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Abstract
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1 Introduction

Perpetual futures contracts are financial derivatives that offer the same characteristics
as traditional futures contracts but without an expiration date. Like traditional futures,
perpetual futures allow traders to speculate at no cost on the price movements of an
underlying asset without actually holding it. The fact that the contract does not have
a fixed maturity date presents two related advantages. First, it implies that traders
can take positions for the duration of their choice without having to rollover from
maturing contracts to newly minted contracts and thus tremendously simplifies the
investment process. Second, and related, the fact that a single contract is traded on
each underlying fosters a higher liquidity which in turn facilitates price discovery.
At the time of writing, perpetual futures are particularly popular in cryptocurrency
markets (see Figure 1 for some data on BTC/USD futures) but we expect that they will
soon find traction in other asset classes such as commodities.

In a well-functioning perpetual futures market, the contract’s price should closely
track the spot price of the underlying. However, the demand and supply dynamics at
play in the market imply that there can be temporary deviations between the futures
price and the spot. These deviations may lead to a premium or positive basis when
the futures prices price is higher than the spot, or to a discount when the futures price
is lower than the spot. In traditional futures, the existence of a finite maturity forces
the futures price to converge to the spot at the expiry date, and this terminal contraint
effectively limits the size of the basis. In a perpetual futures contract without maturity
the anchoring of the futures price to the spot is instead achieved through periodic
funding payments from the long to the short. These funding payments are computed
periodically (e.g., every 8h on most trading platforms) as the sum of a premium term
that depends on the spread between the futures price and the spot, and of an interest
term that reflects the interest rate differential between the base and quote currency. See
Palepu (2020a,b), Hayes (2021), White (2021), and Notte (2022) for practioner-oriented
discussions of perpetual futures and their uses.

The terms of a standard, or linear, perpetual futures contract include the underlying
asset (e.g., BTC/USD) representing the value of one unit of the base currency (BTC) in
units of the quote currency (USD), a contract size expressed in units of the base asset
(1BTC), and a margin and settlement currency (USD) in which profits and losses are
realized. Cryptocurrency trading platforms have introduced multiple variations of the
linear contracts. The most important such variation is the inverse contract where the

base currency itself (BTC) is used as the margin and settlement asset and the contract
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FIGURE 1: Perpetual Bitcoin futures.

The top two panels show the evolution of the aggregated daily trading volume in
perpetual linear and inverse bitcoin futures from January 1, 2019 to December 10,
2023. The bottom panel shows the average repartition of trading volume and open
interest across the ten largest trading platforms over the same period.

size is expressed in units of the quote currency (10°000USD). This innovative product
allows to speculate on the exchange rate between a crypto and a fiat currency without
the need to actually hold units of that fiat currency and was thus widely adapted by
trading platforms that typically cannot accept deposits in fiat currencies since they
do not qualify as banks under the existing regulation. Another important variation
is the perpetual quanto futures that uses a third currency (ETH), different from the
quote and base currencies, for margining and settlement. Perpetual futures contracts
where the target spot price is a function of the spot price (rather than the spot price
itself) have been proposed by Bankman-Fried and White (2021) under the somehow

misleading name of everlasting options but, outside of power contracts (White et al.,



2021; Perennial Labs, 2024) and their applications (Prospere, 2022; Clark, 2023; Clark,
Leone, and Robinson, 2024) they have found limited traction so far.

In this paper, we derive the prices of different perpetual futures contracts under the
absence of arbitrage. We study discrete-time and continuous-time formulations. We
identify funding specifications for the linear and inverse contracts that guarantee that
the perpetual future price coincides with the spot so that the basis is constantly equal
to zero. In both cases, the required interest term is an easily implementable function
of the interest rates in the two currencies. With the assumption of constant funding
parameters and interest rates, we derive explicit model-free expressions for the linear
and inverse futures prices. We show that, in general, the perpetual future price is the
discounted expected value of the future underlying asset’s price at a random time that
reflects the funding specification. In the continuous-time case, we provide a general
expression for the quanto futures price and use it to obtain a closed-form solution for
the required convexity correction in a Black-Scholes setting. Finally, we derive general
pricing formulas for everlasting options that we illustrate with closed form solutions
for calls and puts in a Black-Scholes setting.

The first case of futures contracts without maturity can be found at the Chinese
Gold and Silver Exchange of Hong Kong who developed an undated futures market.
However, these contracts did not allow the futures price to fluctuate freely and would
instead be settled everyday against the spot price with an interest payment analog to
the funding payment. In essence, these undated contracts were automatically rolled
over one-day futures contracts, see Gehr Jr. (1988) for a discussion. Perpetual futures
contracts were formally introduced by Shiller (1993) who proposed the creation of
perpetual claims on economic indicators (such as real estate prices and/or corporate
profits) where the funding rate would depends on observable cash-flows such as rental
rates. While the focus of Shiller (1993) was on real economic indicators rather than
cryptocurrencies, his paper laid the groundwork for the subsequent development of
perpetual futures. BitMEX is credited with pioneering and popularizing perpetual
contracts for cryptocurrencies. In particular, that platform introduced the inverse con-
tracts in 2016, see Hayes (2016). At the time of writing, perpetual futures are listed on
dozens of exchanges and constitute by far the dominant derivatives instrument in that
space. For example, of all the listed futures contracts on Bitcoin traded during the first
half of 2023, 75% of the 27B USD daily average volume and 94% of the 8B USD daily

average open interests can be attributed to perpetual futures.



The academic literature on the pricing of perpetual futures contracts is very scarce.
Angeris, Chitra, Evans, and Lorig (2023) study a related but different problem in a
no-arbitrage framework. They derive the funding rate value such that the perpetual
future price is explicitly given by a function of the spot price and the unobservable
parameters of the prices process. This type of contract is different from the perpetual
future contracts actually traded in cryptocurrency markets, and is not implemented
by any exchange at the time of writing. He, Manela, Ross, and von Wachter (2022)
compute the perpetual futures price under the assumption of a constant funding rate
and perform an empirical study of the deviations between their theoretical price and
market observations (see also Szpruch, Xu, Sabate-Vidales, and Aouane, 2024). The
perpetual futures price they derived in the initial version of their paper was incorrect
as it relied on a specification of cash flows that is incompatible with the assumption
that entering the contract is costless (see Appendix B for a review). After being made
aware of this error, He et al. amended their specification and the most recent version
of their work (He et al., 2024) features a correct perpetual futures pricing formula that
is a special case of the result first derived in this paper. To the best of our knowledge
there are currently no other theoretical studies of perpetual inverse and quanto futures
contracts. Despite the scarcity of the theoretical literature there are several empirical
studies of perpetual futures focusing on price discovery (Alexander, Choi, Park, and
Sohn, 2020), crypto carry trades (Schmeling, Schrimpf, and Todorov, 2022; Christin,
Routledge, Soska, and Zetlin-Jones, 2023), and the microstructure of perpetual futures
markets (De Blasis and Webb, 2022).

The paper is split in two parts. In the first we consider a discrete-time formulation
of a market with two currencies and derive explicit expressions for linear and inverse
perpetual futures prices. In the second part we move to a continuous-time formulation
in which we derive expressions for linear, inverse, and quantos futures prices that we
compare with the recent results of He et al. (2024) and Angeris et al. (2023). Finally,
we briefly consider everlasting options and illustrate their pricing within a standard

lognormal setting. The proofs of all results are provided in the appendix.



Part I

Discrete-time

2 The underlying model

Time is discrete and indexed by t € {0, 1, ... }. Uncertainty in the economy is captured
by a probability space ((, .#, P) that we equip with a filtration F = {.%; };>0. Unless
specified otherwise all stochastic processes to appear in what follows are implicitly
assumed to be adapted to FF.

There are two currencies indexed by i € {a,b}, for example the US Dollar and
Bitcoin. We denote by x; > 0 the b/a exchange rate at date ¢, that is the price in a of 1
unit of b. Investors can freely exchange currencies at this rate and are allowed to invest
in two locally risk free bonds: one denominated in units of a and the other in units of b.

The predictable prices of these assets satisfy
Bity1 = (1+7ri) By,  Bo=1 i€{ab},

where r;; > —1 is the .#;—measurable return on the i—denominated risk free asset
over the period from date t to date t + 1.

To ensure the absence of arbitrages between these two primitive assets, we assume
that there exists a probability Q, that is equivalent to P when restricted to .#; for any
fixed t € IN and such that the price of the b—riskless asset expressed in units of 2 and

discounted at the a—risk free rate is a martingale under Q,:

By By
ER | x| = My, V<. 1
® g = gia s )
See Huang and Pages (1992) and Karatzas and Shreve (1999, Chapter 1.7) for a detailed
account of this modelling assumption and its equivalence with the assumption that the
model is arbitrage free over any finite time horizon.

Note that the choice of a as the reference currency is without loss. Indeed, using
the strictly positive Q,—martingale g—ziz—é as a density process shows that under the

above no-arbitrage condition there exists a probability Q, that is equivalent to P when



restricted to .#; for any fixed ¢ and such that

o, | B _ Bt
E {B_sz:} = B—:txf, Vit <s, ()
where x} := 1/x; denote the a/b exchange rate. We will have the occasion to use both

of these currency-specific pricing measures in what follows.

3 Perpetual futures pricing

A perpetual linear (or direct) futures contract provides exposure to one unit of currency
b from the point of view of an investor whose unit of account is 4. Accordingly, the
perpetual futures price f; is quoted in units of currency 2 and all margining operations
required by the contract are carried out in that currency. In principle, a and b can
be either fiat or crypto currencies. In practice, however, the reference currency a is
most often a pure crypto currency or a stablecoin equivalent of a fiat currency, such as
USDT, because exchanges typically do not operate in fiat currencies.

Entering a contract at date t is costless and, as in a classical futures contract, the

long receives at date t + 1 the one period variation

fre1— fi

in the futures price. If the futures contract had a finite maturity date, say T, then
this periodic cash flow and the condition that the futures price should equal the spot
at maturity are sufficient to uniquely pin down the futures price as the conditional

expectation

fl = ER [xr] 3)

of the terminal spot price under the a—risk neutral probability Q,. Fixed maturity
contracts on commodities and fiat/fiat currency pairs are widely traded on different
platforms, but at the time of writing the only existing such contracts on crypto/fiat
currency pairs trade on the Chicago Mercantile Exchange (CME, 2024).

Without a fixed maturity one needs an alternative mechanism to keep the futures
price anchored to the underlying spot price. This is achieved by the introduction of
a periodic funding payment. The exact specification of this funding payment varies

across exchanges but generally consists in two predictable components: A premium



part and an interest part. At date ¢t + 1 the premium part is

Kt (ft — xt) 4)

where the rate x; > 0 controls the strength of the anchoring of the futures price to
the spot price. This premium component ensures that the futures prices remains close
to the spot price by introducing an automatic correction mechanism that is similar
to mean reversion. Intuitively, if the futures price is above the spot price at date ¢
then long investors will have to pay the amount x; (f; — x¢;) > 0 at date t + 1. This
makes the short side more attractive and thus generates an excess demand for short
positions which ultimately lowers the futures price. Likewise, if the futures price is
lower than the spot price at date ¢ then holders of long positions know they will receive
the amount —x; (f; — x¢) > 0 at date t + 1 which makes the long side more attractive
and induces the futures price to increase. On the other hand, the interest part of the

funding payment is given by
Lt Xt (5 )

where the factor i is set by the exchange to reflect the possibly time varying interest
rate differential between the two currencies.
In accordance with these definitions, the a—denominated cash flow at date t + 1

from holding a long position over the period from ¢ to t + 1 is

(fre1 — fr) — e (fr — x¢) — 144 (6)

and, since entering a futures position is costsless, the absence of arbitrage between the

futures, spot, and financial markets requires that

E?ﬂ [(fe1 — ft) =&t (ft — x¢) — uxe] =0, Yt >0,

Rearranging this equality gives

fi= e B el + (G )

1+ K¢ 14+ x;



and iterating this relation forward reveals that

(1 2 ) B (11,
fr=E~ fr+ (Ko — t0) Xo 7)

= L+ Ke ot \r=i 1 +%¢
forall 0 < t < T — 1. The solution to this recursive integral equation cannot be
uniquely determined without imposing further constraints. In particular, it is easily

seen that if f; is a solution to (7) then

t—1
fi(B) = fi + By ]_[1 (14 xc)

T=
gives a different solution for any Q,—martingale § # 0. Note that the latter martingale
is arbitrary and thus may depend on risk factors that are unrelated to the fundamentals
(,1,x) of the perpetual contract under consideration. As discussed in the textbooks
of Campbell, Lo, and MacKinlay (1997, Chapter 7) and Cochrane (2001, Chapter 20.1)
(see also the recent survey by Hirano and Toda (2024)), the standard way to select a
unique solution that depends only on the fundamentals of the contract is to impose

the no-bubble condition:

T-1
lim EQ* [(]’[ 1;}( >fT] =0, Vt>D0. (8)

T—o0 Tt

Straightforward arguments then lead to the following results:

Theorem 1 Assume that

EQ [Z (H 1—&1&) |K¢7—l<f|xa] < 0. )

=0 \1t=0

Then the process

e (o
ff:EtQ [Z <H1‘|‘Kr> (Ka_la)xtf] (10)

o=t \1=t

is the unique solution to (7) that satisfies (8). If, in addition, —1 < 1; < x; then this solution

can be represented as

0,—1
fe=E2 i—I . X
: T=t I+ t




where 6; is a random time distributed according to

Ko' - lg g 1 + lT
O =0|F)=1 -— .
-t seen't5 (11152
In particular, if the premium rate x is constant and the interest factor 1 = 0 then the perpetual

futures price is given by

fi=E2 | Y x(1+ x) ) xt+n] = E2" [x;14]
n=0

where 0 is a geometrically distributed random variable with mean 1/x.

Like most of our results, Theorem 1 requires two related conditions: the no-bubble
condition (8) to single out a unique solution to (7) and the integrability condition (9)
to ensure that this solution is well-defined and not simply £co at all times. Neither of
these conditions can be relaxed if one is to derive a meaningful futures price. Indeed,
condition (9) is clearly necessary for a well-defined solution to exist since the cash flow
(x¢ — 1) x¢ is unsigned, and, under this condition, the fundamental solution in (10) is
the only solution that satisfies the no-bubble condition (8). Note that if the premium
rate x; > 0 is constant, or more generally uniformly bounded away from zero, then
this fundamental solution is also the only one that does not diverge. Indeed, if the
premium rate x; > k > 0 then Jensen’s inequality and the martingale property of the

bubble process jointly imply that

T—1
£91op) — o = [T -0 e

=1

> (1+x) T E9|Br| > (1+x)" "Bl

and since k¥ > 0 it is clear that the right handside diverges.

In the standard case of a finite maturity contract the futures price is simply the
expectation of the terminal spot price under Q, as in (3). The second part of Theorem
1 reveals that a similar representation holds for the perpetual futures price albeit with a
random maturity whose distribution reflects the funding parameters of the perpetual
contract. In particular, if the premium rate « is constant and : = 0 then the perpetual
futures price can be obtained in closed form within any model that admits an explicit
t+n _ EtQu[

expression for the finite maturity futures price f, Xtn]-

10



If the funding coefficients and the interest rates are constant then the expectation
on the right handside of (10) can be computed in closed form without the need to

specify the stochastic dynamics of the underlying exchange rate:

Proposition 1 If 1 < k and (r,,1},) are constants such that

1 1+7,
1 11
1+K<1+1’b>< ( )

then the perpetual futures price

.ﬁ=K_”59[§3(]_>m4%]_ e T (12)

1+« Z\1+x = ratx (147

is increasing in r, as well as decreasing in ry, and 1, and converges monotonically to the spot

price as the premium rate k. — oo.

Condition (11) is the counterpart of the integrability condition (9) when the inter-
est rate and funding parameters are constant. Indeed, in this case the no-arbitrage

restriction (1) implies that

o1 1 (147\]7
EQu R — — —
[QIPW)M[M4 L+KQ+%H|KHM

and it follows that the sum

T o T o
1 1 1+

E Q” ||— — = — E a

UﬁE[< LM)“‘”% g M%ﬂL+KG+m”

=0

converges if and only if condition (11) is satisfied. On the other hand, the condition
that x — ¢ > 0is required to ensure that the futures price process is positive at all times.

To see this, simply note that (12) can be written as

(K — 1) x

1+x)(1—1v)

where the constant ¢ < 1 is defined by the left side of (11).

To illustrate the results of Proposition 1 we plot in Figure 2 the ratio f;/x; as a

ft:(

function of the anchoring intensity x for a contract with 1 := 0 and different interest

11



1.0005 %

1.0000

Futures/spot price: f;/x;

0.9995 + : : : :
0.2 0.4 0.6 0.8 1

Funding premium: «

FIGURE 2: Perpetual futures price

This figure plots the ratio f;/x; of the perpetual (linear) futures price to the spot price
as a function of the funding premium «x for a contract with interest factor : = 0 and
different interest rate configurations {r,, 1, € {0,0.05,0.1}A : r,r, = 0} where the
multiplication by A = 31 converts annual rates into 8h period rates.

rate configurations. Without an interest factor (12) simplifies to

k(1+r

fe/xe = K(l(—l———:b)blé

where 6 := r;, — r, denotes the interest rate spread between currencies a2 and b. With
this formula at hand, Figure 2 shows that the futures price is above the spot if § > 0,
equal to the spotif § = 0, and below the spot when § > 0. The fact that this comparison
is driven by the interest rate spread is intuitive. For example, if § < 0 a situation
of contango arises from the fact that a higher interest on currency b makes it more
attractive to hold the currency directly rather than the futures contract which, in turn,
tends to lower the futures price. Likewise, if 6 > 0 a situation of backwardation arises
from the fact that the lower interest rate on b makes that currency less attractive than

the futures contract. Figure 2 further shows that the magnitude of the deviation from

12



the spot price is increasing in the magnitude of the spread |¢| and decreasing in the
anchoring intensity x with limy_,e |ft — x¢| = 0.

Next, we show that the interest factor can be chosen by the exchange in such a
way that the perpetual futures price and the spot price coincide for any sufficiently
large premium rate x;. This result is important from the market design point of view
because it delivers a perfect anchoring of the futures price to the spot price through a
simple specification of the sole interest factor. It is also important from the financial
engineering point of view because if the contract is such that f; = x; then the perpetual
futures contract can be dynamically replicated by trading in the two primitives assets

despite any potential market incompleteness.
Corollary 1 If the interest factor

Yot — Tpt

Iy = < Kt
1+1"bt

then the futures price fy = x; at all times. In this case, the one period cash flow of a long
position can be replicated by borrowing

Xt
1 + Tt

mMiXt =

units of a at rate rq; and investing m; units of b at rate ry;.

We close this section with a remark regarding the robustness of our specification of
funding payments. In line with the interpretation that these payments are like interest
payments, our specification in (4) and (5) is fully predictable: The amount that will
be paid or received at date t 4 1 is known to all market participants at date ¢. This,
however, is not the only possible specification. In particular, some exchanges specify
the funding payment as the product of a predictable funding rate and a mark value that
is approximately equal to the spot price at the end of the funding period. With such a

specification the one period cash flow in (6) must be replaced by

~ o P Xt
(fr41 — ft) — Xpp1ft — Xpp1Re (f )

Xt
for some adapted (I;, k) and, since

ft—xtﬂ 1ty

Xt Y

E?” [xtﬂft + Xp41R¢ ( (ftxt + K¢ (ft - xt)) ’
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we have that the associated perpetual futures price can be computed as in Theorem 1
but with the adjusted rates

].+rat
1+7’bt

(T¢, Ry ) -

(1, 7) =

Subject to this parameter adjustment, all our other results also apply to this alternative

specification of funding payments.

4 Inverse futures pricing

The inverse perpetual futures contract offers an exposure to the b/a exchange rate
and is quoted in units of currency a but, unlike the linear contract, it is margined and
funded in currency b. In this alternative form of contract, 2 and b can be in principle
be fiat or crypto currencies. However, in practice b is most often a crypto currency,
such as BTC or ETH, because exchanges typically do not operate in fiat currencies, but
a can be of either type as its exchange rate only serves to compute funding payments
denominated in units of b. As a result, inverse contracts are particularly well suited to
crypto currency investors. Indeed, the fact that the inverse contract operates entirely
in the target currency implies that it can be run entirely on chain without ever having
to own or transfer any units of fiat currency.

The contract size is expressed in units of a and fixed to one. As a result, the
b—denominated cash flow at date t + 1 from holding a long position in the inverse

perpetual futures over the period from date ¢ to date t + 1 is

(a2} ) o
frev1 fir I i 1t

where f1; denotes the inverse perpetual futures price quoted in units of a, x; = 1/x;

denotes the price of one unit of a in units of b, and (¢, k1;) are contract-specific adapted
funding parameters set by the exchange. Since entering an inverse futures position is

costless, the absence of arbitrage requires that

()i -
E —— | —xpy | ——x7 ) —ipyxi| =0, vVt >0,
g Kfltﬂ fre "\ 1t

14



where Qj is the pricing measure for b—denominated cash flows. Rearranging this

identity we find that

1 1 Q |: 1 1 (Klt — llt)
— = E;* + x}
fir  1+xp b fia T+xy )"

and iterating this relation forward reveals that

1 Qs -1 1 1 T-1 o 1 )
E:Et H1+Kh E""Z H1+KIT (K1o — t10) X5 | - (13)

T=t o=t \1=t

forall t +1 < T. As in the linear case, we single out the fundamental solution to this

recursive equation by imposing the no-bubble condition

T-1
1 1
lim E2 | ( ] — | =0 Vvt>o. 14
T ! [( 1+K11> flT] - (14)

T=t

Arguments similar to those of Section 3 then deliver the following counterparts of

Theorem 1, Proposition 1, and Corollary 1 for the inverse contract.

Theorem 2 Assume that

o0 (o 1
EQb [Z (H 1+K1r> |KIU—LIU|x§] < 0.

=0 \t=0

Then the process

1 b | o g 1 N
E = E? [Z (H 1+KIT> (KIU—LI(T) xU’]

o=t \ 1=t

is the unique solution to (13) that satisfies (14). If, in addition, —1 < 1y < K4 then this solution

can be represented as

1 o | (5 1
= % *
flt t [( TH_t 1+ llr) x@[t]

where 04 is a random time distributed according to

Kioc — I 71414
Qv (Orr = 01.7) = <o) 1a+ ”0‘7 (H 1+ K;r) '

T=t
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In particular, is constant and the interest factor is zero then the perpetual inverse futures price
is simply given by
= 1
U fur=E | L (L) ™" gy | = B[y )
n=0

where 11 is geometrically distributed random variable with mean 1/x;.

Proposition 2 If i; < kyand (rq,1y) are constants such that

1 1+}’b
<1
1+x; \147r,

then the inverse futures price

ra — 1y + K1 (14714)
(K[ — t[) (1 + 1’“)

fir =

Xt

is decreasing in ry, as well as increasing in r, and 1y, and converges monotonically to the spot

price as the premium rate k] — 0.
Corollary 2 If the interest factor

T'pt — Yat

< Kt
147y

iy =

then the perpetual inverse futures price is equal to the spot price. In this case, the one period

cash flow of a long position can be replicated by borrowing

*
Xy
147y

*

units of b at rate ry,; and investing my; units of a at rate 1.

Comparing the above results to those of Section 3 shows that the inverse price
behaves much like the linear price. In particular, Proposition 2 and Figure 3 confirm
that, in the benchmark case with constant interest rates and funding parameters, the

inverse futures price

fi= (1 g )

is above the spot if and only if the interest spread § > 0 and converges monotonically

to the spot as either x; — oo or |§| — 0. The only qualitative difference between the
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FIGURE 3: Perpetual inverse futures price

This figure plots the ratio fi;/x; of the perpetual inverse futures price to the spot
price as a function of the funding premium « for a contract with interest factor : = 0
and different interest rate configurations {r,,r, € {0,0.05,0.1}A : r,r;, = 0} where
the multiplication by A = y1;converts annual rates into 8h period rates.

linear and the inverse price is that the latter is increasing in the interest factor whereas
the former is decreasing, but this mechanically results from the fact that the interest

factor applies to x; in the linear case but to x} in the inverse case.

Part I1

Continuous-time

5 The model

Time is continuous and indexed by ¢t > 0. Uncertainty is represented by a filtered

probability space (Q),.%,F, P) where the filtration is right continuous and such that

17



F = Mi>0%t. Unless specitfied otherwise all processes to appear in what follows are
assumed to be adapted to the filtration F.

As in discrete-time, there are two currencies i € {a,b} and we denote by x; the b/a
exchange rate at date t. Investors can freely exchange currencies at this rate and are
allowed to invest in two locally riskless assets: one denominated in units of 2 and the

other in units of b. The price of these assets satisfy
dB;; = ri;B;jdt, By =1, i€ {11, b}

where rj; > —1 captures the return on the i—denominated asset over an infinitesimal
time interval starting at date ¢.

To ensure the absence of arbitrages between these primitive assets we assume that
there exists a probability Q, that is equivalent to P when restricted to .%; for any finite
t and such that (1) holds for all real t < s; and we note that, as in the discrete-time for-
mulation, this assumption implies the existence of a probability Q, that is equivalent
to P when restricted to .%; for any finite t and such that (2) is satisfied for all real t <'s.
As in the discrete-time case, we refer to Huang and Pages (1992) and Karatzas and
Shreve (1999, Chapter 1.7) for details on this modelling assumption and for a proof of
its equivalence with the assumption that the model is arbitrage free in a classical sense

over any finite time horizon.

6 Linear futures pricing

Let T < 0 be stopping times. In view of the single period cash flow in (6) it is clear that
the cumulative a—discounted cash flows from holding a long position in a perpetual

futures contract over [7, o] are given by

7 dC T 1
: =/ = (Aft — (uxr +x¢ (fe — x¢)) dt)
T Bat T Bat

where the premium rate x; > 0 and the interest factor (; are set by the exchange. Since
a position in the contract can be opened or closed without cost at any point in time,

the absence of arbitrage requires that

g
Eg”{/ @]:O, Vi<oel/
T Bat
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where . denotes the set of stopping times of the filtration. Rearranging this equality

shows that the process

tdC
M ::/ >
i 0 Bas

is a martingale under Q,. This in turn implies that C; is a local martingales under Q,
and substituting the definition of the cumulative cash flow process reveals that the

perpetual futures prices evolves according to
dft = BydM; + (ltxt —+ K¢ (ft — xt)) dt.

Finally, discounting at the premium rate x; on both sides and integrating the resulting

expression shows that
t s
e Jorudu f, /0 e ot (10— y) xods € Moe(Qa) (15)

where .#,.(Qa) denotes the set of all Q,—local martingales. As in discrete-time, one
cannot pin down a unique solution without imposing additional constraints. In par-

ticular, if f; is a solution to (15) then

fi(B) i= fi + elorudug,

is also a solution for any process B € #jo.(Qa). We circumvent this difficulty by

imposing a no-bubble condition which here takes the form:

lim EQ [~ Jo" muu fgn] =0, Vt>0and(0,), C.#st 0,1 oo (16)

n—o0

Classical arguments then lead to the following continuous-time versions of Theorem

1, Proposition 1, and Corollary 1.

Theorem 3 Assume that

EQe {/ e~ Jo Fudu s — L] xsds} < 00, 17)
0
Then
fi = E?“ {/t e~ J§ wudu (K5 — Ls) xsds] (18)
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is the unique process that satisfies (15) and (16). If in addition 1; < x; then this process can be

represented as
fi = EtQu [e S tuduxet}
where 0 is distributed according to
Qq (0 €ds|.F) = 1>pne J¥ Geu—tu)du (K5 — 1) ds, s > 0.

In particular, if the premium rate x is constant and the interest factor 1 := O then the perpetual

futures price is given by

frm B2 [ e ] = B o
t
where T is an exponentially distributed random time with mean 1/x.

Proposition 3 If 1 < x and (r,, ) are constants such that x 4+ r, — r, > 0 then

K—1

ft=

K+rb—ra

is increasing in r, as well as decreasing in 1y, and 1, and converges monotonically to the spot

price as the premium rate x — oo.

Corollary 3 Assume that
b i=Tat — Tpt < Kt

then the perpetual futures price is equal to the spot price at all times and can be dynamically

replicated by trading in the two riskless assets.

While the proofs are slightly more involved in continuous-time, we stress that the
results and their implications are essentially the same in both frameworks. The only
difference is that (r4,1y,1) are simply compounded period rates in discrete-time but

continuously compounded annual rates in continuous-time.
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7 Inverse and quanto futures pricing

7.1 Perpetual inverse futures

Let now x; := 1/x; denote the price of one unit of currency a in units of currency
b and recall that we denote by Q,, the pricing measure for b—denominated amounts.
Proceeding as in the case of the linear contract shows that the arbitrage restriction for

the inverse contract is given by

(o .
ETQ"[/ &]:O, Vi<oe.Y,
© By

where the incremental cash flow

1 1
dCyp =d | — | — x| — — x| dt — 1ppx;dt
! (flt) i (flt t) 1

is denominated in units of b and the parameters (1, k1;) are set by the exchange subject

to k7 > 0. The same arguments as in the linear case then imply that

) 1 t "5
et L[ s (1, ) x5 € (1) 19

and imposing the no-bubble condition

on 1
lim Eth [e‘ Jo K“’d”—] =0, YVt >0and (0y)5 1 C S s.t.oy, T oo

n=1
n—oo 1(7;1

allows to uniquely determine the inverse futures price. In particular, we have the

following counterparts to Theorem 3, Proposition 3, and Corollary 3.

Theorem 4 Assume that

00 s
EQb {/ e~ Jo Krudu |KIs . lls| x;de:| < oo.
0

Then the process

1 o s
r = Eth {/t e~ S (e ) x;‘ds]

21



is the unique solution to (19) that satisfies (16). If in addition 1;; < x4 then this solution can

be represented as

fl = Eth {e ftglt ‘lud”x;H}
It

where 01, is distributed according to
Qp (Glt c d5|ﬁ) = 1{t§s}e_ fts(KIu_lIu)du (Kls . lls) ds, s > 0.

In particular, if the premium rate xy is constant and the interest factor 1j := 0 then the perpet-

ual inverse futures price is given by

1 O el x "
L [[Peennsa] e

where T is an exponentially distributed random time with mean 1/x;.

Proposition 4 If 1; < «xj and (rq,1p) are constants such that x; + v, — r, > 0 then the

perpetual inverse futures price

KI‘Jl‘ra_rbx
K — 1

fir =

t

is decreasing in 1y, as well as increasing in rq and 1, and converges monotonically to the spot

price as the premium rate k] — 0.

Corollary 4 If the interest factor
it = Tot — Tar < Kt

then the perpetual inverse futures price equals the spot price at all times and can be dynamically

replicated by trading in the two riskless assets.

7.2 Perpetual quanto futures

Let now ¢ denote a third currency. Quanto futures are contracts that give exposure
to the c/a exchange rate z; > 0 but are quoted, margined, and funded in currency b.
Specifically, the size of the contract is set to one unit of c and the periodic cash flows are
computed in units of a but paid in units b after conversion using a fixed a/b exchange

rate x* specified in the contract. For example, the BTC|ETH|USD contract traded on
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https://www.bitmex.com/app/trade/ETHUSD

the platform BitMEX is a perpetual futures contract on the ETH/USD exchange rate
that operates in BTC using a fixed USD/BTC exchange rate. See Hayes (2018) and

Alexander, Chen, and Imeraj (2023) for a discussion of the distinction between inverse

and quanto derivatives.

The instantaneous cash flow in units of b from a long position in the perpetual

quanto futures contract is

dCot = X dfgr — X" (tgeze + Kt (for — z¢) ) dt

where the funding parameters (th, th) are set by the exchange subject to x5 > 0, and

the absence of arbitrage requires that
o dC
X*ETQ"[/ —ﬂ:O, Vr<oe.Z.
T

Proceeding as in the linear case then shows that

t t s
e— fO Kqudl/lfqt . /O e— fO Kqudu (lqu _ Kqu) sts - '%loc(Qb)l

and imposing the no-bubble condition

lim Eth [e_ " Kqud”fqgn} =0, Vt > 0and (0,)5 4 C .7 s.t. 0y T 0

n—oo

allows to uniquely determine the quanto futures price.

Theorem 5 Assume that
o S
EQ {/0 e~ Jo Kqudu ‘qu — qu‘ zsds} < 0.

Then the process

for = Eth [/ e Jf Fqudu (qu — lqs) sts]
t

(20)

(21)

is the unique solution to (20) that satisfies (21). If, furthermore, kgt — 1t > O then this solution

can be represented as

0,
Qp | ,— [ " ipudu
E= |e Je™ tqu Z0,
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where 0y is distributed according to
Qp (04t € ds|.F) = 1< 0™ J (qu—tqu)du (kg5 — 1gs) ds, s >0.

In particular, if the premium rate x, is constant and the interest factor 1 := 0 then the perpetual

quanto futures price is given by

fqt _ E?b {/00 Kex(st)zsds} _ Eth |:Zt+Tq:| (22)
t

where 7, is an exponentially distributed random time with mean 1/x.

In contrast to the linear and inverse cases it is no longer possible to obtain explicit
expressions for the futures price or the equalizing interest factor without specifying
a model for the exchange rates z; and x;. This difficulty arises from the fact that the
exchange rate z; applies to the currency pair c/a and, thus, is unrelated to currency b.
As a result, its drift under Q; depends on the covariance between changes in z; and
changes in the b/a exchange rate x;, and this covariance can only be computed once
we specify the sources of risk that affect theses processes.

To illustrate the required convexity adjustment in a simple setting, assume that the
interest rates (74,1, 7¢, 1, k) are constants and that the exchange rates (x¢,z¢) evolves

according to

dxf/xt = (Ta — T’b) dt + O';Clzat, (23)
dzi/z = (rqa — 1) dt + 0} dZy,

where 7. is the constant interest rate that applies to c—denominated riskfree deposits
and loans, (0y,0;) are constant vectors of dimension n, and Z; is a n—dimensional

Brownian under the probability measure Q,. Since

dQyp (o=t t X _ =Yo2t40i Z

an (g‘t xO

it follows from Girsanov’s theorem that
dzi/zy = (rg — re +0p0%) dt + 07dZy,

where Z,; is an n—dimensional Brownian under Q; and using this evolution allows to

derive the following result:
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Proposition 5 Assume that 1 < k and ro — 050, — 1 + x > 0 then

(K —1)zs
FC—O';O'Z—T’H—FK

fqt =

is decreasing in 1. and 1 as well as increasing in r, and 0,0, and converges monotonically to

the spot price as the premium rate k — oo.

8 Everlasting options

Everlasting options work in a manner similar to perpetual futures but track a function
of the spot price instead of the spot price itself. The idea and the name seem to go
back to Bankman-Fried and White (2021) and some specifications, such as quadratic
perpetuals, are traded on some exchanges. See, for example Prospere (2022). Note,
however, that the name can be misleading: everlasting options are not actually options
but perpetual future contracts. In particular, an everlasting call or put option is very
different from a perpetual American option.

Let ¢ : R4 — R denote a payoff function. The futures price for the corresponding
everlasting option is quoted and margined in units of a. As a result, the cumulative

cash flows from holding a long position evolves according to

dCor = dfot — Kot (fot - GD(xt)) dt

where f,; denotes the (futures) price of the everlasting option and x,; > 0is a premium
rate set by the exchange. The same arguments as in the linear case then imply that the

absence of arbitrage requires that

) Kpud b
e fo Ky ufot _|_/0 e fo Klu uKosq) (xs) dS c %oc(Qa) (24)
and imposing the no-bubble condition

lim E?” [e_ J" Kf’”d”fwn} =0, Vt > 0and (0y)5 C . s.t. oy T 00 (25)

g— 00

allows to uniquely determine the inverse futures price.

Theorem 6 Assume that

EQa |:/0 e~ jos KouduKOSq)(xs)dS:| < 0. (26)
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Then the process

fOt - EtQa {/t e ) KouduKosq)(xs)ds

is the unique solution to (24) that satisfies condition (25). Furthermore, this unique solution

can be expressed as

for = EF* (9 (xa,)]

where 0,4 > t is a random time that is defined an extension of the probability space and dis-

tributed according to
Qq (Bor € ds|F) = 1{t§s}ei )i KouduKosdsz s > 0.

In particular, if x, is constant then

for = B2 | [ e D ) ] = E g )

where T, is an exponentially distributed random time with mean 1/x.

Angeris, Chitra, Evans, and Lorig (2023) study an inverse problem that is related
to Theorem 6. However, their results are not directly comparable to ours because
the contract that they analyze is different. Indeed, they consider an a—denominated
perpetual contract in which the long pays the short some amount ®; upon entering
the contract at date T as well as funding at some rate Fidt as long as the position is
opened, and receives the amount ®, upon exiting the contract at date ¢ > 7. In this
product specification, the cumulative net discounted cash flow of a long position over

the holding period is

O, O [Tk /" (<I>s) ¢ Fs
Ni=——-——-—— | ZZds= [ d|5=)— [ ——ds.
Baa BaT T Bas T Bas T Bas

By contrast, in our formulation the cumulative discounted cash flows from holding a

long position in the corresponding perpetual futures would be

o d@s FS ) v ¢S
——ds | =N+ / Tas——ds
/T ( Bas Bus T * Bas
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because the contract is margined continuously rather than only at the beginning and
end. We believe that our formulation more closely reflects the actual functioning of
markets because in practice contracts do not require an upfront payment.

Within our formulation, the problem analyzed by Angeris et al. (2023) consists in
determining the funding rate F; in such a way that the associated perpetual futures
price ®; = ¢(x¢) at all times for some given function. If the exchange rate follows an

Itd process as in their paper, then (1) implies that
dxt = (rat — rbt) Xtdt + Z;tdzat

for some diffusion coefficient X,; and some Q,—Brownian motion Z; of the same
dimension. In this case, the problem can be solved by a direct application of 1t6’s

lemma. Indeed, if ¢ € C? then the funding rate

1
Fi(¢) == @' (x¢) (rar — rpe) X¢ + E(P”(xt)Hzxt“Z

has the property that

—— (do(xs) — Fs(@)) ds € Moc(Qa)-

Under appropriate integrability assumptions on ¢(x;) this local martingale property

in turn implies that

o
EQ: U 1 dgp(x) —E(@))ds| =0, Vr<oe.,
T Bﬂs

and it follows that ¢(x;) is the futures price induced by the funding rate Fi(¢). In

particular, for the identity function we find that

F(@) = (rat — 1p¢) Xt

from which we recover the result of Corollary 3. Note however that the latter corollary
was proved without any assumption on the evolution of the exchange rate other than
the no-arbitrage condition.

To illustrate the pricing of everlasting options, assume the exchange rate evolves

according to (23) and consider the call and put options with premium rate x > 0 and
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strike K. The associated prices are given by

= E?u |:/t°° Ke_K(S—t) (xs _ K)+ dS:| ,

pr = E?“ [/m ke (51 (K — xs)Jr ds] ,
¢

and satisfy the everlasting put-call parity

ct— pr = EQa {/OO ke K(s—t) (xs — K) ds} = f(x:) — K
t
where

fxe) := EtQ” [/too Ke_"(s_t)xsds] = il

K—"ta+ 1y

denotes the perpetual futures price with premium rate x and interest factor : = 0.
Furthermore, a standard calculation based on properties of the geometric Brownian

motion delivers an explicit formula for the everlasting option prices:

Proposition 6 Assume that x — r, + 1, > 0. Then the Black-Scholes-Merton prices of the

everlasting call and put are explicitly given by

pr=ct+ K— f(xt),
Oyl-0 [I(ra—ry)—x
Xy K ((H—@)(berfrrb)) ’ xp < K

— O(rg—rp)—
XK1 ((nf(;)(;ﬁrufn,)) + f(x¢) =K, x>K

Ct =

where IT < 0 and © > 1 are the roots of the quadratic equation

1
(ra — 1) C+ 55(5_ 1) flox]* —x =0
associated with the dynamics of the b /a exchange rate under Q.

Figure 4 plots the arbitrage price c(x) and Delta ¢/(x) of an everlasting call with
k = K = 1 in a model with zero interest rates, and compares these quantities with
the price and delta of a European call with maturity T = 1/x = 1. The figure shows
that the everlasting price behaves essentially like the European price and confirms

that everlasting options provide an effective way for investors to establish a long-term
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FIGURE 4: Everlasting call options

This figure compares the arbitrage prices (left) and deltas (right) of an everlasting call
option with multiplier ¥, = 1 and a European call option with maturity T = 1/x, in
the Black-Scholes-Merton model with 7, = r, = 0 and ||oy|| = 1. The two options

have the same strike equal to one.

option-like exposure without incurring the risks and costs associated with the rolling
of positions in successively maturing options.

Explicit pricing formulas along these lines can be derived in closed form for any
given payoff function ¢(x) as long as (26) is satisfied (see Johnson and Zervos (2007)
for a general formula in an diffusion context). More generally, and as proposed by
Madrigal-Cianci and Kristensen (2022), one may consider everlasting path dependent
options in which the payoff ¢(x;) is replaced by a functional ¢ (x, : u < t) of the path

of the underlying. The initial price of such a derivative is
KEQs [/ e Mo (x, i u<t) dt] = K/ e ™EQ [@(x, :u < t)]dt
0 0

and viewing the right handside as a Laplace transform in the maturity variable of the
price of a path-dependent European derivative allows to exploit the host of explicit
formulae available for such transforms (see, e.g., Borodin and Salminen (1996) and
Jeanblanc, Yor, and Chesney (2009)). Example of everlasting path dependent options
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that can be priced in this way include lookbacks, barriers, occupation time derivatives,

Parisian derivatives, and continuously sampled Asian options.

9 Conclusion

In this paper, we address the arbitrage pricing of perpetual currency futures contracts.
We study discrete-time as well as continuous-time formulations, and identify funding
specifications for the linear and inverse contracts that guarantee that the futures price
coincides with the spot. In both cases, the required interest factor is a simple function
of the interest rates in the underlying currencies. Under the assumption of constant
interest rates and funding parameters, we derive explicit model-free expressions for
linear and inverse futures prices. Furthermore, we show that, in general, the perpetual
future price can represented as the discounted expected value of the underlying price
at a random time that reflects the funding specification of the contract. We also derive
general continuous-time results for perpetual quanto futures as well as for everlasting
options, and illustrate those results with closed form formulae for everlasting calls and
puts in a Black-Scholes setting.

There are several directions in which to pursue the analysis of this paper. First, it
would be natural to formulate a joint multifactor (e.g., affine) model for the exchange
rates, interest rates, and funding parameters that delivers closed form solutions for
perpetual futures prices and that can be estimated by relying on observed interest
rates, funding parameters, and futures prices. Second, given that perpetual futures
are likely to find traction in other classes than (crypto) currencies, it would be fruitful
to adapt the pricing formulae of this paper to other asset classes such as equities and
commodities. Third, and finally, we believe that it would be interesting to model the
dynamic determination of funding parameters by the exchange in response to demand
within an equilibrium setting where the price of the underlying, the perpetual futures

price, and possibly the interest rates are endogenously determined.

A Proofs

A.1 Discrete-time results

Since the proofs are similar in the linear and inverse cases we only provide complete

details for the results pertaining to linear contracts.
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Proof of Theorem 1. Assume that the process f; is a solution to (7) that satisfies (8).

Passing to the limit in (7) and using (8) shows that

T-1 o
ft:Tli_rgoEP” [Z (Hl—:KT> (KU_‘U)X(7]

o=t \1=t

and the conclusion now follows from condition (9) by dominated convergence. Under

the additional assumption that —1 < 1; < x; we have that

0:—1 1 o [fo—1 1
| (Tt ) | -2 £ (T ) v =am)

T=t o=t \1=t
[ oo oc—1 o
1 Ko — L 141
:EQ“ x o o T
o E (Tt ) e (s
o5 (11
= E~ (Ko — to) X0 | = ft
| o=t T:t1+KT

where the last equality follows from the first part of the proof. The second part directly

follows from the first when « is constant and  := 0. [ |

Proof of Proposition 1. Under the stated assumption

ad g 1 1 & 1 1+ v
B (k) e = £ e ()]
147,
ry—ra+ K (1+7p)

where the second equality follows from the no-arbitrage restriction (1). Therefore,

condition (9) is satisfied and it thus follows from Theorem 1 that

— EQ
fi 1—|—KZ(1+K) £ [xol

o=t
k=1 & 1 [(147r,\]"" (k—1) (1+7)
1+x 2= [1+x \1+7, ry —ra+x(1+71p)

where the second equality also follows from (1). The comparative statics follow by

differentiating the futures price.

31



To prove the second part observe that under this specification the cash flow at date

t + 1 from a long position in the perpetual futures

Yat — Tyt
1 + Tpt

Xpr1 — Xt + xp = my (14 rpe) Xpp1 — mexe (14 744)

coincides with the outcome of a cash and carry trade that borrows m;x; units of a at
rate 74 to buy m; units of b which are invested at rate r;; until date t + 1 where the

proceeds are converted back to units of 2 and used to payback the loan. H

Proof of Corollary 1. Under the stated assumptions

0 o 1
EQa Z H >|KU—[U|xU]
o= (T—01+KT
— FQ i ‘ﬁ 1 1+rar \ oo — Fao + Ko (14 F4y) (%x>
Lo=0 T:01+K71+rbT (1+K(7) (1+rb0) Bao 7

Xp = X9 < &0

— EQ i (ﬁ 1 1+7’ar> po — Tao + Ko (1 + 13)

| 0=0 T:01+KT1+rbT (1+K(7) (1+rb(7)

where the second equality follows from the fact that absent arbitrage opportunities the

pricing measures are related by

dQa
dQp

B
) 27)

- DY
T Bat X0

Therefore, condition (9) is satisfied and Theorem 1 shows that the perpetual futures

price is given by

[0 [o—1
1 ]. + ra'( rbg- - rgg —‘I_ K(T (1 _|— rbo—) (BbU-Bat >
_ Qe N
J t _(rzzt <£[t 1+KT1+rbT> (14 x0) (L4 1p0) Bao By 7
i Uﬁl 1 ]- + rﬂT rbg- - rao' —‘I_ Kg' (1 _|— ng)
| o=t (1 + K(T) (1 + rbo)

— E2

Xt = Xt

1451+ 1y,

T=t

where the second equality follows from (27). [

A.2 Continuous-time results

Since the proofs are similar in the linear, inverse, and quanto cases we only provide

complete details for the results pertaining to linear contracts.
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Proof of Theorem 3. Assume that the process f; satisfies both (15) and (16). Due to
(15) we have that

t s
e~ fot Kuduft + /0 e fO Kudu (KS — ls) deS € '%loc(Qﬂ)'

Therefore, it follows that for any given date t > 0 there exists a sequence of stopping

times (03,)_; such that t < g3, T 00 and
on On s
fi = E?" [e‘ Ji K“d”fgn +/ e~ Ji mudu (s — 1s) xsdsl , n>1.
t

Letting n — oo on both sides of this equality and using the no-bubble condition (16)

then shows that we have

Tn "
ft = lim E?a |:/ e jt Kudu (Ks - ls) deS:|
t

n—00

and the required conclusion now follows from (17) by dominated convergence. Note
that if x; — 14 > 0 then (17) becomes superfluous since the result can then be obtained
by monotone convergence. However, nothing guarantees that the perpetual futures
price process in (18) is well defined under this weaker assumption.

To establish the second part of the statement note that, under the given additional

assumption, we have

0 0 s
E?" [e_ jtt‘”d”xgt} = Eg“ {/t e Jiudiy 0, (6, € ds|ﬁ)}

= EtQ“ {/ o= Ji uddu (K5 — Ls) xsds} = fi

t

where the last equality follows from the first part of the statement. The last part di-
rectly follows by letting x be constant and setting : = 0. u

Proof of Proposition 3. Under the stated assumption

EQ {/ e Kk — 1 xsds}
0
0 Bgs

= EQb |:/°° e_(Ku—rﬂ‘Hb)S (K — [) x0d5‘| = M < 00
0 K— 7T, + 1y
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where the third equality follows x — 7, + 1, > 0 and the fact that pricing measures are
related by (28). This shows that condition (17) is satisfied. Therefore, Theorem 3 and
the same change of probability now imply that

fi = E& /oo e ¥ (i — ) xsdsl

|/t

[ o B;.B
e} / (ka1 (s—1) ( _ ( bsBat )d]
h . e (k—1) Basttxs s

_ o '/oo e~ (K=retn)(5=1) (s _ ) xtds} ICEDES
L/t K—71, + Ty

This establishes the required pricing formula and the comparative statics now follow

by differentiating the result. n

Proof of Corollary 3. Under the stated assumption

EQe {/ ¢ Jo xudu s — s xsds}

0

© /B s
— _1Qa 2bs _f (Ku—Tay+1p,)du
E {/0 (Basxs)d(e 0 )1
= —E% Uoo xod (e‘ fg("”_’“”JFrbu)d”) ds] =xp <
0

where the third equality follows from x; — 74 + 15y > 0 and the second from the fact

that the pricing measures are related by

dQp
dQ,

_ Busxs

0<s < oo. (28)

- 7
Pa Bas xo

This shows that condition (17) is satisfied. Therefore, Theorem 3 and the same change

of probability now imply that
fi = Eg“ {/ e Jf rudu (K5 — Ls) xsds]
t

® /" BpsBat — (5 —
— _EQu / S d f (Ku—Tau+7p,)du
t { t (Basttxs) <e t )
- Qp « _fs(Ku_raLt+rbl¢)du —
E, {xt /t d (e t )} Xt.

To establish the second part consider the self-financing strategy that starts from zero at
some stopping time T, is long one unit of the contract, short n; = —1/By; units of the

b—riskfree asset, and invests the remainder in the a—riskfree asset. Under the given
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specification the value of this strategy evolves according to

dvy = rqr (vr — nyBysxy) dt + npd (Bypxy) + dxy — (Tar — 1pp) Xedt
= Tat (U,} + xt) dt — (dx,} —+ rbtxtdt) + dx,g — (rat — rbt) xtdt = ratvtdt

subject to the initial condition v = 0. This readily implies that v; = O forall t > 7 and
completes the proof. u
Proof of Proposition 6. Equation (22) and Lemma A.1 below show that the everlast-
ing call price c; = c(x¢) is the unique solution to

ke’ (x) = (rg — rp)xc’ (x) + %szUtzc”(x) +x(x—K)"

in the set of linearly growing, C!, and piecewise C? functions on R. Standard results

show that the general solution to this equation is

x@Ag+ 2 A, x <K,

c(x) =
xOA; + xMA3 + f(x) — K, x>K,

for some constants (A;)?_, where the exponents are defined as in the statement. Since
the solution we seek grows at most linearly we must have that A; = A, = 0. On the
other hand, requiring that the solution is C! at the strike delivers a linear system for

(Ao, Ag) and solving that system gives the stated result. |

Let p > 0 and consider the function

t

o) = Ei { [T e as 29)

where ¢ : R, — R satisfies a linear growth condition and x; is a geometric Brownian

motion with parameters (y, o) such that p — u > 0.

Lemma A.1 The function v(x) in (29) is the unique solution to
pw(x) = pxw'(x) + %szzw”(x) +4(x) (30)

in the space of C! and piecewise C? functions on R that satisfy a linear growth condition.

Proof. The existence of a solution with the required properties follows from standard

results on second order ODEs. Let w(x) denote any such a solution. Since w(x) solves
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(30) it follows from It6’s lemma that
t
e Plw (x;) + / e P50 (x5) ds
0

is a local martingale. Therefore, for any given 0 < t < oo there exist an increasing

sequence of stopping times (7,)$_; such that t < 7, — oo and

Tn
w (x¢) = E¢ {/ e Pl (xs)ds +e Pw (xq,) | (31)
t
Since w grows at most linearly and p > u™ we have that
e_an ’w (xTn)‘ S &Y,

for some & > 0 where the process y; = e ?! (1 + x;) is supermartingale of class D that

converges to zero. This immediately implies that

lim |E; [e P™w (x,)]| < lim E¢ [y,] = E¢ [V}E{}oyw} = 0.

n—o00 n—oo

On other hand, since ¢ grows at most linearly we have that

Ty )
E [/ e‘PS|€(xS)|d51§Et [/ e_PS|€(xS)|ds]
t t
XXt «

§0€Etl/ 6_p5(1+x5)ds}: + —
t p—K p

for some « > 0 and, therefore,

T 00
lim E; {/ e Pl (xs) ds] = E; {/ e Pl (xs) ds]
n—oo t t

by dominated convergence. Using these properties to pass to limit in (31) then shows

that w = v which also establishes the uniqueness claim. u

B An incorrect cash flow specification

In the original version of their paper He, Manela, Ross, and von Wachter show thatin a
continuous-time model with constant coefficients and r;, = 1 = 0 the perpetual futures
price is (1+ ) x; which is clearly different from the price x;/ (1 — %) prescribed by

Proposition 3 in this case. As we show below, the reason for this discrepancy is that
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the cash flow specification of He et al. is different from ours and, in fact, inconsistent
with the assumption that entering a contract is costless (unless r, = 0).

He et al. (2022) assume that the cumulative discounted cash flow generated by a long
position in one perpetual futures contract between two consecutive stopping times T

and o > Tis

o
e """ (F, — F) — / e "k (Fs — xs) ds. (32)

T

where F; is the perpetual futures price. If entering the futures contract is costless then

the value of this payoff at date T should be zero for all stopping times T < 0, i.e. we
should have

(o
E?” {e"“" (Fr — Fr) — / e "k (Fs—x5)ds| =0, T<0€e.Y. (33)

T

But this restriction implies that
tAT
M(T) = Finr — / et (T (Fs — x5) ds
0

is a martingale under Q, for any T < oo which is not possible if 7, # 0. Indeed, if that

property was satisfied then the difference

Mi(T) — Mi(T + h) = /t

A <erg(T—s) . era(T—l-h—s)) x (Fs _ xs) ds

would be a continuous Q, —martingale of finite variation on [0, T] and thus a constant.
If 7, = 0 then this is not a problem. However, if , # 0 then the constancy of the above
difference requires that F; = x; which is inconsistent with (33) because the exchange
rate cannot be a martingale under Q, when r, # 0 = r;. Intuitively, the problem with
the specification in (32) is that, instead of being paid continuously, the futures margin

Fy — F; is paid in a lumpsum upon exiting the contract.
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