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Abstract

We study utility indifference pricing of claim streams with intertem-
poral consumption and power (CRRA) utilities. We derive explicit for-
mulas for the derivatives of the utility indifference price with respect to
claims and wealth. The simple structure of these formulas is a reflec-
tion of surprising operator identities for the derivatives of the optimal
consumption stream. For example, the partial derivative of the opti-
mal consumption stream with respect to the endowment is always a
projection. Furthermore, it is an orthogonal projection with respect to
a natural ”economic inner product”.

We find that the indifference price is a highly non-linear function
of the wealth and obtain its asymptotic behavior when the claims to
wealth ratio is either very small or very large.

In the large claims to wealth ratio limit, the asymptotic expansion
of the indifference price is given in terms of fractional powers of the
wealth. We also obtain sharp global bounds for the indifference price.

1 Introduction

Imagine that we must either

(1) as a representative of a private bank, or, hedge fund, determine the
price of an over the counter derivative (option) contract,

or

(2) determine, as a representative of a corporation, the correct price for a
real option (a capital investment),

or

(3) determine, as a representative of an insurance (reinsurance) company,
the price of an insurance contract.

In each case, we want to determine the optimal price of a financial con-
tract market consistently, by exploiting correlations between the payoff of our
investment and the global the stock market (see, Wiithrich et al. [26] for an
applied theory of market consistent pricing of insurance contracts).

For a complete market, with asset prices following geometric brownian mo-
tions, Black and Scholes [2] solved this pricing problem. Completeness is an



essential hypothesis for their solution, because it implies that the payoff of
any option can be perfectly replicated by a suitable trading strategy in stocks
and bonds. The Black-Scholes price of an option is determined by arbitrage
(linearly), and is equal to the price of the replicating strategy.

On the other hand, many aspects of the market consistent pricing problem
for incomplete markets are still under investigation, because now, the general
payoff cannot be replicated by trading in stocks and bonds.

A common dodge around market consistent pricing is to decompose the
payoff (or, synonymously, contingent claim) into hedgeable and unhedgeable
components. The first component is priced by arbitrage, and the second non
linearly. In the context of insurance, the non linear component is referred
to as the insurance loading, namely, the risk premium that the insured pays
to the insurer. The loading depends on the risk aversion of the insurance
company.

If an insurance company is "sufficiently isolated” from the financial mar-
kets, then there is a well known theoretical principle that guides the pricing
of its insurance contracts. Namely, the principle of utility indifference. That
is, the price of the contract is chosen so that the utility of the company is the
same before and after the contract is sold. Here, we imagine that the company
acts as a rational agent, maximizing a von Neumann-Morgenstern utility.

If, by contrast, the company is not isolated from the financial markets, an
important modification of the basic utility indifference principle is required.
Now, the company can modify its effective claims stream by choosing an ap-
propriate trading strategy in available securities. Of course, a rational com-
pany will choose a strategy that maximizes its utility. In this context, the
von Neumann-Morgenstern utility function should be replaced by the maxi-
mal utility, achievable by trading. That is, the maximal utility achievable by
trading is the same before and after contracts are sold.

Pricing by maximal utility achievable by trading indifference is market
consistent in the sense that perfectly hedgeable contingent claims are auto-
matically priced by arbitrage.

The same economic reasoning applies verbatim to the pricing problems (1)
and (2) from above.

Hodges and Neuberger [11] (see, also, Davis [4]) were the first to consider
utility indifference pricing in incomplete markets. Since then, the interest
to this topic has grown dramatically. See, e.g., [1], [3], [5], [7], [8], [9], [15],
(18], [19], [20], [21], [22], [23], [24], [25]. See, also, [10] for a general survey of
existing literature on this topic.

A necessary prerequisite for implementing the maximal utility achievable
by trading indifference principle, is a solution to the utility maximization
problem. It is impossible to analyze the implications of maximal utility indif-
ference without good control of the maximum, that is, the optimal consump-
tion / wealth stream. As far as we have been able to determine, very little
is known about the structure of these streams in the presence of unhedgeable
claims. There are general, nonconstructive existence / uniqueness results (see,



e.g., Kramkov and Schachermeyer [14] and Karatzas and Zitkovic [13]).

If there are no unhedgeable claims, the Euler-Lagrange equations become
linear after a change of variables. In the presence of unhedgeable claims,
the Euler-Lagrange equations are genuinely nonlinear, except for the special
case of exponential utilities (see, e.g., [12] and [18]). In the latter case, the
equations "factor” to the point where they can be linearized after a change of
variables. For this reason, almost all the analysis of indifference pricing, that
we are aware of, is for exponential utilities. See, e.g., [3], [7], [8], [18], [21],
[22], [24].

We illustrate "factoring” for exponential utilities in the simple case of
"tradeless” indifference pricing. The "tradeless” indifference price 7 of a
claim y is the solution to

u(z) = Elule + 7 — )] (1.1)
where x is the wealth of the insurance company. If u(x) = —e 7" then
m = v 'log E[e"Y] (1.2)

is clearly independent of z.

The conclusion of the last paragraph makes indifference pricing with ex-
ponential utilities unrealistic. Prices should depend on the wealth of the
company, as already emphasized by El Karoui and Rouge [24].

In this paper, we explicitly construct the optimal consumption stream for
market consistent, utility indifference pricing for all benchmark power utilities

7 —1
uy(c) = T4 (1.3)
In particular, the log Bernoulli utility ui(c) = logec. Power utilities are
supported on R, | satisfy the Inada condition u'(0) = + oo as well as many

other natural economic properties.

Our construction is a direct outgrowth of Malamud and Trubowitz [16],
where optimal consumption streams were explicitly constructed by a recursive
procedure for a new class € of incomplete financial markets with no insurance
sector. The class € is characterized by several important mathematical and
economic properties. For example, it is the only class for which the crucial
economic properties of precautionary savings and marginal propensity to con-
sume. From this point of view, they are the only sensible incomplete markets.
The class € also includes all discrete time diffusion driven incomplete markets
and, consequently, almost all classical incomplete market models.

In [16], we exploited a local, recursive procedure for constructing optimal
consumption streams. Here, we introduce (see, Theorem 3.7) a global con-
struction. One important consequence of our new construction is that the
deriwative of the optimal consumption stream with respect to the endow-
ment is a projection at any point in the space of endowments (see, Theorem
3.9). This is surprising. The projections are not immediately orthogonal.
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However, there is an economically natural inner product, for which the pro-
jections become orthogonal. The inner product depends on the point in the
space of endowments and thus introduces a natural Riemanian structure into
the model.

The projection property of the derivative makes it possible to calculate the
first, second and third derivatives of the indifference price in a useful, explicit
form. Unexpectedly, cancellations allow us to obtain sharp, global bounds on
the indifference prices (see, Theorem 7.4).

We also give a straightforward analysis of indifference prices in the small
claims limit and obtain a second order expansion. This complements the
results of [7], [9], [15].

The large claims limit is another matter. It is rather subtle. By homo-
geneity, the indifference prices of large claims are naturally expanded in small
capital and the leading term is a fractional power. The fractional power (see,
Theorem 6.10) is a function of both risk aversion and fixed claims. The differ-
ence between the sharp, global bounds of Theorem 7.4 and the first two terms
of the small capital expansion goes to zero at an explicitly calculable rate.

Organization of the paper:

In section 2, we discuss general incomplete markets and the related utility
maximization problem. We introduce the class € of incomplete markets and
study its basic properties.

In section 3, we construct express the solution to the utility maximization
problem through an explicitly constructed non-linear map and study its prop-
erties. In particular, we show that the derivative of the optimal consumption
with respect to the endowment is always a projection.

In section 4, we calculate other derivatives of the optimal consumption and
establish useful algebraic identities for these derivatives.

In section 5, we introduce the utility indifference price and calculate its
derivatives.

In section 6, we study the asymptotic behavior of the indifference price as
the capital goes to zero.

In section 7, we establish sharp, global bounds for the indifference price.

Finally, in section 8 we calculate the second order expansion of the indif-
ference price when the claim size is small.

2 General Incomplete markets

2.1 The structure of market incompleteness

The randomness in our model is described by a finite, filtered probability
space (Q, G, B, P) where the filtration § = (G;)]_, satisfies

{0, =G cS Cc...C S =B (2.1)

There are T time periods. We emphasize that everywhere in this paper
the probability space €2 and time horizon T are assumed to be finite. The
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problem of passing to a continuous time limit is a topic of ongoing research.

DEFINITION 2.1 A financial asset is a pair of G -adapted processes, a price
process p = (pr,t = 0,...,T) and a dividend process d = (d;,t =
0,..., 7).

A financial market (M, G) is a collection of financial assets.

A 1 -period risk free bond at time t is the asset, whose dividend process
dg = 1 for @ = t+7 and dy = 0 otherwise.

For the sake of brevity, we will often use (p;) to denote a process without
indicating that ¢t = 0, ..., T.

We allow for an arbitrary type of market incompleteness, except for a
natural

ASSUMPTION 1 One period risk free bonds are available for trading at each
moment of time.

DEFINITION 2.2 Let (M, §G) = {A1, ..., An} be the underlying financial
market with financial assets Ay, ..., Ay . Asset A; has a price process (p;t)
and a dividend process (d;y). The payoff subspace L, at time t is defined by

N
Ly = {Z Tit—1 (pit + div) | ir—1 € Lo(Gi—q) forall i =1, ..., N}-

i=1

(2.2)
This is the set of payoffs at time t of all possible G, 1 -measurable invest-
ments x;,—1 at time t — 1. We denote by P, the orthogonal projection
onto the subspace L, in the space Lo(G;). Similarly, let Pge, t = 1, ..., T,
be the orthogonal projection (conditional expectation) from Ls(§2, B) onto

Ly(2, Gi). We write Pg for the direct sum
P; = @i, Pg,. (2.3)

Note that, by Assumption 1, 1 € Ls(9,1) C L, and, consequently,
Pg, 1 = 1. Furthermore, for any G;_; -measurable Y and any G;-measurable
X we have

Pe, (XY) = YPg, X. (2.4)

A portfolio strategy for an agent, with a §-adapted individual endowment
process, trading on the market (M, G) is an N dimensional, §-adapted
process x = (xi,...,xy). Here, x; = (20, ..., zjr_1,0). The random
variable x;, counts the number of shares of asset A; held at time ¢ + 1 before
dividends are paid and assets are traded. The last component 0 formalizes
the convention that no investments are made at the final time period T'.

DEFINITION 2.3 The dividend process Dy generated by the portfolio strategy
X 1S
N N

Dyy = Z(dit + Pit) Tigm1 — Zpitxit (2.5)

i=1 i=1



fort =0,...,T, where d; and p; are the dividend and price processes of
the asset A; . In particular, the initial investment is Dy o = — vazl Dio Tio -

The process
N

X, = Xi(x) = Z(dit + Dit) Tje—1 (2.6)

i=1
1s referred to as the wealth process of the strategy x .

DEFINITION 2.4 A market (M, G) is arbitrage free if there is no portfolio
strategy x such that Dx + > 0 forall t = 0,...,T and Dy » > 0 for
some T with positive probability.

A market (M, G) is dynamically complete if for any G -adapted process
(Yi,t = 1,...,T) there exists a portfolio strategy x such that

Dx,t — }/;g (27)
forallt =1,...,T.

DEFINITION 2.5 A §-adapted process R = (R;) is referred to as a state
price density process (SPD process) for the market (M, G) if the identity

Ripiv = E [Rt—l—l (pit—i-l + dit—i—l) ’91:} (2.8)
holds for any asset A;,i=1,..., N andany t =0, ..., T —1.
In particular, under the standard no-bubble condition p;,7 = 0, the price

T—1
pit = R{'E [Z Riyrditis

=1

94 (29)

is the discounted value of future dividends.
The following lemma summarizes some well known properties of state price
densities.

LEMMA 2.6 A market (M, G) is arbitrage free if and only if there exists a
positive SPD process.

An arbitrage free market (M, G) is dynamically complete if and only if
there exists a unique, positive SPD process.

A process D is a dividend process of a portfolio strateqy if and only if it is
orthogonal to any SPD process, i.e.,

E LXT; Dth] =0 (2.10)

for any SPD process R..



See, e.g., [6].

When markets are incomplete, there are infinitely many state price density
processes. This is one of the main difficulties in the analysis of utility max-
imization in incomplete markets. Malamud and Trubowitz [16] introduced a
unique, natural, ”aggregate” state price density process and showed that all
budget constraints and first order conditions can be formulated in terms of
this special SPD process.

LEMMA 2.7 Under the assumption of no arbitrage, there exists a unique, ag-
gregate state price density process M = (M) such that M, € L; for all
t = 1,...,T. Furthermore, a process R = (R;) is a state price density

process if and only if
R, M,
Pe, = 2.11
“R. M, (211)

for all t.

See, [16], Lemma 2.5.

The aggregate SPD process M is natural because it lives in the market
subspace, just like the prices themselves. Note that, in general, M is not
positive.! The main source of problems is that the projection P, is not
necessarily positivity preserving. This fact motivated the introduction of
a new class € of incomplete markets in Malamud and Trubowitz [16] .

DEFINITION 2.8 An incomplete market (M, G) belongs to the class € if
there exists a subfiltration H = (Hy,t =0, ..., T) of G such that

° j_CtJrl D 9t D j‘Ct fOT all t.
e The payoff process (p;r + diy) of any asset A; is adapted to H .

o Any H, measurable claim Y can be replicated by a G;_1 measurable

portfolio x1, ..., xn of assets, purchased at time t — 1. That is,
N
i=1

Equivalently, L; = Lo(H;) and Pg, = Py, = E[-|H,].
We refer to 3 as the hedgeable filtration.

It is possible to show (see, [16]) that Py, is positivity preserving if and only if
there exists a subalgebra J; C G; such that P, is the conditional expecta-
tion relative to 3, . In particular, it is possible to show (see, [16], Proposition
3.4) that the aggregate state price density process M is the unique positive
state price density process adapted to J{.

The class € has many interesting properties. As an illustration, we present
a natural subclass of incomplete markets from the class €.

Tt is possible that M; = 0 with positive probability. But, in [16], M is constructed as
a product one period stochastic discount factors My/M;_; which are well defined.
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EXAMPLE 2.9 As an example, consider a market, consisting of assets without
dividends, for which the price processes satisfy the discrete time SDE of the
form

N
Pit = Pit-1 + Hit—1 T Z Oijt—1 Xit, (2.13)
j=1

where (0;;1), (i) are arbitrary, G -adapted processes and the process

BiT = ZXM
t=0

is a martingale with respect to G for any i = 1,..., N. SDE (2.13) is a
discrete analog of the continuous time SDE

N
dpit = [thdt + ZaijtdBjt (214)

=1

with predictable processes (p;¢) and (o;;¢). Let F be the natural filtration,

generated by the martingales B; ;1 = 1, ..., N (i.e., the minimal filtration
for which the martingales are adapted). Suppose now that the martingales
B;,i=1,..., N have the spanning property: any F -martingale Z; can be

represented as a stochastic integral w.r.t. B;s:

N
Az, = Zy — Zy1 = Zfz‘t—lXit
i=1
Then, if the matriz (0;¢)ij=1,..n 1S invertible, the market is in the class €
and the hedgeable o-algebra H,; is given by Hy = o(Fy, Gi—1), the minimal
algebra, generated by F; and Gy .

Recall that in a standard, diffusion driven incomplete market, price pro-
cesses follow (2.14), but with B; being Brownian motions. It is possible to
show that any diffusion driven incomplete market can be approximated by a
discrete time incomplete market of the above form. Here, it is important that
Brownian motions naturally have the spanning property. See, [16], Section
4.2.

In the sequel, we make the following

ASSUMPTION 2 The market (M, G) belongs to the class €. The correspond-
ing hedgeable filtration is denoted by H . The unique, positive, aggregate state

price density process adapted to H and normalized by My = 1 is denoted by

Assumption 2 implies that the following is true.

PROPOSITION 2.10 For any H -adapted process (X;) there exists a G -adapted
portfolio strateqy x such that (X;) coincides with the wealth process of this
strateqy, X; = Xy(x) for all t. In this case,

My

Dxt:Xt_E
’ Mt

X1 |G (2.15)



for all t. Here, we use the standard convention Xg = Xpiq1 = 0.

See, Lemma 3.4 in [17].

2.2 The budget set

Initial value of a process (stream) will play a special role in our considerations.
For this reason, starting from this section, we will always treat the value
of a random process at time zero separately and write a process (wy,t =
0,...,T) as (wop, w) where w = (w;,t =0,...,T).

DEFINITION 2.11 Consider an agent endowed with an (income) stream (wo , W)
of consumption good, trading in the financial market to achieve a desirable
consumption stream (co, C). A consumption stream (co, C) is achievable by
trading if there exists a G -adapted portfolio stratetegy x such that

¢ = wy + Dx,t (216)
forallt =0,...,T.

DEFINITION 2.12 The budget set B(wo,w) of an agent with a G-adapted
endowment process (wo, W) with w = (w;, t > 1) is the set of all positive
consumption streams, that can be achieved by trading.

By Proposition 2.10, the following is true

LEMMA 2.13 A stream (co, c) € B(wy, w) if and only if there exists an
H-adapted wealth process (X;) such that

M4
M;

ct:wt—l—Xt—E

X1 94 > 0 (2.17)

forall t =0,...,T.

In applications to pricing insurance claims, we will be in the situation when
the endowment stream (w;) takes negative values. Thus, we must make sure
that the budget set is non-empty.

DEFINITION 2.14 Let Y = (Yi,t = 1,...,T) be a G-adapted process.
The upper hedging price for Y at time zero is the minimal number Y§ € R
such that there exists a portfolio strateqy x satisfying

Dy =2 Yy (2.18)

forall t = 1,...,T with —Dx o < Y. A portfolio strategy x is called
upper hedging for Y if (2.18) is satisfied.

In general, the calculation of the upper hedging price is a non-trivial prob-
lem. But, for incomplete markets in the class €, the upper hedging price can
be explicitly calculated by a simple, recursive procedure.

9



DEFINITION 2.15 Let A C B be a sub-o-algebra and X € L>*(B). The
conditional supremum esssup[X |A] of X relative to 2 is the unique, A -
measurable variable Z , satisfying Z > X such that Zy > Z for any 2A-
measurable variable Zy satisfying Z7 > X . When the probability space 1is

finite, we have
esssup[X | ] = max[X |2]. (2.19)

PROPOSITION 2.16 Let Y7, = 0 and define inductively fort <'T
Y = max|Y, + M E[Y}, My | G |96 ] (2.20)

for t > 1 and
Y, = E[M;Y'].

Then, Y 1s the upper hedging price for the stream Y . Furthermore, for any
upper hedging strategy x for the stream Y , the wealth process X;(x) satisfies

Xi(x) > Y} (2.21)
for all t > 1. Thus, (Y}) is the minimal upper hedging wealth process.
In particular, if x is an upper hedging strategy and Dyxo = —Y{ then
Xi(x) = Y} forallt =1,...,T.

Proof. We do the proof by backward induction. The claim is obvious for
t =T+ 1 (we use the convention Y;; = 0). Suppose that the claim is
proved for all ¢ > 7+ 1 and let us prove it for ¢ = 7. We have

Dy = Xy — M E[Myy X0 |G > Y, (2.22)
if and only if
Xy > max [Y;f + M E X Mgy | S |‘(Ht}

> max [V, + M E[Y{, My |G |30 ] = Y} (2.23)
and X; = Y} implies X;;; = Y}, . Therefore, X, = Y if and only if
X, = Y} for all ¢. The proof is complete. (l

LEMMA 2.17 The budget set B(wy, W) is non-empty if and only if
wy > (—w)g (2.24)

In the sequel, we always assume that (2.24) holds.
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2.3 Utility maximization problem

Consider an agent with a G-adapted endowment process (wq, w). It is stan-
dard in the modern literature to assume that the rational behavior of the
agent can be characterized by an expected, discounted, intertemporal utility

T
E [Z e_ptu(ct)] (2.25)
t=0
over all consumption streams (cy, ¢) Facing his endowment stream, an agents
uses financial markets to achieve the optimal consumption stream (cq, c)
maximizing the above utility of all achievable consumption streams in the
budget set B(wgy, W) .
Utility function u(c) is assumed to be monotone increasing, concave utility

and satisfying the Inada conditions

. / _ : / _

£1_I)% u'(c) = + o0 : cllrilw u'(c) = 0. (2.26)
Since, by assumption, () is finite, Inada conditions and strict concavity guar-
antee existence and uniqueness of the optimal consumption stream for the

objective function (2.25). The stream (cg, c) satisfies the standard Euler
equation (see, (B.20) in [17])

u'(e)pie = FE {efp u'(crp1) (pit+1 + dit+1) ’91&} (2.27)

for any asset A;,7 = 1,..., N.

By definition, (2.24) is necessary for the utility maximization problem to be
well defined. Standard results imply that it is also sufficient for the existence
of the solution. In fact, the optimal consumption stream exists and satisfies
the first order conditions under fairly general assumptions. See, Kramkov and
Schachermeyer [14], Karatzas and Zitkovic [13]. Existence proof for general
probability spaces is rather complicated, but in the finite dimensional setting
of our model, it is a consequence of standard convex optimization.

Using Lemma 2.13, it is possible to show that, for the class €, the Euler
equations take a special form, indicated below (see, Malamud and Trubowitz
[16], Proposition 5.2). Furthermore, a direct calculation shows that
M, ]

A (2.28)

T
Xi(x) = Peg, lz Dy,

T=t
for any portfolio strategy x. This identity allows us to rewrite the budget

constraints in a form, involving only the consumption and endowment. See,
[16], Theorem 2.15 and Propositions 5.1-5.2.

PROPOSITION 2.18 The utility mazimization problem has a solution if and
only if (2.24) is satisfied. The optimal consumption stream (co, C) is uniquely
determined by the first order conditions

My

e’ Efu'(crs1) | Hesa] = M, u'(ct) (2.29)
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and the budget constraints

(I~ Pog) P, [Z( ~ )it ] = 0 (2.30)

forallt =1,...,T and
T
E [Z (c; — wT)MT] = 0. (2.31)
7=0
Furthermore, ¢y = co(wy, W) is monotone increasing in wy .

(2.29), (2.30) and (2.31) form a highly non linear and complicated system
of equations. Malamud and Trubowitz [16] introduced a recursive procedure
for explicitly solving the system (2.29), (2.30) and (2.31).

Note that the first order conditions can be formulated in the following
equivalent form.

COROLLARY 2.19 Let (co, c) be the optimal consumption stream. Then,
Ry = e "/ (c;) (2.32)

is a state price density process for the market (M, G).

Proof. See (B.20) in [17]. O

The special state price density process (2.32) is known in economics as the
subjective state price density process of the agent. Note that, since the market
is incomplete, there is no unique way of valuing streams of unhedgeable claims.
The intuition behind (2.32) is that the agent uses this, subjective, discounting
to measure unhedgeable claims.

3 Separating consumption at time zero

From now on we will work exclusively with the power utility function

u(c) = (3.1)

for v > 0, # 1 and u(c) = logc for v = 1. This class of utilities is often
referred to as the constant relative risk aversion utility functions (abbreviated
as CRRA). A large part of the analysis can be directly extended to the case
of general utility functions.

Consumption at time zero plays a very special role in the structure of the
optimal consumption stream. We illustrate this on the simple example of a
complete market.
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If the market is complete, H; = G;, and the first order conditions (2.29)
take the simple form

e = Myey” e = e P M g (3.2)
Furthermore, the single, intertemporal budget constraint (2.31) implies that

Wo + E |:ZZ;1 Wt Mt:|
Coy = T . T1/y7 (33)
1 +E[ZtZIeP/VMt }

Thus, endowment process (wg, w) only enters the optimal consumption stream
through ¢, and ¢q is a linear function of the endowment stream. Thus, it is
natural to write the optimal consumption stream ¢ = (¢, t = 1,...,T)
in the form

c = c(c) and co = colwg, W). (3.4)

It turns out that a similar representation is possible in general incomplete
markets. This representation plays a crucial role in our analysis.

3.1 Notations and definitions

Let
H =] Ly(Q,G), (3.5)

be the Hilbert space of all adapted processes, starting at t = 1, equipped
with the standard inner product

(Z,Y)=> E[ZY]| =Y (Z,Y). (3.6)

t=1 t=1

forany Z = (Z;), Y = (Y;) € H. Any G-adapted process
a= (a,...,ar) (3.7)
defines a natural multiplication operator on H via
aZ = diag(a)_,Z = (e, Z,) € H. (3.8)
We will also use the operator
0 = diag(e ™)L ,. (3.9)

Depending on the context, we use boldface letters to denote both vectors and
the corresponding multiplication operators.

The following special, scaled inner product plays a crucial role in our anal-
ysis.

13



DEFINITION 3.1 Fiz an endowment stream (wq, w). Let

(co,c) = (co(wy, W), c(cy, W)) (3.10)
be the corresponding optimal consumption stream, defined in Proposition 2.18.
We define the scaled inner product

(Z,Y), = szeﬂtE[ct’“ ZY:| = (3c77Z,Y). (3.11)
t=1

REMARK 3.2 We emphasize that the scaled inner product depends on the en-
dowment stream. Thus, it should be viewed as a Riemanian structure on the
space of all endowment streams: in each point of the space, there is a metric,
defined by the inner product (3.11).

The following lemma in an immediate consequence of the definition.

LEMMA 3.3 Let v # 1. Then, The norm squared of the optimal consumption
stream ¢ 1is given by

(c,c), = ;e—ptE 7] =1 =7U(co, ) = 57, (3.12)
where .
Ulco, c) = (1—)" ; e E o] (3.13)

1s the maximal utility, achievable by trading, of an agent with endowment
(wo, W) .

In the sense of Lemma 3.3, the scaled inner product (-, ), is an economically
natural inner product: the size(norm) of the consumption stream is equal to
its utility.

Let J : H — H be the linear operator defined by

t

(JZ),=> Z-. (3.14)
T=1
for t = 1,...,7T.1Itis easy to see that the adjoint operator J* of J with
respect to the standard inner product is given by
T
(J*Z), = Pg,> Z. with (JZ,Y) = (Z,JY). (3.15)
T=t
Let fort=1,...,T,
@+ = Pg, — Py (3.16)
and let Q: H — H be the orthogonal sum
Q=& Qi (3.17)
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The image
Hy = QH = &, Qi L2(2,S), (3.18)

of the orthogonal projection Q will play an important role in our analysis.
Intuitively, this is the "unhedgeable” subspace.

Let Hy, Hy be two Hilbert spaces. Consider a smooth map G : H; —
H, . By definition, the derivative

D(G) = ) (3.19)

is a linear map H; — H, such that for e — 0

0G(w)

Gw+cecy) = Gw) +¢ - + O(&?). (3.20)

The second derivative 82G( )
p*q) = LW 21
@ =5 (321)

is a bilinear map H; x H; — H, such that for e — 0

IG(w) L2 0?G(w)

Glw + 2y) = Glw) += = My 422 00

(y,y) + O(%). (3.22)

3.2 Construction of optimal consumption streams

The goal of this section is to understand the structure of the nonlinear map
(w07 W) - (007 C) (323)

mapping the endowment stream into the optimal consumption stream, defined
in Proposition 2.18. This is analogous to the complete market case (see,
(3.2)). The recursive construction of [16] explains its local structure, i.e., the
dependence between ¢; and ¢;;1 . In this section we introduce a new formalism
that allows to treat this map in a global way and derive interesting properties
of its derivatives, that can not be seen in the ”local”, recursive formalism of
[16].

As we explain above, one of the key ideas is to decouple the initial con-
sumption and construct the map ¢ = c(¢p, w).

We start with a

LEMMA 3.4 There exists a function A : H — R such that for every z €
(A(w), +00) there exists a unique number (see, (2.24))

wy > (—w)g (3.24)

for which the optimal consumption stream (co, C), corresponding to the en-
dowment process (wo, W), has initial consumption ¢¢ = x.

15



Proof. Fix w € H. By Proposition 2.18, ¢y is smooth, monotone increasing
function of wy € ((—w)§, +00). Consequently, it maps ((—w)§, +o0) onto
some interval (A(w), +00). That 400 is mapped to +oo is clear because the
first order conditions and finiteness of the probability space immediately imply
that the consumption at time zero must go to infinity as the intertemporal
wealth goes to infinity. O

Fix a consumption ¢y at time zero and let
cm = cm(cy) = ¢o 0/ TM . (3.25)

be the optimal consumption stream in a fictitious complete market with the
unique SPD process M (see, (3.2)).

DEFINITION 3.5 Let Hy = {Z € Hy; 1+ JZ > 0} . Define the map F :
Hy — Hy via

F(Z) = F.(Z) = QJ* M cem (1+JZ) /7. (3.26)

LEMMA 3.6 The map F : Hf — F(H{) C Hy is bijective and monotone
decreasing, in the sense that for all Z,Y € Hy

(F(Z)-F(Y),Z —-Y)<0. (3.27)
The inequality is strict as soon as Z # Y .

Proof of Lemma 3.6. Denote by D(F') : Hy — H, the derivative 0F(Z)/0Z.
Then, by direct calculation,

D(F)=D(F)|lz=—"'QJ*M cm (1 + JZ) "7 J. (3.28)
Thus, for any y € Hy = QH we have
(D(F)y,y) = -y Y{Mem((1+JZ) " Jy, Jy) < 0. (3.29)
The inequality is strict if y # 0. We have
F(Z) = F(Y) + / D(F)ly sz (Z — Y)dt, (3.30)
and therefore
(F(2) = F(Y).2=Y) = [[(D(F)lyzv(Z-Y), (Z-Y))dt < 0, (331)
and the equality holds if and only if Z = Y.

Suppose that F' is not injective, that is, there exist Y # Z such that

F(Y) = F(Z). Then, the monotonicity condition is obviously violated.
U
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THEOREM 3.7 Let w = (wy,t = 1,...,T) be an endowment process.
Choose ¢y > A(w) and let wq be the corresponding initial endowment. Then,

QJ*Mw € F, (H)) (3.32)
and the optimal consumption stream c is given by
c =cle, w)= cm(cy) (1 + JZ(cy, w)) /7 (3.33)
with
Z(w)=1Z(co,w) = F(QJ'Mw) =F ' (QJ*Mw) € Hy. (3.34)

The derivatives of the maps ¢ and F are given by

D(c) = W = lem ¢! J(D(F))'QJ M, (3.35)
and
D(F) = g—g = 7 'QJ M cm "' . (3.36)
respectively.

Proof. Existence of ¢ follows from Lemma 3.4. Define the process Z =
(Zy,t =1,...,T) € H via

&' Zy = ePte " MY — et e ML (3.37)
By (2.29), P57, = 0, thatis Z € Hy. Summing up (3.37), we get

t

e "M = + " Y. 7 (3.38)
T=1
forall t = 1,...,T. That is,
c =cm(l+ JZ). (3.39)

Substituting (3.39) into the budget constraints (2.30), we get
QJ/'Mw = QJ'Mc = QM cem (1+JZ) " = F(Z),  (3.40)

which is what had to be proved.
Differentiating

c(co, w) = em (1 + JFH(QJ Mw)) /7. (3.41)
with respect to w, we get
D(c)=—tem (1 + JFHQJ"Mw)) V" LI(D(F)"'\QJ*M, (3.42)
and the identity
em(1+JZ) 7 = em™ (cm (1+ JZ)_l/V)lﬂ =cm "¢ (3.43)

implies (3.35). The proof of (3.36) is analogous. O
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REMARK 3.8 Theorem 3.7 implies that the optimal consumption stream can
be written in the form

(co, ) = (co(wo, W), c(co(wy, w), w)). (3.44)

Given ¢ = c(cy, W), the value co = co(wy, W) is uniquely determined
by the last budget constraint (2.31). This is similar to the complete market
situation (see, (3.2) and (3.3)).

We are now ready to state the main result of this section.

THEOREM 3.9 Let ¢g > A(w) and (cy,w) — c(co, W) be the map defined
in Theorem 3.7. Then, the derivative D(c) = 0dc/Ow, given in (3.35), is
the orthogonal projection P, onto the subspace

~1

H.=M(dc ") JH, (3.45)

in the Hilbert space (H, (-,-),), equipped with the scaled inner product (3.11).
We need an auxiliary

LEMMA 3.10 The adjoint of P. = D(c)l|w with respect to the standard inner
product (-, -) is given by
P:= v 'MJDF)'QJ* ¢ lem™. (3.46)

(¢}

Moreover,
Mcm’c 7 'P, = P:Mcm’c 7%, (3.47)

Proof. Lety,z € Hy=QH . Then,

(D(F)y,z) = (—'QJ*Mcm "¢ Jy,z) (3.48)
= v Y McmcJy,z)
= =y Ny, " Mem ¢ Jz) = (y,D(F) z).

Thus, D(F) : Hy — Hy is selfadjoint with respect to the standard inner
product. Consequently, D(F)~! is also selfadjoint and

(D(F)y.2z) = (QD(F) 'y, 2z) = (y, D(F)"' Qz). (3.49)
for any y € Hy and any z € H . Therefore,

—y(Pcy,z) = (Tlem™” JD(F)7'QJ My, 2)
= (y,MJD(F)'QJ*c" ' cm " z) (3.50)

and (3.46) follows. Identity (3.47) is verified by direct calculation. O
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Proof of Theorem 3.9. The operator Q J* M maps H onto Hy and therefore,
J(D(F))"'QJ*M maps H onto J Hy. Substituting the identity ecm ¢!t =
co " 07 M into (3.35), we immediately get that the D(c) maps H onto
H..

It remains to prove that D(c) is an orthogonal projection. Identity (3.36)
implies that

Q = DIF)(D(F)™'Q = vy 'QJ*'M cm "c'"J D(F)'Q. (3.51)

Multiplying (3.51) from the left and right with —y~'cm™7c'*7J D(F)~! and
J*M respectively, we obtain

—vlem ¢ J D(F)'QJ*M (3.52)
=y ?em'c'J D(F)'QJ*Mem "¢ D(F)"'QJ*M.

That is, D(c) = D(c)?.
It remains to prove that D(c) is self-adjoint w.r.t. (-,-).. By Lemma 3.10,

Mcm” ¢ 7 !'D(c) = D*(c)M em” ¢ 7!, (3.53)

where D*(c) is the adjoint with respect to the standard inner product. There-
fore, using (3.25), we get
(D(©)X,Y), = (3¢ 'D(E)X,Y) = (Mcm” ¢ 'D(©)X,Y)
= (Mcem” ¢ 7'X, D(e)Y) = (9¢7'X, D(c)Y) = (X, D(c)Y),.
(3.54)

which is what had to be proved. O

LEMMA 3.11 Under the assumptions of Theorem 3.7, the second derivative
of c(co, W) with respect to w is given by

9*c(cy, w)
ow?

Proof of Lemma 3.11.  Using (3.26) and (3.36), we get

(Y, Y)=(1+7(I — P)c H(P.Y) . (3.55)

F(Z+eY)=QJ*Mcm (14 JZ +2JY) (3.56)
—F(Z)—ey'QJ* Mcem (14 JZ) " JY
+e7 (v +1) QI Mem (14 J2)" 7 (JY)? + O(e)
= F(Z) 4+ ¢ D(F)|z(Y) + 2 D*(F)|z(Y,Y) + O(%).

Therefore,

DX(F)|z(Y,Y) ="' (v +1)QJ" Mem (1 + JZ) /"2 (JY)?. (3.57)
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Let X = QJ*Mw . Then, by (3.36),
D(F)x = (D(F)|r1x) " = =7 (Q M emc7J) . (3.58)
Differentiating this identity and using (3.57), we arrive at
D*(FM|x(Y,Y) (3.59)

— D(F ) [D2<F>|F-IX(D<F1>|X<Y> , D<Fl>\x<Y>)]

_ —(D(F))’ll (% + 1) QJ* M cm (1 + JZ) "2 (J(D(F))"(Y))?,

with Z = F~1(X).
Differentiating (3.35) twice with respect to w, we obtain

D*e)(Y,Y) = v (v '+ 1) em(1 + JZ)" 2 (J(D(F)) QI MY)?
+y tem(1 + JZ)YV7 LD (FH(QIMY)? (3.60)

Making use of (3.59), (3.35) and the identity

cm (14 JZ)7/77% = em 2 ¢, (3.61)
we obtain
D?*(c)(Y,Y)
= (y4+1) ¢ (PY)? — (y+1) P! (PY) . (3.62)
This completes the proof. O

LEMMA 3.12 Let w be an endowment stream and ¢y > A(w). The map
c(co, W) is homogeneous of degree one, that is,

c(cg, w) = coc(l, cgtw). (3.63)
Consequently, the Fuler identity

oc(co, W) _, 0c(co, W)

96, = ¢y cle, w) — ¢ T(W) (3.64)
holds, as well as
9c(cy, w) L 0%c(co, W)
W y)= — ¢ W(W7 y), (3.65)
" Pola. w) _ L, Pcley. w)
ClG, W) o ClCy, W
o7 = ¢ T2 (W, w). (3.66)
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Proof of Lemma 3.12.  Proposition 2.18 implies that both ¢(A¢o, Aw ) and
Ac(co, w) satisfy the first order conditions and budget constraints. Since the
optimal stream is unique, we have

c(Aco, A\W) = Ac(c, w). (3.67)

Differentiating this identity with respect to A\ we get (3.64). Now, differenti-
ating (3.64) with respect to w we get

0*c(co, W)
JcoOwW y)
_, 0c(cg, W) _, 9% ¢c(cp, W) _, 0c(co, W)

= G T(Y) - ¢ T(W,Y) ) T(Y),

(3.68)

and (3.65) follows. Differentiating (3.64) with respect to ¢y and using formu-
las (3.64) and (3.65) we get

0?c(cy, w) L 0%c(co, W) , 0%c(cy, W)
— _ e~ 7 — o — . 69
ct “ OcoOwW w) “ ow? (w, w). (3.69)
This completes the proof. O

4 The derivatives of the consumption at time
Zero

Until now, we have ignored the dependence of ¢y on the endowment and
treated it as a free variable in the map c(cy, w). To determine the value of
co, we must impose the last budget constraint

co + (cleg, w), M) = wy + (w, M). (4.1)

and solve it for ¢ = ¢o(wy, w). Note, that the non local structure of
the map c(cy, w) makes it difficult to study state-wise dependence of the
consumption stream on c¢y. But, the local in time, recursive structure of the
optimal consumption stream, derived in [16], allows to address such questions.
In particular, Malamud and Trubowitz [16], Theorem 5.14, show that future
consumption ¢(s) = ¢(s)(co, w) is monotone increasing in ¢y for each
state s. Consequently, there exists a unique solution ¢, to (4.1).

LEMMA 4.1 (FIRST ORDER DERIVATIVES, VERSION 1) We have

Oco(wo, w) . (I — (P)) M, y)
ow (y) = g <g—§), M> g (4.2)
and Do ) .
awo’ = L < g_g) | M> (4.3)
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Proof. Both identities follow by differentiating (4.1). For the first identity we
obtain with P, = D(c)|w = dc/0w

Oco(wo, W) oc Oco(wp, W)
—_— P.)'M — M)—————=(y)=(y,M). (44
S y) 4+ (v (Po)M) + (5 MYSEZO ) = (y M) (44)
The second identity follows completely analogously. U

Formulae of Lemma 4.1 are very difficult to use if we want to address mono-
tonicity and/or convexity/concavity properties of the initial consumption ¢y .
It is not even possible to see directly from (4.3) that the derivative dcy/0wy
is positive. The reason is that all quantities are expressed in the wrong, "un-
physical”, inner product. Taking into account Theorem 3.9, we would like
to have expressions for the derivatives, involving the economic inner product
(3.11).

The key observation is that, due to (2.10), the standard budget constraint
(4.1) still holds if we replace M by any other SPD process. By Corollary
2.19, R = (¢, 7,0 c¢™7) is an SPD process and we arrive at

LEMMA 4.2 The optimal consumption stream satisfies
(wg — co) g’ + <W — ¢c(cy, w), 0c(c, W)_7> = 0. (4.5)
We also need the following identity.
LEMMA 4.3 Let ¢ = c(co, w). Then,
P.w = P.c (4.6)
Proof. The budget constraints (2.30) can be rewritten as (see, also (3.40))
QJ"Mc = QJ"M. (4.7)
Using (3.35), we arrive at

Pow = —'em ¢ (D(F)) " Q' Mw (48)
= —ylem ¢ J(D(F) ' QJ Mc = Pec.

which is what had to be proved. O

These observations are crucial for our analysis. It allows us to write all the
derivatives in a remarkably elegant way.

PROPOSITION 4.4 (FIRST ORDER DERIVATIVES, VERSION 2) We have

dco (wo, W) oy, I —P¢)(c))
— ¢ 4.9
A [V P o
and -
olwo, w) ___ 0 . (4.10)
T [V MRl
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Proof. We first prove (4.10). Differentiating (4.5) with respect to wy , we get

dco \ —y—1 Ocg
_ _ _ - — 4.11
0 (1 aw0> Co Y (U}O CO) Co aU}O ( )
dc Ocy . B 1 9c Oa
<800 8w0 96 > 7 <<W C> ¢ 9 800 6w0 .

Making use of Lemma 4.3, we can rewrite (3.64) in the form

oc(cy, w _ _ _ _
% = co1 c(co, W) — ¢ 1 P.(w) = co1 c(co, w) — co1 P.(c)
= ¢t (I — P.)(c). (4.12)
Therefore,

<§—;’°C”> = &' ((I = Po)(0), ), = ' III = Pe)cll?,  (413)

since (I — P.) is an orthogonal projection w.r.t. (-, -). Since P, is selfad-
joint with respect to (-, -)., Lemma 4.3 implies that

(w—c,Pcc), = (Pew — Pec,c), = 0. (4.14)

Combining (4.14) with (4.5), we get

<(W— c)c Dg—cco> = cy' {(w—c, (I —P.)(c)), (4.15)

=c¢ (w—c,c), = —(wy — co)ca%1

The required identity (4.10) follows now from (4.11), (4.13) and (4.15).
Differentiating (4.5) with respect to w we get

800

—y—1 800

0 = —5- O a’ —v(w —ca)a™ 5 (y) (4.16)
+ <y - PC(Y) - %%(Y)v DC_v>

oy <w —c,0c ! (Pc(-V) + g—;%(.‘)’)>> .

Lemma 4.3 and the selfadjointness of P, imply that

(w —c,Pc(y)), =0 (4.17)
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for any y € H. Using (4.12), (4.17) and (4.15), we arrive at

<w P (Pc(y) + g—; %<y)>> (4.18)
. <w e, (Pc<y> " g‘—cg—w<y>)>

=(w—cC @%()
N ’aCOGWy c

:cg1 <W — C,(C—Pc(c))%@’)>

_,0c Jc Y
:Cola—VS(YHW - C,0), = — 8—“0,(}’) (wo — co)co .
Therefore, (4.16) takes the form
800 — Jc 600
- _ Y - P - — . 4.1
0= G+ (v~ Pdy) - 55 e) (1.19)

An application of (4.12) and the fact that P, is selfadjoint with respect to
(-,-)e complete the proof. 0

Combining Lemma 4.1 and Proposition 4.4, yields the following
COROLLARY 4.5 We have
qoc (I — Po)c = (I — (P)") M, (4.20)
and 5
G =Py cf? = <a—c M> (4.21)
Co
Surprisingly, we do not know any direct way to check these identities.

DEFINITION 4.6 Let
b= (-P,(c). (4.22)

The random process b plays a very important role in our analysis and appears
in almost every formula. We will need a

LEMMA 4.7 The process b is nonnegative.

Proof. By (3.64),
oc(co, W)

—1
= b. 4.23
800 € ( )
By [16], Theorem 5.14, ¢ is a coordinate-wise monotone increasing function
of ¢y and the claim immediately follows. O
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5 Utility indifference pricing

We start with the standard definition of the indifference price (see, e.g., [10]).
Let

T Cl—v
U™ (wy, w) = FE [Z e Pt t—] (5.1)
t=0 l=x
where (¢, ¢) = (co(wy, W), c(co, w)) is the optimal consumption stream.

U™a* ig strictly monotone increasing w; for each ¢ (see, e.g., Lemma 2.6 in
[17]).

Consider now an company (private bank) with an initial capital (endow-
ment) wy = W and no random endowment w = 0, that invests this
capital into financial assets and trades in the market to achieve the optimal
consumption (dividend) stream (co(W,0), c(co, 0)). Suppose now that this
company decides to sell insurance against a §—adapted stream Y = (Y;, ¢ =
1,...,T) of claims for an initial, nonrandom price 7y = m(Y) at time
zero. Then, the endowment stream of the company becomes

<w07 W) = (W + o, _Y)

and the company will trade in the market to achieve the maximal utility
Uma(W + m, —Y).

DEFINITION 5.1 The utility indifference price at time zero of the stream Y
at the capital level W is the unique, deterministic solution my = m(W,Y)
to the equation

U™ (W, 0) = U™(W + 7(W,Y), =Y), (5.2)

provided it exists.

Interestingly enough, the indifference price does not always exist when
v < 1. In [17], we prove the following

PROPOSITION 5.2 There ezists a continuous function | = (Y, ) such
that (5.2) has a solution my if and only if W > 1. The lower threshold
I(Y,~y) = 0 is equal to zero if and only if either v > 1 or Y can be

replicated by trading.

5.1 The optimal consumption stream without a random
endowment

To calculate the solution to (5.2), we need to know the exact value of the left
hand side. It is well known that, for a diffusion driven incomplete market (see,
the discussion after Example 2.9) without a random endowment, the optimal
consumption stream for a logarithmic utility (v = 1) can be calculated
explicitly. For v # 1, no explicit expression is known.
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The special structure of incomplete markets in the class € allows us to
explicitly solve the utility maximization problem for a CRRA utility without
a random endowment.

PROPOSITION 5.3 Let (¢, c) be the optimal consumption stream for the en-
dowment (W, 0), mazimizing (5.1) and X; be the corresponding wealth pro-
cess, 1.€.,

M,
o = X, — B | =X, 94. (5.3)
t
Let Zp = 1. Define the process Z = (Zy,t =T —1,...,0) inductively
by
B M. 1-1/v
Z, =1+ e E [( A}“) (E (2001 | s )Y \gt]. (5.4)
t
Then,
Mt *1/'7 1/ .
X=X () EE sz 69
t—1
(with Xo = W ) and
M, V(B2 | H )\
— —p/y | L il Sl A R 5.6
Ct Ci_1 € ( Mt_l ) ( Z? ( )
forall t > 1 and
co = WZt (5.7)
In particular, for v = 1,
o = e PPM e (5.8)
and W
Cop — T 5 (59)
Do €7

Proof. Since the aggregate state price density process M is H-adapted, (5.5)
implies that (X;) is also H-adapted. Identities (5.5) and (5.6) imply

Ct Ci—1 Ly

X, X Z

and, consequently,
Cy = Xt Z;l
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Consequently, using (5.4), we get

M,
X,y — E [Mt X, 9t_1]
t—1
M, 1-1/y
- (1 - F (Mt ) e (B (27| 36)) 22 9])
t—1
—1/y
Xy ( M, )1 v 1
= Z, ., — E e PV (B [Z) |, )Y |G,
Zt—l ( t—1 Mt,1 ( [ t| t]) t—1
_ X .
Zt_l t—15

and thus, (¢;) is indeed the consumption stream, corresponding to the wealth
process (X;). It follows directly from (5.6) that (c¢;) satisfies the first order
conditions and the claim follows. U

¢

COROLLARY 5.4 If v # 1 then

U™SW,0) = (1 —~)twhrz]. (5.10)
If v = 1, then
T T e—rt Mt
U™ W,0) = > e logW + > e log <T7> . (5.11)
=0 =0 s=0 € 7°
Proof. By (4.5),
(co — W)ey” 4+ (c,0c™”) = 0. (5.12)
Substituting (5.7), we get
(1 — U™ W,0) = Wey? = W Zy. (5.13)
The case v = 1 is proved by direct calculation. O

5.2 The derivatives of the indifference price with re-
spect to claims

The representation

(co,c) = (co(wy,w), c(co, W)) (5.14)

of the optimal consumption stream, provided by Theorem 3.7 allows us to
incorporate all the dependence of consumption on the indifference price g
into ¢g. In particular, the defining equation (5.2) can be rewritten as

co(m)™ + (0, (eo(my), =Y)) = U™ (W, 0) (5.15)
for v # 1. Here, ¢o(my) = co(W + m, —=Y).
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THEOREM 5.5 Let W > (Y, ) and w7y = mo(W,Y) the indifference
price, solving (5.2) and (co, c) be the optimal consumption stream for the
endowment (W + mo(W,Y), =Y). Then,

om -
Sy = 0(e/a)7, (5.16)

and
6271'0
0Y?

Proof. Let k(Y) = c¢o(W + m(W,Y),Y). By abuse of notation, will use

T

0

)
both ¢y and k(Y) to denote co(W + m(W,Y),Y). Rewriting (5.15) in
the form

_ ot 0 (Pe(c), Y>i
vz Y) = e Pey), ¥)e + 760 75— 17— PocE (5.17)

!

EY)™" + E [XTE e Pl (k(Y), —Y)I’Y] = U™ (W, 0) (5.18)

and differentiating (5.18) with respect to Y, we get

L <k " <aa—°‘,c—v>> = (3P(), ) = (Pel).c),. (5.19)

oY 600
Note, that (5.19) also holds for v+ = 1, even though (5.18) does not. Thus,
all the subsequent formulae also hold for v = 1.
By Theorem 3.9 and Lemma 4.3,
(3Pe(y), c7) = (y,Pe(c)), = (y, Pe(w)), (5.20)

for any y € H. By (4.23) and Theorem 3.9,

0 <a§—cc> (- P)(©), ) = I - PoelZ (3.21)

Consequently;,

ot
oY
Substituting

) (K7 + k(T = Po)clll) = (Pe(c), y).- (5.22)

ok . 800 800 87?0
oY — oY | ow, oY (5.23)

into (5.22) and making use of Proposition 4.4 we get

oo dco \ " [ Ok dco
e I )

Co <Pc<c)7 Y>c =+ CO<y7 (I - Pc)<c)>c

= = (5.24)
<yc’0(,jy>c = (0 (c/e)) ",y) - (5.25)
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This proves (5.16).
Differentiating the identity

871'0

) = e y) (5.26)

with respect to Y we get, using (4.23), that

8271'0 o -1 800 600 871'0
Gy VoY) = a5 ™)+ a—m)@—Y(y) (v, C)e (5.27)
oc ([ Oc Jcy O
_ o~ —-1 [ _ = =0 Z0 770
v (oe (<P + 52 () + 5250w ) y)

Ocy O oc
_ v y—1 0 0T 0 -~
= v (Pe(y), y). + 7 (—8% —8Y(y) + —8Y(y)> (y,c— b),..

Making use of Proposition 4.4 and identity (5.25) we arrive at

6271'0
JY?

y,y) = 76 (Pely).y). (5.28)

— Co <y7 Cc — b>
+ ~et ( — c ) ,c—b
16\ aT = P O TP
<y7 b - C)i
T+ U = Pol

O

= v¢) (Pe(y), y). + vc

5.3 Homogeneity of the indifference price and the deriva-
tives with respect to capital
Here we calculate the derivatives of the indifference price with respect to

the capital W . The required formulae follow from the homogeneity of the
premium.

PROPOSITION 5.6 The premium mwo(W ,Y) is homogeneous of degree one.
That 1is,

To AW, AY) = Am(W,Y). (5.29)
Consequently,
67?0 1 ] 67?0
- — — < .
T W=y |44 aY(Y) <0 (5.30)
and o o
0 o _9 o
T ey el (Y,Y) (5.31)
and o o
o 1 o
= — Y). .32
S (y) = - W Ry, Y) (532)
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Proof. By Lemma 3.12, c(cy, —Y) is homogeneous of degree one and ho-
mogeneity of my follows directly from the definition. Identities (5.30)-(5.32)
follow from the homogeneity of the indifference price in complete analogy
with Lemma 3.12. In particular, (5.31) implies that 7y is convex in W . By
homogeneity,

lim w = Jim 7(1,Y/W) = 0.

W —o0
If 92(Wy,Y) =a > 0 for some Wy > 0 then, by convexity
TW,Y) > a(W-=Wy) + a(Wo,Y)

and, consequently,

. 710<LL s Y)
_— >
lim W a >0

which is a contradiction. The Hessian of my is

8%mg 8%mg
2 _ OW?2 OW oY
D To = ( 8%mg ) T 8%mg

oWoY oY?
Therefore,
(22m (1) (1)) = 6 = oY) = 0¥ > 0
Y Y
with H = gi’;g . The proof is complete. (l

COROLLARY 5.7 The premium 7y s jointly convex in capital and claims and
1s monotone decreasing in capital.

6 The behavior of the premium for large claims
to capital ratio

In this section we study the behavior of the premium when the claims size is
large relative to the capital of the insurance company.

Note that, by Proposition 5.2 , this analysis only makes sense when ~+ >
1. When v < 1 and the wealth W is below the threshold (YY), utility
indifference premium simply does not exist. Therefore, everywhere in this
section we assume that v > 1.

If we multiply the claims Y by a parameter A > 0 measuring the size
of the claims and see what happens when A — oo. Homogeneity of the
premium implies that we can study its behavior as the capital changes instead
of analyzing the behavior when the claims size changes (see, Proposition 5.6):

(W, AY) = Am(A W, Y). (6.1)
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Thus, we want to study the behavior of my as W goes to zero.

For the sake of brevity, we denote (W + mo(W,Y), =Y) by «(W).
Similarly, we denote by X;(W) the corresponding wealth process. By Propo-
sition 2.10,

= X (W) 6 (6.2)
for ¢t > 1 and
(W) = W + m(W,Y) — E[M X,(W)].

Recall Proposition 2.16 and let (Y}') be the minimal, upper hedging process
for the claims payment stream Y . We start with a lemma that gives the
indifference premium for initial capital W — 0.

LEMMA 6.1 We have

vlvigo oW ,Y) = m(0,Y) = Yy (6.3)
and
v%/igo X,(W) = X,(0) = Y¢ (6.4)
forallt =1,...,T. Consequently,
lim (W) = a(0) = Vi — Yi — EMua Yi M7 G) (65)
forall t =0,...,T. In particular,
Vll/iTo (W) = ¢(0) = Y§ — E[MY}] = 0. (6.6)

Proof. Recall that the endowment stream of the company after selling the
insurance against Y is given by

wg = W 4+ m, w = =Y.
By Lemma 2.17, the budget set is non-empty if and only if
m + W > Y. (6.7)

Furthermore, mp < Y|, because, otherwise (5.2) does not hold. Thus, (6.3)
follows. By Proposition 2.16,

X:(0) =YY (6.8)

and, since m(0,Y) = Yy is sufficient to finance (X;), Proposition 2.16
implies that X;(0) = Y} forall t =1,...,T. O
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We will need the following auxiliary

LEMMA 6.2 Let A, B, M > 0 and Z be random variables. The unique
random variable X , solving

AX + BEIMX|G] = Z (6.9)
15 given by

_ E[MA™Z]G]

X=A"'"2Z-8B : 1
( I+ B A B|S] (010
In particular,
A7
X = (6.11)

1 + E[MA1B|Y]
if both Z and B are Gy -measurable.

Proof. Multiplying both sides of (6.9) by M A~! and taking the conditional
expectation Pg, , we obtain the expression for E[M X | G;]. Plugging this into
(6.9) gives the required solution. O

DEFINITION 6.3 Let s; € G, be the event ¢,(0) = 0. Let also xs, be the
indicator of the event s; .

Note that, by (6.6), s = §2.
First order conditions (2.29) imply that e” E[c,)); | H;1] and ¢, 7 are
finite or infinite simultaneously. Consequently, the following is true:

LEMMA 6.4 s401 C 54 forallt =0,...,T—1.

Note again that we work on a finite probability space.

In Lemma 6.1, we have calculated the limit of the indifference prices as the
capital W goes to zero. The next step is to calculate the expansion of the
indifference price around W = 0.

Let Sp = 0. We define the following random variables S; inductively:

o if ¢,(0) # 0, let

M,
Kt = F |\Ct+1(0)_’y_1 (]_ — F [Mt+2 St+1 9,54.1]) ‘%t+1] (612)
t4+1

and Y .

el K, =2 ¢, (0)~ 7~
S, — b t(Q) (6.13)

s B[R e (M) a0 5]
where
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o if ¢,(0) = 0, let

M -
(1 — Et+1 [ As St+1 ‘ 9t+1] ) X3t+1

K, = F
' M4

and, for ¢t > 1, let

-1
e P K;Y_l (_Mt+1) v

My
St - _1 17,\/—1
B er T ()T 6]

o for t =0,
— —1 —1
So = e K] MY

Let further

and

Define for v > 1

1/(1-7)

1y Zg

@ = T () 17 '
Do €P E[(Ct ) Xst]

Let now, foreach t =1, ..., T,
X0 g,
Note that, by definition, X" = S, X"
LEMMA 6.5 Let v > 1. Then,
X(W) = Y + XPW + o(w)
and, consequently,

a(W) = ¢(0) + "W + o(W)

with
o = XV — E[Myyy X2 MG
orallt =1,...,7T, and ¢y’ 1is giwen by (6.19).
Il 1 T, and ¢V is given by (6.19
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(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)



Proof. The proof is done by dlrect calculation. We substitute the Ansatz
(6.20) X,(W) = X,(0) + XMW + o(W) into the first order conditions
(2.29) and calculate the coefficients Xt( ) by induction backwards in time. By
Lemma 6.1, X;(0) = Y}'. Therefore, it suffices to prove that Xt(}r)l = 5, xV
forall ¢ > 1 and XV = S c((]l).

The required assertion is obviously true for ¢ = T + 1. Suppose that the
claim is valid for all time periods larger than or equal to t + 1 , and let us
show the relation Xt(}r)l = S, X" it for t > 1. Let first c(0) # 0. The
first order condition (2.29) reads

e PFE

My

Mt+2 -
X1 = Y = B |Xpo 72 S| | | Hon

M
— Z\Zl (Xt—Yt—E

Xit Mtﬂ\gt]) . (6.23)

Substituting the expansions Xyyo = X12(0) + Siiq Xt}rl W + o(W) (using
the induction hypothesis) and Xy = X;11(0) + Xﬁ)lW + o(W) and
using the Taylor approximation

(x 4+ yW +o(W))7 = 277 —yz 7 LyW + o(W), (6.24)
we get

¢ " Elepe1(0)7 [ His]

M,
—ve?E [Ct+1(0)_y_1 (1 - E lMHQ Sti1 ’ 9t+1‘| ) '}Ct+1‘| Xw
11
+ o(W)
M, B o M,
s oo (50— 5[] ).

(6.25)

Note that, as everywhere in this paper, the probability space €2 is assumed
to be finite and therefore no special care should be taken of the o(W) term.
Comparing the terms of order W, we get the equation

M,
E l0t+1(0)_%1 (1 - E lMiJr? St1 ’ 9t+1‘| ) ‘j'ftﬂ] X
+

My

+ Ct<0)7771 FE

Xfi)l‘St} = (07 ' xY. (6.26)

Applying Lemma 6.2, we get that Xt(}r)l = 5 Xt for all £ > 1 with S;
given by (6.13).

Let now ¢(0) = 0. Then, following the same steps as above and substi-
tuting the expansions into (6.23), using
(YW 4+ o(W))™7 = y YW (1 + o(1)), (6.27)

34



and multiplying the identity by W7, we get

- M, M, 7
e (xW\T t+1 (X(l) _ B {X(l) t+1 D O(W™
e T Hy ( t+1) M, ¢ BT ‘ St + O( ( ) |
6.28

with K, given by (6.14) (Here, the indicator x,,, appears because on the
complement of s;,1, consumption stays bounded away from zero and, after
multiplication by W7 contributes to O(W?7) ). Consequently,

1

y M, M -
Xt+1 t+1 ‘9t] _ (il) x®

L My
R XD (SE) E

M, M,
(6.29)
and Lemma 6.2 implies that Xt(}r)l = 5 Xt(l) with S; given by (6.15). It
remains to consider the case t = 0. Substituting Xt(l) = t(H) 81) into the

Ansatz X; = X;(0) + xMw o+ o(W) and then, substituting this Ansatz
into the utility indifference equation (5.2), we get for v > 1

Zy = wit <CO(W)17 + F [z; eptct(W)l'Y]>
= () + o))" + )y e W E [((0) + o(1)'77 (1 = xo) |

+ ;T;e”tE[(cgl)(O) n o(l))H xst]
— ()7 (1 + ie—PtE[(CF))M x]) + o(1)

(6.30)
and the identity (6.19) follows. The proof is complete. O
Note, that the only place we used that 7 # 1 is the identity (6.30). The
case 7 = 1 is treated separately because (6.30) does not hold for logarithmic
utility.
Let
T - —pt M
log(c{™) = (Z e Pt Prob[st]> Z e " log ( < : )
=0 Yo €
(6.31)

S (Bl -l - F i)

and define for each t = 1, ..., T
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LEMMA 6.6 Let v = 1 and

Y Eroc” 1 6.32
pr— pum — > . .
Then,

X, = Y + WX 4 oW, (6.33)
Consequently,

a(W) = ¢(0) + Y W* + o(W®) (6.34)
with M

o6 = x - B S s] (6.35)

t

for t > 1, and ¢\ is given by (6.31).

Proof. The recursive relations for Xt(a) follow by literally the same arguments

as in the proof of Lemma 6.5. Substituting the Ansatz
o = c(0) + YW 4 o(W)

into the utility indifference equation

T T T Pt M.
log(co) + E [Z e Pt log(ct)] =Y ePllogW+> e’ log <T7t>

t=1 t=0 t=0 t—o €7
(6.36)
and using that
log (c(()a) W + o(WY))

4 i e Pt E [1og (Ct(o) + cga) ct(H) W + o(W“))]
t=1

T
= (log(c(()a)) + « logW) > e " Prob|s]
=0

3 e (B flog (0) (1= x.)] + E [log ¢ x., ) + o(1),

t=1
we get the required formula for céa) ) O

We are now ready to calculate the ”"second” order of the asymptotic ex-
pansion.
Let S:(;’) = 0. We define the random variables Stm inductively.

o if ¢,(0) # 0, let

Mo
Myt

Ky = E [Ctﬂ(o)vl <1 - El 5151)1‘915“]) ‘j'CtH] (6.37)
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, and

e”K’l Mier (o (0)7 1
s — - al0) . (6.38)

1+ E [K7 L er (MAZ—?)Q ¢, (0)—-1 ‘ St]

o If ¢,(0) = 0 and ¢t > 1, let

——1 M,
K,, =F [(Cgl) ! <1 - By [ﬁ5§1)1‘9t+1‘|> Xset1 J-Ct+1‘|
+
(6.39)
and ,
P K= 1 Mgy (C(l))i
v Y.t M t
SO = - RIS : (6.40)
L+ E{Kwtep ( Mt) (Ct ) ‘9’*}
e Fort =0 M
™ _ 1 Miyr @)yt
S0 = e KIS G (6.41)
Let now foreach t = 1, ..., T
m _ T e o _ o [ Mea gy
sty = 11 s and Gf) = S5 - B | 7S, (6 (6.42)
7=0

Let also for v > 1

o _ =D 'S e E(e (0))1‘v (1 — Xs)]

o (6.43)
((1))V+ZTleptE{( )VC,YXSJ
and
;o= Sy (6.44)
forall t =1,...,T.

LEMMA 6.7 Let (Xt(l)) and (c,gl)) be the processes of Lemma 6.5. If 1 <
v <2, then

X,(W) =Y + xPw + XOwr + ow?). (6.45)
Consequently,
¢ = a0) + W + W+ oWw?) (6.46)
with
= xY - F {Aj’zl X}l{]gt}. (6.47)
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Proof. The proof is completely analogous to that of Lemma 6.5. Recall that
T

w1t <00(W1 T+ FE [Z (W 1) = Z. (6.48)
t=1

In complete analogy with Lemma 6.5, we can substitute the Ansatz (6.45)
into the first order conditions (6.23) and obtain the recursive expressions for
the coefficients, using Lemma 6.2 on each step. This generates the relation
(6.44), but with an unknown coefficient céw that has to be determined from
the equation (6.48). Substituting the Ansatz (6.45), (6.44) into (6.48), we get

(ch) + "W+ o))

+ Y e W E [(a(0) + OW) (1 - x,) |

t=1

T 1=y
+ Z eptE{(cﬁl) + W 1C(H Co + O(W)) Xst} = Zj. (6.49)
t=1

Using the expansion
(a+eb)™ =a"7 + (1 —y)a7eb + O(?) (6.50)

and gathering the terms of order W7~1 in (6.49), we get

T
0 = ()7 + (1= X e E[(a(0) 7 (1 = xa)]
t=1
o)\ (
+ o’ e B[ ()X | (651)
t=1
and the required identity follows. O

It remains to consider the case v > 2. We only treat here the case v > 2.
The case v = 2 must be treated separately, because the terms of order W7
will enter the asymptotic expansion. Otherwise, the calculations are almost
identical.

Let S:(FQ) = 0. We define the following random variables 5,5(2) inductively:

o if ¢,(0) # 0, let

M,
szEhwWIQ—ﬂMWﬁw4>m4<mm
t+1

and L
— t+1 -y
e’ Ky S ¢(0)

S =
—1 Miyq )2 _
1+ E[ngtep (M2)" (0) v\gt]

(6.53)
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Let also
2 2) (2 2
X2 = 5P x? + RY (6.54)
with

1
R = 5164

o 2
<€_p (0 My M E [Ctﬁl “(0) (Cg-ly)l) |}Ct+1}

o il ¢(0) = 0, let

Ky
—y—1 M,
= FE [(Cz(tit)l) ! (1 — B lﬁsﬁ)l ‘ 9t+1‘|> Xst1 J-Ct+1‘|
+
(6.56)
and
1 My —y
o e Ky, 25 (¢(0))
S = : YRR — ) (6.57)
L B[ s (4%2) (@70) s
Then, for t > 1,
X3 = s xP (6.58)
e for t =0
@) p 1 Mit1 1)y
and
X = g (6.60)
Let now for each t = 1, T,
t
St = II s¥
7=0
and .
-1
SiE = St Y R (871)
T=1
Then,
X — M 1 59, (6.61)
Let also
M,
o = s - B| S5 sials) .
M

5219 -



and
_ -y
L TLen B[]
o = -— - T (6.62)
(co )7 + Xy E[(Ct ) Cy Xs,

LEMMA 6.8 Let (Xt(l)) and (cgl)) be the processes, constructed in Lemma
6.5. If v > 2, then

X,(W) = v 4 xPw o+ xPw? 4 owmineaty, (6.63)
Consequently,
¢ = c(0) + W + Pw? 4 owminh (6.64)
with M
2 = x® _ g ]\tj ! Xﬁ)l\gt] (6.65)
t
fort > 1.

Now, with the expansion for the optimal consumption stream on our hands,
we can calculate the expansion for the premium.

We will need the following important identity (see, Corollary 5.4).

LEMMA 6.9 We have

ome(W,Y) oW\,
—ow - -1 + ( W ) Zy (6.66)
for v > 1, and
ome(W,Y) co(W)
—aw = -1 + W (1 + (0,1)) (6.67)
for v = 1.
Proof. By (5.16),
on
o’ gg(Y)(Y) = (Y,0c™). (6.68)

By (4.5), (5.2) and (5.10),

0= (co — 70 — W)eg? + {c + Y,0¢7)
= b 4 (e, = (mo+ W) + (Y, 0c)
= W' Z] — (mo+ W)eg? + (Y,0c™7).
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Using formula (5.16) for the first derivative of my, we get
C_,y 87'('0 (Y)
oY

Identity (6.66) follows now from (5.30). If v = 1, identity (4.5) takes the
form

(Y) = (Y,0c) = (W +m)eg” — W27 (6.69)

0 = (CO — 7o — W)Cal + <C -+ Y,0071>
That is, by (5.16),
1 Omo(Y)
oY
and (6.67) follows from (5.30). O

(Y) = (Y, 0¢7") = (m + W)eg' — (1+(v,1))

THEOREM 6.10 We have

— W + B(Y)WeY) 4 oY), y=1
oy JELHAY)W 4 B(Y)WT 4+ O(W?), v e (1,2)
(=1 + A(Y)W + Bs(Y)W? + O(W3), =2
(=1 4+ AY)W + By(Y)W? + O(W=inds:h) - 4 > 2
(6.70)
Here, a(Y) is given by (6.32),
Bi(Y) = o 'd™1 + (0,1)) (6.71)
and
AY) = (&) 2 (6.72)
and .
By(Y) = o (") 23 (6.73)
and N -
By(Y) = 509 ()" 23 (6.74)

The coefficient Bs(Y) also satisfies (6.74), but the coefficient 082) is a little
bit different from the one, calculated in Lemma 6.8.

Proof. Let first v+ = 1. By Lemma 6.6, co(W) = A we 4 o(W®).
Integrating (6.67) with respect to W, we get

oW, Y) = Y* — W + o' (1 + (0, 1) W* + oW (6.75)

which is what had to be proved.
Let now v € (1,2). Then,
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and therefore

<(ng )>7 = (") + oy (7)) o),

Integrating (6.66) with respect to W, we get the required.
Other expansions follow in the same manner from Lemma 6.8 and (6.66).

t

7 Non perturbative bounds for the indiffer-
ence price

We will need the following result, which is also of independent interest.

PROPOSITION 7.1 Let v > 1. Then, the quotient W= co(W +m(W ,Y),Y)
1s monotone increasing in W and
co(W)

w w
CO( ) Z CO,E/‘/ ) Z V%/lgo 7 _ Cél)<Y>’ (71)

where Zy is defined by (5.4) and (5.7).

Proof. By Corollary 5.7, g is convex in W . Therefore, dmy/0W is monotone
increasing in W and, by (6.66), so is ¢o(W)/W . The limit on the right hand
side of (7.1) follows from Lemma 6.5.
Using homogeneity, we get
(W)W = (W + «a(W,Y), = Y)W
= (W (W + 7(W,Y)), =YW
- co(l + (1, YWY, —YW*l)

Therefore, by (5.7),

co(W) _
e T c(l,0) = Z,* (7.2)
O
Combining Lemma 6.9 with Proposition 7.1, we immediately get
PROPOSITION 7.2 We have
. 87T0<W, Y) . (1) Y

V[l/lglo T = -1 + (CO (Y) ZQ) . (73)

Consequently, the following inequality always holds:
Yo > m(W,Y) > Y - W (1 - ('(Y)2) ). (74
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Asymptotic expansion of Theorem 6.10 is a local result that only holds
when W is small. It turns out that it is possible to prove sharp, global
bounds for the premium using some interesting convexity properties of the
function ¢o(W)/W . The proof of this result is based on surprising algebraic
identities for the derivatives of ¢o(W), leading to numerous cancellations.

PROPOSITION 7.3 Let v > 1. Fiz Y and let (as in the proof of Theorem
5.5)
EW) = EW.,Y) = co(W + 7o(W,Y), Y). (7.5)

k(vl/(vm) 1=
gv) = EpRyCE : (7.6)
Then, the function g(v) is conver and salisfies

go0) = ()7 L g = - @

Proof. By abuse of notation, we will use ¢y to denote the value of k(W)
when we do not have to differentiate. By Lemma 3.3,

Let further

BT (0T, =Y), ) = WTZ = T el (78)
Identity (4.23) implies that
oc(k, -Y)

= k' (I — P.)c. 7.9
- (I~ Pye (7.9
Differentiating (7.8) with respect to W, we get
kW= Z]
/o 0 _ —1 1—v 2 —1
K = o T bE oW (co 7 + |c||2) N (7.10)

with
N o= B4 b2,

Differentiating (7.10) with respect to W, we get

K= N2 ((W’Y ZIK — kWO Z)) N
— KW ZH (=T 4 (b))
— W7 el N (W™ + ) N W) N
= (A=W (@ "+ el N+ <||b||§>')).

By (3.64), (3.66) and (4.3),

d*c

— ¢;'b and 27 = ?(1 4+ 7)) (I -Pe)ct (P.c)’
&

de
0 Co
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Therefore, using the fact that P, is an orthogonal projection with respect to
() )e, we get

0 Jc
- _ -
o F a2

800
2

C REDBIE + k(2K vey = (828 et Oy
¢ oct

(IIb*)" =

800 800

= KEbIZ + KE (1479) (e (Pec)”, ble — 7K k7 [|b|:
= (L= KEbZ + K& (1+7)(c (Pec)®, b).

W (e + el N (L= bl + (1+7) (e (Pec)®, b).).

Consequently,

(L= W e (o "+ [lel2) N7+ (IblI2)
= W "+ [el)NT ((1=7)N + (1+7)(c ! (Pec)®, b)),
(7.11)

and thus
B = @W T el N (W T+ el N -y W) N
— (W@ + )N (A=) N + (1+9) (¢ (Pec)?, b)) ))
— W™ + el N2 (v (7 + llol) =N
= (@7 + el N (4 7) {7 (Pec)?, b))
— W+ o) N2 (7 [Pec?
= (A7 el N (14 9) (e (Pec)?, b ).

Now,
EW — k
(k’/W)/ = T = W_QCOHPCCHgN_l (712)
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and
W3 (kW) = K'W?2 — 2K'W + 2k
— o+ llol) N (7 [Pec?
= (A7 el N (14 9) (¢ (Pec)?, b )
= 26 (7 + SN + 26
= N (= (@7 el N (14 9) (07 (Pec)?, b
+ (@7 + o)y IPecl? — 2N (N + [Pecl?) + 237
= ¢y N2 ( — UN7 (1479) (7 (Peo)?, b).
+ UY[[Pecf? = 2N (N + [Pecl?) + 2N?)
= N7 (= VPN (149) (7! (Pec)?, b
F UGy = 2)[Pecl? + 2[[Pecllt)
where
U=c¢c " +|c|2 =2Z W™ = |Pcc|? + N. (7.13)
Now, for any function f(x),
(@) = A=) =) e = = e (1)

and

((Faay=)

— (=) (2R = (y=1) T R — % T
= o (y= )T ()P0 — O — 2 ) ff)
(7.15)

Thus, it remains to show that

VW)W = fW) f'W)W = (2=9) f(W) f(W) =0 (7.16)
for f(W) = k(W)/W and W = VY0=Y By the above (see, also (7.13)),

V(LW = fV) ['W)W = (2=7) f(W) ['(W)
= y(Wa|[[Pec|cNTH)*W

— 00W7100N72 < — U2N71 (1 +7) <Cil (PCC>27 b>C
+ Uy = D)[Pecll? + 2[[Pec! ) W2

— 2= oW W 2¢||Pec|>? N7!

= EN3W3U?(1 + 7)(c ! (Pec)?, b), > 0,
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because b > 0 by Lemma 4.7. Identity (7.7) follows from Lemma 6.7. O
Now we are ready to prove the main result of this section
THEOREM 7.4 Let 4 > 1 and A(Y) = (c(Y)Z) . Then,
Yi - W (1 - A®Y)) < m(W,Y)
<Yy - W (1 — AY) (1= (v = ) (/e) Wvl)ﬁ) .
Proof. By Proposition 7.3, g(v) is convex and therefore

g() = g(0) + 4'(0)v (7.17)

for all v > 0. That is, by definition of g(v),

()7 2 ()7 + 0 ()

= (M)~ BY)yW

with B(Y) = (1 — ) (cél) )77 cg”. Consequently, by Lemma 6.9,

om(W.,Y) o)\,

~

< -1 + ((Cél) )1—7 _ B(Y) Wvl) T—v Zg .
Therefore,
7T0(W, Y) — Yg = 7T0(W, Y) — 7T0(0, Y)

Wl N\
< W + Zg/ ((co )7 - B(Y)uﬂ—) dw
0

1

= —w o+ W (@) (1= () Bw) T 2z,

8 Small claims / capital ratio

In this section we study the asymptotic behavior of the premium 7 when the
size of the claims Y is small relative to the capital of the company. Since we
have an explicit formula for the consumption stream when there are no claims
(see, Proposition 5.3), the derivative P. can be calculated explicitly by a
recursive procedure. But, the expression is rather complicated. For the read-
ers convenience, we perform the calculation for the so-called idiosyncratically
incomplete markets. It is characterized in the following definition.
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DEFINITION 8.1 A market (M, §G) is idiosyncratically incomplete if

(1) There exists a subfiltration F = (F;) of § with F; C G; for all t =
0,...,T such that the price and dividend process of any asset in the
market is adapted to F;

(2) The market M is complete with respect to F (but not with respect to
G). That is, any F -adapted process can be replicated by an F -adapted
portfolio strateqy;

(8) Filtration G does not contain any additional information about events

i F. Formally,
E[X|5] = E[X|9] (8.1)

for any F;1 -measurable variable X .

It is easy to see that and idiosyncratically incomplete market belongs to
the class €, the hedgeable algebra is given by H;, = o(F;, G4_1), the min-
imal algebra, containing F, and G, 1, and the aggregate state price density
process M is, in fact, F-adapted.

Definition 8.1 means that, without a random endowment, an agent faces a
complete market and his optimal consumption stream is given by the standard,
complete market formula (see, (3.2) and (3.3))

1

c = €_pt771 M;vi Co (82)

and W W
Co = - = . - - (8.3)
Zo 1L+ Yy e ? EM ]

Furthermore, the process Z; takes the following simple form,

T
_t,1 1_71
7, = Py, S et M

T=t

See, Proposition 5.3.

Of course, the market becomes incomplete as soon as the agent has a ran-
dom endowment (w;), that is G-adapted, but not F-adapted. Interestingly
enough, almost all models for indifference prices, considered in the literature
are idio

LEMMA 8.2 Let Y = 0 and
Z = diag(Z,)L, (8.4)
be the multiplication operator by the process Z;. Then,

Ply—o =B = clemJZ'QJ*M. (8.5)
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Proof. By (3.35) and (3.36), we only have to prove that
D(F) = -7y 'QJ*McemJ = —y ' Z. (8.6)
Note that, by Definition 8.1, for any Fr-measurable variable X |
EX[%] = EX[G] = E[X[H|] (8.7)
and @, @y, = 0 for any t; # t,. By direct calculation,

(D(F)((20)), = @ ; M, cm, ; g

T
Z Mg CIly

T=1 O=max{T,t}

Mﬂ
8

T T

¢ T
Z Z pcmy + QY z, Y, Myemy

= T=t+1 0=

= 0 Z Q1Y v+ @ Z LPQTZMecme

=1 T=t+1

= coxy Zy + coQy Z x, Zr = coxy Zy. (8.8)
T=t+1

Here we have used that z, € @, Ly(G,) implies Q;z, = 0 or t # 7 and
M, cm, is F,-measurable for any 7. ]

A direct consequence of Lemma 8.2 and Theorem 5.5 is

LEMMA 8.3 We have

\Y —o =M (8.9)
and oo,
ayz Yy =0 = V[Bylen (8.10)
DEFINITION 8.4 Foreach t = 1,...,T, let

I,(y, M) = E linM 94 — B lin }ctl. (8.11)

We can now calculate the second order approximation to the indifference
price the ratio Y /W of claims to capital is small.

THEOREM 8.5 We have
oW ,Y) = Wr(1,Y/W) (8.12)
and therefore, when Y /W is small,

Varg, (I,(Y) W)
Zy

m(W,Y) = (Y, M)+ W Z, i E

t=1

+ W O((Y/W)?)
(8.13)
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Proof. We have
LIy, M
(By): = ¢glemy Y % (8.14)

and, consequently,

t IT 2 t IT
cm;’Pg, (By)? = Pg, <Z Z_> = Varg, (Z 7) (8.15)

=1

since I P 1
Pgti = LT — .

Consequently;,
I I
C -2 =0
OV, <2217 223 )

since I, € @, Ly(G,) for each 7. Hence,

Var
Cmt P&"t (By - 2 Z ? )
Let
V. = m'
(Z-)?
Then,

T
GIBYI, = cF [ et 2 e <By>§]

=1

T
B e cme[(By)?w]

t
— W' ZE lz e TS VT]
=1 T=1

T T

I

= W' Z SN E(ZV] = W' Z, S E lvar%(t)
t

t=1 t=1

] . (8.16)

U
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