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Abstract
We study survival, price impact and portfolio impact in heterogeneous
economies. We show that, under the equilibrium risk-neutral measure,
long-run price impact is in fact equivalent to survival, whereas longrun portfolio impact is equivalent to survival under an agent-specific,
wealth-forward measure. These results allow us to show that price
impact and portfolio impact are two independent concepts: a nonsurviving agent with no long-run price impact can have a significant
long-run impact on other agents’ optimal portfolios.
Keywords: survival, price impact, equilibrium, heterogeneous agents,
optimal portfolios.
JEL Classification. D53, G11, G12
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1

Introduction

The principal motivation for studying survival of irrational traders and their
long-run price impact comes from the theory of efficient financial markets.
If irrational traders do have long-run impact on asset prices, there will
be persistent market inefficiencies, and prices will constantly deviate from
fundamental values and give rise to inefficient allocations.
Starting with Friedman (1953), it has long been argued that irrational
traders cannot survive in a competitive market, as they will constantly lose
money betting on the realization of very unlikely states of the economy.
Basing on this intuition, Friedman argued that irrational traders cannot
influence long-run asset prices. In a recent seminal contribution, Kogan,
Ross, Wang and Westerfield (2006) (henceforth, KRWW (2006)) demonstrated that survival and price impact are two independent concepts: even
if irrational traders do not survive, they can still have a substantial longrun impact on asset prices. They also show that irrational traders portfolio
policies can deviate significantly from what the asymptotic moments of stock
returns suggest. KRWW (2006) suggest the following intuitive explanation
of these surprising phenomena: “Under incorrect beliefs, irrational traders
express their views by taking positions (bets) on extremely unlikely states
of the economy. As a result, the state prices of these extreme states can
be significantly affected by the beliefs of the irrational traders, even with
negligible wealth. In turn, these states, even though highly unlikely, can have
a large contribution to current asset prices.” This intuition naturally gives
rise to the following questions: what, precisely, are the extremely unlikely
states responsible for the price impact, and what is the exact economic
mechanism by which these states generate price impact? In this paper, we
provide detailed answers to these questions.
We show that Friedman’s original intuition is in fact correct, but with a
small modification: price impact is indeed equivalent to survival, but under
the risk-neutral rather than the physical measure. Namely, an agent has a
long-run price impact if, and only if, the long-run share of the aggregate
3

wealth that he owns has a nonnegligible market value.
A similar result holds for portfolio impact. We show that the long-run
impact of agent j on the portfolio of agent i is equivalent to the survival
of agent j, but under agent i’s wealth-forward measure. This measure has a
density proportional to that of the risk-neutral measure, but it is multiplied
with agent i’s wealth. This is very intuitive: the agent, j, who bets on the
realization of states in which agent i’s wealth is the largest, will have the
most significant impact on state prices in those states and, consequently, on
agent i’s optimal portfolio.
We consider an economy populated by an arbitrary number of agents
with arbitrary heterogeneous risk aversions and beliefs, maximizing utility
from terminal consumption. We derive closed-form asymptotic expressions
for equilibrium quantities and study how price impact, portfolio impact and
survival depend on the cross-sectional distribution of agents’ characteristics.
We show that allowing for more than two agents can lead to new, surprising
phenomena that cannot occur in two-agent economies. In particular, we
show that even a nonsurviving agent with no price impact may have longrun impact on other agent’s equilibrium optimal portfolios. In contrast to
the findings of KRWW (2006), we show that nonsurviving irrational agents
can have both price and portfolio impact even if they are optimistic,1 as
long as the preferences are heterogeneous across agents.2 As we show, the
presence of such overoptimistic irrational traders is crucial for generating
the empirically observed3 U-shaped pattern for the equilibrium state price
density. Finally, when the economy is populated by a large number of agents,
both price impact and portfolio impact can be permanent: they may not
1

KRWW (2006) show that, in a two-agent economy with identical risk aversions, a
nonsurviving irrational trader can have price impact if and only if he is pessimistic.
Because a large proportion of stock traders seem to be overoptimistic (see Dimson, Marsh
and Staunton (2003)), it is important to recognize that this phenomenon can also occur
with optimistic traders.
2
This phenomenon is related to findings of Yan (2008), who shows that, when
preferences are heterogeneous, incorrect beliefs may have an opposite effect on the
economy’s behavior.
3
See Jackwerth (2000).
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vanish even for periods arbitrarily close to the terminal time horizon. This
behavior is completely different from that in a two-agent economy in which
both price and portfolio impact always vanish for periods sufficiently close
to the terminal time horizon.
We also study price impact and survival in the presence of intermediate
consumption. As in the case of only terminal consumption, the long-run
price impact is always equivalent to survival under a particular measure. As
an illustration, we show that an agent affects long-run bond volatilities if
and only if he survives under the T -forward measure. Similarly, an agent
affects long-run stock forward volatility if and only if he survives under the
dividend forward measure. In the case of a large market populated by a
continuum of agents, these results allow us to establish surprising closedform expressions for long-run volatilities and to determine their dependence
on the cross-sectional correlation of beliefs and risk aversions in the economy.
We now discuss the related literature.
Many papers study long-run survival of irrational agents in equilibrium
models with intermediate consumption. Blume and Easley (2006) show
that, when the aggregate endowment is bounded from zero and infinity, risk
preferences do not matter for survival, and irrational agents do not survive.
In a recent seminal contribution, Yan (2008) considers an economy populated by many CRRA agents with heterogeneous risk aversions, discount factors and beliefs, and an aggregate endowment following a geometric Brownian
motion. Yan shows that survival can be characterized by a single number,
the survival index, and that only the agent with the lowest index survives in
the long run. In stark contrast to the findings of Blume and Easley (2006),
Yan finds that survival does depend on risk preferences. However, if two
agents differ only in their beliefs, the more irrational one will become extinct
in the long run. Yan shows that the state prices and, consequently, the
market price of risk converge to those determined by the single surviving
agent. Cvitanić, Jouini, Malamud and Napp (2009) consider the same model
as Yan’s and show also that the stock price volatility and optimal portfolios
converge to those determined by the single surviving agent. However, they
5

show that the returns on long term bonds, as well as long run cumulative
stock returns are impacted by non-surviving agents. Kogan, Ross, Wang and
Westerfield (2010) (henceforth, KRWW (2010)) also study the link between
survival and price impact in the presence of intermediate consumption but
allow for general utilities with unbounded relative risk aversion and a general
dividend process. They show that in order to have nonsurviving agents
who impact the long-run equilibrium state prices, it is necessary to assume
utilities with an unbounded relative risk aversion that grows sufficiently fast
at infinity. In contrast to KRWW (2010), we show that, even with CRRA
utilities, non-surviving agents can have a long-run impact on the prices of
assets with long maturities, and this price impact is equivalent to survival
under an asset-specific measure. Thus, the mechanism, relating price impact
with survival under different measures is universal for both models with and
without intermediate consumption.
There is a large literature on equilibrium risk sharing with heterogeneous
risk attitudes and beliefs. Dumas (1989) analyzes numerically a continuoustime production economy with two agents having different risk aversions.
Wang (1996) studies the equilibrium yield curve in a continuous-time economy with two agents for special values of risk aversions. Basak and Cuoco
(1998) consider a restricted participation model with two agents having
different risk preferences. Bhamra and Uppal (2009) consider the same twoagent model as Wang (1996) and derive conditions for equilibrium excess
volatility. Many papers analyze models with heterogeneity of beliefs only
(see, e.g., Basak (2000, 2005), KRWW (2006), Jouini and Napp (2007),
Berrada (2009), and Xiong and Yan (2009)). Dumas, Kurshev and Uppal
(2009) derive closed-form expressions for optimal portfolios in an economy
with two investor types with different beliefs but identical risk aversions.
None of these papers analyzes economies with more than two heterogeneous
CRRA agents. Chan and Kogan (2002) and Xiouros and Zapatero (2009)
study equilibrium asset prices in economies populated by a large number
(a continuum) of agents with heterogeneous risk aversions and “Catching
up with the Joneses” preferences. Basak and Yan (2009) study equilibrium
asset prices in the presence of money illusion. Yan (2009) studies economies
6

with a large number of irrational (noise) traders and shows that, in general,
noise trading is not cancelled out by aggregation and can lead to equilibrium
price overshooting and negative expected returns. However, these papers do
not analyze equilibrium optimal portfolios. Cvitanić and Malamud (2009b)
consider a general continuous time CCAPM with the aggregate dividend
following an arbitrary Markov diffusion and multiple agents with arbitrary
heterogeneous utilities. They obtain general representations for drift, volatility and optimal portfolios in terms of aggregate quantities, and they use these
representations to make empirical predictions and establish general bounds
for those quantities. However, they do not derive closed-form expressions for
the optimal portfolios. To the best of our knowledge, our paper is the first
one that obtains closed-form asymptotic expressions for optimal portfolios in
equilibrium with more than two CRRA agents differing in their levels of risk
aversions.
The paper is organized as follows. Section 2 provides the model setup.
Section 3 studies survival and price impact. Section 4 analyzes portfolio
impact and its relation to price impact and survival. Section 5 studies the
model with intermediate consumption. Section 6 contains detailed, explicit
calculations for case of large markets with a continuum of agents. Section 7
concludes. All proofs and technical results are found in the appendices.

2
2.1

Setup and Notation
The Model

We consider a standard setting similar to that of Wang (1996) and KRWW
(2006). The economy has a finite horizon and evolves in continuous time.
Uncertainty is described by a one-dimensional, standard Brownian motion
Bt , t ∈ [0 , T ] on a complete probability space (Ω, FT , P ), where F is the
augmented filtration generated by Bt . There is a single share of a risky asset
in the economy, the stock, which pays a terminal dividend
DT = eµ T
7

+ σ BT

.

We also assume that a zero coupon bond with instantaneous constant riskfree rate r = 0 is available in zero net supply.4
There are K (types of) agents indexed by i = 1 , ... , K. Agents have
different expectations about the future of the economy. More precisely, agents
disagree about the mean growth rate. We denote by µi the mean growth rate
anticipated by agent i. Letting
δi =

µi − µ
σ2

denote agent i’s error in her perception of the growth of the economy normalized by its risk,5 we introduce the probability measure P i , which is equivalent
to P and defined by its density
1

Zi T = eδi σ BT − 2 σ

2 δ2
i

T

.

From agent i’s point of view, the terminal dividend is given by
DT = e(µ + δi σ

2) T

+ σ BTi

where, by the Girsanov Theorem,
Bti ≡ Bt − δi σ t
is a Brownian motion with respect to P i .
Agent i chooses an admissible portfolio strategy πi t , the portfolio weight
in the risky asset, so as to maximize the expected utility
E

Pi



i
Wi1−γ
−1
T
1 − γi



4
As remarked below, because the agents maximize utility only from terminal wealth,
interest rates can be taken to be exogenous. The assumption of zero interest rate is made
for simplicity of exposition. The analysis directly extends to the case of nonzero r and,
under some technical conditions, also to the case of stochastic interest rates.
5
The parameter δi also represents the difference between agent i’s perceived Sharpe
ratio and the true one.
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of his final wealth Wi T , where the wealth Wi t of agent i evolves as
dWi t = Wi t πi t St−1 dSt
i

and E P denotes the expectation under agent i’s subjective beliefs.
In this equation, St is the stock price at time t. The instantaneous drift
and volatility of the stock price St are denoted by µSt and σtS respectively, so
that
dSt
= µSt dt + σtS dBt .
St
The market price of risk (MPR) κt is given by
κt =

µSt
.
σtS

Agent k is initially endowed with ψk > 0 shares of stock, and the total
supply of the stock is normalized to one,
K
X

ψk = 1 .

k=1

By definition, agent i is rational if his beliefs about the true probability
measure are correct (that is, δi = 0,) and is irrational otherwise. We say that
an irrational agent i is pessimistic (optimistic) if δi < 0 (> 0) . Risk aversions
γi > 0 and beliefs δi ∈ R are arbitrary and heterogeneous across agents.

2.2

Equilibrium

Definition 2.1. We say that the market is in equilibrium if the agents behave
optimally and both the risky asset market and the risk-free market clear.
It is well known that the above financial market is complete if the volatility process σtS of the stock price is almost everywhere strictly positive.6
6

This can be verified under some technical regularity conditions on the model
primitives. See Hugonnier, Malamud and Trubowitz (2009). In our model, it is possible
to show that σtS ≥ σ. See Proposition 3.7.
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When the market is complete, there exists a unique state price density
process ξ = (ξt ) such that the stock price is given by
St =

Et [ξT DT ]
ξt

(2.1)

where ξt is the density process of the equivalent martingale measure Q,


dQ
dP


= ξt = Et [ ξT ] .
t

Thus, we can rewrite (2.1) in the form
St = EtQ [ DT ] .

(2.2)

Because of the market completeness, any equilibrium allocation is Pareto
efficient and can be characterized as an Arrow–Debreu equilibrium (see, e.g.,
Duffie and Huang (1986), Wang (1996)).7
It is well known (see, e.g., Duffie (2001)) that in this complete market
setting, the optimal terminal wealth for agent i is of the form Wi T =
−bi
(yi Zi−1
, where bi = γi−1 is the relative risk tolerance of agent i, and
T ξT )
−1
yi is determined via the budget constraint E[(yi ZiT
ξT )−b ξT ] = Wi 0 =
ψi S0 = ψi E[DT ξT ]. That is,
Wi T =

ψi E[DT ξT ] bi −bi
ZiT ξT .
bi 1−bi
ξT ]
E[ZiT

Because in equilibrium the final wealth amounts of all the agents have to sum
up to the aggregate dividend, equilibrium stochastic discount factor (SDF)
ξT needs to solve the equation
X ψi E[DT ξT ]
X
bi −bi
Z
ξ
=
Wi T = DT .
iT T
bi 1−bi
E[Z
ξ
]
iT
T
i
i

(2.3)

As in KRWW (2006), we will write Xt ∼ Yt if limt→∞ Xt /Yt = 1 .
7

Existence and uniqueness of equilibrium can be shown using the same arguments as
those in Dana (1995), Dana (2001) and Malamud (2008).
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3

Survival and Price Impact

As we shall see below, both survival and price impact of agent i can be
completely characterized by a single characteristic
def

γ̃i = γi − δi .
We shall refer to γ̃i as the effective risk aversion of agent i. This quantity has
a very clear economic interpretation. If the agent is irrationally optimistic,
then he is willing to take riskier positions in the stock than a rational agent
with the same risk aversion γi . Similarly, a pessimistic agent behaves as if
his risk aversion were higher, and the size −δi of his pessimism precisely
determines the gap between his true and effective risk aversion. Note also
that, in a single-agent economy populated only by agent i, the equilibrium
state price density ξT is proportional to DT−γ̃i , so γ̃i determines the elasticity
of the state price density with respect to the aggregate consumption.
Because in our economy the markets are complete, the prices coincide
with those in an artificial economy populated by a single, representative
agent with a utility function U (see Duffie (2001)). The equilibrium state
price density equals the marginal utility of the representative agent, evaluated
at the aggregate endowment,
ξT = U 0 (DT ).

(3.1)

The identity
2 2

Zi T = e−0.5 δi σ

2 2 −δ

+ δi σ BT

= e(−0.5δi σ

i µ) T

DTδi

and the equilibrium market clearing (2.3) imply that the marginal utility
U 0 (x) is uniquely determined by the equation
X

2 2 +δ

(yi e(0.5δi σ

i µ) T

x−δi U 0 (x))−bi = x .

i
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(3.2)

We shall refer to
γ̃ U (x) = −

x U 00 (x)
U 0 (x)

as the aggregate effective risk aversion. Because of beliefs heterogeneity, the
representative agent’s utility need not be concave and, consequently, γ̃ U (x)
may be negative for some values of x, in which case the representative agent
exhibits risk-loving behavior.8 The following proposition is true.
Proposition 3.1. The aggregate effective risk aversion is given by
γ̃ U (DT ) =

X

γ̃i λiT

(3.3)

bi WiT
.
λiT = P
j bj WjT

(3.4)

i

where

It is monotone decreasing in DT and satisfies
max γ̃i = lim γ̃ U (x) ≥ γ̃ U (x) ≥ lim γ̃ U (x) = min γ̃i .
i

x→+0

x→∞

i

(3.5)

Proposition 3.1 shows that the aggregate effective risk aversion is a convex
combination of individual effective risk aversions γ̃i . The weight of agent i
in this convex combination is proportional to the product of the agent’s risk
tolerance bi and wealth WiT . This is intuitively clear: a wealthy agent will
have a larger impact on the equilibrium state prices. However, if an agent’s
risk tolerance is low, he will invest most of his money into bonds, and his
terminal wealth will be almost state independent and will have little impact
on the curvature of the representative agent’s utility. The fact that the
effective relative risk aversion is decreasing is very natural: agents with low
levels of effective risk aversions take bets on high levels of DT , dominate in
those states and drive the aggregate risk aversion down. Similarly, agents
8

If risk aversion γ is constant across agents, then it is natural to say that the
representative agent has risk aversion γ and beliefs that are aggregated from individual
agents’ beliefs. See Jouini and Napp (2007) and Yan (2009). However, when risk aversion
is heterogeneous, disentangling risk aversion from beliefs is no longer possible. For this
reason, we refer to γ̃ U as the effective risk aversion, even though it aggregates both risk
aversion and beliefs.
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with high effective risk aversion gain in states with low DT and drive risk
aversion up.
Formula (3.5) has important implications for the state prices “smile effect”. Namely, empirical evidence (see, e.g., Jackwerth (2000)) suggests
that the state prices, estimated from European call option prices, are not
monotone decreasing in the market portfolio, as they would be if the representative agent had a standard, concave utility. Rather, they are U-shaped.
Proposition 3.1 implies that the following proposition is true.
Proposition 3.2. In our model, state prices smile if and only if there exists
an agent i who is so optimistic that his effective risk aversion is negative;
that is, δi > γi .
Indeed, in this case, mini γ̃i < 0 and, by (3.5) and monotonicity, there
exists a critical value x∗ , such that γ̃ U (x) > 0 for x < x∗ and γ̃ U (x) < 0
for x > x∗ . Therefore, U 00 (DT ) = −γ̃ U (DT ) ξT DT−1 is positive (negative) for
DT > x∗ (< x∗ ) . This precisely means that the state prices are U-shaped.
The reason is that, if an agent i is so extremely optimistic, the marginal value
of an additional stock share will be increasing in the level Dt of the dividend
and will generate an upward-sloping marginal utility.
The aggregate effective risk aversion γ̃ U plays a crucial role in the representations for all equilibrium quantities. The following proposition is true.
Proposition 3.3. The market price of risk κt is equal to the market price
of the aggregate effective risk aversion times the dividend volatility,
κt = σ EtQ [γ̃ U (DT )]

(3.6)

whereas the stock price volatility is given by


U
σtS = σ 1 − St−1 CovQ
(γ̃
(D
)
,
D
)
.
T
T
t

(3.7)

Formula (3.6) has a very clear and intuitive interpretation. In the case in
which all agents have the same effective risk aversion γ̃, the market price of
13

risk is constant and is given by
κ = σ γ̃.
That is, in equilibrium, the risk premium the agents require for holding
the stock is given by the product of the stock riskiness σ and the agent’s
effective risk aversion γ̃. When the agents are heterogeneous, the effective
risk aversion γ̃ U determines the aggregate risk attitude of the economy and
the market prices it under the risk-neutral measure.
Formula (3.7) is more subtle. It shows that the spread between the stock
price volatility and the fundamental volatility is given by the covariance of
the aggregate risk aversion and the aggregate dividend. The reason is that,
when the market price of risk is stochastic, the nonmyopic agents increase or
decrease stock investment depending on the expected future fluctuations of
the market price of risk. The equilibrium hedging demand raises or decreases
the total equilibrium demand for stocks and therefore drives the equilibrium
stock price up or down. Because Dt is the single state variable in our model,
St = S(t, Dt ) is a smooth function9 of Dt , and therefore, by Ito’s formula,
we get
∂ log S(t, Dt )
.
(3.8)
σtS = σ
∂ log Dt
Thus, stock price volatility is nothing but the sensitivity of the stock price to
the changes in the dividend. Because equilibrium optimal portfolios respond
to changes in Dt in a nonmyopic way, driven by the future fluctuations in
the market price of risk, so does the equilibrium stock price. By (3.7),
future cyclical fluctuations of the market price of risk are captured in the
stock volatility via the covariance of the future market price of risk with the
aggregate dividend.
We now give the definitions of the long-run price impact and of survival.
Definition 3.1. We say that an agent i has a long-run market price of
risk (volatility) impact for t = λT with some λ ∈ (0, 1) if the asymptotic
9

Under some technical conditions. See Hugonnier, Malamud and Trubowitz (2009).
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S
behavior of κλ T (σλT
) as T → ∞ depends on (at least one of ) the agent’s
characteristics γi and δi .
Given a probability measure O, we say that an agent i survives with respect
to O for t = λ T if the price under the measure O of the share of the total
wealth that the agent i owns is nonnegligible in the long run. That is,
O
lim sup EλT
[Wi T DT−1 ] > 0

(3.9)

T →∞

with positive physical probability.
When the measure O coincides with P, the physical probability measure,
this definition of survival is essentially equivalent to the standard one (see
KRWW (2006) and Yan (2008)): an agent i survives if, in the long run, he
still owns a positive share of the total wealth with positive probability.
When O is a different measure, the expectation, or price of the share
WiT DT−1 is calculated under the O-measure, but it should still be nonnegligible with positive P -probability. This definition is natural, as can be most
easily seen in the case in which O coincides with the equilibrium risk- neutral
measure Q. Indeed, in that case, EtQ [WiT DT−1 ] is the market price of the share
of the total wealth that agent i owns. Intuitively, we need this price to be
nonzero with positive physical probability in order for an agent i to have a
long-run price impact. This intuition is justified by the following proposition.
Proposition 3.4. An agent i has a long-run impact on the market price of
risk for t = λ T if and only if he survives with respect to the equilibrium
risk-neutral measure Q. If agent i is the only one who survives with respect
to Q for t = λ T then
κt ∼ σ γ̃i .
Instead of relegating it to the Appendix, we now present the proof of
Proposition 3.4, because it is very intuitive. It follows directly from (3.6)
and Proposition 3.1 that
κt = EtQ [ γ̃ U (DT ) ] =

X
i
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γ̃i EtQ [ λi T ] .

(3.10)

Therefore, agent i has a nonnegligible impact on the market price of risk if and
only if the market price EtQ [ λi T ] of the weight λi T is nonzero with positive
P -probability. Market clearing condition (2.3) implies that the denominator
of the weight λi T (see (3.4)) can be bounded via
min bj DT ≤
j

X

bj WjT ≤ max bj DT
j

j

(3.11)

and therefore
bi
bi
EtQ [ Wi T DT−1 ] ≤ EtQ [ λi T ] ≤
EtQ [ Wi T DT−1 ].
maxj bj
minj bj

(3.12)

The first statement of Proposition 3.4 now follows directly from Definition
3.1, and the second statement follows from (3.10) and (3.12). The bound
(3.12) has a very clear intuitive meaning: the strength of the price impact
of agent i is determined by the size of the share of the total wealth that he
owns.
In order to state an analogous result for the impact on the volatility, we
shall need the following definition.
Definition 3.2. The probability measure
def

dQD =

DT
Q
E [ DT

]

dQ

will be referred to as the dividend-forward measure.
The dividend-forward measure “discounts” future cash flows with the
value of terminal dividends.10 Thus, it puts a lot of weight on those states
in which DT is high and little weight on the states in which DT is low.
Consequently, this measure is cyclical: given two payoffs with identical distributions under Q, the dividend-forward measure will assign a higher price
to the more cyclical (i.e., positively covarying with DT ) payoff. Using this
10

The name “dividend-forward measure” comes from an analogy with the T -forward
measure used in the pricing of interest rate derivatives.
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new measure and recalling that St = EtQ [DT ], we can rewrite representation
(3.7) in the form


D
σtS = σ 1 − EtQ [ γ̃ U (DT ) ] + EtQ [ γ̃ U (DT ) ] .

(3.13)

Then, essentially the same argument as that in the proof of Proposition 3.4
implies that the following proposition is true.
Proposition 3.5. An agent i has a long-run volatility impact for t = λ T
if and only if he survives either with respect to the equilibrium risk-neutral
measure or with respect to the dividend-forward measure.11
Why does the dividend-forward measure matter for long-run volatility
impact and not for the market price of risk impact? The reason is that
the market price of risk is determined by the level of the aggregate effective
risk aversion, whereas the stock price volatility is determined by its fluctuations.12 The dividend-forward measure captures precisely these fluctuations
and therefore influences the long-run volatility impact.
Now, given the general results of Propositions 3.4 and 3.5, we need to
determine which agents do survive under a particular measure. In order to
state the results, we shall need several definitions.
Denote by 0 the agent whose effective risk aversion is the closest to 1.
That is,
|γ̃0 − 1| = min |γ̃i − 1| .
(3.14)
i

Without loss of generality, we shall assume that such a unique agent exists.13
Intuitively, agent 0 has preferences that are closest to those of the rational
logarithmic agent. Because the logarithmic agent has the highest wealth
growth rate, it is natural to expect that agent 0 will also have the highest
wealth growth rate among all other agents in the economy and, consequently,
11

Note that, if agent i is the only one surviving with respect to both measures, the
effects will cancel each other out and σtS will coincide with the dividend volatility σ. In
this case, we still say that agent i has volatility impact.
12
See (3.6)–(3.7) and the discussion after Proposition 3.3.
13
This is true for generic values of risk aversions and beliefs.
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will own the whole economy in the long run. This is indeed true, as shown
in the following proposition.
Proposition 3.6. For any λ ∈ (0, 1) and t = λ T , agent 0 is the only one
who survives with respect to the physical measure, as well as the only one
who survives with respect to the dividend-forward measure. In particular, for
t = λ T and any λ ∈ (0, 1) ,
D

EtQ [ γ̃ U (DT ) ] ∼ γ̃0 .
Furthermore, agent 0 owns the whole economy in the long run; that is,
−1
lim W0 λ T SλT
= 1

T →∞

(3.15)

P -almost surely for any λ ∈ (0, 1] .14
It is instructive to compare the result for survival, under the physical
measure, with an analogous result in the presence of intermediate consumption. In a beautiful recent paper, Yan (2008) considers the same model as
we do but with intermediate consumption. He shows that an agent i, with
risk aversion γi , beliefs δi and discount rate ρi , survives in the long run if and
only if his survival index15
Ii = 0.5 δi2 σ 2 + ρi + γi µ
is the lowest among all the agents. In particular, because the endowment is
unbounded, the elasticity of intertemporal substitution (EIS)16 matters for
survival.17 In particular, if preferences vary across investors, even slightly, it
becomes possible for an irrational investor to dominate the market in the
14

Note that ST = DT .
Yan uses δi to denote the agent’s beliefs about the market price of risk, whereas our δi
characterizes beliefs about the Sharpe ratio. For this reason, our δi coincides with Yan’s
δi , divided by σ .
16
Because preferences are time additive, EIS is the reciprocal of the risk aversion.
17
This result stands in stark contrast to previous results (see Blume and Easley (2006)),
which only consider bounded endowments and thus cannot cover the benchmark case of
geometric Brownian motion.
15

18

long run. However, if both time and risk preferences are held constant
across agents, then those with incorrect beliefs cannot survive in the long
run. The general result of Proposition 3.6 is similar to that of Yan (2008):
the agent with the lowest survival index |1 − γ̃i | dominates in the long run,
and this survival index also depends on the agent’s risk aversion. However,
as in KRWW (2006), irrational traders may survive even when they have the
same preferences as rational agents. As Yan (2008) observes, what matters
for survival is whether investors optimize over savings decisions. In models
where agents optimize only over portfolio choice but not savings, wrong
beliefs might lead to higher wealth growth rate and thus be beneficial for
survival. However, in models where investors maximize over both portfolios
and savings, an incorrect belief is always a disadvantage for survival.
In contrast to survival under the physical measure, the fact that agent 0
also survives under the dividend-forward measure is not obvious. The reason
is that, even though the measures P, Q and QD are equivalent for every finite
T, they will typically be singularly continuous with respect to each other at
T = ∞. This is precisely the fact giving rise to most of the phenomena
discussed in both our paper and that of KRWW (2006). To illustrate this,
let us consider the case of a homogeneous economy, populated solely by agent
2 2
0. In this case, the densities of Q and QD are given by e−γ̃0 σ BT − 0.5 γ̃0 σ T and
2 2
e(1−γ̃0 ) σ BT − 0.5 (1−γ̃0 ) σ T respectively. By the Girsanov Theorem, Bt will have
a drift −γ̃0 under Q and 1− γ̃0 under QD . By the strong law of large numbers
for Brownian motion, we have, as t → ∞:
Bt /t →

0

P − a.s.

(3.16)

Bt /t →

−γ̃0

Q − a.s.

(3.17)

Bt /t →

1 − γ̃0

QD − a.s.

(3.18)

This means that the measure P is supported on those paths of Bt that
stay equal to 0 on average, Q is supported on those paths of Bt that decrease as −γ̃0 t on average, and QD is supported on those paths of Bt that
grow/decrease as (1−γ̃0 ) t on average. Thus, the agent surviving with respect
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to Q is the one who puts the largest weight on the paths of Bt that decrease
as −γ̃0 t on average, and the agent surviving with respect to QD is the one
who puts the largest weight on those paths of Bt that grow/decrease as
(1 − γ̃0 ) t on average. This calculation explains why the agent 0 survives
under the dividend-forward measure: as agent i starts owning a large part of
the economy in some states for large t, the density of the dividend-forward
2 2
measure starts converging to e(1−γ̃i ) σ BT − 0.5 (1−γ̃i ) σ T . In those states, the
absolute drift of Bt under QD will be close to |1 − γ̃i |. Because agent 0
survives under P , he puts the largest weight on the paths with zero and/or
very small absolute drift. Because the absolute drift |1 − γ̃0 | is the smallest
for agent 0, he will also put the largest weight on the paths with the drift
1 − γ̃0 and, consequently, will survive with respect to QD .
The situation with the risk-neutral measure Q is completely different. As
we will see below, the agents that do not survive with respect to the physical
measure P may still survive with respect to the risk-neutral measure Q and
therefore, by Propositions 3.4 and 3.5, may have a long-run price impact.
From now on, we will assume that the agents are ordered in such a way
that their effective risk aversions are increasing:
γ̃−k < · · · < γ̃−1 < γ̃0 < γ̃1 < · · · < γl

(3.19)

where k + l + 1 = K . By the definition of γ̃0 , we must have γ̃1 > 1 > γ̃−1
and γ̃0 − 1 > 1 − γ̃1 . Therefore, 2/(γ̃0 + γ̃1 ) < 1.
Define the intervals


2
,
Πl = 0 ,
γ̃l−1 + γ̃l


2
Π0 =
, 1
and
(3.20)
γ̃0 + γ̃1


2
2
Πi =
,
γ̃i + γ̃i+1 γ̃i−1 + γ̃i
for i = 1, · · · , l − 1.
The main result of this section is the following theorem.
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Theorem 3.1. Agent i survives with respect to the risk-neutral measure for
t = λ T if and only if i ≥ 0 and λ ∈ Πi . For λ ∈ Πi and t = λ T, we have
κt ∼ σ γ̃i

,


σtS ∼ σ 1 + γ̃i − γ̃0 .

(3.21)

Theorem 3.1 shows that extinction of nonsurviving agents is a gradual
process. When t = λT is small, even agents with high values of effective
risk aversion have price impact. However, as t increases and approaches T,
the price impact of nonsurviving agents gradually decreases, and finally, for
λ ∈ Π0 , price impact vanishes completely, and both the market price of risk
and volatility converge to their respective values in the single-agent economy
populated solely by the surviving agent 0.
The fact that, except for the surviving agent 0, only agents with effective
risk aversion higher than 1 have price impact is surprising. Intuitively, given
the result of Proposition 3.6, we might expect that the strength of an agent’s
price impact depends on the distance of his effective risk aversion from one
and thus that it should be symmetric for risk aversions both above and below
one. Theorem 3.1 implies that this is not true. The reason is that agents
with effective risk aversions below 1 take very risky positions in the stock,
betting on the realizations of states with very high values of the aggregate
dividend DT . Because the probability of such states occurring is very low,
these agents become extinct so quickly that they do not have any long-run
price impact. The behavior of agents with effective risk aversion above 1 is
very different: Rather than betting on the realizations of states with extreme
values of DT , they form balanced portfolios to achieve a smooth distribution
of wealth across states. In particular, in the extreme case of his risk aversion
increasing to infinity, an agent will only invest in bonds and will achieve a
nonrandom terminal wealth equally distributed across states. This stable,
cautious behavior allows those more risk-averse agents to have a long-run
price impact.
In the case of a two-agent economy populated by a rational trader r and
an irrational trader n, both with risk aversion γ, the result of Theorem 3.1 has
also been shown by KRWW (2006). Because risk aversion is constant across
21

traders, equilibrium state price density can be found in closed form, and this
substantially facilitates the analysis. When risk aversion is heterogeneous,
state price density cannot be calculated in closed form, and the techniques
of KRWW cannot be applied. Our proof of Theorem 3.1 is based on new,
powerful techniques that allow us to study the case of an arbitrary number
of agents with arbitrary heterogeneous risk aversions and beliefs.
KRWW (2006) show that, when γ ≥ 1, the irrational trader survives
only if he is moderately optimistic. The reason is that, when δn is positive,
γ̃n = γ − δn < γ̃r and therefore, when δn is not too large, γ̃n will be closer
to 1 than γ. Consequently, by (3.14), the irrational agent will be agent 0.
When the irrational agent is pessimistic, γ̃n > γ = γ̃r ≥ 1 and Theorem
3.1 implies that agent n does not survive, but does have a price impact. If
γ < 1, then the irrational agent will not survive, but he will have a price
impact if and only if he is sufficiently pessimistic. Thus, in the framework
of KRWW (2006), a nonsurviving irrational agent can have price impact
only if he is pessimistic. Because most stock market participants seem to be
overoptimistic18 and because, by Proposition 3.2, the presence of optimistic
traders is crucial for generating the empirically observed state price smile
effect, it is important to know whether nonsurviving optimistic traders can
have long-run price impact.19
Theorem 3.1 shows that this is indeed possible when risk aversions are
heterogeneous. In particular, if the rational trader is less risk averse than the
irrational one, i.e., γr < γn and the irrational trader is not too optimistic,
so that γ̃n = γn − δn > γr , then the irrational trader will not survive, but
he will have price impact.
As KRWW (2006) note, the fact that nonsurviving agents can have longrun price impact can be explained by the fact that irrational traders bet
on the realizations of highly improbable extreme states of the economy.
18

Dimson, Marsh and Staunton (2003).
If overoptimistic traders do not survive, they will only generate smile in the finite
horizon state price density, and this smile will vanish in the long run. In particular,
investigating how the empirically observed smile effect depends on the time horizon would
give insight into how quickly the price impact of overoptimistic traders vanishes.
19
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Consequently, the state prices of these extreme states are significantly affected by these irrational traders, even when their share of total wealth is
small. If these extreme states correspond to very low levels of aggregate
dividend, the corresponding state prices will be very high and will therefore
have a significant impact on long-run asset prices. This important insight
naturally leads to the question: “what are the states through which irrational
traders impact asset prices?” Theorem 3.1 and Propositions 3.4, 3.5 provide
a complete answer to this question. By Theorem 3.1, agent i has long-run
price impact for λ ∈ Πi because he is the only one who survives under
the risk-neutral measure. Because, by Theorem 3.1, the market price of
risk is approximately given by σγ̃i , the same argument as that in (3.16)(3.18) implies that the risk-neutral measure is supported on the paths of Bt
satisfying
Bt ∼ −σγ̃i t .
(3.22)
Consequently, for λ ∈ Πi , the agent i has price impact because he places the
largest weight on the paths of Bt satisfying (3.22). This is precisely the set
of states that drives the long-run price impact at time t = λ T .
The nature of these “price impact sets” is quite intuitive. The abovementioned paths of Bt correspond to the states of very low aggregate dividend Dt . The marginal utilities in these states are high, and therefore the
corresponding state prices are also high and have a large impact on current
prices. When λ is small, there are still many paths of Bt that can decay very
fast, as −σγ̃l t (here, γ̃l is the largest effective risk aversion in the economy).
As the most risk-averse agent, l has the highest marginal utility in those
states and therefore uses a large part of his wealth to hedge against those
low-wealth states and has an impact on the stock price. As λ increases, the
probability of such a fast decay of Bt gets smaller, and the agents with high
risk aversion overhedge against those extreme states and gradually lose their
price impact. Finally, when λ ∈ Π0 , the paths that decay faster than −σγ̃0 t
become highly unlikely, and agent 0 takes the best bets and is the only one
with an impact on the price.
As Yan (2008, Appendix B.2) observes, there is an important difference
23

between the survival/price impact results of KRWW (and, of course, of
those in our paper) and the analogous results in infinite horizon models with
intermediate consumption, such as those of Blume and Easley (2006) and
Yan (2008). When we change the horizon of the economy in our model, we
get a different model with different portfolio policies and different equilibrium
price dynamics. In contrast, in Blume and Easley (2006) and Yan (2008), the
horizon T is infinite from the very beginning, and therefore the equilibrium
dynamics are fixed. The way to interpret the survival and price impact
results in our paper is to look at the explicit upper bounds on the rates of
convergence, derived in the appendix. If the convergence takes place at a rate
ρ, then, effectively, when the horizon T is larger than ρ−1 , the probability that
the variable in question (e.g., the market price of risk) significantly deviates
from the limit will be very small.
The discussion in the previous paragraph naturally leads to the question of whether nonsurviving agents can have price impact in models with
intermediate consumption. As Yan (2008) shows, equilibrium state prices,
stock prices and interest rates always converge to those in the homogeneous
economy populated by the single surviving agent. A modification of Yan’s
argument implies that the market price of risk is also determined solely by
the single surviving agent.20 KRWW (2010) prove that this is a general
fact for models with CRRA preferences. They show that in order to have
nonsurviving agents who impact the long-run equilibrium state prices, it
is necessary to assume utilities with an unbounded relative risk aversion
that grows sufficiently fast at infinity. An important insight of KRWW
(2010) is that, in a model with intermediate consumption and bounded risk
aversion, the volatility of the consumption share of a nonsurviving agent
always vanishes relative to the volatility of the endowment growth. By
contrast, when risk aversion is unbounded and grows sufficiently fast at
infinity, it may happen that this volatility does not vanish, which, in turn,
may lead to long-run price impact. Below, we show that the link between
price impact and survival under different measures is also present in models
20
Cvitanić, Jouini, Malamud and Napp (2009) show that the same is true for stock
volatility and optimal portfolios.
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with intermediate consumption when we consider assets with long maturities.
We complete this section with an interesting observation about the equilibrium of stock volatility. It follows directly from Theorem 3.1 that, for all
λ ∈ (0, 1) \ Π0 , the asymptotic stock price volatility is strictly larger than
the dividend volatility. This is in fact true also for finite values of T, as is
shown by the following proposition.
Proposition 3.7. The stock price volatility is always higher than the dividend volatility.
By Proposition 3.1, aggregate effective risk aversion γ̃ U (DT ) is monotone
decreasing in DT . Therefore the covariance of γ̃ U with DT is negative, and
Proposition 3.7 follows directly from (3.7). The intuition behind this “excess
volatility” is as follows: because the aggregate risk aversion is decreasing,
the market price of risk is low in good states and high in bad states. This
makes the price go up in good states and, by similar arguments, go down in
bad states, driving price volatility up. Put differently, the tension between
the movements in the future dividend and the market price of risk creates
excess volatility, because the larger the dividend, the larger the demand for
the stock, while at the same time, the lower the market price of risk, the
lower the demand.21

4
4.1

Survival and Portfolio Impact
General Results

The starting point for our analysis is the following representation for equilibrium optimal portfolios.
Proposition 4.1. The equilibrium optimal portfolio weight of agent i is given
by
πi t = πimyopic
+ πihedging
t
t
21

The fact that heterogeneity often leads to excess volatility is also shown by Dumas,
Kurshev and Uppal (2009) and Bhamra and Uppal (2009).
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where the myopic component of the optimal portfolio is given by
πimyopic
=
t

κt + δi σ
γi σtS

(4.1)

and the hedging component is given by

U
πihedging
= (γi−1 − 1) (σtS Wi t )−1 σ CovQ
t γ̃ (DT ) , Wi T .
t

(4.2)

By the definition of δi , agent i believes that the market price of risk equals
κt + δi σ . Therefore, πimyopic
is the standard Merton’s instantaneous meant
variance efficient optimal portfolio. This is the portfolio that agent i would
hold if he ignored future fluctuations in the investment opportunity set and
assumed that the market price of risk does not fluctuate.
The second, nonmyopic part of the optimal portfolio is responsible for
hedging against future fluctuations of the market price of risk. By (4.2), it
is proportional to the covariance of the future market price of risk22 with the
future agent’s wealth and vanishes identically when γi = 1 ; that is, when
the agent is completely myopic. To understand the intuition behind this
representation, let us consider the case in which risk aversion γi is sufficiently
high (above one) and the future market price of risk negatively covaries with
the agent’s future wealth. Because the agent’s risk aversion is high, his
marginal utility in the states with low wealth level is high and so he wants
to hedge against those states. Because, by assumption, the market price
of risk negatively covaries with the agent’s wealth, it is high in low-wealth
states. This makes the stock a highly attractive instrument for hedging
against these low-wealth states and gives rise to a positive hedging demand.
Similar arguments apply when risk aversion is below one and/or the market
price of risk positively covaries with wealth.
In order to formulate the results for portfolio impact, we will need the
following definition.
22

By Proposition 3.3, κT = σ γ̃TU .
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Definition 4.1. The probability measure
def

dQWi =

Wi T
Q
E [ Wi T ]

dQ

will be referred to as the agent i’s wealth-forward measure.
The measure dQWi places large weight on the states in which agent i’s
wealth level is high and small weight on the states in which agent’s wealth is
low. It is the agent-specific analog of the dividend-forward measure.23 Using
this measure, we can rewrite representation (4.2) for the hedging portfolio in
the form
 W

Q i
Q
−1
S −1
U
U
πihedging
=
(γ
−
1)
(σ
)
σ
E
. (4.3)
[
γ̃
(D
)
]
−
E
[
γ̃
(D
)
]
T
T
t
t
t
t
i
Note that this representation is very similar to the analogous representation (3.13) for stock volatility.24 Therefore, the same argument as in the
proof of Proposition 3.4 implies that the following is true.
Proposition 4.2. An agent j has a long-run impact on the agent i’s optimal
portfolio for t = λ T if and only if he survives either with respect to the agent
i’s wealth-forward measure, or with respect to the equilibrium risk-neutral
measure.25
Naturally, an agent j surviving under the risk-neutral measure has impact
on other agents’ optimal portfolios because, by Theorem 3.1, agent j has
impact on the long-run market price of risk and volatility. In particular, it
follows directly from Theorem 3.1 that, for λ ∈ Πj and t = λT,
πimyopic
∼
t

γ̃j + δi
.
γi (1 + γ̃j − γ̃0 )

23

We can view the aggregate dividend as the terminal wealth of the representative agent.
The reason is that, by the Ito formula, πi t σtS is the volatility of agent i’s wealth
process Wi t , whereas σtS is the volatility of the representative agent’s wealth process St .
25
As in Proposition 3.5, if agent i is the only one surviving with respect to both measures,
the effects will cancel each other in (4.3), and σtS will coincide with the dividend volatility
σ. In this case, we still say that agent j has impact on agent i’s optimal portfolio.
24
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By contrast, the fact that an agent surviving under the agent i’s wealthforward measure can also have impact on the agent i’s optimal portfolio,
even if he does not have any price impact, is surprising. The economic
mechanism responsible for this phenomenon comes from the equilibrium
hedging behavior. In contrast to the myopic part of the optimal portfolio,
the hedging demand is driven not by the size of the market price of risk but
rather by its future fluctuations. Formula (4.2) shows that the agent hedges
against these fluctuations depending of the comovement of the market price
of risk with his wealth. In the long run, what matters for the agent is
the behavior of the market price of risk in the extreme states, in which his
wealth is either very low or very high. The agent i’s wealth-forward measure
precisely captures this effect.
In order to determine which agents survive with respect to the agent i’s
wealth-forward measure, we will need several definitions. For simplicity, we
will only consider the case of γi > 1. The results in the case γi < 1 are similar.
Recall that, by definition (see (3.19)), we have
i > 0 ⇔ γ̃i > max{γ̃0 , 1} .
Fix an agent i with risk aversion γi > 1, and define intervals Θi1 , · · · , Θii as
follows.
• If i ≥ 1 , we define
Θi0


=


γ̃i − 0.5 (γ̃0 + γ̃1 )
,1
0.5(γ̃0 + γ̃1 )(γi − 1) − δi

and, for j ∈ {1, . . . , i − 1}
Θij


=

γ̃i − 0.5 (γ̃j + γ̃j+1 )
γ̃i − 0.5 (γ̃j−1 + γ̃j )
,
0.5(γ̃j + γ̃j+1 )(γi − 1) − δi 0.5(γ̃j−1 + γ̃j )(γi − 1) − δi

and, finally,
Θii


= 0,

γ̃i − 0.5 (γ̃i−1 + γ̃i )
0.5(γ̃i−1 + γ̃i )(γi − 1) − δi
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.



• If i ≤ −1 , we define
Θi0


=


0.5 (γ̃0 + γ̃−1 ) − γ̃i
,1
δi − 0.5(γ̃0 + γ̃−1 )(γi − 1)

and, for j ∈ {i + 1 , · · · , −1}
Θij


=

0.5 (γ̃j + γ̃j+1 ) − γ̃i
0.5 (γ̃j−1 + γ̃j ) − γ̃i
,
δi − 0.5(γ̃j + γ̃j+1 )(γi − 1) δi − 0.5(γ̃j−1 + γ̃j )(γi − 1)



and, finally,
Θii


= 0,

0.5 (γ̃i+1 + γ̃i ) − γ̃i
δi − 0.5(γ̃i+1 + γ̃i )(γi − 1)


.

Now we are ready to state the following theorem.
Theorem 4.1. The following is true.
(1) if i ≥ 1 , then an agent j survives with respect to the agent i’s wealthforward measure for t = λT if and only if γ̃0 ≤ γ̃j ≤ γ̃i and λ ∈ Θij ;
(2) if i ≤ −1 , then an agent j survives with respect to the agent i’s
wealth-forward measure for t = λT if and only if γ̃0 ≥ γ̃j ≥ γ̃i and
λ ∈ Θij ;
(3) if i = 0 , then only agent 0 survives with respect to his own wealthforward measure.
Consequently,26 for any i 6= 0 , λ ∈ Θij ∩ Πm and t = λ T , we have
πihedging
∼ (γi−1 − 1)
t

γ̃j − γ̃m
.
1 + γ̃m − γ̃0

(4.4)

For i = 0 , λ ∈ Πm and t = λ T , we have
π0hedging
∼ 1 − π0myopic
∼ (γ0−1 − 1)
t
t
26

γ̃0 − γ̃m
.
1 + γ̃m − γ̃0

Formula (4.4) follows directly from Theorem 3.1, Proposition 4.2, (4.3) and items
(1)-(2) above.
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The result of Theorem 4.1 is quite surprising. Because, by Theorem
3.1, both the market price of risk and the stock volatility are deterministic
functions of λ = t/T for large T, it is natural to expect that the asymptotic
optimal portfolios are myopic. Theorem 4.1 shows that this is not true and
that the hedging components of the optimal portfolios may stay significantly
different from zero for very large fractions of the economy’s horizon. As
already noted by KRWW (2006), in the special case of two agents with
identical risk aversion, the nature of this phenomenon is similar to that of
the price impact of nonsurviving agents. Even though, for large T, both the
market price of risk and volatility are almost deterministic, there are still
extreme states in which they deviate from their asymptotic values. These
deviations may have a significant effect on the agents’ hedging demands and
may give rise to nontrivial hedging portfolios.
As in the case of price impact discussed in the previous section, it is
important to know which states are responsible for portfolio impact and how
precisely this portfolio impact is generated. Our results provide complete
answers to these questions.
By Proposition 4.2, these “portfolio impact states” constitute the support
of the agent i’s wealth-forward measure QWi . By the same argument as that
in (3.16)-(3.18), Theorem 4.1 implies that for λ ∈ Θij , the measure QWi is
supported on the paths of Bt satisfying
Bt ∼ −σ γ̃j T .

(4.5)

These are the paths determining the “portfolio impact states.” Clearly, they
correspond to states with very low values of Dt and, consequently, very high
marginal utilities. When λ is small, the QWi -probability of such extreme
paths is sufficiently large, and agent j puts a large weight on these states and
has a significant price impact. However, as λ increases, QWi -probability of
these states decreases and eventually becomes negligible, so that, for λ ∈ Θi0 ,
only the surviving agent 0 impacts the agent i’s optimal portfolio.
Theorem 4.1 implies that only agents with relatively similar risk aversion
and belief profiles survive under agent i’s wealth-forward measure. That is,
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only agents that are closer to the surviving agent 0 and are on the same side
of 1 survive under QWi . This is very intuitive: As these agents are closer to
the agent 0, they survive longer than agent i, and will therefore have a longer
impact on his portfolio. In contrast, agents with effective risk aversion on the
other side of 1 take hedging positions in a different direction. Therefore, the
states in which their wealth shares are large will be very different from the
states in which agent i’s wealth share is large. Consequently, they will not
survive under QWi . Finally, because agent 0 owns the whole economy in the
long run, his total portfolio weight should converge to 1 as T → ∞. Therefore,
nonsurviving agents have impact on his hedging portfolio only if they have
impact on the market price of risk and volatility. The fact that nonsurviving
agents cannot survive under agent 0’s wealth-forward measure also follows
from Proposition 3.6: For large T, W0 T ≈ DT and therefore, surviving
under the agent 0’s wealth-forward measure is equivalent to surviving under
the dividend-forward measure.
As time goes by, more and more nonsurviving agents lose their price
impact, and the instantaneous moments of the stock price converge to their
asymptotic constant values, determined by the surviving agent 0. Therefore,
intuitively, one might expect that the equilibrium hedging demand decreases
with time. Theorem 4.1 shows that this is not the case. In fact, the
dependence (4.4) of the hedging demand on λ = t/T may exhibit nontrivial
patterns, and we will discuss this in detail in the “Examples” section below.
Here, we only take a quick look at the effectively most risk-averse agent l.
It follows from Theorem 4.1 that this agent is the only one whose hedging
demand is zero for small values of t/T . Indeed, by (4.3), πihedging
= 0 for
t
t/T = λ ∈ Θii ∩ Πl if and only if γ̃i = γ̃l . The reason is that, for very low
values of λ, agent l survives under both the risk-neutral and his own wealthforward measures. Therefore, the long-run fluctuations of the market price
of risk do not matter for him for small t, and he does not hedge against them.
By contrast, agents with lower effective risk aversions will take advantage of
the very high values (∼ σ γ̃l ) that the equilibrium market price of risk will
take in the states in which agent l survives; therefore, they hold significant
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positive hedging portfolios.
We now discuss the relationship between price impact and portfolio impact. Propositions 3.4 and 4.2 imply that price impact and portfolio impact
are two independent concepts because they are equivalent to survival under
different measures. However, it is not, a priori, obvious whether it is possible
for a nonsurviving agent with no price impact to have a long-run impact
on the portfolios of other agents. The following result shows that this is
impossible in two-agent economies.
Proposition 4.3. Let K = 2. Then, a nonsurviving agent with no price
impact cannot have portfolio impact.
Indeed, by Theorem 3.1, an agent j has no price impact if and only if
γ̃j < 1. If he does not survive, Theorem 4.1 implies that he can only have
impact on agent i’s optimal portfolio if γ̃i < γ̃j . However, this means that
agent j survives and not agent i, which is a contradiction.
Thus, in two-agent economies, price impact and portfolio impact are
equivalent. This was also shown by KRWW (2006) in the case of identical risk
aversions. Theorem 4.1 implies that this is no longer the case for economies
with more than two agents. Indeed, suppose that k > 1;27 that is, there
exist at least two nonsurviving agents with effective risk aversion lower than
one. Then, by Theorem 3.1, agent −1, whose effective risk aversion is the
highest among those below 1, will neither survive nor have price impact.
Nevertheless, by Theorem 4.1, he will have long-run impact on the optimal
portfolios of all agents i with i < −1. We discuss this example in greater
detail below.

4.2

Examples

Example 1. As an illustration of the portfolio impact phenomenon discussed
above, consider the case in which there are three agents with
γ̃−2 < γ̃−1 < γ̃0 < 1 .
27

See (3.19).
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By Theorem 3.1, neither one of agents −1 and −2 has price impact, and
therefore
κt ∼ σ γ̃0 , σt ∼ σ
for all t = λ T, λ ∈ (0, 1) . Therefore, the portfolio of agent 0 is completely
myopic and equals 1 because, in the long run, he owns the whole economy.
However, agents −1 and −2 hold nontrivial hedging portfolios for a significant
fraction of the time horizon. For agent −1, Theorem 4.1 implies that the
hedging portfolio
hedging
π−1
t

=

−1
(γ−1

− 1)


γ̃

−1

− γ̃0 ,

0 ,

λ <
λ >

0.5(γ̃0 −γ̃−1 )
δ−1 −0.5(γ̃0 +γ̃−1 )(γ−1 −1)
0.5(γ̃0 −γ̃−1 )
δ−1 −0.5(γ̃0 +γ̃−1 )(γ−1 −1)

is impacted by his own preferences and, of course, by the single surviving
agent 0, who determines the long-run asset prices.
By Theorem 4.1, the hedging portfolio of agent −2 is given by
hedging
−1
π−2
∼ (γ−2
− 1)
t



γ̃ − γ̃0 , λ < λ1

 −2
× γ̃−1 − γ̃0 , λ1 < λ < λ2



0 ,
λ2 < λ .

(4.6)

where
λ1 =

0.5(γ̃−1 − γ̃−2 )
0.5(γ̃−1 + γ̃0 ) − γ̃−2
, λ2 =
.
δ−2 − 0.5(γ̃−1 + γ̃−2 )(γ−2 − 1)
δ−2 − 0.5(γ̃−1 + γ̃0 )(γ−2 − 1)

Thus, even though agent −1 neither survives nor has any price impact, he
has a significant long-run impact on the portfolio of agent −2. As we explain
above, this is a new phenomenon that can only occur in models with at least
three agents. The impact is the strongest when the effective risk aversion
γ̃−1 of agent −1 is sufficiently close to that of −2. This is very intuitive:
because agent −1 has preferences similar to those of agent −2, he will place
the largest weight on similar states of the world. As a consequence, he will
survive with respect to agent −2’s wealth-forward measure and will have a
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long-run impact on his optimal portfolio.
Example 2. Let K = 2 and a be the surviving agent (i.e., agent 0) and b
the nonsurviving agent. If γ̃b > 1, then, by Theorem 3.1, we get, for t = λ T,

γ̃ ,
b
κt ∼ σ
γ̃ ,
a

and

λ < λS
λ > λS


1 + γ̃ − γ̃ ,
b
a
σtS ∼ σ
1 ,

with
def

λS =

λ < λS
λ > λS

2
.
γ̃a + γ̃b

However, if γ̃b < 1, then
κt ∼ σ γ̃a , σtS ∼ σ
for all λ ∈ (0, 1).
A special case of this example has been analyzed by KRWW (2006). Their
economy is populated by two agents, a rational agent r and an irrational
agent n with γ̃r = γ, γ̃n = γ − η. Thus, the threshold is λS = 2/(2γ − η),
and the irrational agent survives if and only if he is moderately optimistic:
|1 − γ̃n | < |1 − γ̃r | ⇔ 0 < η < η ∗ := 2(γ − 1) .
He does not survive, but still has price impact when he is pessimistic because
η < 0 ⇔ γ̃n > γ̃r
and he neither survives nor has price impact if he is too optimistic, because
η > η ∗ ⇔ 1 − γ̃n > γ − 1.
Theorem 3.1 and the concept of effective risk aversion provide a unified
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picture explaining how pessimism and optimism determine price impact and
survival.
For the portfolio impact, we must define the corresponding thresholds.
Because, for the surviving agent a, we have πa t ∼ 1 , we must have
πahedging
∼ 1 − πamyopic
.
t
t
For the nonsurviving agent b, we need to define the threshold
λb =

0.5(γ̃b − γ̃a )
.
0.5(γ̃a + γ̃b )(γb − 1) − δb

If γ̃b < 1 then agent b has no price impact and therefore, by Theorem 4.1,
πbhedging
t


γ̃ − γ̃ ,
b
a
−1
∼ (γb − 1)
0 ,

λ < λb
λ > λb .

When γ̃b > 1, agent b has portfolio impact, and therefore we need to consider,
separately, the cases λb > λS and λb < λS .
If λb < λS , Theorem 4.1 implies that

πbhedging
t

∼ (γb−1 − 1)




0,



γ̃a − γ̃b

1 + γ̃b − γ̃a



0 ,

λ < λb
,

λb < λ < λS

(4.7)

λ > λS .

If λb > λS , Theorem 4.1 implies that

πbhedging
t




0,


∼ (γb−1 − 1) γ̃b − γ̃a ,



0 ,

λ < λS
λS < λ < λb

(4.8)

λ > λb .

As in Example 3 above, we obtain the counterintuitive result that the hedging
demand is not monotone decreasing in λ . In fact, the hedging demand of the
nonsurviving agent exhibits either a hump-shaped or a U-shaped pattern.
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Our results provide a clear explanation for this result: for small λ, agent b
survives under both the risk-neutral measure and agent b’s wealth-forward
measure, and therefore, from his point of view, the fluctuations of the market
price of risk are irrelevant and do not need to be hedged against. For the
intermediate periods, the agents surviving under the risk- neutral and the
agent b’s wealth-forward measures, respectively, are different28 and, for this
reason, the fluctuations of the market price of risk are significant for agent
b and force him to hold a nontrivial hedging portfolio. Finally, for very
large λ, only agent a survives under both measures, and the market price
of risk fluctuations are again irrelevant for agent b, and his hedging demand
vanishes.

5

Intermediate Consumption

In this section, we analyze a model in which agents derive utility from
intermediate consumption. Namely, agent i maximizes
Z

∞
−ρi t

Zit e

E
0


cit1−γi − 1
,
1 − γi

2 2

where Zit = eδi σ Bt − 0.5 σ δi t is the density of agent i’s subjective beliefs and
ρi is agent i’s time-preference rate. By contrast to the case of only terminal
consumption, we assume here that the horizon T is infinite.29
The risky asset (the stock) is a claim on the dividend stream Dt and the
stock price is given by
∞

Z
St = Et
t

ξτ
Dτ dτ
ξt


.

Here, (ξτ , τ ≥ 0) is the equilibrium state price density process. Standard
results (see, e.g., Yan (2008)) imply that the optimal consumption stream of
28

That is, only one of the two agents a , b survives with respect to the risk neutral
measure, whereas the other one survives with respect to the wealth-forward measure of
agent b.
29
In Appendix A we analyze the equilibrium behavior in the same model for the case
when the horizon T is small.
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agent i is given by
cit = e−ρi bi t Zibti ξt−bi ci 0 ,
with bi = γi−1 . Initial consumption rate ci0 is determined by the budget
constraint
Z ∞

ψi S0
R∞
.
E
ξt (ci t − ψi Dt ) dt = 0 ⇔ ci 0 =
E 0 e−ρi bi t Zibti ξt1−bi dt
0
The equilibrium state price density process (ξt , t ≥ 0) is uniquely determined
by the market clearing condition
X

ci t = D t .

i

This model has been studied by Yan (2008) and Cvitanić, Jouini, Malamud
and Napp (2009). Following Yan (2008), we say that agent i survives in the
long run if his fraction of aggregate consumption is nonzero in the long run;
that is,
lim sup ci t Dt−1 > 0,
t→∞

with positive P -probability.
As we mentioned above,30 Yan (2008) showed that only agent A with the
lowest survival index IA = mini Ii with
Ii = 0.5 δi2 σ 2 + ρi + γi µ

(5.1)

survives in the long run, and the equilibrium-state price density converges to
that corresponding to agent A.
As in the terminal consumption case, we can define the representative
agent whose marginal (time-dependent) utility Ux (t, x) solves (see (3.2))
X


−bi
2 2
c0i e(ρi +0.5δi σ +δi µ) t x−δi Ux (t, x)
= x.

i
30

See the discussion after Proposition 3.6.
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(5.2)

Similarly,
γ̃ U (t, x) = −

x Uxx (t, x)
Ux (t, x)

is the aggregate effective risk aversion. Consistent with Proposition 3.1, we
have
X
bi c i t
γ̃ U (t, x) =
γ̃i λi t
,
λi t = P
.
(5.3)
j bi cjt
i
By contrast to models with only terminal consumption.31 The market price
of risk κt is uniquely determined by aggregate market risk aversion γ̃t at time
t and aggregate risk σ. Namely,
κt = γ̃ U (t, Dt ) σ .
The equilibrium interest rate rt is determined by the instantaneous marginal
rate of intertemporal substitution and coincides with the negative of the drift
of the equilibrium state price density,
ξt−1 dξt = − rt dt − κt dBt .
It follows directly from (5.3) and the argument in (3.11) that an agent has
a long-run impact on the market price of risk if and only if he survives in
the long run under the physical measure. Thus, in contrast to the terminal
consumption case (see Proposition 3.6), survival under the physical measure
is equivalent to the long-run market price of risk impact in the presence of
intermediate consumption.
Denote by ξi t , ri and Yi the state price density, the risk-free rate, and
the dividend yield in the economy populated by a single agent i
def

ξi t = e− (ρi + 0.5 σ

2 δ2

+ γi µ) t − γ̃i σ Bt

def

, ri = ρi + γi µi − 0.5 γi2 σ 2

and
def

Yi = ρi + (γi − 1) µi − 0.5 (γi − 1)2 σ 2 .
31

In the case of only terminal consumption, risk preferences only reveal an agent’s
attitude toward consumption risk at time T, and therefore the market price of risk κt is
driven by the expectations of future aggregate risk and risk aversion; see Proposition 3.3.
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Here, µi = µ + δi σ 2 is the agent i’s perceived dividend growth rate. As in
Yan (2008), we assume that
Yi > 0

for all i .

(5.4)

This condition guarantees that the equilibrium stock price is finite.
The equilibrium interest rate rt is given by 32
!
rt =

X

λit ri − σ 2

X

i

!
X

γ̃i λit

i

!2

!
+ 0.5 σ 2

X

γ̃i (1 − bi ) λit

i

(1 − bi ) λi t

i

X

γ̃i λit

+ 0.5 σ 2

i

X

(1 − bi ) γ̃i2 λit .

i

(5.5)
Thus, similarly to the market price of risk, the size of agent i’s impact on
the interest rate rt is determined by the weight λi t . Because, by (5.3) and
the equilibrium market clearing

λi t ∈


bi ci t Dt−1 bi ci t Dt−1
,
,
maxj bj
maxj bj

we get that survival and long-run interest rate impact are also equivalent.
It is also possible to show that the stock price dividend ratio, the stock
price volatility and the agents’ optimal portfolios also converge to the values
corresponding to the single surviving agent.33 The reason is that the stock
price, its volatility, and the agent’s wealth are obtained by integrating discounted future cash flows over time. Thus, even though these future cash
flows can deviate substantially from their almost sure asymptotic values,
these deviations will have a negligible impact on the present values of integrated cash flows because of discounting. As an illustration, suppose that
32

Equation (5.5) follows from Ito’s formula by differentiating (5.2) and because rt is the
negative drift of ξt .
33
In particular, portfolio impact, market price of risk impact and stock price volatility
impact are all equivalent to survival under the physical measure; see Cvitanić, Jouini,
Malamud and Napp (2009).
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the interest rate r is constant. Then
Z t+T

Z ∞

St
Q
Q
−r (τ −t) Dτ
−r (τ −(t+T )) Dτ
−r T
e
e
= Et
dτ + e
Et
dτ .
Dt
Dt
Dt
t
t+T
(5.6)
i
h
Q R∞
−r (τ −(t+T )) Dτ
dτ is uniformly bounded.
Under assumption (5.4), Et
e
Dt
t+T
Therefore, we can make its contribution to (5.6) arbitrarily small by making
T sufficiently hlarge. The result follows
because for each finite T, as t → ∞,
i
Q R t+T −r (τ −t) Dτ
the term Et
e
dτ converges to that corresponding to the
Dt
t
34
single surviving agent.
Similarly, due to discounting, assuming that T is infinite from the beginning is equivalent to first taking a finite T and then sending it to infinity.
Indeed, let PtT be the stock price when the horizon is equal to T. Then, the
price–dividend ratios satisfy
−1 T
−1 ∞
lim DλT
SλT = lim DλT
SλT = lim Dt−1 St∞

T →∞

T →∞

t→∞

because, due to discounting, the contribution of the dividends paid out for
t > T will be negligible for large T (see equation (5.6)).
We conclude that price impact and survival are always equivalent when
we consider assets continuously paying dividends. In order to generate price
impact effects similar to those in the model with only terminal consumption,
we need to consider assets with long maturities and lump-sum payoffs. Here,
we only examine two classes of such assets: long-maturity bonds and forward
contracts.35
Let


h RT
i
ξT
def
= EtQ e− t rs ds ,
β(t , T ) = Et
ξt
be the time t price of a zero coupon bond that pays one unit of consumption
34

The convergence of optimal portfolios and stock price volatility can be proved by a
similar argument, using Proposition A.1 in Appendix.
35
It is possible to extend the analysis to the case of futures, options and other derivatives
with lump-sum payments at maturity.
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at maturity T. Under the risk-neutral measure Q, we have
(β(t, T ))−1 dβ(t, T ) = rt dt + σ B (t , T ) dBtQ .
We will need the following.
Definition 5.1. The T -forward measure QT is defined by
RT

T

dQ

e− 0 rs ds
=
dQ .
β(0 , T )

By definition, the T forward measure uses the T -bond as the numeraire.
Given an FT -measurable random variable X, its expectation under QT can
be calculated as
EtQ [X ξT ]
QT
Et [X] =
.
EtQ [ξT ]
The next result shows how the T -forward measure can be used to calculate
the equilibrium bond volatilities. 36
Proposition 5.1. We have
T

σ B (t , T ) = κt − EtQ [κT ] .

(5.7)

Note that the representation (5.7) for bond volatilities is very similar to
the representation (3.6) for the equilibrium market price of risk in the case of
no intermediate consumption. Consistent with Definition 3.1, we say that an
agent i has bond volatility impact for t = λT if the asymptotic behavior of
σ B (t , T ) depends on (at least one of) the agent’s characteristics (ρi , γi , δi ) .
By the above, κt ∼ σ γA as t → ∞.37 Therefore, the same argument as
in the proof of Proposition 3.4 implies the following result.
Proposition 5.2. Agent i has a long-run impact on the bond volatility for
t = λ T if and only if he survives with respect to the T -forward measure QT .
36
37

The proof of Proposition 5.1 is completely analogous to that of Proposition 3.3.
Here, A is the single surviving agent under P ; see (5.1).

41

If agent i is the only one who survives with respect to QT for t = λ T then
σ B (t , T ) ∼ σ (γ̃A − γ̃i ) .
In order to determine which agents do survive with respect to the T forward measure, let us denote, for each i
li (λ) = Ii − 0.5 (1 − λ) (γ̃i σ)2 = (1 − λ) ri + λ Ii .

(5.8)

We have the following result.38
Proposition 5.3. An agent i survives with respect to the T -forward measure
for t = λT if and only if
li (λ) = min lj (λ) .
j

Thus, using terminology analogous to that of Yan (2008), li (λ) is the
survival index of agent i with respect to the T -forward measure. Because
(li (λ) , λ ∈ [0, 1]) is a family of line segments, there exist pairs of values
((Aj , λj ) , j = 1, · · · , K) such that
min li (λ) = lAj (λ) for all λ ∈ (λj , λj+1 ),
i

where λ0 = 0 and λK+1 = 1. It follows from the definition of li (λ) that A0 is
the agent with the lowest “single-agent” interest rate rA0 = mini ri , whereas
AK = A is the single surviving agent with the lowest survival index.
Combining Propositions 5.2 and 5.3, we arrive at the following analog of
Theorem 3.1.
Proposition 5.4. For t = λT and λ ∈ (λj , λj+1 ), we have
σ B (t , T ) ∼ σ (γ̃A − γ̃Aj ) .
The intuition behind Proposition 5.4 is similar to that behind Theorem
38

The proof of Proposition 5.3 is completely analogous to that of Theorem 3.1. Details
are available from the authors upon request.
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3.1. For λ ∈ (λj , λj+1 ), the market price of risk behaves asymptotically
as σ γ̃Aj under the measure QT , and agent Aj is the one that puts the
largest weight on the extreme paths of Bt that decay as −σγ̃Aj t. When
λ is sufficiently close to 1 (i.e., λ > λK ), then the probability of such extreme paths becomes so small that only agent A survives and bond volatility
vanishes identically. By contrast, for small values of λ (i.e., λ < λ1 ), the
probability of such extreme paths is still sufficiently high and even the agents
with a very high survival index (but low interest rate ri ) will impact bond
volatilities. Because li (λ) = (1 − λ) ri + λ Ii , the weight of the survival
index Ii gradually increases as λ ↑ 1 and the agents with a low survival index
gradually lose their bond volatility impact. Cvitanić, Jouini, Malamud and
Napp (2009) showed that the bond prices B(λT , T ) for λ ∈ (λj , λj+1 ) also
behave asymptotically as do those in the single-agent economy populated by
agent j. However, they do not establish the link between bond price impact
and survival with respect to the T -forward measure. Without this important
link established in Proposition 5.2, the precise economic mechanism behind
the asymptotic results of Cvitanić, Jouini, Malamud and Napp is unclear.
As our second example, we consider the behavior of forward contracts on
the stock.39 The T -forward price of the stock at time t is given by
F (t, T ) =

Et [ ξT ST ]
Et [ξT ]

and the forward stock volatility σ F (t , T ) is defined by
F (t, T )−1 dF (t, T ) = µF (t , T ) dt + σ F (t , T ) dBt .
We need the following definition.
39

When interest rate volatility is small, the behavior of forward prices is similar to that of
future prices. It is possible to extend our analysis for futures contracts, however, it would
require several additional technical conditions and sophisticated estimates for the interest
rate process. For this reason, we confine our analysis to the case of forward contracts.
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Definition 5.2. The dividend-forward measure QD is defined on FT by
dQD =

DT ξT
dP .
E[DT ξT ]

We then have the following result.40
Proposition 5.5. Let σtS be the stock price volatility. We have
D

D

EtQ [σTS YT−1 ]

σ F (t , T ) =

D

EtQ [YT−1 ]

+ σ

QT

Et [κT ] −

EtQ [κT YT−1 ]
D

EtQ [YT−1 ]

!
.

Proposition 5.5 is a direct analog of Proposition 3.3. Now, the same
argument as in the proof of Proposition 3.4 implies that the following is true.
Proposition 5.6. An agent i has a long-run impact on forward volatility
for t = λ T if and only if he survives either with respect to the T -forward
measure QT or with respect to the dividend-forward measure QD .
Consistent with (5.8), we can define
def

liD (λ) = (Ii − µ) − 0.5 (1 − λ) (1 − γ̃i )2 σ 2 = (1 − λ) Yi + λ (Ii − µ) .
This is the analog of Yan’s (2008) survival index for the dividend-forward

measure. Because liD (λ) , λ ∈ [0, 1] is a family of line segments, there exist
D
pairs of values ((AD
j , λj ) , j = 1, · · · , K) such that
D
min li (λ) = lADj (λ) for all λ ∈ (λD
j , λj+1 ),
i

D
where λD
0 = 0 and λK+1 = 1. It follows from the definition of li (λ) that
AD
0 is the agent with the lowest “single-agent” dividend yield YA0 = mini Yi ,
whereas AK = A is the single surviving agent with the lowest survival index.
We then have the following.41

40

The proof of Proposition 5.5 is completely analogous to that of Proposition 3.3.
The proof of Proposition 5.7 is completely analogous to that of Theorem 3.1. Details
are available from the authors upon request.
41
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Proposition 5.7. An agent i survives with respect to the dividend-forward
measure for t = λT if and only if
li (λ) = min lj (λ) .
j

D
Therefore, for λ ∈ (λD
j , λj+1 ) ∩ (λk , λk+1 ), we have



σ (t , T ) ∼ σ 1 + γ̃Ak − γ̃ADj .
F

Proposition 5.7 is a direct analog of Theorem 3.1. As in Theorem 3.1,
the long-run fundamental forward volatility σ is independent of λ for λ >
max{λK , λD
K } because the stock price volatility in a single-agent economy is
constant and coincides with the dividend volatility σ. The excess volatility
component σ (γ̃Ak − γ̃Aj ) captures the cyclical fluctuations in the market
price of risk κT , measured by the difference in expectations of κT under the
T -forward measure and the more cyclical dividend-forward measure.
Example. Let K = 2 and suppose that agent 1 is the only one who
survives in the long run, that is
I1 < I2 ⇔ ρ1 − ρ2 < 0.5 (δ22 − δ12 ) σ 2 + (γ2 − γ1 ) µ .
If r1 < r2 , that is
ρ1 − ρ2 < (γ2 µ2 − γ1 µ1 ) + 0.5 (γ1 − γ2 )(γ1 + γ2 )σ 2 ,
then the asymptotic bond volatility is zero
σ B (t , T ) ∼ 0
for all t = λT. However, if r2 < r1 , that is
(γ2 µ2 −γ1 µ1 )+ 0.5 (γ1 −γ2 )(γ1 +γ2 )σ 2 < ρ1 − ρ2 < 0.5 (δ22 −δ12 ) σ 2 + (γ2 −γ1 ) µ,
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then


γ̃ − γ̃ ,
1
2
σ B (t , T ) ∼ σ
0 ,

where
λ1 =

λ ∈ (0 , λ1 )
λ ∈ (λ1 , 1) ,

r1 − r2
r1 − r2
=
.
(r1 − r2 ) − (I1 − I2 )
0.5 σ 2 (γ̃22 − γ̃12 )

For the forward stock volatilities, we have to consider several cases. If Y1 <
Y2 , then Ak = 1 always, and therefore

1 + γ̃ − γ̃ ,
1
2
B
σ (t , T ) ∼ σ
1 ,

λ ∈ (0 , λ1 )
λ ∈ (λ1 , 1) ,

that is σ B (t , T ) − σ F (t , T ) ∼ σ for all t = λT. Here, we set λ1 = 0 if
r1 < r2 .
However, if Y2 < Y1 , we need to separately consider the cases when λD
1
is smaller or larger than λ1 , where
λD
1 =

Y1 − Y2
Y1 − Y2
=
.
2
(Y1 − I1 ) − (Y2 − I2 )
0.5σ ((γ̃2 − 1)2 − (γ̃1 − 1)2 )

If λD
1 < λ1 then



1,


F
σ (t , T ) ∼ σ 1 + γ̃2 − γ̃1 ,



1 ,

λ ∈ (0 , λD
1 )
λ ∈ (λD
1 , λ1 )
λ ∈ (λ1 , 1) .

However, if λD
1 > λ1 , then

σ F (t , T ) ∼ σ




1,



λ ∈ (0 , λ1 )

1 + γ̃1 − γ̃2 ,



1 ,
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λ ∈ (λ1 , λD
1 )
λ ∈ (λD
1 , 1) .

6

Large Markets

This section examines equilibrium behavior when the economy is large so


e .
that the agents’ effective risk aversions densely cover the interval Γ , Γ
e
This assumption is quite natural for developed markets with a large number
of participants. Indeed, with such a continuum of agents, many asymptotic
expressions simplify and take a particularly elegant form.

6.1

Large Markets with Terminal Consumption

e ≤ 1,42 then Γ
e = γ̃0 , and none of the nonsurviving agents has a
If Γ
price impact, so that the long-run stock price is only impacted by the least
optimistic (and the most realistic) trader with effective risk aversion γ̃0 . In
this case, (κt , σtS ) ∼ ( σ γ̃0 , σ) for t = λ T , λ ∈ (0 , 1) .
Because each agent in our economy is uniquely characterized by his risk
aversion γ and beliefs δ, we will use π(γ,δ) t to denote his optimal portfolio. A
direct calculation based on Theorem 4.1 implies that
hedging
π(γ
, δ) t


 (λ−1) δ + γ − γ̃ ,
0
1 + λ (γ−1)
∼
0 ,

λ <

γ̃0 −γ+δ
δ−γ̃0 (γ−1)

λ ≥

γ̃0 −γ+δ
δ−γ̃0 (γ−1)

.

Thus, even though none of the agents except agent 0 has any price impact,
they all have significant long-run impact on the optimal portfolios of other
agents in the economy. As time goes by, nonsurviving agents gradually
lose their portfolio impact, and therefore the hedging demand is monotone
γ̃0 −γ+δ
decreasing in λ = t/T. However, if γ̃0 = 1, we have δ−γ̃
= 1, and
0 (γ−1)
therefore the portfolio impact of nonsurviving agents is permanent: agents
hold nontrivial hedging portfolios even for periods arbitrarily close to the
terminal time horizon.
Consider now the same example as the previous one, except we assume
42

For example, if the economy is populated by very optimistic traders. According to
Dimson, Marsh and Staunton (2003) this was indeed the case for a long time. The presence
of very optimistic traders is also important for replicating the empirically observed state
price patterns. See Proposition 3.2.
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e ≥ 1 . As the risk aversions become more and more dense in Γ , Γ
e ,
that Γ
e
the interval Πi converges to a single point γ̃i−1 . Furthermore, in this case,
γ̃0 = max{1 , Γ} and, by Theorem 3.1, the instantaneous moments of the
e
stock price converge to




γ̃0 , 1 ,



(κt , σt ) ∼ σ
λ−1 , 1 + λ−1 − γ̃0 ,




 Γ
e, 1 + Γ
e − γ̃ ,
0

γ̃0−1 < λ
e−1 < λ ≤ γ̃0−1
Γ

(6.1)

e−1 .
λ ≤ Γ

e−1 ), only the effectively most risk-averse agent has an
Thus, for λ ∈ (0 , Γ
impact
on both the market price of risk and volatility. Then, for λ ∈

e−1 , γ̃0−1 , agents with effective risk aversion λ−1 impact the instantaΓ

neous moments of the stock price. Finally, for λ ∈ γ̃0−1 , 1 , the price
impact of nonsurviving agents vanishes completely, and the instantaneous
moments converge to those determined by the surviving agent 0 .
As for the optimal portfolio, we again use the notation π(γ,δ) t to denote
an agent’s optimal portfolio. Then, for λ satisfying

λ ∈

e−1

Γ


, min γ̃0−1 ,

γ̃0 − γ̃i
δi − γ̃0 (γi − 1)



def

= [Λ, Λ],

(6.2)

Theorem 4.1 yields that
hedging
π(γ,δ)
=
t

(1 − γ −1 ) (1 − λ) (λ δ + 1)
, λ ∈ [Λ, Λ].
(1 + λ (γ − 1)) (λ (1 − γ̃0 ) + 1)

(6.3)

An appealing property of formula (6.3) is that it is model independent. Given
an arbitrary pair (γ, δ) of risk aversion and beliefs, we can substitute it into
this formula and obtain the required optimal hedging portfolio. Interestingly
enough, it is a linear function of the agent’s beliefs δ but is highly nonlinear
in γ and may exhibit varying behavior. We summarize these somewhat
unexpected patterns in the following proposition.
Proposition 6.1. We have the following.43
43

As above, we only consider the case γ ≥ 1. However, the effective risk aversion γ − δ
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(1) Fix risk aversion γ and a fraction λ = t/T of time horizon. Then,
hedging
(i) π(γ,δ)
t is monotone increasing in the beliefs δ;

(ii) it is always positive if δ > −1 , that is, when the agent is either
optimistic or moderately pessimistic;
(iii) If δ < −1, then the hedging demand is positive for λ < −δ −1
and negative for λ > −δ −1 .
(2) Fix beliefs δ and a fraction λ = t/T of the time horizon. Then,
hedging
(i) if δ λ + 1 > 0 , then the hedging demand π(γ,δ)
t is monotone in−1/2
creasing in the risk aversion γ for γ < 1 + λ
and is monotone
decreasing in γ for γ > 1 + λ−1/2 ;

(ii) if δ λ + 1 < 0 , then the direction of monotonicity reverses.
The result of Item (1.i) is intuitive. The more optimistic a trader is, the
more the stock is attractive to him. However, surprisingly, even an extremely
pessimistic trader will still hold a positive hedging portfolio for t/T < −δ −1
e −1 . The reason is that, if there are agents in the economy
if −δ −1 > (Γ)
whose effective risk aversion is higher than −δ, they will have price impact
for small values of λ and will drive the market price of risk up so much that
it will be optimal even for a very pessimistic trader to capitalize on these
attractive high returns and to hold a positive hedging portfolio. However,
as λ increases, the price impact of these highly risk-averse agents vanishes,
the market price of risk goes down and a pessimistic agent starts selling the
stock and ends up holding a negative hedging portfolio.
The result of Item (2) is surprising at first sight. Intuitively, one would
expect that the hedging demand is monotone decreasing in risk aversion and
that the more risk-averse agents will hold less stock. This is indeed true
for the total portfolio holding in stock: a calculation shows that π(γ,δ) t is
indeed monotone decreasing in risk aversion. However, the behavior of the
hedging component is more subtle. For small values of λ, there is a large
uncertainty about the future values of the market price of risk: almost all
can take any real values.
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agents still have price impact, and the market price of risk fluctuates greatly.
These fluctuations force the more risk-averse agents to use a significant part
of their wealth to hedge against them. However, as λ increases, the behavior
of the market price of risk becomes more and more stable, being influenced
essentially only by the few surviving agents with effective risk aversions close
to γ̃0 . This drives the hedging demand of the highly risk-averse agents down.
By contrast, the agents with low risk aversion see stocks as an attractive
low-risk investment and increase their hedging demand. The behavior of the
hedging portfolios is shown in Figures 1 and 2 below.
In the short-time and long-time regimes, by Theorem 4.1 and (6.1), the
hedging portfolio is given by

hedging
π(γ,δ)
=
t



e + (Γ
e λ − 1) γ
(1 − γ −1 ) (1 − λ) (δ + Γ)

and
hedging
π(γ,δ)
t

e − γ̃0 )
(1 + λ (γ − 1)) (1 + Γ

= 0 , λ > min γ̃0−1 ,

γ̃0 − γ̃i
δi − γ̃0 (γi − 1)

e−1
, λ < Γ



respectively.44 Thus, as in Example 2 above, the portfolio impact is permanent if and only if γ̃0 = 1.

6.2

Large Markets with Intermediate Consumption

In the case of intermediate consumption, it is more efficient to parameterize
the agents according to their beliefs. Thus, we assume that the beliefs
parameter takes values of δ ∈ [δmin , δmax ]. We also assume that the dividend
growth rate µ is positive. In general, the ordering of the agents in terms of
their price impact will depend in a nontrivial way on the joint cross-sectional
distribution of risk aversion, discount rates and beliefs. In order to illustrate
the effects of the cross-sectional correlation of beliefs and risk aversion, we
44

The
limit
of o the nportfolio
policyo for
values
of
λ
∈
n
min γ̃0−1 , δi −γ̃γ̃00−(γγ̃ii−1) , max γ̃0−1 , δi −γ̃γ̃00−(γγ̃ii−1)
can be characterized explicitly as
well, but the results depend on the ordering between the two thresholds, which in turn is
determined by the values of the model parameters. We omit these results to simplify the
exposition.
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Figure 1: Hedging Portfolio weight as a function of risk aversion. Parameters:
δ = 1, γ̃0 = 1 and λ = 0.5.
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Figure 2: Hedging Portfolio weight as a function of time horizon, for beliefs
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large.
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consider the case where the risk aversion is a linear function of beliefs and ρ
is constant across agents 45
γ = f δ + g,

(6.4)

for some numbers f , g ∈ R. For simplicity, we also assume that |f −1| < 1 ,
that is f ∈ [0, 2]. In particular, we assume that risk aversion and beliefs are
positively correlated. Then, a direct calculation shows that minδ lδ (λ) is
attained at46
(1 − λ) σ 2 (f − 1) g − f µ
δ(λ) = 2
,
(6.5)
σ (1 − (1 − λ) (f − 1)2 )
and we let γ̃(λ) denote the corresponding effective risk aversion. To avoid
considering the boundary cases, we assume that both
δ(0) =

σ 2 (f − 1) g − f µ
fµ
and δ(1) = − 2
2
2
σ (1 − (f − 1) )
σ

belong to the interval [δmin , δmax ] and we assume that g ≥ σ −2 max{f 2 , f } µ,
so that γ defined in (6.4) is positive. Then, by, Proposition 5.2, we have
σ B (t , T ) ∼ γ̃(1) − γ̃(λ),

(6.6)

for t = λ T, where
γ̃(λ) =

(1 − λ) σ 2 (f − 1)2 g − f (f − 1) µ
+ g.
σ 2 (1 − (1 − λ) (f − 1)2 )

(6.7)

One interesting consequence of (6.7) is that very pessimistic agents (i.e.,
those with δ < min{δ(0) , δ(1)}), as well as very optimistic ones (i.e., those
with δ > max{δ(0) , δ(1)} will not have any bond volatility impact. This is
intuitive: beliefs δ(0) and δ(1) impose bounds on the size of irrationality for
45

Of course, even if there is cross-sectional correlation between γ and δ , the true relation
would be γ = f γ̃i + g+noise. The results in the presence of noise would be similar, but the
asymptotic expressions would get much messier because there would always be multiple
agents with the same survival index. To avoid this, we assume that the noise component
is absent.
46
If f 6∈ [0, 2] , the minimum will necessarily be attained by one of the extreme values
δmin , δmax for some values of λ and we impose f ∈ [0, 2] to avoid this boundary solution.
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an agent to have a nonnegligible price impact.
When time t is large, we can consider (6.6) as an approximation to
the long-run term structure {σ B (t , t/λ) , λ ∈ (0 , 1) } of bond volatilities.
Formula (6.7) shows that this term structure can exhibit different patterns
depending on the size of the slope coefficient f . The following result is a
direct consequence of (6.6).
Proposition 6.2. Under the above assumptions, the long-run term structure
of bond volatilities is upward sloping if and only if f > f¯ , where
f¯ =

µ+

p
µ2 + 4µσ 2 g
> 1.
2µ

(6.8)

It follows directly from (6.5) that δ(λ) is monotone increasing in λ if and
only if either f > f¯ or f < 1 . If this is the case, then the surviving agent
with beliefs δ(1) will be the most optimistic one among those who have bond
volatility impact. Furthermore, the most pessimistic agents will impact the
low maturity bond volatilities and, as the maturity increases, more and more
optimistic agents will come into play. If f > f¯, then these very optimistic
agents will drive bond volatility up at long maturities. However, if f < 1,
even though the long end of the yield curve will still be dominated by the
highly optimistic agents, the bond volatility term structure will be downward
sloping. The reason is that, for f < 1, effective risk aversion γ̃(δ) is monotone
decreasing in δ. Thus, for the more optimistic agents, determining the long
end of the bond volatility term structure will have lower effective risk aversion
and drive the bond volatilities down.
If the slope f satisfies f ∈ (1 , f¯), then both δ(λ) and γ̃(λ) are monotone
decreasing in λ and, consequently, σ B (t , T ) < 0. That is, the instantaneous
correlation of bond returns with the dividends is negative.47
A similar analysis can be performed for forward stock volatilities. In this
47

There is indeed some empirical evidence suggesting that bond returns are countercyclical; see Campbell (1987).
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case, belief δ D (λ) minimizing lδD (λ) is given by
δ D (λ) =

(1 − λ) σ 2 (f − 1) (g − 1) − f µ
.
σ 2 (1 − (1 − λ) (f − 1)2 )

(6.9)

By Proposition 5.7, the long-run forward volatility is given by

σ F (t , T ) ∼ σ 1 + γ̃(λ) − γ̃ D (λ) ,

(6.10)

where γ̃ D (λ) = (f − 1) δ D (λ) + g . Using (6.5) and (6.9), we arrive at
σ F (t , T ) ∼ σ

1
.
1 − (1 − λ) (f − 1)2

(6.11)

Formula (6.11) has several intriguing features: (i) in contrast to long-run
bond volatilities (see (6.6) and (6.7)), long-run forward volatilities are independent of the growth rate µ and the “shift” g in risk aversion. The
only quantities that matter are the dividend volatility and the slope f ; (ii)
forward volatility is always larger than the dividend volatility σ, is monotone
decreasing in λ and converges to σ as λ ↑ 1; (iii) long-run σ F (t , T ) is largest
when f is either 0 or 2, in which case it is given by σ/λ and coincides with
the asymptotic stock volatility in the model with terminal consumption.48
The intuition behind formula (6.11) is similar to that behind Theorem 3.1:
as time goes by, both the agents with very low and very high levels of
effective risk aversions vanish from the market and gradually lose their price
impact. This drives down the variability of aggregate risk aversion and
reduces forward volatility. The speed with which these nonsurviving agents
vanish is decreasing in the absolute slope |f − 1| of γ̃ with respect to beliefs
δ. Consequently, when the absolute slope |f − 1| is large, the agents with
extreme values of γ̃ are present in the market for a long time and drive up
the forward volatility.
48

See (6.1) for the case γ̃0 = 1.
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7

Conclusions

It has long been argued that nonsurviving agents cannot influence long-run
asset prices. KRWW (2006) demonstrated that survival and price impact
are two independent concepts, and that even agents owning a negligible
proportion of aggregate wealth may have a significant long-run impact on
equilibrium asset prices.
This paper shows that survival, when defined properly, is in fact equivalent to price impact. That is, an agent has long-run price impact if and only if
the equilibrium market price of his share of aggregate wealth is nonnegligible.
Another, related phenomenon studied in the paper is that of portfolio impact:
the possibility for nonsurviving agents to have long-run impact on other
agents’ optimal portfolios. As in the case of price impact, this paper shows
that portfolio impact is also equivalent to survival: the price of the share
of the aggregate wealth must be nonnegligible. However, this price should
be calculated under an agent-specific wealth-forward measure, as introduced
in this paper. These general results imply that price impact and portfolio
impact are two independent concepts: a nonsurviving agent with no price
impact can have a significant impact on other agents’ optimal portfolios.
These new phenomena are demonstrated in the framework of a general
equilibrium model with an economy populated by an arbitrary number of
agents with arbitrary heterogeneous risk aversions and beliefs. The exact
economic mechanisms responsible for price and portfolio impact are identified
through an explicit description of the set of paths through which the nonsurviving agents impact long run asset prices. The importance of the presence
of optimistic agents for generating the empirically observed state prices smile
effect, as well as the possibility for nonsurviving optimistic agents to have
long-run price and portfolio impact, are demonstrated. We show that our
methods can also be directly extended to models with intermediate consumption. In contrast to KRWW (2010), we show that, even with CRRA utilities,
nonsurviving agents can have a long-run impact on the prices of assets with
long maturities, and that this price impact is equivalent to survival under an
asset-specific measure.
55

The techniques presented in this paper provide a general tool for analyzing
survival, price impact and portfolio impact in heterogeneous economies, and
allow for the derivation of closed-form asymptotic expressions for equilibrium
optimal portfolios in economies populated by more than two agents, which,
to the best of our knowledge, has never been done before in the literature.
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Appendix
A

Large Markets with Finite Horizon

One of the major difficulties in analyzing equilibrium with heterogeneous
agents is the impossibility to derive an analytic expression for the equilibrium
state price density. Recently, Xiouros and Zapatero (2009) showed that,
with a continuum of agents, a careful choice of the distribution of the initial
consumption c0 may be able to resolve this issue. As is common in the
modern asset pricing literature, they fix the welfare weights determining the
equilibrium allocation;49 see, e.g., Chan and Kogan (2002). The market
clearing conditions take the form50
Z

b(i)

−b(i)

c0 (i) e−t ρ(i) b(i) Zi t ξt

di = Dt ,

R

where b(i) = γ(i)−1 is agent i’s risk tolerance. Xiouros and Zapatero
assume51 that the agents are rational, have a common discount rate ρ, and are
parametrized by their risk tolerance b. Furthermore, the initial consumption
−b/θ
−1
is given by c0 (b) = bη −1 θη−1e Γ(η−1 ) . In this case, equation (5.2) takes the
form
Z +∞
e−b/θ
−1
bη −1 η−1
e−z b db = Dt .
(A.1)
θ Γ(η −1 )
0
The left-hand side of (A.1) is the moment-generating function of a Γ(η −1 , θ)−1
density and is given by (1 + θz)−η . Therefore,52
Ux (t, x) = e−ρt ez(Dt ) , z(x) =

η
x−η − 1
, γ̃ U (x) = x−η .
θ
θ

49

(A.2)

Of course, in equilibrium the weights must be determined endogenously and depend on
the horizon of the economy. This can be easily incorporated into our framework, however,
it only leads to more complicated expressions without generating further economic insights.
50
The welfare weights corresponding to the equilibrium allocation are given by c0 (i)γ(i) .
51
Xiouros and Zapatero also allow the agents to have “Catching up with the Joneses”
preferences in addition to heterogeneous risk aversion.
52
Because γ̃ U is t-independent, we write γ̃ U (x) instead of γ̃ U (t, x).
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Thus, the market price of risk and the instantaneous interest rate are given
explicitly by
κt = σ γ̃ U (Dt ) , rt = ρ + γ̃ U (Dt ) µ̂ − 0.5 σ 2

γ̃ U (Dt ) + η + 1



. (A.3)

The idea of choosing a suitable initial consumption distribution is very
general and can be applied, for example, to the case of heterogeneous beliefs.
Indeed, suppose that the risk tolerance b = γ −1 is constant across agents, who
are parametrized by their beliefs δ, and the initial consumption is normally
2
2
distributed, c0 (δ) = √ 1 2 e−(δ−α) /(2η ) for some α , η ∈ R. Then, equation
2π η

(5.2) for the representative agent’s marginal utility Ux (t, x) = e−ρ t ez(t,x)
takes the form
Z
1
2
2
2 2
−zb
p
e−(δ−α) /(2η ) e−(0.5δ σ + δµ)t b + δ b log x dδ = x .
e
2
2π η R
Evaluating the integral, we get
z = − γ (log x − φ(t, x)) ,

(A.4)

where
φ(t, x) =

2

1
α2
(α − µ t b η 2 + η 2 b log x)
. (A.5)
log 1 + η 2 σ 2 t b − 2 +
2
2η
2 η 2 (1 + η 2 σ 2 t b)

Formulae (A.4)-(A.5) provide an analytic expression for the representative
agent in an economy with a continuum of agents and heterogeneous beliefs.
To the best of our knowledge, such an analytic expression has never been
derived in the literature before. In fact, Jouini and Napp (2007, p. 1156)
write that: “Notice that it is not possible (except in the exponential case)
to construct M and to obtain q ∗ as functions of the aggregate characteristics
(e.g. consumption) of the economy and not of the individual ones.” In
contrast, (A.4) does express the equilibrium state price density as a function
of aggregate characteristics. Consistent with Proposition 3.2, equilibrium
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state prices are U-shaped. In fact, log ξt is convex in log Dt . Furthermore,


b (α − µ t b η 2 + η 2 b log x)
γ̃ (t, x) = γ 1 −
.
1 + η2 σ2 t b
U

(A.6)

Therefore, the market price of risk and the interest rate are given explicitly
by
κt = σ γ̃ U (t, Dt ) ,

rt = ρ + γ̃ U (t, Dt ) µ̂ − 0.5 σ 2 γ̃ U (t, Dt ) + γ (1 + φxx (t, Dt )) ,
(A.7)
with
b (η 2 b(1 − log x) − α + µ t b η 2 )
φxx (t, x) =
.
1 + η2 σ2 t b
Even though the market price of risk and the interest rate are available in
closed form for both models (A.2) and (A.7), equilibrium asset prices for finite
values of t can only be computed numerically.53 Nevertheless, it is possible
to derive asymptotic expressions for equilibrium quantities when the horizon
T is small.54
The following representations can be derived using the same Malliavin
calculus techniques as in the proof of Proposition 3.3; see Cvitanić, Jouini,
Malamud and Napp (2009).
Proposition A.1. The equilibrium stock volatility is given by

σtS = σ +

Et

i
(κt − κτ ) ξτ Dτ dτ
hR
i
,
T
Et t ξτ Dτ dτ

hR

T
t

and the optimal portfolio of agent i is given by

σtS πit = κt +

Et

hR
T
t

i
(bi δi σ + (bi − 1) κτ )ξτ ciτ dτ
hR
i
.
T
Et t ξτ ciτ dτ

53

Formulae (A.4)-(A.7) are perfectly suited for such a numerical analysis. However, this
goes beyond the main scope of this paper and we leave it for future research.
54
Section 6.3 studies their asymptotic behavior for large values of T. This asymptotic
behavior is independent of the distribution of c0 .
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Note that the dividend process Dt = eµt+σBt satisfies Dt−1 dDt = µ̂ dt +
def
σ dBt with µ̂ = µ + 0.5σ 2 and therefore the generator L of the process Dt
∂2
∂
is given by L = 0.5 σ 2 x2 ∂x
2 + µ̂ x ∂x . Our calculations are based on the
Lemma B.1 in the next section.
(i) def
Let κt = κt + δi σ be the agent i’s perceived market price of risk and
(i)
let σtS πitmyopic = b(i) κt be his myopic portfolio. By definition,
def

πithedging = πit − πitmyopic .
Applying Lemma B.1 to the representations of Propositions A.1 and 5.1 we
arrive at the following result.55
Proposition A.2. For small T − t, we have
• the stock price volatility is given by


2
∂ U
(1) d U
(2) d
U
≈ σ+0.5 (T −t) σS
γ̃ (t, Dt ) + σS
γ̃ (t, Dt ) + γ̃ (t, Dt ) ,
dx
dx2
∂t
(A.8)
(1)
(2)
1
where σS = −σ 2 (γ̃ U (t, Dt ) + Dt ) − µ̂ Dt , σS = − 2 σ 2 Dt2 ;
σtS

• the bond volatility is given by

2
d U
∂ U
(2) d
U
σ (t , τ ) ≈ (τ − t)
γ̃ (t, Dt ) + σB
γ̃ (t, Dt ) + γ̃ (t, Dt ) ,
dx
dx2
∂t
(A.9)
(1)
(2)
1 2
2 U
2
where σB = −σ γ̃ (t, Dt ) − µ̂ Dt , σS = − 2 σ Dt ;
B



(1)
σB

• the hedging portfolio weight is given by
1
σtS πithedging ≈ (1 − bi )(T − t)
2

 (A.10)
2
∂
∂ U
(1)
U
(2) ∂
U
× π
γ̃ (t, Dt ) + π
γ̃ (t, Dt ) + (γ̃ (t, Dt )) ,
∂x
∂x2
∂t

(i)
where π (1) = −σ bi κt Dt + κt − µ̂ Dt , π (2) = − 21 σ 2 Dt2 .
55

The calculation is very lengthy and is available from the authors upon request.
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Naturally, aggregate effective risk aversion is the key state variable determining the equilibrium dynamics. Therefore, its derivatives can be viewed
as stochastic factors, driving the evolution of the economy. Formulae (A.8),
(A.9) and (A.10) present approximate expansions of equilibrium volatilities
and optimal portfolios in terms of such stochastic factors: the first- and
second-order derivatives of aggregate risk aversion with respect to the aggregate dividend, as well as its derivative with respect to time. By analogy with
the literature on the term structure of interest rates, we can call the first two
factors respectively slope and convexity of the market price of risk. Clearly,
(2)
the exposures σB,S and π (2) to the convexity factor are always negative:
convexity of risk aversion drives down both stock and bond volatility. The
sign of the nonmyopic exposure of agent’s portfolio to convexity depends on
whether the risk aversion is above or below one. The exposure to the slope
will be negative for both volatilities when the dividend growth is positive (i.e.,
µ̂ > 0) and may change sign otherwise. Finally, for the optimal portfolios,
(i)
the sign will depend on the level of the perceived market price of risk κt .
In the setting of Xiouros and Zapatero (2009), we can use (A.2) to rewrite
the representations of Proposition A.2 in the following form:56
• the stock volatility is given by


σtS ≈ σ + 0.5 (T − t) γ̃ U η µ̂ + 1 − 0.5σ 2 (2γ̃ U + η + 1) ,
• the bond volatility is given by


σ B (t , τ ) ≈ (τ − t) γ̃ U η µ̂ − 0.5 σ 2 (2γ̃ U + η + 1) ,

(A.11)

• the optimal hedging portfolio weight of agent i is given by
σ 2 γ̃ U
(1 − bi ) (T − t)
σtS πithedging ≈
2


1
U
U
−1
(bi Dt (γ̃ + δi ) + γ̃ )η Dt − η (η + 1) .
2
56

(A.12)

It is also possible to derive analogous formulae in the setting of (A.6). The results are
available from the authors upon request.
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There are several important consequences of these representations. First,
the stock volatility will be smaller than the dividend volatility when Dt
is sufficiently small. By Proposition 3.7, this can never occur in models
with only terminal consumption. Second, bond volatility will be negative for
small values of Dt . The size of these effects is controlled by the parameter
η. Because, by assumption, the risk tolerance has a Γ(η −1 , θ) density, η
is the quotient of the cross-sectional variance of the risk tolerance and its
squared mean; therefore, it is a natural measure of the size of heterogeneity
in the economy. The behavior of the nonmyopic portfolio is more subtle and
depends on the exact values of the model parameters.

B

Technical Lemmas

Lemma B.1. Let
Z

T


ψ(τ, Dτ )dτ | Dt = x ,

f (t, x) = Et
t

and assume that ψ is sufficiently smooth. Then, for small T − t,
f (t, x) = (T −t) ψ(T, x) + 0.5 (T −t)2 (L ψ(T, x) − ψt (T, x)) + O((T −t)3 ) .
Indeed, f satisfies the Black–Scholes PDE ft + Lf + ψ(t, x) = 0 , f (T, x) =
0. Therefore, ft |t=T = −ψ(T, x) , ftt |t=T = Lψ(T, x) − ψt (T, x) and the
claim immediately follows from Taylor’s formula.57
Lemma B.2. We have
γ 


ψi E[DT ξT ] i
−γi
max DT ZiT
bi 1−bi
i
E[ZiT
ξT ]


γ 
ψi E[DT ξT ] i
−γi
γi
≤ ξT ≤ max n max DT ZiT
.
bi 1−bi
i
i
E[ZiT
ξT ]
57

(B.1)

Repeating the same argument, it is possible to derive a higher-order Taylor expansion
in the powers of T − t. However, the corresponding approximations for the equilibrium
quantities contain numerous terms that become difficult to interpret. For this reason, we
only study the first-order approximation.
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bi 1−bi γi
Proof. Let zi = ψi DT−γi ZiT E[DT ξT ]/E[ZiT
ξT ] . Then, the equilibP
rium equation is i zibi ξT−bi = 1 and it suffices to show that maxi nγi zi ≥
P bi −bi
ξT ≥ maxi zi . Indeed, if ξT < maxi zi = zj then 1 =
>
i zi ξT
bj −bj
γi
zj ξT
> 1 which is a contradiction. Similarly, if maxi n zi < ξT then
P bi −bi
P bi γi −bi
1 =
<
= 1 which is a contradiction. The
i zi ξT
i zi (n zi )
proof is complete.
Q.E.D.
The next lemma establishes bounds of the welfare weights.
Lemma B.3. Let ξT be the equilibrium SDF. If γi < 1 then
1 ≤

bi 1−bi γi
E[DT ξT ]1−γi E[ZiT
ξT ]
≤ ψiγi −1 .
1−γi
E[ZiT DT ]

ψiγi −1

bi 1−bi γi
ξT ]
E[DT ξT ]1−γi E[ZiT
≤
≤ 1.
1−γi
E[ZiT DT ]

If γi > 1 then

Proof. The utility of agent i’s optimal wealth is given by
1−γi

1
E[DT ξT ]
1
1−γi
1−γi
bi
]
E[ξT1−bi ZiT
E[ZiT WiT ] =
ψ
bi
1 − γi
1 − γi i
]
E[ξT1−bi ZiT
1
bi γi
=
] .
ψ 1−γi E[DT ξT ]1−γi E[ξT1−bi ZiT
1 − γi i
(B.2)
The utility from just consuming his endowment (the terminal dividend of his
initial portfolio) is
1
1
E[ZiT (ψi DT )1−γi ] =
ψ 1−γi E[ZiT DT1−γi ].
1 − γi
1 − γi i
Furthermore, by definition, in equilibrium we must have WiT ≤ DT and
therefore
1
1
1
1−γi
E[ZiT (ψi DT )1−γi ] ≤
E[ZiT WiT
] ≤
E[ZiT DT1−γi ] .
1 − γi
1 − γi
1 − γi
Multiplying both sides by 1 − γi and using (B.2), we get the result. Q.E.D.
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Combining Lemmas B.2 and B.3, we arrive at the next lemma.
Lemma B.4. There exist constant C1 > C2 > 0 such that
C2

X
i

X ZiT D−γi
ξT
ZiT DT−γi
T
≤
.
≤ C1
1−γi
E[DT ξT ]
E[ZiT DT ]
E[ZiT DT1−γi ]
i

Lemma B.5. Let λ ∈ ΠJ and t = λT. Then, for all j 6= J and all i, we
have
−γ
1−γ
Et [Wi T DT−1 ZjT DT j ] E[ZjT DT j ]−1
→ 0
Et [ZJT DT−γJ ] E[ZJT DT1−γJ ]−1
almost surely as T → ∞.
Proof. Because, in equilibrium, Wi T DT−1 ≤ 1, we have
−γ

−γ

1−γ

1−γ

Et [ZjT DT j ] E[ZjT DT j ]−1
Et [Wi T DT−1 ZjT DT j ] E[ZjT DT j ]−1
≤
Et [ZJT DT−γJ ] E[ZJT DT1−γJ ]−1
Et [ZJT DT−γJ ] E[ZJT DT1−γJ ]−1
1

= eσ(γ̃J −γ̃j )Bt e 2 σ

2 T ((γ̃ 2 −γ̃ 2 )(1−λ)+(1−γ̃ )2 −(1−γ̃ )2 )
j
J
j
J

(B.3)
and the claim follows if
γ̃j2 (1 − λ) − (1 − γ̃j )2 < γ̃J2 (1 − λ) − (1 − γ̃J )2

(B.4)

for all j 6= J. Now, the function
h(γ) = γ 2 (1 − λ) − (1 − γ)2 = −λγ 2 + 2γ − 1
is a concave parabola, attaining maximum at the vertex 1/λ. Therefore,
(B.4) holds if γ̃J is the closest to 1/λ among all effective risk aversions. Let
0 < J < l . Then,
1
γ̃J + γ̃J+1
γ̃J−1 + γ̃J
<
<
2
λ
2
and therefore, because γ̃J−1 < γ̃J < γ̃J+1 , the claim is immediate. The cases
J = 0 , l are analogous.
Q.E.D.

64

Lemma B.6. Let λ ∈ ΠJ and t = λT. Then, for all i 6= J ,
Et [ Wi T DT−1 ZJT DT−γJ ]
→ 0
Et [ZJT DT−γJ ]
almost surely as T → ∞.
Proof. Applying Lemma B.3, we get
bi 1−bi γi
E[DT ξT ]1−γi E[ZiT
ξT ] ≥ K2 E[ZiT DT1−γi ] ,

that is
E[DT ξT ]
≤
bi 1−bi
ξT ]
E[ZiT
Similarly,


E[DT ξT ]
E[ZJbJT ξT1−bJ ]



E[DT ξT ]
K2 E[ZiT DT1−γi ]

γJ
≥ K3

bi
.

E[DT ξT ]
.
E[ZJ T DT1−γJ ]

By Lemma B.2,

ξT ≥

ψJ E[DT ξT ]
E[ZJbJT ξT1−bJ ]

γJ

ZJ T DT−γJ ,

and hence,
WiT ≤ K4

E[ZJ T DT1−γJ ]bi bi −bi γJ bi
ZiT ZJ T DT .
E[ZiT DT1−γi ]bi

(B.5)

Therefore,
1

WiT DT−1 ≤ K5 e 2 σ

2 T b ((1−γ̃ )2 −(1−γ̃ )2 )
i
i
J
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eσ



bi (γ̃J + δi ) − 1 BT

.

(B.6)

Because, by the equilibrium market clearing, WiT DT−1 ≤ 1, we get
Et [ Wi T DT−1 ZJT DT−γJ ]
EλT [WiT DT−γ̃J −1 ]
=
Et [ZJT DT−γJ ]
EλT [DT−γ̃J ]
"
2 σ 2 (1−λ)T

≤ EλT e−γ̃J σ(BT −BλT ) − (γ̃J )


1 2
2
2
× min K5 e 2 σ T bi ((1−γ̃J ) −(1−γ̃i ) ) eσ

(B.7)


bi (γ̃J + δi ) − 1 BT

#
, 1
.

Denote η = 21 σ 2 bi ((1 − γ̃J )2 − (1 − γ̃i )2 ) , ζ = σ bi (γ̃J − γ̃i ) and Ct =
log K5 + ζ BλT . We need to consider the cases ζ > 0 and ζ < 0 separately.
If ζ > 0 that is γ̃J > γ̃i ⇔ γ̃J−1 ≥ γ̃i . Then,
"
EλT e−γ̃J σ(BT −BλT ) − 0.5(γ̃J )

2 σ 2 (1−λ)T


1 2
2
2
× min K5 e 2 σ T bi ((1−γ̃J ) −(1−γ̃i ) ) eσ

2

= eCt + (η−0.5γ̃J σ

2 (1−λ))T

bi (γ̃J + δi ) − 1 BT

(B.8)

#
, 1

1
√
2π

−ζ −1 (η T +Ct )((1−λ)T )−1/2

Z



e−x

×

2 /2

1/2

ex (−γ̃J σ+ζ) ((1−λ)T )

dx

−∞
− 0.5γ̃J2 σ 2 (1−λ)T

+ e

1
√
2π

Z

+∞

e−x

2 /2

1/2

e−γ̃J σx((1−λ)T )

dx

−ζ −1 (η T +Ct )((1−λ)T )−1/2

= eCt + (η+(1−λ)ζ(−γ̃J σ+0.5ζ))T

× N − ζ −1 (η T + Ct )((1 − λ)T )−1/2 − (−γ̃J σ + ζ) ((1 − λ)T )1/2

+ 1 − N − ζ −1 (η T + Ct )((1 − λ)T )−1/2 + γ̃J σ ((1 − λ)T )1/2 .
(B.9)
The following lemma is well known.
Lemma B.7. We have
lim

N (x)

2
x→−∞ e−x /2 (−x)−1

=

1 − N (x)
1
= √ .
2 −1
−x
x→+∞ e
x
2π
lim
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Because, for generic parameter values, we will have exponential decay, the
factor x−1 in the asymptotic of Lemma B.7 can be neglected. Similarly, by the
strong law of large numbers for Brownian motion, BλT /T → 0 almost surely,
and therefore, in the expressions of the form BλT + a T = T (a + BλT /T ),
the term with BλT can be also ignored when calculating asymptotic behavior.
We first observe that the term
e(η+(1−λ)ζ(−γ̃J σ+0.5ζ))T

× N − ζ −1 (η T + Ct )((1 − λ)T )−1/2 − (−γ̃J σ + ζ) ((1 − λ)T )1/2
(B.10)
always converges to zero. Indeed, if η + (1 − λ)ζ(−γ̃J σ + 0.5ζ) < 0 then we
are done. If η + (1 − λ)ζ(−γ̃J σ + 0.5ζ) > 0 we have
− ζ −1 η T ((1 − λ)T )−1/2 − (−γ̃J σ + ζ) ((1 − λ)T )1/2
= −ζ −1 ((1 − λ)T )−1/2 T (η + (1 − λ)ζ(−γ̃J σ + ζ)))

(B.11)

< −ζ −1 ((1 − λ)T )−1/2 T (η + (1 − λ)ζ(−γ̃J σ + 0.5ζ)))
is negative and converges to −∞, so that Lemma B.7 applies and we need
to show that
η + (1 − λ)ζ(−γ̃J σ + 0.5ζ) − 0.5ζ −2 (1 − λ)−1 (η + (1 − λ)ζ(−γ̃J σ + ζ))2 < 0 ,
which follows by direct calculation. Thus, we only need to show that the
term
1 − N − ζ −1 (η T + Ct )((1 − λ)T )−1/2 + γ̃J σ ((1 − λ)T )1/2



converges to zero. This happens precisely when 0 < −ζ −1 η + γ̃J σ (1 − λ) .
i −2)
That is, we need that 1 − λ > (γ̃J +γ̃
. We have
2 γ̃J
1−λ > 1 −

2
2
γ̃J + γ̃i − 2
γ̃J + γ̃i − 2
≥ 1 −
=
>
γ̃J + γ̃J−1
γ̃J + γ̃i
γ̃J + γ̃i
2γ̃J

and the claim follows. The case ζ < 0 is analogous.
Q.E.D.
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To prove Proposition 3.6, we will need auxiliary lemmas analogous to
Lemmas B.5 and B.6.
Lemma B.8. Let λ ∈ (0, 1) and t = λT. Then, for all j =
6 0 and all i we
have
1−γ
1−γ
Et [Wi T DT−1 ZjT DT j ] E[ZjT DT j ]−1
→ 0
Et [Z0T DT1−γ0 ] E[Z0T DT1−γ0 ]−1
almost surely as T → ∞.
Proof. The proof is analogous to that of Lemma B.5. We have
1−γ

−γ

1−γ

1−γ

Et [Wi T DT−1 ZjT DT j ] E[ZjT DT j ]−1
Et [ZjT DT j ] E[ZjT DT j ]−1
≤
Et [Z0T DT1−γ0 ] E[Z0T DT1−γ0 ]−1
Et [Z0T DT1−γ0 ] E[Z0T DT1−γ0 ]−1
1

= eσ(γ̃0 −γ̃j )BλT e 2 σ

2 (|1−γ̃ |2 −|1−γ̃ |2 ) (1−λ) T
0
j

(B.12)
and the claim follows from the strong law of large numbers for BT . Q.E.D.
Lemma B.9. Let λ ∈ (0, 1) and t = λT. Then, for all i 6= J ,
Et [ Wi T DT−1 Z0T DT1−γ0 ]
→ 0
Et [Z0T DT1−γ0 ]
almost surely as T → ∞.
Proof. Note that
Et [ Wi T DT−1 Z0T DT1−γ0 ]
Et [ Wi T DT−1 DT1−γ̃0 ]
=
.
Et [Z0T DT1−γ0 ]
Et [DT1−γ̃0 ]
Therefore, the same argument as that in (B.7) and subsequent arguments
in the proof of Lemma B.6 apply, with minor modifications, and using the
bound (B.6) with J = 0. Defining
η =

1 2
σ bi ((1 − γ̃0 )2 − (1 − γ̃i )2 ) , ζ = σ bi (γ̃0 − γ̃i )
2

we need to show that −ζ −1 η + (γ̃0 − 1) σ(1 − λ) is positive when γ̃i < γ̃0 and
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is negative otherwise. Let γ̃0 > γ̃i . We have
−ζ −1 η + (γ̃0 − 1) σ(1 − λ) = σ (1 − 0.5 (γ̃0 + γ̃i ) + (γ̃0 − 1)(1 − λ)) .
Because this expression is linear in λ, it suffices to prove its positivity for
λ = 0 and λ = 1. Both cases follow from the inequalities γ̃0 > γ̃i and
γ̃0 + γ̃i < 2 . The case γ̃0 < γ̃i is analogous.
Q.E.D.
The same argument as that in the proof of Lemma B.2 implies the
following result.
Lemma B.10. Fix an agent i and assume that γi > 1. Then,
max (Zk T DT−γk )1−bi
k

≤ C

X
k

ψk E[DT ξT ]
E[ZkbkT ξT1−bk ]

(Zk T DT−γk )1−bi

!γk (1−bi )

ψk E[DT ξT ]
E[ZkbkT ξT1−bk ]

≤ ξT1−bi
!γk (1−bi )

(B.13)

for some C > 0.
Following the same arguments as in the proof of Lemma B.4, we arrive
at the following lemma.
Lemma B.11. There exist C4 > C3 > 0 such that
X  ZkT D−γk 1−bi
X  ZkT D−γk 1−bi
ξT1−bi
T
T
≤
≤ C3
.
C4
1−γk
1−b
i
(E[DT ξT ])
E[ZkT DT ]
E[ZkT DT1−γk ]
i
k
Now, given these bounds, the proof proceeds analogously to that of
Theorem 3.1. We will need two auxiliary lemmas.
Lemma B.12. For any λ ∈ ΘiJ , any j and any k 6= J we have
Et [Wj T DT−1 Zibti (ZkT DT−γk )1−bi ] (E[ZkT DT1−γk ])bi −1
→ 0
Et [Zibti (ZJT DT−γJ )1−bi ] (E[ZJT DT1−γJ ]−1 )bi −1
almost surely.
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Proof. Because Wj T DT−1 ≤ 1, we have
Et [Wj T DT−1 Zibti (ZkT DT−γk )1−bi ] (E[ZkT DT1−γk ])bi −1
Et [Zibti (ZJT DT−γJ )1−bi ] (E[ZJT DT1−γJ ]−1 )bi −1
Et [Zibti (ZkT DT−γk )1−bi ] (E[ZkT DT1−γk ])bi −1
σ (γ̃J −γ̃k )(1−bi ) BλT
−γJ 1−bi
1−γJ −1 bi −1 = e
bi
Et [Zi t (ZJT DT )
] (E[ZJT DT ] )
1 2
2
2
2
2
σ
T
(1−λ)
(δ
b
−
γ̃
(1−b
(
( i i k
i )) − (δi bi − γ̃J (1−bi )) ) + (1−bi ) ((1−γ̃J ) − (1−γ̃k ) ))
.
× e2
(B.14)
and the claim follows by the same arguments as in the proof of Lemma B.5.
Q.E.D.
≤

Lemma B.13. Let λ ∈ ΘiJ and t = λT. Then, for all j 6= J we have
bi
Et [Wj T DT−1 ZiT
(ZJT DT−γJ )1−bi ]
→ 0
bi
(ZJT DT−γJ )1−bi ]
Et [ZiT

almost surely as T → ∞.
Proof. We have
δ b − (1−bi ) γ̃J

bi
Et [Wj T DT−1 ZiT
(ZJT DT−γJ )1−bi ]
Et [Wj T DT−1 DTi i
=
bi
δ b − (1−bi ) γ̃J
(ZJT DT−γJ )1−bi ]
Et [ZiT
Et [DTi i
]

]

.

Therefore, the same argument as that in (B.7) and subsequent arguments
in the proof of Lemma B.6 apply with minor modifications, using the same
bound (B.6). Defining
η =

1 2
σ bj ((1 − γ̃J )2 − (1 − γ̃j )2 ) , ζ = σ bj (γ̃J − γ̃j )
2

we find that it suffices to show that
0 < −ζ −1 η − (δi bi − (1 − bi ) γ̃J ) σ(1 − λ)
when ζ > 0, and the opposite inequality should hold when ζ < 0. This follows
from the definition of the interval ΘiJ .
Q.E.D.
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C

Proofs

Proof of Proposition 3.1. Define the function F = F (a1 , · · · , aK ) to solve
P −bi bi
γK
ai = 1. Then, U 0 (DT ) = F (DT−γ1 Z0T α1γ1 , · · · , DT−γK ZKT αK
),
i F
ψi E[DT ξT ]
where αi =
1−bi bi . Therefore,
E[ξT

ZiT ]

X
d
d
2 2
U 0 (DT ) =
Fai αiγi
(DT−γ̃i e(−0.5δi σ −δi µ) T )
dDT
dDT
i
X
X
= −
Fai αiγi γ̃i DT−γi −1 ZiT = − U 0 (DT ) DT−1
γ̃i λiT .
i

(C.1)

i

and
DT

X
X
X
dγ̃ U
= −
λi T bi γ̃i2 + 2 γ̃ U
λi T bi γ̃i −
λi T bi (γ̃ U )2 .
dDT
i
i
i

Applying the inequality a2 + b2 ≥ 2|ab| to
a2 =

X

λi T bi γ̃i2 , b2 =

i

X

λi T bi (γ̃ U )2

i

together with the Cauchy–Schwarz inequality completes the proof of monotonicity. The fact that γ̃ U converges to extreme effective risk aversions for
extreme levels of wealth follows directly from the representation for γ̃ U .
Q.E.D.

Proof of Propositions 3.3 and 4.1. Recall that price St and the wealth of
agent i are given by log St = log Et [ξT DT ] − log Et [ξT ] and

log Wi t = log

ψi E[DT ξT ]
bi 1−bi
Et [ZiT
ξT ]
bi 1−bi
E[ZiT ξT ]


− log Et [ξT ]

respectively. Denoting by Dt , the Malliavin derivative operator58 , we get
σt = Dt log St

and

58

Dt log Wi t = σt πi t .

For an expedient introduction to Malliavin derivatives, see Detemple, Garcia and
Rindisbacher (2003).
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Because DT = eµT +σBT , we arrive at
Dt (log Wi t ) =

bi 1−bi
Et [Dt (ZiT
ξT )]
Et [Dt (ξT )]
−
bi 1−bi
Et [ξT ]
Et [ZiT ξT ]

bi 1−bi
bi 1−bi
Et [ bi δi σ ZiT
ξT
Et [γ̃ U (DT ) ξT ]
− (1 − bi ) ZiT
ξT σ γ̃ U (DT )]
+
σ
bi 1−bi
Et [ξT ]
Et [ZiT
ξT ]
(C.2)
and, similarly,

=



U
Dt (log St ) = σ 1 − (EtQ [DT ])−1 CovQ
(γ̃
(D
)
,
D
)
.
T
T
t

(C.3)

It remains to show the expression for the market price of risk. By the above,
dEt [ξT ]
dEt [ξT DT ]
= Ut dWt ,
= Vt dWt ,
Et [ξT DT ]
Et [ξT ]


Et [γ̃ U (DT ) σ ξT DT ]
Ut = σ 1 −
, Vt = − σ EtQ [γ̃ U (DT ) ] .
Et [ξT DT ]
Applying Ito’s formula, we get
µt = r +

1 2
(V − Ut2 + (Ut − Vt )2 ) = r + Vt (Vt − Ut )
2 t

and the claim follows.

Q.E.D.

Proof of Theorem 3.1. Let λ ∈ ΠJ and t = λT. By Propositions 3.4 and 3.6,
it suffices to show that EtQ [Wi T DT−1 ] → 0 almost surely for any i 6= J.
By Lemma B.4,
EtQ [Wi T

DT−1 ]

C1
≤
C2
P
+

j6=J

Et [ Wi T DT−1 ZJT DT−γJ ]
Et [ZJT DT−γJ ]
−γ

1−γj −1

Et [Wi T DT−1 ZjT DT j ] E[ZjT DT

]

!

(C.4)

Et [ZJT DT−γJ ] E[ZJT DT1−γJ ]−1

and the claim follows from Lemmas B.5 and B.6.
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Q.E.D.

Proof of Proposition 3.6. The first claim of Proposition 3.6 follows directly
from (B.6). Indeed, since BT /T → 0 almost surely, the exponent in (B.6)
with J = 0 is given by

T

1 2
σ bi ((1 − γ̃0 )2 − (1 − γ̃i )2 ) + σ bi (γ̃0 − γ̃i ) BT /T
2


(C.5)

and behaves asymptotically as T 21 σ 2 bi ((1 − γ̃0 )2 − (1 − γ̃i )2 ).
Because (1−γ̃0 )2 < (1−γ̃i )2 by the definition of the agent 0, the expression
(C.5) converges to 0 almost surely. By (B.6), WiT DT−1 also converges to zero
almost surely as T → ∞.
It remains to prove the claim for the dividend-forward measure. The
same argument as that in (C.4) implies that
D

EtQ [Wi T DT−1 ] ≤

C1
C2
P

Et [ Wi T DT−1 ZJT DT1−γJ ]
Et [ZJT DT1−γJ ]
1−γj

j6=J

+

Et [Wi T DT−1 ZjT DT

1−γj −1

] E[ZjT DT

]

! (C.6)

Et [ZJT DT1−γJ ] E[ZJT DT1−γJ ]−1

and the claim follows from Lemmas B.8 and B.9.

Q.E.D.

Proof of Theorem 4.1. Let t = λT with λ ∈ ΘiJ . By Proposition 4.2, it
suffices to show that only agent J survives with respect to the QWi -measure.
The same argument as that in (C.4) and (C.6), together with Lemma B.11,
implies that
Wi

EtQ [Wj T DT−1 ] =
≤

bi 1−bi
ξT ]
Et [ Wj T DT−1 ZiT
bi 1−bi
Et [ZiT ξT ]

C3
C4

bi
Et [Wj T DT−1 ZiT
(ZJT DT−γJ )1−bi ]
bi
Et [ZiT
(ZJT DT−γJ )1−bi ]

X Et [Wj T D−1 Z bi (ZkT D−γk )1−bi ] (E[ZkT D1−γk ])bi −1
it
T
T
T
+
−γJ 1−bi
1−γJ −1 bi −1
bi
] (E[ZJT DT ] )
Et [Zi t (ZJT DT )
k6=J
(C.7)
and the claim follows from Lemmas B.12 and B.13.
Q.E.D.
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