

∂C

∂c0
, M

〉 , (4.2)

and
∂c0(w0,w)

∂w0
=

1

1 +
〈

∂C

∂c0
, M

〉 . (4.3)
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Proof. Both identities follow by differentiating (4.1). For the first identity we
obtain with Pc = D(C)|w = ∂C/∂w

∂c0(w0,w)

∂w
(y) + 〈y, (Pc)

∗M〉 + 〈
∂C

∂c0
, M〉

∂c0(w0,w)

∂w
(y) = 〈y , M〉. (4.4)

The second identity follows completely analogously. �

Formulae of Lemma 4.1 are very difficult to use if we want to address mono-
tonicity and/or convexity/concavity properties of the initial consumption c0 .
It is not even possible to see directly from (4.3) that the derivative ∂c0/∂w0

is positive. The reason is that all quantities are expressed in the wrong, ”un-
physical”, inner product. Taking into account Theorem 3.9, we would like
to have expressions for the derivatives, involving the economic inner product
(3.11).

The key observation is that, due to (2.10), the standard budget constraint
(4.1) still holds if we replace M by any other SPD process. By Corollary
2.19, R = (c−γ

0 , d C
−γ) is an SPD process and we arrive at

Lemma 4.2 The optimal consumption stream satisfies

(w0 − c0) c−γ
0 +

〈

w − C(c0 , w) , d C(c0 , w)−γ
〉

= 0. (4.5)

We also need the following identity.

Lemma 4.3 Let C = C(c0 , w) . Then,

Pc w = Pc C (4.6)

Proof. The budget constraints (2.30) can be rewritten as (see, also (3.40))

Q J∗ M C = Q J∗ M. (4.7)

Using (3.35), we arrive at

Pcw = −γ−1cm−γ
C

1+γ J (D(F ))−1 Q J∗ Mw (4.8)

= −γ−1cm−γ
C

1+γ J (D(F ))−1 Q J∗ MC = PcC.

which is what had to be proved. �

These observations are crucial for our analysis. It allows us to write all the
derivatives in a remarkably elegant way.

Proposition 4.4 (First order derivatives, version 2) We have

∂c0(w0,w)

∂w
(y) =

c0 〈y , (I − Pc) (C)〉c
c1−γ
0 + ‖(I − Pc) C ‖2

c

, (4.9)

and
∂c0(w0,w)

∂w0
=

c1−γ
0

c1−γ
0 + ‖(I − Pc) C ‖2

c

. (4.10)
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Proof. We first prove (4.10). Differentiating (4.5) with respect to w0 , we get

0 =

(

1 −
∂c0

∂w0

)

c−γ
0 − γ (w0 − c0) c−γ−1

0

∂c0

∂w0
(4.11)

−

〈

∂C

∂c0

∂c0

∂w0

, d C
−γ

〉

− γ

〈

(w − C) C
−γ−1 , d

∂C

∂c0

∂c0

∂w0

〉

.

Making use of Lemma 4.3, we can rewrite (3.64) in the form

∂C(c0 , w)

∂c0

= c−1
0 C(c0 , w) − c−1

0 Pc(w) = c−1
0 C(c0 , w) − c−1

0 Pc(C)

= c−1
0 (I − Pc) (C). (4.12)

Therefore,

〈

∂C

∂c0
, d C

−γ

〉

= c−1
0 〈 (I − Pc) (C) , C〉c = c−1

0 ‖(I − Pc) C‖2
c , (4.13)

since (I − Pc) is an orthogonal projection w.r.t. 〈· , · 〉 . Since Pc is selfad-
joint with respect to 〈· , ·〉c , Lemma 4.3 implies that

〈w − C , Pc(C)〉c = 〈Pcw − PcC , C〉c = 0. (4.14)

Combining (4.14) with (4.5), we get

〈

(w − C) C
−γ−1 , d

∂C

∂c0

〉

= c−1
0 〈w − C , (I − Pc) (C)〉c (4.15)

= c−1
0 〈w − C , C〉c = − (w0 − c0) c−γ−1

0 .

The required identity (4.10) follows now from (4.11), (4.13) and (4.15).
Differentiating (4.5) with respect to w we get

0 = −
∂c0

∂w
(y) c−γ

0 − γ (w0 − c0) c−γ−1
0

∂c0

∂w
(y) (4.16)

+

〈

y − Pc(y) −
∂C

∂c0

∂c0

∂w
(y) , d C

−γ

〉

− γ

〈

w − C , d C
−γ−1

(

Pc(y) +
∂C

∂c0

∂c0

∂w
(y)

)〉

.

Lemma 4.3 and the selfadjointness of Pc imply that

〈w − C ,Pc(y)〉c = 0 (4.17)
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for any y ∈ H . Using (4.12), (4.17) and (4.15), we arrive at

〈

w − C , d C
−γ−1

(

Pc(y) +
∂C

∂c0

∂c0

∂w
(y)

)〉

(4.18)

=

〈

w − C ,

(

Pc(y) +
∂C

∂c0

∂c0

∂w
(y)

)〉

c

=

〈

w − C ,
∂C

∂c0

∂c0

∂w
(y)

〉

c

= c−1
0

〈

w − C , (C − Pc(C))
∂c0

∂w
(y)

〉

c

= c−1
0

∂c0

∂w
(y) 〈w − C , C〉c = −

∂c0

∂w
(y) (w0 − c0) c−γ−1

0 .

Therefore, (4.16) takes the form

0 = −
∂c0

∂w
(y) c−γ

0 +

〈

y − Pc(y) −
∂C

∂c0

∂c0

∂w
(y) , C

〉

c

. (4.19)

An application of (4.12) and the fact that Pc is selfadjoint with respect to
〈·, ·〉c complete the proof. �

Combining Lemma 4.1 and Proposition 4.4, yields the following

Corollary 4.5 We have

cγ
0 d C

−γ−1 (I − Pc) C = (I − (Pc)
∗) M, (4.20)

and

c−1+γ
0 ‖ (I − Pc) C ‖2

c =

〈

∂C

∂c0

, M

〉

. (4.21)

Surprisingly, we do not know any direct way to check these identities.

Definition 4.6 Let
b = (I − Pc) (C) . (4.22)

The random process b plays a very important role in our analysis and appears
in almost every formula. We will need a

Lemma 4.7 The process b is nonnegative.

Proof. By (3.64),
∂C(c0 , w)

∂c0
= c−1

0 b. (4.23)

By [16], Theorem 5.14, C is a coordinate-wise monotone increasing function
of c0 and the claim immediately follows. �
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5 Utility indifference pricing

We start with the standard definition of the indifference price (see, e.g., [10]).
Let

Umax(w0 , w) = E

[

T
∑

t=0

e−ρ t c1−γ
t

1 − γ

]

(5.1)

where (c0 , C) = (c0(w0 , w) , C(c0 , w)) is the optimal consumption stream.
Umax is strictly monotone increasing wt for each t (see, e.g., Lemma 2.6 in
[17]).

Consider now an company (private bank) with an initial capital (endow-
ment) w0 = W and no random endowment w = 0, that invests this
capital into financial assets and trades in the market to achieve the optimal
consumption (dividend) stream (c0(W, 0) , C(c0 , 0)) . Suppose now that this
company decides to sell insurance against a G –adapted stream Y = (Yt , t =
1 , . . . , T ) of claims for an initial, nonrandom price π0 = π0(Y) at time
zero. Then, the endowment stream of the company becomes

(w0 , w) = (W + π0, −Y)

and the company will trade in the market to achieve the maximal utility
Umax(W + π0, −Y) .

Definition 5.1 The utility indifference price at time zero of the stream Y
at the capital level W is the unique, deterministic solution π0 = π0(W , Y)
to the equation

Umax(W , 0) = Umax(W + π0(W , Y) , −Y), (5.2)

provided it exists.

Interestingly enough, the indifference price does not always exist when
γ < 1. In [17], we prove the following

Proposition 5.2 There exists a continuous function l = l(Y , γ) such
that (5.2) has a solution π0 if and only if W > l . The lower threshold
l(Y , γ) = 0 is equal to zero if and only if either γ ≥ 1 or Y can be
replicated by trading.

5.1 The optimal consumption stream without a random

endowment

To calculate the solution to (5.2), we need to know the exact value of the left
hand side. It is well known that, for a diffusion driven incomplete market (see,
the discussion after Example 2.9) without a random endowment, the optimal
consumption stream for a logarithmic utility ( γ = 1) can be calculated
explicitly. For γ 6= 1 , no explicit expression is known.
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The special structure of incomplete markets in the class C allows us to
explicitly solve the utility maximization problem for a CRRA utility without
a random endowment.

Proposition 5.3 Let (c0 , C) be the optimal consumption stream for the en-
dowment (W , 0) , maximizing (5.1) and Xt be the corresponding wealth pro-
cess, i.e.,

ct = Xt − E
[

Mt+1

Mt

Xt+1

∣

∣

∣

∣

Gt

]

. (5.3)

Let ZT = 1 . Define the process Z = (Zt , t = T − 1 , . . . , 0) inductively
by

Zt = 1 + e−ρ/γ−1

E

[

(

Mt+1

Mt

)1−1/γ

(E [Zγ
t+1 |Ht+1 ] )1/γ

∣

∣

∣Gt

]

. (5.4)

Then,

Xt = Xt−1 e−ρ/γ

(

Mt

Mt−1

)−1/γ

(E [Zγ
t |Ht ] )

1/γ
Z−1

t−1 (5.5)

(with X0 = W ) and

ct = ct−1 e−ρ/γ

(

Mt

Mt−1

)−1/γ (
E [Zγ

t |Ht ]

Zγ
t

)1/γ

(5.6)

for all t ≥ 1 and
c0 = W Z−1

0 . (5.7)

In particular, for γ = 1 ,

ct = e−ρ t M−1
t c0 (5.8)

and

c0 =
W

∑T
t=0 e−ρ t

. (5.9)

Proof. Since the aggregate state price density process M is H -adapted, (5.5)
implies that (Xt) is also H -adapted. Identities (5.5) and (5.6) imply

ct

Xt
=

ct−1

Xt−1

Zt−1

Zt

and, consequently,
ct = Xt Z

−1
t
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Consequently, using (5.4), we get

Xt−1 − E

[

Mt

Mt−1
Xt

∣

∣

∣

∣

Gt−1

]

= Xt−1



1 − E





(

Mt

Mt−1

)1−1/γ

e−ρ/γ (E [Zγ
t |Ht ] )

1/γ
Z−1

t−1

∣

∣

∣

∣

Gt−1









=
Xt−1

Zt−1



Zt−1 − E





(

Mt

Mt−1

)1−1/γ

e−ρ/γ (E [Zγ
t |Ht ] )

1/γ
∣

∣

∣

∣

Gt−1









=
Xt−1

Zt−1
= ct−1,

and thus, (ct) is indeed the consumption stream, corresponding to the wealth
process (Xt) . It follows directly from (5.6) that (ct) satisfies the first order
conditions and the claim follows. �

‘

Corollary 5.4 If γ 6= 1 then

Umax(W , 0) = (1 − γ)−1 W 1−γ Zγ
0 . (5.10)

If γ = 1 , then

Umax(W , 0) =
T
∑

t=0

e−ρ t log W +
T
∑

t=0

e−ρ t log

(

e−ρ t Mt
∑T

s=0 e−ρ s

)

. (5.11)

Proof. By (4.5),

(c0 − W ) c−γ
0 + 〈C , d C

−γ〉 = 0. (5.12)

Substituting (5.7), we get

(1 − γ) Umax(W , 0) = W c−γ
0 = W 1−γ Zγ

0 . (5.13)

The case γ = 1 is proved by direct calculation. �

5.2 The derivatives of the indifference price with re-
spect to claims

The representation

(c0, C) = (c0(w0,w) , C(c0 , w)) (5.14)

of the optimal consumption stream, provided by Theorem 3.7 allows us to
incorporate all the dependence of consumption on the indifference price π0

into c0 . In particular, the defining equation (5.2) can be rewritten as

c0(π0)
1−γ + 〈 d , C

1−γ(c0(π0) , −Y) 〉 = Umax(W , 0) (5.15)

for γ 6= 1 . Here, c0(π0) = c0(W + π0 , −Y) .
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Theorem 5.5 Let W > l(Y , γ) and π0 = π0(W , Y) the indifference
price, solving (5.2) and (c0 , C) be the optimal consumption stream for the
endowment (W + π0(W , Y) , −Y) . Then,

∂π0

∂Y
= d (C/c0)

−γ, (5.16)

and

∂2π0

∂Y2
(y,y) = γ cγ

0 〈Pc(y) , y〉c + γ cγ
0

〈Pc(C) , y〉2c
c1−γ
0 + ‖(I − Pc) C‖2

c

. (5.17)

Proof. Let k(Y) = c0(W + π0(W , Y) , Y) . By abuse of notation, will use
both c0 and k(Y) to denote c0(W + π0(W , Y) , Y) . Rewriting (5.15) in
the form

k(Y )1−γ + E

[

T
∑

t=1

e−ρ t ct(k(Y) , −Y)1−γ

]

!
= Umax(W , 0) (5.18)

and differentiating (5.18) with respect to Y , we get

∂k

∂Y
(·)

(

k−γ +

〈

d
∂C

∂c0

, C
−γ

〉)

=
〈

dPc(·) , C
−γ
〉

= 〈Pc(·), C〉c . (5.19)

Note, that (5.19) also holds for γ = 1 , even though (5.18) does not. Thus,
all the subsequent formulae also hold for γ = 1 .

By Theorem 3.9 and Lemma 4.3,
〈

dPc(y) , C
−γ
〉

= 〈y , Pc(C)〉c = 〈y , Pc(w)〉c (5.20)

for any y ∈ H . By (4.23) and Theorem 3.9,

c0

〈

d
∂C

∂c0
, C

−γ

〉

= 〈(I − Pc)(C) , C〉c = ‖(I − Pc) C‖2
c . (5.21)

Consequently,

∂k

∂Y
(y)

(

k−γ + k−1 ‖(I − Pc) C‖2
c

)

= 〈Pc(C) , y〉c . (5.22)

Substituting
∂k

∂Y
=

∂c0

∂Y
+

∂c0

∂w0

∂π0

∂Y
(5.23)

into (5.22) and making use of Proposition 4.4 we get

∂π0

∂Y
(y) =

(

∂c0

∂w0

)−1 (
∂k

∂Y
(y) −

∂c0

∂Y
(y)

)

=
c0 〈Pc(C) , y〉c + c0〈y , (I − Pc)(C)〉c

c1−γ
0

(5.24)

=
〈y, C〉c

c−γ
0

=
〈

d (C/c0)
−γ ,y

〉

. (5.25)
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This proves (5.16).
Differentiating the identity

∂π0

∂Y
(y) = cγ

0 〈dC
−γ , y〉 (5.26)

with respect to Y we get, using (4.23), that

∂2π0

∂Y2
(y , y) = γ cγ−1

0

(

∂c0

∂Y
(y) +

∂c0

∂π0

∂π0

∂Y
(y)

)

〈y , C〉c (5.27)

− γ cγ
0

〈

dC
−γ−1

(

−Pc(y) +
∂C

∂c0

(

∂c0

∂Y
(y) +

∂c0

∂π0

∂π0

∂Y
(y)

))

, y

〉

= γ cγ
0 〈 Pc(y) , y 〉c + γ cγ−1

0

(

∂c0

∂π0

∂π0

∂Y
(y) +

∂c0

∂Y
(y)

)

〈y , C − b〉c .

Making use of Proposition 4.4 and identity (5.25) we arrive at

∂2π0

∂Y2
(y , y) = γ cγ

0 〈 Pc(y) , y 〉c (5.28)

+ γ cγ−1
0

(

c0 〈y , C − b〉c
c1−γ
0 + ‖(I − Pc)C‖2

)

〈y , C − b〉c

= γ cγ
0 〈 Pc(y) , y 〉c + γ cγ

0

〈y , b − C〉2c
c1−γ
0 + ‖(I − Pc)C‖2

c

.

�

5.3 Homogeneity of the indifference price and the deriva-

tives with respect to capital

Here we calculate the derivatives of the indifference price with respect to
the capital W . The required formulae follow from the homogeneity of the
premium.

Proposition 5.6 The premium π0(W , Y) is homogeneous of degree one.
That is,

π0(λ W , λY) = λ π0(W , Y). (5.29)

Consequently,
∂π0

∂W
= W−1 π0 − W−1 ∂π0

∂Y
(Y) ≤ 0 (5.30)

and
∂2π0

∂W 2
= W−2 ∂2 π0

∂Y2
(Y , Y) (5.31)

and
∂2π0

∂W ∂Y
(y) = − W−1 ∂2π0

∂Y2
(y , Y). (5.32)
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Proof. By Lemma 3.12, C(c0 , −Y) is homogeneous of degree one and ho-
mogeneity of π0 follows directly from the definition. Identities (5.30)-(5.32)
follow from the homogeneity of the indifference price in complete analogy
with Lemma 3.12. In particular, (5.31) implies that π0 is convex in W . By
homogeneity,

lim
W→∞

π0(W , Y)

W
= lim

W→∞
π(1 , Y/W ) = 0.

If ∂π0

∂W
(W0 , Y) = a > 0 for some W0 > 0 then, by convexity

π(W , Y) ≥ a (W − W0) + π(W0 , Y)

and, consequently,

lim
W→∞

π0(W , Y)

W
≥ a > 0

which is a contradiction. The Hessian of π0 is

D2 π0 =





∂2π0

∂W 2

∂2π0

∂W∂Y
(

∂2π0

∂W∂Y

)T
∂2π0

∂Y2





Therefore,
〈

D2 π0

(

v

y

)

,

(

v

y

)〉

= 〈H (y − v Y) , (y − v Y) 〉 ≥ 0

with H = ∂2π0

∂Y2 . The proof is complete. �

Corollary 5.7 The premium π0 is jointly convex in capital and claims and
is monotone decreasing in capital.

6 The behavior of the premium for large claims

to capital ratio

In this section we study the behavior of the premium when the claims size is
large relative to the capital of the insurance company.

Note that, by Proposition 5.2 , this analysis only makes sense when γ ≥
1 . When γ < 1 and the wealth W is below the threshold l(Y) , utility
indifference premium simply does not exist. Therefore, everywhere in this
section we assume that γ ≥ 1 .

If we multiply the claims Y by a parameter λ > 0 measuring the size
of the claims and see what happens when λ → ∞ . Homogeneity of the
premium implies that we can study its behavior as the capital changes instead
of analyzing the behavior when the claims size changes (see, Proposition 5.6):

π0(W , λY) = λ π0(λ
−1 W , Y) . (6.1)
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Thus, we want to study the behavior of π0 as W goes to zero.
For the sake of brevity, we denote ct(W + π0(W , Y) , −Y) by ct(W ) .

Similarly, we denote by Xt(W ) the corresponding wealth process. By Propo-
sition 2.10,

ct(W ) = Xt(W ) − Yt − E
[

Mt+1

Mt
Xt+1(W )

∣

∣

∣Gt

]

(6.2)

for t ≥ 1 and

c0(W ) = W + π0(W , Y) − E[ M1 X1(W ) ] .

Recall Proposition 2.16 and let (Yu
t ) be the minimal, upper hedging process

for the claims payment stream Y . We start with a lemma that gives the
indifference premium for initial capital W → 0 .

Lemma 6.1 We have

lim
W→0

π0(W , Y) = π0(0 , Y) = Yu
0 (6.3)

and
lim

W→0
Xt(W ) = Xt(0) = Yu

t (6.4)

for all t = 1 , . . . , T . Consequently,

lim
W→0

ct(W ) = ct(0) = Yu
t − Yt − E[Mt+1 Yu

t+1 M−1
t |Gt] (6.5)

for all t = 0 , . . . , T . In particular,

lim
W→0

c0(W ) = c0(0) = Yu
0 − E[M1 Yu

1 ] = 0. (6.6)

Proof. Recall that the endowment stream of the company after selling the
insurance against Y is given by

w0 = W + π0 , w = −Y .

By Lemma 2.17, the budget set is non-empty if and only if

π0 + W ≥ Yu
0 . (6.7)

Furthermore, π0 ≤ Yu
0 , because, otherwise (5.2) does not hold. Thus, (6.3)

follows. By Proposition 2.16,

Xt(0) ≥ Yu
t (6.8)

and, since π0(0 , Y) = Yu
0 is sufficient to finance (Xt) , Proposition 2.16

implies that Xt(0) = Yu
t for all t = 1 , . . . , T . �
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We will need the following auxiliary

Lemma 6.2 Let A , B , M > 0 and Z be random variables. The unique
random variable X , solving

A X + B E [M X |Gt] = Z (6.9)

is given by

X = A−1

(

Z − B
E [M A−1 Z |Gt]

1 + E [M A−1 B |Gt]

)

. (6.10)

In particular,

X =
A−1 Z

1 + E [M A−1 B |Gt]
(6.11)

if both Z and B are Gt -measurable.

Proof. Multiplying both sides of (6.9) by M A−1 and taking the conditional
expectation PGt

, we obtain the expression for E[M X |Gt] . Plugging this into
(6.9) gives the required solution. �

Definition 6.3 Let st ∈ Gt be the event ct(0) = 0 . Let also χst
be the

indicator of the event st .

Note that, by (6.6), s0 = Ω .
First order conditions (2.29) imply that e−ρ E[c−γ

t+1 |Ht+1] and c−γ
t are

finite or infinite simultaneously. Consequently, the following is true:

Lemma 6.4 st+1 ⊂ st for all t = 0 , . . . , T − 1 .

Note again that we work on a finite probability space.
In Lemma 6.1, we have calculated the limit of the indifference prices as the

capital W goes to zero. The next step is to calculate the expansion of the
indifference price around W = 0 .

Let ST = 0 . We define the following random variables St inductively:

• if ct(0) 6= 0 , let

Kt = E

[

ct+1(0)−γ−1

(

1 − E

[

Mt+2

Mt+1

St+1

∣

∣

∣

∣

Gt+1

])

∣

∣

∣

∣

Ht+1

]

(6.12)

and

St =
eρ K−1

t
Mt+1

Mt
ct(0)−γ−1

1 + E
[

K−1
t eρ

(

Mt+1

Mt

)2
ct(0)−γ−1

∣

∣

∣Gt

] (6.13)

where
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• if ct(0) = 0 , let

Kt = E





(

1 − Et+1

[

Mt+2

Mt+1
St+1

∣

∣

∣Gt+1

])−γ

χst+1

∣

∣

∣ Ht+1



 (6.14)

and, for t ≥ 1 , let

St =
e−ρ γ−1

Kγ−1

t

(

Mt+1

Mt

)−γ−1

1 + E
[

e−ρ γ−1 Kγ−1

t

(

Mt+1

Mt

)1−γ−1 ∣
∣

∣Gt

] (6.15)

• for t = 0 ,

S0 = e−ρ γ−1

Kγ−1

0 M−γ−1

1 (6.16)

Let further

S
(Π)
t =

t−1
∏

τ=0

Sτ (6.17)

and

C
(Π)
t = S

(Π)
t − E

[

Mt+1

Mt
S

(Π)
t+1

∣

∣

∣Gt

]

. (6.18)

Define for γ > 1

c
(1)
0 =







Zγ
0

∑T
t=0 e−ρ t E [

(

C
(Π)
t

)1−γ
χst

]







1/(1−γ)

. (6.19)

Let now, for each t = 1 , . . . , T ,

X
(1)
t = SΠ

t c
(1)
0 .

Note that, by definition, X
(1)
t = St−1 X

(1)
t−1 .

Lemma 6.5 Let γ > 1 . Then,

Xt(W ) = Yu
t + X

(1)
t W + o(W ) (6.20)

and, consequently,

ct(W ) = ct(0) + c
(1)
t W + o(W ) (6.21)

with
c
(1)
t = X

(1)
t − E[Mt+1 X

(1)
t+1 M−1

t |Gt] (6.22)

for all t = 1 , . . . , T , and c
(1)
0 is given by (6.19).
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Proof. The proof is done by direct calculation. We substitute the Ansatz
(6.20) Xt(W ) = Xt(0) + X

(1)
t W + o(W ) into the first order conditions

(2.29) and calculate the coefficients X
(1)
t by induction backwards in time. By

Lemma 6.1, Xt(0) = Yu
t . Therefore, it suffices to prove that X

(1)
t+1 = St X

(1)
t

for all t ≥ 1 and X
(1)
1 = S0 c

(1)
0 .

The required assertion is obviously true for t = T + 1 . Suppose that the
claim is valid for all time periods larger than or equal to t + 1 , and let us
show the relation X

(1)
t+1 = St X

(1)
t it for t ≥ 1. Let first ct(0) 6= 0 . The

first order condition (2.29) reads

e−ρ E





(

Xt+1 − Yt+1 − E

[

Xt+2
Mt+2

Mt+1

∣

∣

∣Gt+1

])−γ ∣
∣

∣

∣

Ht+1





=
Mt+1

Mt

(

Xt − Yt − E
[

Xt+1
Mt+1

Mt

∣

∣

∣Gt

])−γ

. (6.23)

Substituting the expansions Xt+2 = Xt+2(0) + St+1 X
(1)
t+1 W + o(W ) (using

the induction hypothesis) and Xt+1 = Xt+1(0) + X
(1)
t+1 W + o(W ) and

using the Taylor approximation

(x + y W + o(W ) )−γ = x−γ − γ x−γ−1 y W + o(W ), (6.24)

we get

e−ρ E[ct+1(0)−γ |Ht+1]

− γ e−ρ E

[

ct+1(0)−γ−1

(

1 − E

[

Mt+2

Mt+1

St+1

∣

∣

∣Gt+1

])

∣

∣

∣

∣

Ht+1

]

X
(1)
t+1 W

+ o(W )

=
Mt+1

Mt

(

ct(0)−γ − γ ct(0)−γ−1
(

X
(1)
t − E

[

Mt+1

Mt
X

(1)
t+1

∣

∣

∣Gt

] )

W
)

.

(6.25)

Note that, as everywhere in this paper, the probability space Ω is assumed
to be finite and therefore no special care should be taken of the o(W ) term.
Comparing the terms of order W , we get the equation

e−ρ Mt

Mt+1

E

[

ct+1(0)−γ−1

(

1 − E

[

Mt+2

Mt+1

St+1

∣

∣

∣Gt+1

])

∣

∣

∣

∣

Ht+1

]

X
(1)
t+1

+ ct(0)−γ−1 E
[

Mt+1

Mt
X

(1)
t+1

∣

∣

∣Gt

]

= ct(0)−γ−1 X
(1)
t . (6.26)

Applying Lemma 6.2, we get that X
(1)
t+1 = St X

(1)
t for all t ≥ 1 with St

given by (6.13).
Let now ct(0) = 0 . Then, following the same steps as above and substi-

tuting the expansions into (6.23), using

(y W + o(W ))−γ = y−γ W−γ (1 + o(1)), (6.27)

34



and multiplying the identity by W γ , we get

e−ρ Kt

(

X
(1)
t+1

)−γ
=

Mt+1

Mt

(

X
(1)
t − E

[

X
(1)
t+1

Mt+1

Mt

∣

∣

∣Gt

])−γ

+ O(W γ)

(6.28)

with Kt given by (6.14) (Here, the indicator χst+1
appears because on the

complement of st+1 , consumption stays bounded away from zero and, after
multiplication by W γ contributes to O(W γ) ). Consequently,

(e−ρ Kt)
−γ−1

X
(1)
t+1 +

(

Mt+1

Mt

)−γ−1

E
[

X
(1)
t+1

Mt+1

Mt

∣

∣

∣Gt

]

=
(

Mt+1

Mt

)−γ−1

X
(1)
t

(6.29)

and Lemma 6.2 implies that X
(1)
t+1 = St X

(1)
t with St given by (6.15). It

remains to consider the case t = 0 . Substituting X
(1)
t = S

(Π)
t c

(1)
0 into the

Ansatz Xt = Xt(0) + X
(1)
t W + o(W ) and then, substituting this Ansatz

into the utility indifference equation (5.2), we get for γ > 1

Zγ
0 = W γ − 1

(

c0(W )1−γ + E

[

T
∑

t=1

e−ρ t ct(W )1−γ

])

= (c
(1)
0 + o(1))1−γ +

T
∑

t=1

e−ρ t W γ−1 E
[

(ct(0) + o(1)))1−γ (1 − χst
)
]

+
T
∑

t=1

e−ρ t E
[ (

c
(1)
t (0) + o(1)

)1−γ

χst

]

=
(

c
(1)
0

)1−γ
(

1 +
T
∑

t=1

e−ρ t E
[ (

C
(Π)
t

)1−γ

χst

]

)

+ o(1)

(6.30)
and the identity (6.19) follows. The proof is complete. �

Note, that the only place we used that γ 6= 1 is the identity (6.30). The
case γ = 1 is treated separately because (6.30) does not hold for logarithmic
utility.

Let

log(c
(α)
0 ) =

(

T
∑

t=0

e−ρ t Prob[st]

)−1




T
∑

t=1

e−ρ t log

(

e−ρ t Mt
∑T

t=0 e−ρ t

)

−
T
∑

t=1

e−ρ t
(

E [log ct(0) (1 − χst
) ] − E

[

log C
(Π)
t χst

] )





(6.31)

and define for each t = 1 , . . . , T ,

X
(α)
t = S

(Π)
t c

(α)
0 .
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Lemma 6.6 Let γ = 1 and

α = α(Y) =

∑T
t=0 e−ρ t

∑T
t=0 e−ρ t Prob[st]

> 1 . (6.32)

Then,
Xt = Yu

t + W α X
(α)
t + o(W α). (6.33)

Consequently,
ct(W ) = ct(0) + c

(α)
t W α + o(W α) (6.34)

with

c
(α)
t = X

(α)
t − E

[

Mt+1

Mt

X
(α)
t+1

∣

∣

∣Gt

]

(6.35)

for t ≥ 1 , and c
(α)
0 is given by (6.31).

Proof. The recursive relations for X
(α)
t follow by literally the same arguments

as in the proof of Lemma 6.5. Substituting the Ansatz

ct = ct(0) + c
(α)
t W α + o(W α)

into the utility indifference equation

log(c0) + E

[

T
∑

t=1

e−ρ t log(ct)

]

=
T
∑

t=0

e−ρ t log W +
T
∑

t=0

e−ρ t log

(

e−ρ t Mt
∑T

t=0 e−ρ t

)

(6.36)
and using that

log
(

c
(α)
0 W α + o(W α))

+
T
∑

t=1

e−ρ t E
[

log
(

ct(0) + c
(α)
0 C

(Π)
t W α + o(W α)

) ]

=
(

log(c
(α)
0 ) + α log W

)

T
∑

t=0

e−ρ t Prob[st]

+
T
∑

t=1

e−ρ t
(

E [log ct(0) (1 − χst
) ] + E

[

log C
(Π)
t χst

] )

+ o(1),

we get the required formula for c
(α)
0 . �

We are now ready to calculate the ”second” order of the asymptotic ex-
pansion.

Let S
(γ)
T = 0 . We define the random variables S

(γ)
t inductively.

• if ct(0) 6= 0 , let

Kγ , t = E

[

ct+1(0)−γ−1

(

1 − E

[

Mt+2

Mt+1
S

(γ)
t+1

∣

∣

∣Gt+1

])

|Ht+1

]

(6.37)
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, and

S
(γ)
t =

eρ K−1
γ , t

Mt+1

Mt
ct(0)−γ−1

1 + E
[

K−1
γ , t eρ

(

Mt+1

Mt

)2
ct(0)−γ−1

∣

∣

∣Gt

] . (6.38)

• If ct(0) = 0 and t ≥ 1 , let

Kγ , t = E

[

(

c
(1)
t+1

)−γ−1
(

1 − Et+1

[

Mt+2

Mt+1
S

(γ)
t+1

∣

∣

∣Gt+1

])

χst+1

∣

∣

∣ Ht+1

]

(6.39)
and

S
(γ)
t =

eρ K−1
γ , t

Mt+1

Mt

(

c
(1)
t

)−γ

1 + E
[

K−1
γ , t eρ

(

Mt+1

Mt

)2 (

c
(1)
t

)−γ ∣
∣

∣Gt

] . (6.40)

• For t = 0

S
(γ)
0 = eρ K−1

γ , 0

Mt+1

Mt

(

c
(1)
0

)−γ−1
. (6.41)

Let now for each t = 1 , . . . , T

S
(Π)
t , γ =

t−1
∏

τ=0

S(γ)
τ and C

(Π)
t , γ = S

(Π)
t , γ − E

[

Mt+1

Mt
S

(Π)
t+1 , γ

∣

∣

∣Gt

]

. (6.42)

Let also for γ > 1

c
(γ)
0 =

(γ − 1)−1 ∑T
t=1 e−ρ t E [ (ct(0))1−γ (1 − χst

) ]

(c
(1)
0 )−γ +

∑T
t=1 e−ρ t E

[

(c
(1)
t )−γ C

(Π)
t , γ χst

] (6.43)

and
Xγ

t = S
(Π)
t , γ c

(γ)
0 (6.44)

for all t = 1 , . . . , T .

Lemma 6.7 Let (X
(1)
t ) and (c

(1)
t ) be the processes of Lemma 6.5. If 1 <

γ < 2 , then

Xt(W ) = Yu
t + X

(1)
t W + X

(γ)
t W γ + O(W 2). (6.45)

Consequently,

ct = ct(0) + c
(1)
t W + c

(γ)
t W γ + O(W 2) (6.46)

with

c
(γ)
t = X

(γ)
t − E

[

Mt+1

Mt
X

(γ)
t+1

∣

∣

∣Gt

]

. (6.47)
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Proof. The proof is completely analogous to that of Lemma 6.5. Recall that

W γ − 1

(

c0(W )1−γ + E

[

T
∑

t=1

ct(W )1−γ

])

= Zγ
0 . (6.48)

In complete analogy with Lemma 6.5, we can substitute the Ansatz (6.45)
into the first order conditions (6.23) and obtain the recursive expressions for
the coefficients, using Lemma 6.2 on each step. This generates the relation
(6.44), but with an unknown coefficient c

(γ)
0 that has to be determined from

the equation (6.48). Substituting the Ansatz (6.45), (6.44) into (6.48), we get

(c
(1)
0 + c

(γ)
0 W γ−1 + O(W ))1−γ

+
T
∑

t=1

e−ρ t W γ−1 E
[

(ct(0) + O(W ))1−γ (1 − χst
)
]

+
T
∑

t=1

e−ρ t E
[ (

c
(1)
t + W γ−1 C

(Π)
t , γ c

(γ)
0 + O(W )

)1−γ

χst

]

= Zγ
0 . (6.49)

Using the expansion

(a + ε b)1−γ = a1−γ + (1 − γ) a−γ ε b + O(ε2) (6.50)

and gathering the terms of order W γ−1 in (6.49), we get

0 = (c
(1)
0 )−γ c

(γ)
0 + (1 − γ)−1

T
∑

t=1

e−ρ t E
[

(ct(0))1−γ (1 − χst
)
]

+ c
(γ)
0

T
∑

t=1

e−ρ t E
[

(c
(1)
t )−γ C

(Π)
t , γ χst

]

(6.51)

and the required identity follows. �

It remains to consider the case γ ≥ 2 . We only treat here the case γ > 2 .
The case γ = 2 must be treated separately, because the terms of order W γ

will enter the asymptotic expansion. Otherwise, the calculations are almost
identical.

Let S
(2)
T = 0 . We define the following random variables S

(2)
t inductively:

• if ct(0) 6= 0 , let

K2 , t = E

[

ct+1(0)−γ−1

(

1 − E

[

Mt+2

Mt+1
S

(2)
t+1

∣

∣

∣Gt+1

])

|Ht+1

]

(6.52)

and

S
(2)
t =

eρ K−1
2 , t

Mt+1

Mt
ct(0)−γ

1 + E
[

K−1
2 , t e

ρ
(

Mt+1

Mt

)2
ct(0)−γ

∣

∣

∣Gt

] (6.53)
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Let also
X

(2)
t+1 = S

(2)
t X

(2)
t + R

(2)
t (6.54)

with

R
(2)
t = S

(2)
t

1

2
(γ + 1)

(

e−ρ ct(0)γ+1 Mt−1 M−1
t E

[

c−γ−2
t+1 (0)

(

c
(1)
t+1

)2
|Ht+1

]

− c−1
t (0)

(

c
(1)
t

)2
))

. (6.55)

• iI ct(0) = 0 , let

K2 , t

= E

[

(

c
(1)
t+1

)−γ−1
(

1 − Et+1

[

Mt+2

Mt+1
S

(2)
t+1

∣

∣

∣Gt+1

])

χst+1

∣

∣

∣ Ht+1

]

(6.56)

and

S
(2)
t =

eρ K−1
2 , t

Mt+1

Mt

(

c
(1)
t (0)

)−γ

1 + E
[

K−1
2 , t eρ

(

Mt+1

Mt

)2 (

c
(1)
t (0)

)−γ ∣
∣

∣Gt

] . (6.57)

Then, for t ≥ 1 ,
X

(2)
t+1 = S

(2)
t X

(2)
t (6.58)

• for t = 0

S
(2)
0 = eρ K−1

2 , 0

Mt+1

Mt

(c
(1)
0 )−γ−1 (6.59)

and
X

(2)
1 = S

(2)
0 c

(γ)
0 . (6.60)

Let now for each t = 1 , . . . , T ,

S
(Π)
t , 2 =

t
∏

τ=0

S(2)
τ

and

S
(Q)
t , 2 = S

(Π)
t , 2

t
∑

τ=1

Rτ

(

S
(Π)
τ , 2

)−1

Then,
X

(2)
t = S

(Π)
t , 2 c

(γ)
0 + S

(Q)
t , 2 . (6.61)

Let also

C
(Π)
t = S

(Π)
t , 2 − E

[

Mt+1

Mt
S

(Π)
t+1 , 2 |Gt

]

,

C
(Q)
t = S

(Q)
t , 2 − E

[

Mt+1

Mt

S
(Q)
t+1 , 2 |Gt

]

.
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and

c
(2)
0 = −

∑T
t=1 e−ρ t E

[

(

c
(1)
t

)−γ
C

(Q)
t χst

]

(c
(1)
0 )−γ +

∑T
t=1 E

[

(

c
(1)
t

)−γ
C

(Π)
t χst

] . (6.62)

Lemma 6.8 Let (X
(1)
t ) and (c

(1)
t ) be the processes, constructed in Lemma

6.5. If γ > 2 , then

Xt(W ) = Y max
t + X

(1)
t W + X

(2)
t W 2 + O(Wmin{3 , γ}) . (6.63)

Consequently,

ct = ct(0) + c
(1)
t W + c

(2)
t W 2 + O(Wmin{3 , γ}) (6.64)

with

c
(2)
t = X

(2)
t − E

[

Mt+1

Mt
X

(2)
t+1

∣

∣

∣Gt

]

(6.65)

for t ≥ 1 .

Now, with the expansion for the optimal consumption stream on our hands,
we can calculate the expansion for the premium.

We will need the following important identity (see, Corollary 5.4).

Lemma 6.9 We have

∂π0(W , Y)

∂W
= −1 +

(

c0(W )

W

)γ

Zγ
0 (6.66)

for γ > 1 , and

∂π0(W , Y)

∂W
= −1 +

c0(W )

W
(1 + 〈 d , 1〉) (6.67)

for γ = 1 .

Proof. By (5.16),

c−γ
0

∂π0(Y)

∂Y
(Y) = 〈Y , d C

−γ 〉 . (6.68)

By (4.5), (5.2) and (5.10),

0 = (c0 − π0 − W ) c−γ
0 + 〈C + Y , d C

−γ 〉

= c1−γ
0 + 〈C , d C

−γ 〉 − (π0 + W ) c−γ
0 + 〈Y , d C

−γ 〉

= W 1−γ Zγ
0 − (π0 + W ) c−γ

0 + 〈Y , d C
−γ 〉 .

40



Using formula (5.16) for the first derivative of π0 , we get

c−γ
0

∂π0(Y)

∂Y
(Y) = 〈Y , d C

−γ 〉 = (W + π0) c−γ
0 − W 1−γ Zγ

0 (6.69)

Identity (6.66) follows now from (5.30). If γ = 1 , identity (4.5) takes the
form

0 = (c0 − π0 − W ) c−1
0 + 〈C + Y , d C

−1 〉

That is, by (5.16),

c−1
0

∂π0(Y)

∂Y
(Y) = 〈Y , d C

−1 〉 = (π0 + W ) c−1
0 − (1 + 〈 d , 1〉)

and (6.67) follows from (5.30). �

Theorem 6.10 We have

π − Yu =



























− W + B1(Y) W α(Y) + o(W α(Y)), γ = 1

(−1 + A(Y)) W + B2(Y) W γ + O(W 2), γ ∈ (1, 2)

(−1 + A(Y)) W + B3(Y) W 2 + O(W 3), γ = 2

(−1 + A(Y)) W + B4(Y) W 2 + O(Wmin{3 , γ}), γ > 2

(6.70)
Here, α(Y) is given by (6.32),

B1(Y) = α−1 c
(α)
0 (1 + 〈d , 1〉 ) (6.71)

and
A(Y) =

(

c
(1)
0

)γ
Zγ

0 (6.72)

and
B2(Y) = c

(γ)
0

(

c
(1)
0

)γ−1
Zγ

0 (6.73)

and
B4(Y) =

γ

2
c
(2)
0

(

c
(1)
0

)γ−1
Zγ

0 (6.74)

The coefficient B3(Y) also satisfies (6.74), but the coefficient c
(2)
0 is a little

bit different from the one, calculated in Lemma 6.8.

Proof. Let first γ = 1 . By Lemma 6.6, c0(W ) = c
(α)
0 W α + o(W α) .

Integrating (6.67) with respect to W , we get

π0(W , Y) = Yu − W + α−1 c
(α)
0 (1 + 〈 d , 1〉) W α + o(W α) (6.75)

which is what had to be proved.
Let now γ ∈ (1, 2) . Then,

c0(W )

W
= c

(1)
0 + W γ−1 c

(1)
0 + O(W )
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and therefore
(

c0(W )

W

)γ

=
(

c
(1)
0

)γ
+ γ

(

c
(1)
0

)γ−1
W γ−1 c

(1)
0 + O(W ).

Integrating (6.66) with respect to W , we get the required.
Other expansions follow in the same manner from Lemma 6.8 and (6.66).

�

7 Non perturbative bounds for the indiffer-

ence price

We will need the following result, which is also of independent interest.

Proposition 7.1 Let γ > 1 . Then, the quotient W−1 c0(W + π0(W , Y) , Y)
is monotone increasing in W and

Z−1
0 = lim

W →+∞

c0(W )

W
≥

c0(W )

W
≥ lim

W→0

c0(W )

W
= c

(1)
0 (Y), (7.1)

where Z0 is defined by (5.4) and (5.7).

Proof. By Corollary 5.7, π0 is convex in W . Therefore, ∂π0/∂W is monotone
increasing in W and, by (6.66), so is c0(W )/W . The limit on the right hand
side of (7.1) follows from Lemma 6.5.

Using homogeneity, we get

c0(W )/W = c0(W + π(W , Y) , −Y) W−1

= c0

(

W−1 (W + π(W , Y)) , −Y W−1
)

= c0

(

1 + π(1 , Y W−1)) , −Y W−1
)

Therefore, by (5.7),

lim
W →+∞

c0(W )

W
= c0(1 , 0) = Z−1

0 . (7.2)

�

Combining Lemma 6.9 with Proposition 7.1, we immediately get

Proposition 7.2 We have

lim
W → 0

∂π0(W , Y)

∂W
= −1 +

(

c
(1)
0 (Y) Z0

)γ
. (7.3)

Consequently, the following inequality always holds:

Yu
0 ≥ π0(W , Y) ≥ Yu

0 − W
(

1 −
(

c
(1)
0 (Y) Z0

)γ )

. (7.4)
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Asymptotic expansion of Theorem 6.10 is a local result that only holds
when W is small. It turns out that it is possible to prove sharp, global
bounds for the premium using some interesting convexity properties of the
function c0(W )/W . The proof of this result is based on surprising algebraic
identities for the derivatives of c0(W ) , leading to numerous cancellations.

Proposition 7.3 Let γ > 1. Fix Y and let (as in the proof of Theorem
5.5)

k(W ) = k(W , Y) = c0(W + π0(W , Y) , Y). (7.5)

Let further

g(v) =





k
(

v1/(γ−1)
)

v1/(γ−1)





1−γ

. (7.6)

Then, the function g(v) is convex and satisfies

g(0) =
(

c
(1)
0

)1−γ
, g′(0) = (1 − γ)

(

c
(1)
0

)−γ
c
(γ)
0 . (7.7)

Proof. By abuse of notation, we will use c0 to denote the value of k(W )
when we do not have to differentiate. By Lemma 3.3,

k1−γ + 〈C1−γ(k , −Y) , d〉 = W 1−γ Zγ
0 = c1−γ

0 + ‖C‖2
c . (7.8)

Identity (4.23) implies that

∂C(k , −Y)

∂k
= k−1 (I − Pc) C. (7.9)

Differentiating (7.8) with respect to W , we get

k′ =
k W−γ Zγ

0

k1−γ + ‖b‖2
c

= c0 W−1 (c1−γ
0 + ‖C‖2

c) N−1 (7.10)

with
N = k1−γ + ‖b‖2

c .

Differentiating (7.10) with respect to W , we get

k′′ = N−2
(

(W−γ Zγ
0 k′ − γ k W−γ−1 Zγ

0 ) N

− k W−γ Zγ
0 ((1 − γ)k−γ k′ + (‖b‖2

c)
′)
)

= c0 W−1 (c1−γ
0 + ‖C‖2

c) N−2
(

(

W−1 (c1−γ
0 + ‖C‖2

c) N−1 − γ W−1
)

N

−
(

(1 − γ) W−1 c1−γ
0 (c1−γ

0 + ‖C‖2
c) N−1 + (‖b‖2

c)
′
)

)

.

By (3.64), (3.66) and (4.3),

∂C

∂c0

= c−1
0 b and

∂2
C

∂c2
0

= c−2
0 (1 + γ) (I −Pc) C

−1 (Pc C)2
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Therefore, using the fact that Pc is an orthogonal projection with respect to
〈· , ·〉c , we get

(‖b‖2)′ =
∂

∂W
〈 k

∂C

∂c0

, d C
−γ 〉

= k′ k−1 ‖b‖2
c + k 〈

∂2
C

∂c2
0

k′, d C
−γ 〉 − γ 〈 k

∂C

∂c0

, d C
−γ−1 ∂C

∂c0

k′〉

= k′ k−1 ‖b‖2
c + k′ k−1 (1 + γ) 〈C

−1 (PcC)2 , b〉c − γ k′ k−1 ‖b‖2
c

= (1 − γ) k′ k−1 ‖b‖2
c + k′ k−1 (1 + γ) 〈C

−1 (PcC)2 , b〉c

= W−1 (c1−γ
0 + ‖C‖2

c) N−1
(

(1 − γ) ‖b‖2
c + (1 + γ) 〈C

−1 (PcC)2 , b〉c
)

.

Consequently,

(1 − γ) W−1 c1−γ
0 (c1−γ

0 + ‖C‖2
c) N−1 + (‖b‖2

c)
′

= W−1 (c1−γ
0 + ‖C‖2

c) N−1
(

(1 − γ) N + (1 + γ) 〈C
−1 (PcC)2 , b〉c

)

,

(7.11)

and thus

k′′ = c0 W−1 (c1−γ
0 + ‖C‖2

c) N−2
(

(

W−1 (c1−γ
0 + ‖C‖2

c) N−1 − γ W−1
)

N

−
(

W−1 (c1−γ
0 + ‖C‖2

c) N−1
(

(1 − γ) N + (1 + γ) 〈C
−1 (PcC)2 , b〉c

) )

)

= c0 W−2 (c1−γ
0 + ‖C‖2

c) N−2
(

γ (c1−γ
0 + ‖C‖2

c) − γ N

− (c1−γ
0 + ‖C‖2

c) N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

)

= c0 W−2 (c1−γ
0 + ‖C‖2

c) N−2
(

γ ‖PcC‖
2
c

− (c1−γ
0 + ‖C‖2

c) N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

)

.

Now,

(k/W )′ =
k′ W − k

W 2
= W−2 c0 ‖Pc C‖2

c N−1 (7.12)
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and

W 3 (k/W )′′ = k′′W 2 − 2 k′W + 2 k

= c0 (c1−γ
0 + ‖C‖2

c) N−2
(

γ ‖PcC‖
2
c

− (c1−γ
0 + ‖C‖2

c) N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

)

− 2 c0 (c1−γ
0 + ‖C‖2

c) N−1 + 2 c0

= c0 N−2
(

− (c1−γ
0 + ‖C‖2

c)
2 N−1 (1 + γ) 〈C

−1 (PcC)2 , b〉c

+ (c1−γ
0 + ‖C‖2

c) γ ‖PcC‖
2
c − 2 N (N + ‖PcC‖

2
c) + 2 N2

)

= c0 N−2
(

− U2 N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

+ Uγ ‖PcC‖
2
c − 2 N (N + ‖PcC‖

2
c) + 2 N2

)

= c0 N−2
(

− U2 N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

+ U(γ − 2) ‖PcC‖
2
c + 2 ‖PcC‖

4
c

)

,

where
U = c1−γ

0 + ‖C‖2
c = Zγ

0 W 1−γ = ‖Pc C‖2
c + N . (7.13)

Now, for any function f(x) ,
(

(f(x1/(γ−1)))1−γ
)′

= (1−γ) f−γ f ′ (γ−1)−1 x
2−γ

γ−1 = − f−γ f ′ x
2−γ

γ−1 , (7.14)

and
(

(f(x1/(γ−1)))1−γ
)′′

= γ (γ−1)−1 f−γ−1 (f ′)2 x2 2−γ

γ−1 − (γ−1)−1 f−γ f ′′ x2 2−γ

γ−1 −
2 − γ

γ − 1
f−γ f ′ x

3−2 γ

γ−1

= x
3−2 γ

γ−1 (γ−1)−1 f−γ−1
(

γ (f ′)2 x1/(γ−1) − f f ′′ x1/(γ−1) − (2 − γ) f f ′
)

.

(7.15)

Thus, it remains to show that

γ (f ′(W ))2 W − f(W ) f ′′(W ) W − (2 − γ) f(W ) f ′(W ) ≥ 0 (7.16)

for f(W ) = k(W )/W and W = V 1/(γ−1) . By the above (see, also (7.13)),

γ (f ′(W ))2 W − f(W ) f ′′(W ) W − (2 − γ) f(W ) f ′(W )

= γ (W−2 c0 ‖Pc C‖2
c N−1)2 W

− c0 W−1 c0 N−2
(

− U2 N−1 (1 + γ) 〈C
−1 (PcC)2 , b〉c

+ U(γ − 2) ‖PcC‖
2
c + 2 ‖PcC‖

4
c

)

W−2

− (2 − γ) c0 W−1 W−2 c0 ‖Pc C‖2
c N−1

= c2
0 N−3 W−3 U2 (1 + γ) 〈C

−1 (PcC)2 , b〉c ≥ 0 ,
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because b ≥ 0 by Lemma 4.7. Identity (7.7) follows from Lemma 6.7. �

Now we are ready to prove the main result of this section

Theorem 7.4 Let γ > 1 and A(Y) =
(

c
(1)
0 (Y) Z0

)γ
. Then,

Yu
0 − W ( 1 − A(Y) ) ≤ π0(W , Y)

≤ Yu
0 − W

(

1 − A(Y)
(

1 − (γ − 1)
(

c
(γ)
0 /c

(1)
0

)

W γ−1
)

1

1−γ

)

.

Proof. By Proposition 7.3, g(v) is convex and therefore

g(v) ≥ g(0) + g′(0) v (7.17)

for all v ≥ 0 . That is, by definition of g(v) ,

(

c0

W

)1−γ

≥
(

c
(1)
0

)1−γ
+ (1 − γ)

(

c
(1)
0

)−γ
c
(γ)
0 W γ−1

=
(

c
(1)
0

)1−γ
− B(Y) W γ−1.

with B(Y) = (1 − γ)
(

c
(1)
0

)−γ
c
(γ)
0 . Consequently, by Lemma 6.9,

∂π0(W , Y)

∂W
= −1 +

(

c0(W )

W

)γ

Zγ
0

≤ −1 +
(

(

c
(1)
0

)1−γ
− B(Y) W γ−1

)
γ

1−γ

Zγ
0 .

Therefore,

π0(W , Y) − Yu
0 = π0(W , Y) − π0(0 , Y)

≤ −W + Zγ
0

∫ W

0

(

(

c
(1)
0

)1−γ
− B(Y) wγ−1

)
γ

1−γ

dw

= −W + W
(

c
(1)
0

)γ
(

1 −
(

c
(1)
0

)γ−1
B(Y) W γ−1

) 1

1−γ

Zγ
0 .

�

8 Small claims / capital ratio

In this section we study the asymptotic behavior of the premium π when the
size of the claims Y is small relative to the capital of the company. Since we
have an explicit formula for the consumption stream when there are no claims
(see, Proposition 5.3), the derivative Pc can be calculated explicitly by a
recursive procedure. But, the expression is rather complicated. For the read-
ers convenience, we perform the calculation for the so-called idiosyncratically
incomplete markets. It is characterized in the following definition.
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Definition 8.1 A market (M , G) is idiosyncratically incomplete if

(1) There exists a subfiltration F = (Ft) of G with Ft ⊂ Gt for all t =
0 , . . . , T such that the price and dividend process of any asset in the
market is adapted to F ;

(2) The market M is complete with respect to F (but not with respect to
G ). That is, any F -adapted process can be replicated by an F -adapted
portfolio strategy;

(3) Filtration G does not contain any additional information about events
in F . Formally,

E[X |Ft] = E[X |Gt] (8.1)

for any Ft+1 -measurable variable X .

It is easy to see that and idiosyncratically incomplete market belongs to
the class C , the hedgeable algebra is given by Ht = σ(Ft , Gt−1) , the min-
imal algebra, containing Ft and Gt−1 , and the aggregate state price density
process M is, in fact, F -adapted.

Definition 8.1 means that, without a random endowment, an agent faces a
complete market and his optimal consumption stream is given by the standard,
complete market formula (see, (3.2) and (3.3))

ct = e−ρ t γ−1

M−γ−1

t c0 (8.2)

and

c0 =
W

Z0

=
W

1 +
∑T

t=1 e−ρ t γ−1 E[M1−γ−1

t ]
. (8.3)

Furthermore, the process Zt takes the following simple form,

Zt = PFt

T
∑

τ=t

e− ρ t γ−1

M1−γ−1

τ .

See, Proposition 5.3.
Of course, the market becomes incomplete as soon as the agent has a ran-

dom endowment (wt) , that is G -adapted, but not F -adapted. Interestingly
enough, almost all models for indifference prices, considered in the literature
are idio

Lemma 8.2 Let Y = 0 and

Z = diag(Zt)
T
t=1 (8.4)

be the multiplication operator by the process Zt . Then,

Pc|Y = 0 = B = c−1
0 cm J Z−1 Q J∗ M . (8.5)
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Proof. By (3.35) and (3.36), we only have to prove that

D(F ) = −c0 γ−1Q J∗ M cm J = − γ−1 Z. (8.6)

Note that, by Definition 8.1, for any FT -measurable variable X ,

E[X |Ft] = E[X |Gt] = E[X |Ht] (8.7)

and Qt1 Qt2 = 0 for any t1 6= t2 . By direct calculation,

(

D(F )((xθ)
)

t
= Qt

T
∑

τ=t

Mτ cmτ

τ
∑

θ=1

xθ

= Qt

T
∑

τ=1

xτ

T
∑

θ=max{τ , t}

Mθ cmθ

= Qt

t
∑

τ=1

xτ

T
∑

θ=t

Mθ cmθ + Qt

T
∑

τ=t+1

xτ

T
∑

θ=τ

Mθ cmθ

= c0 Zt Qt

t
∑

τ=1

xτ + Qt

T
∑

τ=t+1

xτ PGτ

T
∑

θ=τ

Mθ cmθ

= c0 xt Zt + c0 Qt

T
∑

τ=t+1

xτ Zτ = c0 xt Zt. (8.8)

Here we have used that xτ ∈ Qτ L2(Gτ ) implies Qt xτ = 0 or t 6= τ and
Mτ cmτ is Fτ -measurable for any τ . �

A direct consequence of Lemma 8.2 and Theorem 5.5 is

Lemma 8.3 We have
∂π0

∂Y
|Y = 0 = M (8.9)

and
∂2π0

∂Y2
(y , y)|Y = 0 = γ ‖B y‖2

cm. (8.10)

Definition 8.4 For each t = 1 , . . . , T , let

I t (y , M) = E

[

T
∑

τ=t

yτ Mτ

∣

∣

∣Gt

]

− E

[

T
∑

τ=t

yτ Mτ

∣

∣

∣Ht

]

. (8.11)

We can now calculate the second order approximation to the indifference
price the ratio Y/W of claims to capital is small.

Theorem 8.5 We have

π0(W , Y) = W π0(1 ,Y/W ) (8.12)

and therefore, when Y/W is small,

π0(W , Y) = 〈Y , M〉 + W Z0

T
∑

t=1

E

[

VarFt
(I t(Y) W−1 )

Zt

]

+ W O((Y/W )3)

(8.13)
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Proof. We have

(B y)t = c−1
0 cm t

t
∑

τ=1

I τ (y , M)

Zτ

(8.14)

and, consequently,

cm−2
t PFt

(B y)2
t = PFt

(

t
∑

τ=1

I τ

Zτ

)2

= VarFt

(

t
∑

τ=1

I τ

Zτ

)

(8.15)

since

PFt

I τ

Zτ
=

PFτ
I τ

Zτ
= 0.

Consequently,

CovFt

(

I τ1

Zτ1

,
I τ2

Zτ2

)

= 0

since Iτ ∈ Qτ L2(Gτ ) for each τ . Hence,

cm−2
t PFt

(B y)2
t = c−2

0

t
∑

τ=1

VarFτ
(I τ )

(Zτ )2
.

Let

Vτ =
VarFτ

(I τ )

(Zτ )2
.

Then,

cγ
0 ‖B y‖2

cm = c0 E

[

T
∑

τ=1

e− ρ t γ−1

M1−γ−1

t cm−2
t (B y)2

t

]

= E

[

T
∑

τ=1

e− ρ t γ−1

M1−γ−1

t cm−2
t E [(B y)2

t |Ft]

]

= W−1 Z0 E

[

T
∑

τ=1

e− ρ t γ−1

M1−γ−1

t

t
∑

τ=1

Vτ

]

= W−1 Z0

T
∑

t=1

E [Zt Vt ] = W−1 Z0

T
∑

t=1

E

[

VarFt
(I t)

Zt

]

. (8.16)
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