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A Equilibria with a fixed default threshold

Fix a default threshold X4(1) = 1/Z; and denote by 7,4 the corresponding default time. The
scale invariance of the geometric Brownian motion and the linearity of the payoffs to the
firm’s stakeholders imply that the equilibrium value functions are homogeneous of degree

one with respect to the firm’s current coupon and cash flows. That is, there are functions
d(Z|Zy),e(Z|Z4),v(Z|Zy) such that

D(X,C|P) = Xd(Z|Zy).
E(X,C|P) = Xe(Z|Za),

and
V(X,C|P)=E(X,C|P)+ D(X,C|P) = Xv(Z|Z,)

where Z = C/X. A direct calculation using well-known properties of geometric Brownian

motion shows that the reduced form debt value is given by
d(Z)Za) = (Z]r) = (Za/7)(1 = 16/ Z4)(Za) Z)".

With a fixed default policy, maximizing the equity value is equivalent to maximizing firm
value. It turns out that, for technical reasons, firm value maximization problem is easier
to deal with. For this reason, whenever the fixed default policy case is considered in the
Appendix, we will always study the latter problem. By definition, the equilibrium firm value

is the solution to the stochastic control problem defined by

T4 B
V(X,C|P)=sup E [/ e (1 —71)Xs+7Cs_)ds + H(as, X, Cs—|P)dNy) + e X,
a€A 0
(9)

where we have set

H(a,X,C|P) = Xﬁ(a, Z\Z4) = —n(V(X,aC|P) = V(X,C|P)) — (1 = n)gD(X, aC|P).



The following result follows by direct calculation and allows to recast the equilibrium problem

in terms of a single state variable.

Lemma A.1 The process Z; = Cy/ X, evolves according to
dZt = —MZt_dt — O'Zt_dBt + Zt_((lt - ].)dNt (].0)

where the process B, is a standard one dimensional Brownian motion under the equivalent

probability measure defined by
» —pt X I
P(A):E 6“—1{A} s VAth
Xo
Consequently, (9) is equivalent to

A Td
U(Z|Zd) = SUpE |:/ 6_(T—M)S((1 — T+ TZS_)dS + h(a& Zs—|Zd)st) + 6—(T—M)Td¢
0

achA
and any solution to this equation satisfies the inequalities

1—-7(1-2Z2
0§v(Z|Zd)§M.
r—h

Now, standard dynamic programming arguments imply

Lemma A.2 Let Ty denote the first jump of the Poisson process and define

P(0)(Z) = max(1 - n)(v(aZ) - qd(aZ|Zs)) + no(2).

a>1

Then the function v(Z|Zy) is the unique Borel-measurable, bounded function satisfying

R TANTN
v(Z|Zy) = F {/ e (1 — 7 4 72Z,) dt + 1{Td§TN}e_(T_“)Td¢ (11)
0

+ Lrgsme” TN P (0 Za)) (Zey-)

We then have the following result.



Lemma A.3 The transformation that maps a function v into the right-hand side of equation
(11) is a contraction in the space L[0, Z4] of essentially bounded measurable functions and
has a unique fized point that belongs to the space C|0, Zy] of continuous functions on [0, Zg).

Consequently, v(Z|Zy) is this unique fized point.

Proof. Let A(v) denote the operator in the statement. Using the fact that 7y is independent

of the Brownian motion and exponentially distributed with parameter \ we obtain

A

Td
AWw)(Z)=FE [ / e TN (1 7 4720 NP (0)(20)) dt 4 e TN |
0

where the nonnegative process ZP evolves according to equation (10) with @ = 1. For any

pair of continuous functions (vy,vs) and any z € [0, Z,), let
a; = argmax (vi(az) — qd(az)1{a>1})
and assume for simplicity that a; > 1. Then, we have

1 —n)(vi(ar12) — qd(a12)
1 —n)(v2(azz) — qd(azz)) + n(vi(z) — v2(2))

P(v1)(2) = P (v2)(2) = (
—
(I —=n)(u
—
(1-

IN

(v (
(v2(a12) — qd(a12)) + nllvr — va|lcpo,z4)

1—mn)

n)(vi(a1z) — v2(a12)) + nllvr — vallofo,zy)

< o1 = v2llcpo,2q-
and interchanging the roles of v; and vy we get that
| P (01)(2) — P(v2)(2)] < [lor — v2llcp0,24-

This immediately implies that

Alv1 = v2l 0,24
r—p4+A

| A(v1) — A(va) |l cpo,z, <

and the desired result now follows from the fact that » — g > 0 by assumption. [



Lemma A.4 The map A(v) is monotone increasing in v, and monotone decreasing in r,1,w

and q for any nonnegative function v.

Proof. To prove monotonicity in v it suffices to show that & is increasing in v. This is
obvious because 1 € (0,1). Monotonicity in r and ¢ is also clear. To prove monotonicity
in n, it suffices to show that the operator & is monotone decreasing in 7. Fix z > 0 and

consider

G(n) = max {nv(z) + (1 — n)(v(az) — qd(az)1{as1y) }

a>1

If the maximum is attained for some a > 1 then we clearly must have v(az) — qd(az) > v(z).

This in turn implies that we have

G(n) = max{u(z), k(n)}

with

k(n) = max {nv(z) + (1 — n)(v(az) — qd(az))L{s(az)—gd(az)>v(=)} }

a>1

and the desired result follows by noting that k(n) is monotone decreasing. [

Lemma A.5 The firm value function v(Z) is monotone increasing in \, u and monotone
decreasing in q, n, v and w. As a result, the equity value function e(Z) is monotone increasing

i A and monotone decreasing in q and 1.

Proof. Pick an arbitrary bounded function vy € C[0, Z4] and denote by A™ the n-th iteration
of A so that v = lim,, A"(vy). Let a be a parameter with respect to which the operator A is

increasing in the sense that
A(UO; Oél) < A(UO; 062), Vo, < g s VUO € O[O, Zd]
Since A is increasing in v, a simple induction argument implies that we have

A" (vg; ) < A™(vg; a2), Vag < ag,n > 1.



Sending n — oo shows that v is increasing in o and monotonicity in all parameters except
A now follows from Lemma A.4. Finally, monotonicity in A follows from that in 7 because
the firm value function depends on A only through A(1 — 7).

The remaining claims follow from the first part of the statement and the fact that e(Z) =

v(Z) — d(Z) where the function d(Z) is independent from A, ¢ and 7. [

Lemma A.3 constructs the value function as a continuous fixed point of a non-linear map.
We will now show that it is in fact in C?[0, Z4] and solves the corresponding HJB equation.

To this end, we will first need the following lemma. Let
1
LI2) = —pZf(2) + 50°2°f"(2)

be the continuous part of the P— generator of the state variable and denote by ¢ < 0 < 1 < 9

the solutions to the quadratic equation Q(z;r + A(1—1n)) =0

Lemma A.6 Let f(Z) be a bounded and Borel measurable function. The unique bounded

solution to
(r—pu+NY(2)=2Y(Z)+ f(Z), Z €0, Zy),

such that Y (Zq) = ¢ is explicitly given by

Lo 2V (7 fr) Z' % flr)
_ Yo W1 _ P
Y(Z)=y 2" 72 /0 o wm 2dx 772 /Z ¢1_¢x 2dx

with

o1 Z;_wl Za f(x) v1—23..
Y= Z, <02/2 i —?/)1—@/)x dr — ¢

In particular, the derivative Y'(Z4) depends continuously on Zy and f(Z) in the L [0, Z4]—topology.

This existence and uniqueness result immediately allows us to establish the required regu-

larity of the firm value function.



Lemma A.7 Let

O(v)(Z) = max (v(aZ) — qd(aZ)1{gs1y — v(2)) (12)

a>1

For a fized default threshold the equilibrium firm value function v(Z|Zy) is the unique C?[0, Zy
solution to the HJB equation

(r—pv(Z)=2Lv(Z)+1—-17+7Z+ X1 —1)0)(Z) (13)
with boundary condition v(Zq|Zq) = ¢.

Proof. Let Y € C?[0, Z,] be the unique bounded solution to
(r—pu+NY(Z2)=2Y(Z)+1—174+7Z + NP (v(:|Z4))(Z), (14)

such that Y (Z;) = ¢ whose existence is provided by Lemma A.6. Then, standard arguments

based on Ito’s lemma imply that
Td
Y (Z) = Ey {/ e~ (r—put M)t (1 -7+ TZ? + A@(U)(ZS_)) dt + 6—(r—u+>\)m¢
0

and it now follows from Lemma A.2 that Y (Z) = v(Z|Z,). Given this identity, a direct
calculation implies that (14) is equivalent to (13). |

Lemma A.8 Suppose that <7 : C[0, Zy] — C|0, Z4] is a contraction which is monotone in
the sense that vy < vy implies vy < vy, and denote by v € C[0, Zy] its unique fized point.
If w e C[0, Zy] is such that w < Zw then w < v. Similarly, if w > o/w then w > v.

Proof. Monotonicity of A together with w > Aw implies w > A™w for any n > 1. Therefore,

w > lim,,_,. A"w = v and the claim follows. |

The following lemma directly implies the results of Propositions 2 and 4 and will be of

repeated use in what follows. Let

-1 r

=t
T8 -




denote the optimal default threshold that would prevail in a model where the firm is not

allowed to restructure its debt.

Lemma A.9 Let 0(Z|Zy) be the value of a firm that never restructures its debt and defaults
at the stopping time 14. Then v(Z|Zy) > 0(Z|Zg) > ¢ for all Z € [0, Z4) and we have

1. If ¢ > 7 then v(Z|Zy) = 0(Z|Z4), the unique equilibrium threshold is given by Z3* and
the equity value function satisfies ez(Zq|Zq) > 0 for all Zy > Z3;

2. If g < 7 thenv(Z|ZY}) # 0(Z|Z)") and the equity value function satisfies ez(Z4|Zq) < 0

for all Z; < Z3*. In particular, we have Zg > ZJ* > 1 in any equilibrium.

Proof. Since v(Z|Z;) is the value function of a firm following an optimal policy, it dominates

the sub-optimal policy of never restructuring. The value of such a firm is

021 20) = b0+ T2 — (G0 + 7 Zufr) (2)20)° (15)
and satisfies
0(2|24) — & = woo [1 — (2/2)"] + ;Z (1= (2/2)"] > 0. (16)

for all Z < Z; since § < 0. Let 0(Z|Zy) = 0(Z|Zq) — qd(Z|Z4) so that

V(2120 = T [L= (1= )(24/2)°] = dolw+q(1 = ))(1 = A Z;"(Za/2).  (17)
and assume first that ¢ > 7. To prove that v(Z|Z,) = 0(Z|Z;) we need to show that
O(0(-|Zy)) = 0. (18)

We have v'(0|Zy) = (1 — q)/r < 0 and since

q—T

0"(Z|Zq) = B(B — 1) 2 Z7P! ( Zq — dolw +q(1 — W)))

does not change sign we have that the function 9(Z|Z,) is either convex, or concave and
decreasing. If 9(Z|Z;) is decreasing then (18) clearly holds. On the other hand, if 9(Z|Z;)



is convex then (16) implies that we have

e 0(y|Za) = max{0(Z]Z4) , ©(ZalZa)} = max{0(Z|Za), (1 = q)¢} < 0(Z]Za)

and (18) follows. To complete the proof of the first part, set ¢ = 1 in (17) to obtain

T —1

ez(ZalZa) = B—(1—B)Z;" ¢.

This shows that ez(Z4|Z,) is positive for Z; > Z3* and negative for Z; < Z3* and implies
that the desired result. Consequently, e(Z|Z5") is C' and satisfies the HJB equation

0 = max{ — e(Z|Z}"),
= (r = we(Z|23") + Ze(Z|1Z7)
+ (A=) =2)+ AL =n)0(e(Z]2]") + d(Z]25"))}

Standard verification results for optimal stopping problems (see, e.g., Dayanik and Karatzas
(2003)) combined with Lemma A.7 implies that Z}* is the optimal default boundary.

Let now ¢ < 7 and suppose on the contrary that v(Z|Z;) = 0(Z|Z4). To reach a
contradiction, it suffices to show that &'(0) # 0. By (15) we have that

~ T — ~ 71—
8(2|Z4) = ¢o+— —az'~’, (19)

where

T —

i=—a—(q/r)(1—rd/Zs) 25 = =225 + go(w +q(1 - w) 25" > 0.

r

It follows that the function 9(Z|Z,) is concave and therefore attains a global maximum at

the unique point Z, such that

(T —q)Z,

07(Zo|Zq) = 0 <=
,

=a(l-p)Z27".

o



Substituting this identity into (19) gives

- Zo - Zo ~
mas 941 24) = 0(Z) %) = b + T2 —(:(1 _Q)B) > g0 = 0(0]Za)

and it follows that &(v)(0) > 0 which is a contradiction. To prove the remaining claims in
the statement we will use the fact that by definition e(Z|Z;) > é(Z|Z,). By the first part of
the statement we have éz(Z|Z,) < 0 for all Z; < Z3* and it follows that

€(Z‘Zd) > é<Z|Zd) > E(Zd — Z)

for some € > 0 in a left neighborhood of Z; < Z¥* since e(Z4|Z;) = 0. This immediately
implies that ez(Z4]Z4) < 0 for all Z; < Z3* which is what had to be proved. [

To establish the existence of Markov perfect equilibria in barrier strategies, we will need
an auxiliary construction.

Let é(Z|Z4) be the equity value for a firm whose debt-holders price the debt using d(Z),
whereas the firm actually defaults when Z = Z;. We will prove several properties of this

function. The first is provided in the following lemma.

Lemma A.10 &é(Z|Z,) is C? in Z on [0, Z4] and ez(Zq|Zq) is continuous in Zy, Z.
Proof. The claim follows from Lemma A.6 by the same arguments as Lemma A.7. |
Lemma A.11 We have é;(Z4|Z;) < 0 for Zy < Z%.

Proof. Since the optimal equity value function dominates the equity value value of a firm
that never restructures, we have that é(Z|Z;) > is positive for all Z < Z; < Z%" and therefore
éz(Za|Zy) < 0 for all Z, < Z3". [ |

Lemma A.12 If Z} > Z2 and é(Z3|Z}) > 0. Then, é(Z|Z}) > é(Z|Z3) for all Z < Z2.

Proof. Let d(Z) be the function that the debt-holders use to value debt. Denote by 74, the
first time that the process Z; hits Zfl and observe that 751 > 742. Then, it follows directly

10



by standard dynamic programming arguments that

. Td,2\TN B _
o(212}) = E [ [ e n - 2o+ 1 222)
0

+ 1{7'd 2>TN} max e N [(1 - 7]) (6(CLZTN—|Z§/) - ql{a>1}d(aZTN—) - d(Z’TN_))
’ a€(1,2} /%7y -]

+ ne(ZTN—IZJ))}

> B { /0 T o1 (1 — Z))dt (20)

+ 1ryoora} max e ™ ((1 - n)(@(aZTN_|Zé) — ql{a>1}ci(aZTN_) — d(ZTN_))

a€[1,23/Zry -]

+ ne(ZTN—\Zﬂz))}

for all Z € [0, Z3] where p = r — p and ©(z|Zy) = é(z,|Z4) — d(z) denotes the corresponding
firm value function. Note that we only take the maximum over a € [1, Z}/Z,, ] because, by
assumption, the firm always defaults when Z > Z!. Denote the map on the right-hand side
of (20) by /. The same arguments as in the proof of Lemma A.3 imply that the operator
4/ is a monotone contraction and the required assertion now follows from Lemma A.8 since
we have é(Z|Z}) > @/e(Z|Z}), and é(Z|Z%) = o/é(Z]Z2) by the above. |

Lemma A.13 Fiz an arbitrary Zg > 0 and suppose that éz(Z4|Zyq) < 0. Then, é(Z|Zy) is
monotone increasing in Zy for Zq in a left neighborhood of Zy. Similarly, if €;(Z4|Z4) > 0

then &(Z|Zy) is monotone decreasing in Zy for Zq in a left neighborhood of Zg.

Proof. The first claim follows directly from Lemma A.12 because, by assumption é(Z3|Z}) >
é(ZXZ}) = 0 for any Z} > Z2 that are sufficiently close to Z;. The proof of the second claim

is analogous. u

The following result is a direct consequence of Lemma A.13.

Lemma A.14 If é;(Z4|Zq) <0 for all Z; > 0 let Z = oco. Otherwise, set
Z: =min{Zy > 7 : 65(Z4| Zg) = 0}

11



Then, e(Z|Z5) > 0 for all Z < Z3.

Proof. By Lemma A.10, é4(Z4|Z4) is continuous and therefore, by Lemma A.11, é4(Z4| Z;) <
0 for all Zy < Z. By Lemma A.13, é(Z|Z,;) is monotone increasing in Z; € [0, Z3) and
therefore é(Z|Z3;) > 0 for all Z < Z and ez (Z}|Z}) = 0. |

Lemma A.15 We have
(1—T)(l—Z)+m§;<((1—q1a>1)cz(a2)—J(Z)) <0

forall Z > Z}.
Proof. We have

0.50%,7(Z3173) = (r — i+ N1 —)E(Z3|Z3) + nZ3e A 231 Z3) — (1 = 1)(1 — Z3)
— max (6(aZ31Z3) + (1 = qlaz1)d(aZ]) — d(Z])) (21)

= —((1=7)(1 = Z}) + max ((1 = glaz1)d(aZ) - d(Z;)))

because é(aZ}|Z%) = 0 for all a > 1. Since é(Z|Z}) > 0 for all Z € [0, Z}) and &(Z}|Z3) =
ez(Z51Z3) =0, we get that ézz(Z35|Z}) > 0. Consequently,

(1= 7)1 = Z3) + max (1 = gl )d(0Z5) — d(Z3) < 0

and the claim follows from the fact that, by assumption, (1 — 7)(1 — Z) + max,>; ((1 —

qles1)d(aZ) — d(Z)) is monotone decreasing in Z. [

Proof of Proposition 1. To prove the result, it suffices to show that é = é(Z|Z}) is the
value function of the firm. Standard verification results for optimal stopping (see, e.g.,
Dayanik and Karatzas (2003)) combined with the arguments from the proof of Lemma A.7
imply that it suffices to verify that é(Z|Z}) satisfies the HJB equation

0 = max{ — é(2),
—(r—p+X1-=n))e(Z2)+ZLe(Z)
+(1=7)(1 = 2) + A (1 = ) max (e(aZ) + (1 - qLlos1)d(aZ) — d(Z))}

12



The same arguments as in the proof of Lemma A.7 imply that

O0=—(r—p+XX1-—n))e2)+ Ze(2)
+ (1 =7)(1 = Z) + M1 —n)max(é(aZ) + (1 - qlo=1)d(aZ) — d(Z))

for all Z € [0, Z;] and by Lemma A.14 we have that é(Z) > 0 for all Z > 0. On the other
hand, for Z > Z} we have é(Z) = 0 and it thus follows from Lemma A.15 that

—(r—p+X1-n))e(2)+ZLe(2)

+(1-7)(1=2)+ (1 - n)max(é(eZ) + (1 - qlos1)d(aZ) — d(Z))
= (1= 7)(1 = 2) + A1~ ) max (¢(a2) + (1 = qLe)d(0Z) — d(2)) < 0
which completes the proof. [

Lemma A.16 We have é4(Z4|Zy) < 0 for all Zg > Z3. Hence, Z}; is the unique solution
Zd to éz(Zd|Zd) = 0.

Proof. Suppose the contrary. Then, there exists a Z; > Z7 such that é;(Z4|Z4) = 0. By
Lemma A.15 and (21), we have

0.50%¢772(Za|Zq) = —((1 —7)(1 — Zy) + Iilzaf(((l — q1a>1>(i(azd) —d(Zg))) > 0.

Therefore, é(Z|Zy) > 0 = &(Z|Z3) for Z sufficiently close to Z;. But this is impossible
because, by Proposition 1, defaulting at Z is optimal. [ |

Finally, the next result shows that the debt function for a barrier default policy does

satisfy the required monotonicity condition.

Lemma A.17 The function
(1 =) = 2) + max ((1 - gles1)d(aZ|Zs) — d(Z]Z4))

15 strictly monotone decreasing in Z.

13



Proof. Clearly, it suffices to show that max,>1 ((1 — ql,=1)d(aZ|Z) — d(Z|Z;)) is non-
increasing in Z. A direct calculation shows that d(Z|Z,) is either increasing in Z or is

convex and attains a maximum at some Z,, < Z4. In the first case,

max ((1 — qlys1)d(aZ|Zy) — d(Z)Zy)) = max{0,(1 — q)d(Z4|Zy) — d(Z|Z4)}

a>1

is obviously non-increasing. In the second case,

max ((1 — qlys1)d(aZ|Zy) — d(Z)Zy)) = max{0,(1 — q)d(Z,,|Za) — d(Z|Z4) }

a>1
is also non-increasing. [ |
The next result proves Proposition 3. Namely, it shows that, given a fixed barrier default
policy, the optimal restructuring policy is of barrier type.

Lemma A.18 Fither restructuring is not optimal or there exist 0 < Z, < Z, < Zg such
that

Z, = argmax {v(Z|Zyg) — qd(Z|Z,)}

Ze[zuazd]

and
O Za))(Z) = Vzez,y {v(Zol Za) — qd(Zo| Za) — v(Z| Za)} -

Proof. Assume that restructuring is optimal and let ¢ > 0. The case ¢ = 0 can be treated
similarly. To simplify the notation we fix the default threshold Z; and write v(Z) = v(Z|Z,)
and d(Z) = d(Z|Z4). Since it is optimal for the firm to restructure its capital structure at

some point we know that the operator &'(v) is not zero and it follows that
Zy=max{Z >0:0()(Z) >0}
is well-defined and smaller or equal to Z;. Furthermore, by continuity we have

O)(Zy) = 0 <= v(Z,) = max{v(y) — qd(y)} > 0.

y>Zu

14



Now consider the higher threshold defined by
Zo =min{y > Z, : v(Z,) = v(y) — qd(y)}. (22)

By Lemma A.9 we have v(Z;) = ¢ < v(Z,) = v(Z,) — qd(Z,) < v(Z,) and therefore
Z, < 4, < Zg since issuance costs are strictly positive. This in turn implies that the point
Z, is a local maximum of the function v(Z) = v(Z) — qd(Z) and since v(Z,) < v(Z) for
Z € [Zy, Z,) by definition of the threshold Z, we necessarily have that v'(Z,) > 0.

Before carrying on with the rest of the proof we start by proving that v(Z) does not
have admit any local maximum such that o(Z) > v(Z,) on the interval [0, Z,]. Suppose the
contrary and let Z,, < Z, denote the location of the largest such local maximum. Since the
point Z, is a local maximum of 9(Z) this implies, as illustrated by the left panel of Figure

A, that the function ©(Z) achieves a local minimum at some point Z,, € [Z,, Z,] such that
0(Zm) < 0(Zy) =v(Z,) < 0(Z,). (23)

This in turn implies that we have €(v)(Z,) = 0 and combining this with the fact that the

functions d and v solve

(r—wd(Z)=%dZ)+ Z
(r—pw(2)=2LvZ)+1-7171-=2)+ X1 —n)0(v)(Z)

we finally obtain

(r = 1)9(Zo) > (r — p)v(Zyn)
=L Zp)+1 =7+ (T =) 2+ X1 —0)OW)(Z,,)
> Lo(Zp)+1 =74 (T —qQ) 2,
>1—T7+(T—Q)Zm>1—7+(1—q)Z,
> Lv(Z)+1 =74 (T —q)Zn

=Lv(Z)+1 =74+ (T =) Zy + N1 —10)OW)(Z,) = (r — wv(Zy,)

where the second inequality follows from the nonnegativity of &', and the third and fifth

15



Figure 4: Shape of the functions v(Z) and v(Z) in the proof of Lemma A.18

W(Z,) w(2) v(Z)
v(Zy)
\7(20) [ V(Zg) L
V(Zm) [
V(Zm)
i i i I I I I
Zn Zpm Zo Zn 2y Zm 2y

inequalities follow from the fact that ¢'(Z) = 0 and v"(Z) < 0 (resp. > 0) at a local
maximum (resp. local minimum). This contradicts equation (23) and therefore establishes
our claim regarding the local maxima of the function v(7).

To complete the proof we now need to establish that v(Z) < v(Z,) on [0, Z,]. Suppose
that this is not the case, let

Zy =max{Z < Zy, : 0(Z) = v(Z,) = v(Z,) — qd(Z,)}

and assume for simplicity that Z, < Z, so that the function v(Z) reaches a local minimum
at some point Z,, € [Z,, Z,).! As a first step towards a contradiction we claim that the
function v(Z) is monotone decreasing on [0, Z,]. If not then as illustrated by the right panel
of Figure 4 there is a point Z,, € [0, Z,] at which the function v(Z) achieves a local maximum

such that

<
—~
N
~—
V
I~
—~
N
~—
I
<
~—~
&
~—
I

v(Z,) — qd(Z,) = max v(y) (24)

Yy>Zn

where the last equality follows from the first part of the proof. This immediately implies

that we have 0'(v)(Z,) = 0 and combining this property with the same arguments as in the

'When the point Z, is a local minimum of the function v(Z) we have Z, = Z,. This case is completely
analogous, up to small modifications.
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first part of the proof then gives

(r—wv(Zy) = Lv(Zn)+1—7(1—Z,) + X1 —n)0(v)(Z,)
> Lv(Zn)+1—7(1—2Z,)
>1—71(1-2,)
> 1-7(1-2,)
> Lv(Z,)+1—71(1-2Z,)
=Lv(Z,)+1-7(1—=Z,)+ X1 —n)0)(Z,) = (r — p)v(Z,)

which contradicts equation (24) and therefore establishes our claim regarding the monotonic-
ity of v(Z) on the interval [0, Z,]. Combining this property with the fact that v(0) = ¢y we
immediately get that ¢g > v(Z) on (0, Z,) but this is impossible since v(Z) > v(Z) > ¢y in
a right neighborhood of zero by Lemma A.9. [

Proof of Proposition 5. Let d(Z2) = d(Z|Z,), e(Z) = e(Z|Z4), v(Z) = v(Z|Z4) . In terms
of the Z variable, we need to show that

e(2) > e((1—a)Z) — —

d((1 - a)Z)

—a

for all @ € (0,1). Let us show that the right-hand side is monotone decreasing in a. Differ-

entiating with respect to a, we obtain that we need to show the inequality

1
1—a

(d(z) —ad'(z)) + ' (x)z > 0

with z = (1 — a)Z. A direct calculation implies that d(x)/x is monotone decreasing and

hence d(x) — zd'(z) > 0. Thus, it suffices to show that

d(x)

x(z) = d(z) —azd(z) + ' (x)r > 0 & ”

+é'(x) > 0.

First we note that, by the above d(x)/z > d'(x) and v'(z) > 0 for all < Z,. Hence, for

r < Z,, we have



For x > Z,, a direct calculation implies that the function y(x) = €'(x) satisfies

%"29’?2:9”(%) + (02 =)y (x) — (p+ py(z) — (1 —7) =0

whereas the function w(z) = d(x)/x satisfies

%O’2x2w1/(x) + (0.2 . u)w’(x) . (p n ,u)w(a;) t1=0

Hence, x(z) = y(z) + w(zx) solves

—o?2?x"(x) 4+ (02 — p)X'(x) — (p+ p)x(x) + 7 = 0.

Furthermore, €'(Z;) = 0 and hence x(Z;) > 0. Suppose that x(x) is not positive. Then,
since x(Z,) > 0 by the above, it must have a negative local minimum for some x, € (Z,, Z;).

In that point, x”(z,) > 0 = x'(z.) and therefore

1
0> (p+p)x(@.) = 507X (@) + (0 = pX'(2.) + 7> 7,

which is a contradiction. [ |

Proof of Proposition 6. Proposition 6 follows directly from Lemmas A.18 and A.16. W

B The case ¢ =0 and the general existence result

Proof of Proposition 7. Let A* = A(1 — n). It follows from equation (13) and Lemma

A.18 that there are constants aq, as, a4 such that

1 =74+ XN (v(Z|Za) — qd(Z,| Z, TZ _
U(Z|Zd) = US(Z7 Z07a17a37&4;Q> = (T(_L_i>)\* 1 ( | d)) +7”—|— A\ +CL1Z1 ¥

for all Z € [0, Z,], and

A
V(Z|Zg) = vns(Z, a3, aq) = ¢ + TT + a3 Z' 7P+ a2t
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for all Z € [Z,,Z,). Since ¢ = 0 it follows immediately from (22) that we have Z, = Z,.
Evaluating the first of the above identities at the point Z = Z, gives

1—74+Xv(Z,) 7,
+

v(Z,|Za) = r— 4+ A

+ alZol_w

and solving this equation for v(Z,) we obtain

r— g+ A 1—-7 TZ, 1)
Zo|Zy) = Z :
v(Zo| Za) r— (r—,u+)\*+r+)\*+a1 °

Therefore, the value matching condition at the point Z, can be written as

TZ B B r—p+ A\ 1—7 77 B
v azZ Ptz = ° Z:v) .
oo + . +ass, " +tagz, — <T—u—|—)\*+r+)\*+al o

which is equivalent to

r— 4+ A\ ( TUN*Z,

+a 28V = au 2P au e
r— r(r+ X)) (r—p+ ) 1%0 ) 30 40

The facts that Z, = Z, and that v(Z]Z;) is continuously differentiable with v(Z;) — ¢ =

v'(Z,) = 0 jointly imply the remaining free constants are determined by

TZ,

+ (13(1 - ﬁ)Z;_B + CL4(1 - Oé)Zol_a = 0,

TZ, _
why + a3 2y +anZy =0,

Combining these equations shows that we have

agZo’ﬁ o a4Z;°‘
T/r = PNGY) = PRGN, (25)
F() =1+ kAT + k(N = —(rweo/7) 2, (26)

where the function f is defined as in the text and we have set J = Z,;/Z,. Note that since

K1(A\) < 0 < Ka(N) we have that az < 0 and ag > 0. In order to calculate the equilibrium, it
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remains to impose the smooth pasting condition which now takes the form
T+ 7(1 = BN P+ 701 — a)ka(N)JJ @ =B +r(1 = B)(1 —w)po/Za.

Substituting the value for Z; we get the required equation (3.3) for J. Thus, if an equilibrium
exists, it is given by the expressions from Proposition 3. It remains to show that the
corresponding equation has a solution if and only if 7 < 7* and that this solution is unique.

Since k1(A\) < 0 < ka(\) we have that f is decreasing. Therefore, the default threshold
in (26) is positive if and only if J > Jy where J; is the unique solution to (3.3). Let g(y) be

as in the text. A direct calculation shows that g(co) = —oo and that
g(Jo) = Bj/r>0<—=1<71"

Thus, existence follows from the intermediate value theorem. To prove uniqueness, it suffices
to show that g is decreasing for J > Jy. This is obvious if 1 — f+w(8 —a) > 0. Otherwise, ¢
increases up to the point J, where its derivative vanishes and decreases afterwards. Therefore,

it suffices to show that we have ¢g(J.) > 0 but this follows from the fact that

g(J.) =1+ (1 it %&ff"i;o‘ - 5)) Ka(A)J7% > 0 (27)
since aw + B <a+pf=1-2u/o? < 1. [ |

In order to prove the general existence result of Theorem 1 for the model with search we will

also need the following standard lemma.

Lemma B.1 Suppose that the function f(Z,x) is continuous, monotone decreasing in x
and satisfies f(Zy,x) > 0 > f(Zs,x). Then, the minimal solution Zy(x) € [Z1, Zs] to the

equation f(Z,x) =0 is monotone decreasing in .

Proof. Let A(z) = {Z € [Z1,%5] : f(Z,2) < 0}. Then, the set A(x) is a compact set and
it is monotone increasing in z in the inclusion order. Therefore, Zy(x) = min{A(x)} is

monotone decreasing. [ |
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Now, to prove uniqueness we will need the following generic non-degeneracy result. Let
6
¢ = <W7)\a777/ia7“—/%7'79) S RJr

denote the vector of model parameters and say that the vector € is admissible if its compo-

nents are such that 7 < 7% and r > pu.
Lemma B.2 Consider the system

F\(Zy, Zy, Zg, 01, a3, ag;q) = Vs(Zy, Zo, a1, a3, A43 Q) — Vps(Zy, a3, aq) = 0,
-0,

F2 Z’IM Zoa Zd7 a1, as, Qy; = U;(Z’lu Zoa ai, as, Qy, Q) - U;zs(Zuv as, a’4>
F3 Zu; ZO7 Zd7 ai, as, 4, = U;LS(ZO7 as, CL4) —q d/<Zo|Zd) - 07

=

F5 Zua Z07 Zd; a1, das, a4;

q)
q)
q)
Zos Zoy Zg, 01, Q3,045 q) = Vs(Zu, Zo, a1, a3, Q45 q) — Uns(Zo, a3, as) + qd(Zo| Zg) = 0,
q) = Vns(Za, a3, a4) — d(Z4|Z4) = 0,

q)

(
(
(
(
(
Fs(Zu, Zoy Za, a1, az, ag;

= U;Ls(Zd, as, CL4) — d,(Zd|Zd) =0.

Denote by J(€') the unique solution to (3.3), define z,(€¢) and z4(€) by (25), (26) and let

W () = =72,(€)/((r + X)(1 = ¢)),
a3(€) = (7/r)r1(N)2o(€)",
4() = (7/1)K2(N)2().

Suppose that there exists an admissible € such that
jF(ZO(Cg)u Zo((g)a Zd(cg)) CN’/l ((g)’ &3(%)7 d4(<€)’ 0) 7é 0.

where ¢ denotes the Jacobian operator. Then, for Lebesque almost every admissible € there

exists an open neighborhood
B 2 (%(€), 2(C), 2a(F),a1(F), 43(F), 44(F))

and an € > 0 such that, for all q € [0,¢€), there exists a unique Markov perfect equilibrium in

barrier strategies whose parameters satisfy (Zy, Z,, Zq, a1, a3, a4;q) € AB.
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Proof. The function Z F(2,(€),2,(€),24(€),a1(€),a3(€),as(€);0) is clearly real ana-
lytic in €. Therefore, if it is not identically zero, it is non-zero for almost every €. The last

claim follows then from the implicit function theorem. [

Proof of Theorem 1. Uniqueness of equilibrium in a small neighborhood of the ¢ = 0

equilibrium for the case when ¢ is small follows from Lemma B.2. Continuous dependence

of the equity value and its derivative on all model parameters follow from Lemma A.6.
Suppose that 7 < 7*. In this case it follows from Proposition 7 and its proof that the

exists a unique equilibrium default barrier Zj, such that

eZ(Z;70|Z;7Q) o =0< eZ(Zd|Zd) o VZd > Z;,O‘
= 9=

Consequently, e(Z|Z,) is negative for Z < Z; in a left neighborhood of Z; when ¢ = 0 and

since equity value decreases with the issuance cost parameter we conclude that e(Z|Z;) is

negative for 7 < Z; in a left neighborhood of Z; and all ¢ > 0. Since e(Z;4]Z;) = 0 this in

turn implies
ez(Z4|Zq) > 0, VZ > Z3,.

On the other hand, Lemma A.9 shows that
ez(Z4|Zq) < 0, VZy < 2y,

and it now follows from the intermediate value theorem that there exists at least one
Zy € |2y, Z}] for which ez(Z4|Zs) = 0. The proof of Proposition 6 implies that Z; is
an equilibrium default strategy.

Since the required monotonicity follows from Lemmas A.5 and B.1 it now only remains
to show that when 7 < 7* there exists an ¢ > 0 such that for all ¢ < € there exists a
unique equilibrium in barrier strategies. Suppose the contrary. Then, there exists a sequence
¢ 4 0 such that for each n there exist at least two equilibria Z}(n) < Z%(n). By Lemma
B.2, we cannot have that both Z}(n) and Z3(n) converge to 7}, and the above argument
show that Z;(n), Zj(n) < Zj,. Therefore, there exists a subsequence of equilibrium default

thresholds that converges to some Zj < Zj, and by continuity (see Lemma A.6) we have
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ez(Z51Z5)|4=0 = 0 which is impossible because there exists a unique equilibrium when ¢ = 0.

Existence for the case 7 > 7*. In this case we have ez(Z4|Z4)|,~0 < 0 for all Z; > 0 by

the proof of Proposition 7. On the other hand, Lemma A.9 guarantees that

62(Zd‘Zd) > 0, VZd > Z:llr,

q=T

and by continuity the same is true for ¢ sufficiently close to 7. Therefore, the cutoff level of

the issuance costs parameter defined by

¢* = inf {q > 0: sup ez(Zq4|Zq) > 0}
Zqa>0

satisfies ¢* < 7 and the fact that an equilibrium exists if and only if ¢ > ¢* now follows by

the same argument as in the proof of Theorem 1. [ |

Proof of Proposition 8. The monotonicity of the default threshold in 7, A and ¢ follows
directly from the corresponding monotonicity of the equity value function for a fixed default
threshold, see Lemma A.5.

To establish the other claims it suffices to consider the case ¢ = 0 since the case of small

q follows from the implicit function theorem and Lemma B.2. Recall that

o) =B~ P2 (1B 1 m Ny ] 15— a)w+1— B)] me (N g™

T
As shown above (equation (27)) we have that the function g(y) is monotone decreasing in y

for y > Jy and monotone decreasing in 7. Therefore, by the implicit function theorem, so is

the unique solution J(7) to the equation g(J;7) = 0. Define

7= ((B-aw+(1-0).

Differentiating g(J;7) = 0 and solving we get

2

7o BwTt™
T Bl — Bk J P+ ayrgJ oL
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The function f(J) is decreasing in J and its coefficients are independent of 7 and f is
decreasing. Therefore, differentiating the identity

11

Zy = —H

—f(J(7))

we get that Z; is monotone increasing in 7 if and only if

(BB = D)rad P71 — ayrad ) (1 + k1 J P + k™) (28)
< (Br1J PN+ ake J (1 — 771 Bw.

The inequality Z; > Z}* established in Lemma A.9 can be rewritten as

rw —p ﬁ_]_ r

“FUm) T B =

or, equivalently,

B-1
e

Substituting this into (28) shows that it suffices to establish

(77 = Dw > —f(J(7))

(B(1 = Bk J P+ ayrg 7Y < (Bryd P 4 akg ST (1 = B)

which follows because § < 0 < a and therefore v < 1 — 5. We conclude that Z,; is monotone
increasing in 7 and it follows that X,4(1) = Z; ! is decreasing in 7. Since the function J(7)
is decreasing in 7 by the above this further implies that 7% = Z,;/J(7) and X, (1) = 1/T*
are respectively increasing and decreasing in 7.

It remains to prove monotonicity in A. Here, the situation is more complicated because
both f(y) and ¢g(y) depend explicitly on A through the coefficients k;2(A). A direct (albeit

tedious) calculation using the fact that

—(u—0%/2) = \/(n — 0%/2)> + 20(r + ")

P =
is monotone decreasing in A shows that x1(\) is monotone increasing in A. Differentiating
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the identity g(J;A) = 0, we get

1—B)J P 4L je
PR Ut/ s e Y\
B(1 = Bk J P + ayrgJ 71

and it follows that

P () R
T*Xq(1)  Xa(1)

is increasing in A\. On the other hand we have

1 —p
T T =T =

(1= B)J P + 7Ly

_ —5-1 —a—1
(B a0 ) G e T BT T aryrgd o1

Therefore, the inequality - f(X, J(X)) > 0 is equivalent to

1-— 1-—
0 <ayrs + a—_ﬁlﬁ(l — B)k1 — ﬂlBVOé—_/él) — kaar(1 = )
which in turn can be rewritten as
a+ (a—p)(1—P)ri(N) <O.
Since k1(\) is increasing in A, it suffices to verify this inequality for A = oco. A direct

calculation based on the quadratic equation satisfied by « and S implies that

a+ (a—pB)(1 = B)ri(0) =0,

and the claim follows. Thus, Z; is monotone increasing in A. In order to prove that the
target 7% = 1/X,(1) is decreasing in A we need to differentiate Jf(J; A) and show that the

derivative is positive. A direct calculation shows that this condition is equivalent to

(8 — a)w(aky — :f Brey)J oA (29)
+((1=p)J 7+ yi;jj—a)u R P 4 ke 7)< 0 (30)
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While (29) is nonnegative by the above, (30) is always strictly negative because f(J) < 0.
Since the expression is linear in k1 (because ks is linear in k1), it suffices to establish the
inequality for the extreme cases A = 0 and A\ = co. The first one follows by direct calculation.
The second one follows because (29) converges to zero as A — o0o.

Since the value function and all policies depend on A and 7 only through the product

A(1 — 1), monotonicity in A is equivalent to opposite monotonicity in 7. [ |

C Restructuring with existing creditors

In this appendix we study the model in which the firm can raise funds by contacting either
outside or inside creditors. Instead of assuming as in the main text that the cost of collective
action is proportional to the firm’s coupon level prior to restructuring we allow here for
more general costs given by X v(C/X) for some function v(Z) that satisfies the following

condition:

Assumption 1 The function
Lv(Z)—(r—p+XNWwZ)—1Z2

18 monotone decreasing in Z.

As we show below, this assumption guarantees that barrier restructuring strategies are
optimal. This assumption trivially holds if v(Z) = €Z as in the text but many other
cases can also be considered. In particular, we note that no monotonicity conditions on
the function v(Z2) itself need to be imposed for the validity of this assumption.

Fix an arbitrary default threshold Xp4(1) = 1/Z; and denote by P = P(Xy,(1)) the asso-
ciated equilibrium strategy. With this notation we have that the corresponding equilibrium

firm value is given by

W(X,C|P)= sup FE
beB(P)

Td
/ (1 = 7) X, + 7Co )t + e TITgX,
0

+ Z 1{Tk§7d}eierHb(Tk7 kaa XTku CTk,|P)
k=1
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where

Hy(r,b, X, C|P) = —qD(X,V/C|P) — 1ie s nS(t/, X, C|P)

represents the cash flow from restructuring and .4 is the set of jump times of the Poisson

process that governs meetings between the firm and outside investors. Let also

7 (0)(2) = max{o(aZ) — qd(aZ|Z0) — v(2)}

£(0)(2) = max{v(aZ) - qd(aZ|Z0) — o(Z) - v(2)}

Our first result in this section follows from standard dynamic programming arguments.

Lemma C.1 If v,(Z|Z;) is a bounded and Borel measurable function such that

vb(Z|Za) = sup E

T/\TN/\Td
/ 67(7«,#)8(1 — T+ 77, )ds + 1{Td§T/\TN}€7(T7'LL)Td¢
TES 0

+ 1{T<TN/\Td} e_(r_u)T((l —0)& (vb(-124))(Z--) + vb(Z7-))

L arpmay €T (1= 1) 7 (0 (1 Z0) (Zy ) + 0 Zex ).

then Vb(X,C‘Zd> = XUb(C/X’Zd)

As a result of Lemma C.1, our problem reduces to that of finding a bounded solution to the
dynamic programming equation. Note that it is a priori not obvious that such a solution
exists. In particular, the contraction mapping techniques that we used in the model with
search cannot be directly applied here due to the possibility of contacting creditors at all
times, and so new methods need to be developed. We start with a standard lemma for

solving optimal stopping problems.

Lemma C.2 Let p(Z) € C[0, Zy] be a bounded function and §(Z) a bounded, Borel measur-
able function. Suppose that a bounded function y(Z) on [0, Zy] with y(Z4) = ¢ is such that
there exists a threshold Zy, < Zq with the following properties

1. The function y(Z) is C* and piecewise C? on [0, Zy).
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2. On [Zyw, Z4) the function y(Z) satisfies
(r —u+Ny(2) = ZLy(Z) +£(2).

3. On [0,Z4) the function y(Z) satisfies y(Z) > ¢(Z).

4. On [0, Zy,] the function y(Z) satisfies y(Z) = o(Z) and

(r—p+XN)y(2) = Ly(Z2) +£(2).
Then the function y(Z) is given by

R TNATg . .
y(Z) =sup & {/ e TN (Z0) ds 4 e TN (1 v+ Lpery0(22))
0

TES
where the process Zy evolves according to (10) with a = 1.

To find a solution to our problem, we will approximate the optimal stopping problem by
a problem in which the firm can only contact existing creditors at the jump times of an
independent Poisson process with intensity A > 0 and then let this intensity increase to

infinity. The following proposition describes this auxiliary problem.

Proposition C.3 Fiz a default threshold Zy > Z3* and let p(A) =r — p+ A+ A. Then the

dynamic programming equation:
A =E [/ e (1= 7+ 72) (31)
0
+A((L=0)EWN)(2)) +0™(2)))
F AL =) Z (@WN(Z0) + o™ (20))dt + e PN

admits a unique solution that belongs to C*[0, Z4] and the corresponding optimal restructuring

policy is a barrier policy that is characterized by thresholds Zyy(A) < Zpu(A) < Zpo(N) < Zg.

The proof of the above proposition will be based on a sequence of lemmas. The same

argument as in the model with search implies that the following is true.
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Lemma C.4 The unique solution to (31) is C*[0, Z4] and satisfies
(r— o (2) = Lv™N2)+1 -7+ 7Z + X1 =)0 W™)(Z) + A(1 — 0)Op(v*)(2)
where the operators on the right are defined by

Ou(v)(Z) = max (v(aZ) — qlie=nyd(aZ| Zs) — v(Z) —v(Z))"

a>1

and equation (12).

Lemma C.5 There are thresholds Zy,(A) < Zpo(AN) < Zy such that
() Z) = Yz<z.y (0" (Zbo) = 4d(Zio| Za) — v*(2))

Proof. Assume for simplicity that restructuring with new creditors is optimal and that

g > 0. It follows that
Zpu =max{Z : O(v™) >0} < Z,.
is well-defined and is smaller than or equal to Z;. Furthermore, by continuity, we have

ﬁ(UA)(Zbu) =0 < UA(Zbu) = max (UA(y> - qd(y)) :

Y=>Zouy

Now consider the higher threshold defined by
Zvo = min{y > Zp, : v™(Zpy) = v*(y) — qd(y)} .

By the same argument as in the proof of Lemma A.9, we have v*(¢) < v*(Zpy) = v*(Zpo) —

qd(Zpo| Z4) < v™(Z,) and therefore Zy, < Zy, < Z4 since issuance costs are strictly positive.

This in turn implies that the point Zy, is a local maximum of the function v*(y) — qd(y).
To complete the proof, we need to show that for Z < Zy,,, we have v*(Z) < v*(Zpy).

Indeed, in that case,

max(v(y) - qd(y)) < maxv(y) < 0*(Zou) = v (Zbo) — 4d(Zno)

29



and, consequently,

O(WMNZ) = Viz<zn.y (0" (Zbo) — 4d(Zo|Za) — v*(2)) -
Suppose that this is not the case. Let

Zy =max{Z < Zpy : v™(Z) = v™(Zpu) = v(Zpo) — qd(Z1o)}

and assume for simplicity that Z, < Zy,, so that the function UA(Z ) reaches a local minimum

2

at some point Z,, € [Z,, Zvu|.” As a first step towards a contradiction we claim that the

function v*(Z) is monotone decreasing on [0, Z,]. If not then as illustrated by the right
panel of Figure A there is a point Z, € [0, Z,] at which the function v*(Z) achieves a local

maximum such that

VM Z,) > vM(Zy) = v (Zbu) = v (Zbo) — qd(Zno) = max(v™(y) — ¢d(y)). (32)

Y>Zy

Furthermore, by the definition of Z,, v*(Z,) is monotone decreasing on [Z,, Z,] and hence,

for all y € [Z,,, Z,], we have

vM(Za) = vMy) = v (y) — qd(y). (33)
Combining (32) and (33), we get

oMZa) 2 max(v}(y) - ad(y))

This immediately implies that we have &'(v*)(Z,) = 0. Furthermore, by definition,

0< 0wt < oY)

2When the point Zy,, is a local minimum of the function v*(Z) we have Z, = Zy,,. This case is completely
analogous, up to small modifications.
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and hence 0*(v*)(Z,) = 0. Therefore,

(r — wo(Zn) = Lv(Zn) +1
—7(1 = Zp) + X1 =0)O)(Zp) + A1 = 0)O (™) (Z,,)
> LM Zm) +1—1(1 = Zp,)
>1—-7(1—-2Z,)>1—-7(1—-2,)

> 2vMZ,) +1—7(1 - Z,)
= LM Z)+1—7(1 - Z,) = (r — uo™(Z,)

which contradicts equation (32) and establishes our claim regarding the monotonicity of the
function v*(Z) in the interval [0, Z,]. Therefore, (32) and the same argument as in (33)
implies that this property with the fact that &'(v)(Z) = 0 for all Z < Z,. Consequently,

(r — u)vA(Z) = ﬁvA(Z) +1-7(1-2)

on [0, Z,] and therefore

1- Z
vM2Z) = Ty 2y a 2P fayZt
r—pu T

for some ay,a, € R. Since v is bounded, we have a; = 0 and therefore v*(0) = ¢y. Since
v8(Z) is decreasing on [0, Z,], we immediately get that ¢y > v*(Z) on that interval. But
this is impossible since

vNZ) = M(Z) = ¢

in a right neighborhood of zero by Lemma A.9. [

Lemma C.6 There is a threshold Zy,(A) < Zpu (M) such that

Oo(WN(Z) = 1z<z,.1 (V(Zbo) — 4d(Zbo|Za) — v™(Z) — v(Z))
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Proof. Since 0y, (v*)(Z) < 0(v*)(Z), we have that the threshold
Zpu =sup{Z > 0: Op,(v™)(Z) > 0}
is well defined and satisfies Zp, < Zp,, . By continuity, we have
V™ (Z) + V(Zpn) = ™(Zbo) — qd(Zbo| Zy) -
Suppose that the claim of the statement is not true. Then, there exists a Z, < Z, such
that v*(Z,) + v(Z,) = v*(Zpo) — qd(Zpo| Z4). Let us show that W(Z) = vM(Z) + v(Z) is

monotone decreasing on [0, Z,]. Indeed, suppose the contrary. Let Z, be the largest local

maximum of W(Z) on [0, Z,]. Let also
A= AN1—-n),A"=A(1-0).
Then, defining
((2) = ZLv(Z) = (r—p+A)v(2),
we have
(r—p+XYW(Z2)=~C2)+ LW(Z)+1 -1 +7Z+X(OW") +0") + A Op(v1).

Since W(Z,) = W(Zyy) > W(Z) for all Z € (Z,, Zvy,), W(Z) also has the largest local
minimum at some Z,, € (Z,, Zp,). Therefore, using the fact that, by assumption, 7Z — ((Z)
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is monotone increasing, we get

(r—p+XNYW(Zp) = LW(Zp) — (Zn) +1—7(1 — Zy,)
+ X (0N Do) — qd(Zpo| Za)) + A" O™ (0™) (Zin)
> —((Zm) +1=7(1 = Zp) + XN (0 Zvo) — qd(Zpo| Za)) + A* O (™) (Z,)
> —((Zm) +1=7(1 = Zn) + X (0™ (Zbo) — qd(Zbo| Za))
> —C(Zy) +1—=7(1 = Z,) + X (0™ Zbo) — qd(Zo| Z4))
> LW(Zy) = ((Zn) +1=7(1 = Zp) + N (0" (Zio) — 4d(Zio| Za))
= (r—p+X)W(Z,)

which is a contradiction. Thus, it has to be that W(Z) is monotone decreasing on [0, Z,]

and still has a local minimum at Z,,, so that

W) > W(z,) > —SEm) + (=7 +720) + A (0 (Zno) — 40 Zuel Z0))
B "= r— 4 A

Since Oy, (v*) =0 for Z < Z,, we have

%0’222 vp2(Z2) = nZuog(Z) + (=1 +7Z)+ X (0" (Zo) = ad(Zol Za)) = (r =+ A")0"(Z)

in that interval. A direct calculation implies that

_ Lo+ A (VA (Zbo) — 4d(Zvo| Za))

A

v (0) r— 4 A

Therefore,
1— M (0™ Zbo) — qd( Zpo| Z
W(O):V(O)—I— T+ (U(b) Q(bld))
r— i+ A
< —(Zn) + (A =74+ 7Z0) + X (V™ (Zbo) — qd(Zvo| Za)) < W(Z)
r— 4 A

because

(r=p+A)v(0) =7 -0-¢(0) <72 — ((Zm)
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since, by assumption, 77 — ((Z) is increasing. This is a contradiction, and the claim follows.

Lemma C.7 As A — oo the thresholds Zyy, Zvu, Zbo converge to some finite limits and
v™(Z) converges uniformly to a function vn(Z|Zy) which satisfies (C.1). In particular, the

optimal stopping time is the first time that the state variable is enter the interval [0, Zy,].

Proof. To prove this result we will show that v*(Z) converges to a function vP(Z) that
satisfies the conditions of Lemma C.2. Let us first discuss convergence. Since the interval of

interest [0, Z4] is compact, we can always pick a subsequence A,, such that

(Zbu(An)a Zbu(An)a Zbo<An)) — (ZbU7 Zbua Zbo)

for some constants

Zou < Loy < Lo < Zg.

The same arguments as in the proof of Lemma A.5 imply that v*(Z) is increasing as a
function of A. In particular, max,>o(v*(y) — qd(y|Z4)) is increasing in A and it follows that
Zbo(/Ay,) cannot converge to the exogenously fixed default threshold Z,.

The fact that the function v*(Z) converges on the interval [Zy,, Z4] to a limit vy(Z]Zy)
that solves the same equation as the function v(Z|Z,) follows directly from Lemma A.6 and
the fact that the function v*(Z) is increasing in A and bounded from above. A direct
calculation based on Lemma A.6 implies that only the function but also its derivative
converges. On the interval [0, Zy,,] we define the limiting function by

0(Z) = Tim (0™ (Zoo(A)) — d(Znol M)\ Z0)) — (2).
By definition of the threshold Z,, we have that up(Z) is continuous at the point Ty and to
complete the proof we will now sequentially verify that the limiting functions satisfies the

conditions of Lemma C.2 with

§(2) =1=7(1=2Z) + X(vu(Z) + O(vp)(2))

34



and
p(2) = max(vy(aZ) — qd(aZ|Za)l{a>1y = ¥(2)) = v(Z) + Ou(vp)(2)
To prove that the limiting function is C' consider the function
W(Z)=W"2Z)=v™2) +v(2)

and observe that since the derivative of v*(Z) converges to that of v,(Z) for Z > Zy,, by

the above it suffices to prove that
lim W2(Zpu(A)) = 0. (34)
A—oo

By definition of the restructuring threshold Zy,(A) we have

Op(0")(Z) = O(W)(Z) = v(Z) = v(Zbo) — 4d(Znol Za) — v (Z) — v(Z)
= W(Zpu(A)) = W(Z)

for all Z < Zp,(A) and it now follows from Lemma C.4 that over this region the function

solves the ordinary differential equation
(r—pu+AW(Z)=LW(Z)—INZ)+1—1+NW(Zp,(N))
where
W2)=Lv(Z)—(r—pu+XNWwZ)—12

is a decreasing function by Assumption 1 and A* = A* + A(1 — ). Define y <0 <1 < to
be the solutions to Q(x,r + A*) = 0. With this notation it follows from a slight modification
of Lemma A.6 that the solution is explicitly given by

Zbu (A)

_ _ 2 AN x\"12] Jd(x)dzx
W(Z) =W 2 b 2 4 — ) (2
(D)= WO+ nZ 74wl + 0 | {(z) () }%_7
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for some constants y; and ys where

W(0) = 1—7— 19:0_) : —./:*/I\/I:<Zbu(/\)).

Let us first determine the constant ys using the fact the function is bounded at the origin.

Since the function ¥(Z) is decreasing we have

2 /Zb“(A) (x)“f? V(z)dx
0%Z Jyg Z =

for some constants K, and K; > 0. Thus, we only need to take care of the terms with

K, Zou(d) o\ y—2
< — = dr < K
= Z/Z <Z> r=M

negative exponent and it follows that

9 Zu(N) $71—219(x)dx

Y2 ==
= Jo Y=

where the integral does not explode at x = 0 because by definition 7, > 1. Using this

constant we can rewrite the solution as

[y oy te] g

and the remaining constant is now determined by requiring that the solution be continuous

2
_ 1-
W(Z) —W(O)—i—ylZ 7+(72_Z

at the upper boundary point:

B Zpu (M) T M2 2)dx

Solving this equation, substituting the solution into (35) and differentiating the resulting

expression at the upper boundary point gives

 WZaA) W) 2 W\
WalZou(0) = (1= om0 - s | <Zbu<A>) Hle)dr.

A direct calculation shows that the constants (1 —v)/(r — p + A*) converge to zero as A*

goes to infinity, Therefore, since W (Z) = WA(Z) is bounded as a function of A and the
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restructuring threshold converges to a finite number we obtain

tim (1 — )V ZouA) =W(O) _ (1= 0)(7 = 14 0(0) + (7 = i)W (Zu ()

A—oco Zbu<A> A—o0 (T — U+ A*)Zbu(A)

=0.

On the other hand, since 7; diverges to infinity as A increases we have that (z/2)7 2
converges to zero for all z < Z and it now follows from the dominated convergence theorem

that

9 Ziu(N) r \ "2
lim ———— = J(x)dx = 0.
A—o0 (O‘Zbu<A))2 /; (Zbu(A)) ( )

This shows that (34) holds and completes the verification of condition 1. The validity of

conditions 2 and 3 follows directly from the above arguments. To establish the validity of

condition 4 we need to show that the quantity

C(Z)=2o(Z) = (r—p+N)e(Z2) +§(Z2) =1 =7 =HZ) = (r = W)W (Zbu)

is non positive for all Z < Zy, and since ¥(Z) is decreasing it suffices to check that this
property holds at the upper boundary point. The above result implies that W' (Zp,) = 0

and since the function W (Z) cannot be decreasing to the left of Zy,, we have
_ 1 _ _
LW (Zyy) = §(Zbu)2W"(Zbu) >0
Combining this with the definition of the function W(Z) and the fact that

(7" — ,u)vb(Zbu) = .va(Zbu) +1-— T(l — Zbu) + )\*ﬁ(vb)<Zbu)

then gives

and completes the proof. [ |
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Recall that the functions v,s and v, are defined by

T/
Vns(Z) = Vns(Z, a3, a4) = a3 2" 4 a4 27 + ¢ + —

V5(Z) = v4(Z, Zpo, a1, a2, as, as; q)
77 1 =T 4+ X(ns(Zwo) — qd(Zwo| Za))

=a, 7' Zizn
a2 + ay +—+ e

Solving
Us(Zvu) = Vns(Zbu) = Vy(Zbu) — Vns(Zbu) = 0
for ay, as gives
a1 = Ai(Zbu,a3,04;q) , az = As(Zpu, a3, a45q) -

The following lemma establishes the local uniqueness of the Markov perfect equilibrium in
barrier strategies and constitutes the direct counterpart of Lemma B.2 for the model in which

the firm can issue debt to inside creditors.

Lemma C.8 Let v(Z) = eZ. Consider the following system

Fiu(Zvus Zbus Zbos Zbds 43, 445 q) = ns(Za) — d(Z4|Za) = 0

Fon(Zou, Zbu, Zbor D U3, a5 q) = Uy, (Zg) — d'(Zal Zg) = 0

Fip( Zbus Zbus Zbos s U3, A4 1) = Vps(Zvo) — qd'(Zwo| Za) = 0

Fun(Zou, Zbus Zbor Zds U3, 045 q) = Uns(Zbo) — qd(Zvo| Za) — tns(Zbu) = 0

Fro(Zou, Zbus Zbor Zds @3, 45 q) = Vs(Zu) + V(Zu) — (Uns(Zbo) — qd(Zo| Za)) = 0
Fin(Zbus Zbus Zbos Zbd, 01, Gz, a3, 045 q) = Vs( Zou) + V' (Zbu) = 0.
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Suppose that there exists an admissible € such that
/Fb<zo((€)a Zo<cg>7 Zo<(g>7 Zd((g)7 d3<(g)7 &4((5)7 O) 7& 0.

where ¢ denotes the Jacobian operator. Then, for Lebesque almost every admissible € there

exists an open neighborhood
B 2 (2(C), 20(C), 20(€), 24(€), 01 (€), a2(F), a3(%), a4(?))

and a 0 > 0 such that, for all q,e € [0,0), there exists a unique Markov perfect equilibrium

in barrier strategies whose parameters satisfy (Zbu, Zbuy Zvoy Zd, 03, 44) € By,

Lemma C.9 For a fized default threshold the equity value function is decreasing in q and €.

As a result, (8) has a solution for any q,e > 0 whenever it has a solution for ¢ =€ = 0.

Proof. Monotonicity of the equity value function for each finite A is proved by the same
argument as in the proof of Lemma A.5. Then, Lemma C.7 implies the required monotonicity

for the true equity value. By the above, for 7 < 7%(c0), equity value satisfies

9 By(X.CIP(X4(1))) <0,

0X q=e=0,X=X,4(C)

for any constant X,(1) < Xj,(1). Thus, for any X4(1) < Xj,(1), equity value is negative
in a right neighborhood of X4(C') when ¢ = 0. Since equity value is monotone decreasing in

the issuance cost ¢, €, it follows that
Ey(X, CP(X4(1))) <0

for any ¢ > 0 in a right neighborhood of X4(C'). This in turn implies that for any X,(1) <
Xjo(1) and g, € > 0, we have

0
— Fp(X, C|P(X4(1))) < 0.
0X X=X4(C)

This fact, together with condition (6) and the intermediate value theorem, implies that

the smooth pasting condition has a solution in (Xj,(C), X7 (C)) for any ¢q,e > 0 when
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T < 7*(00). Furthermore, standard implicit function type arguments imply that this solution

is unique when ¢ is sufficiently small. |

Proof of Theorem 2. The proof of Theorem 2 is analogous to that of Theorem 1 and

follows directly from Proposition 9, Lemma C.8 and Lemma C.9. [ |

Proof of Proposition 10. The proof is completely analogous to that of Proposition 8.
Indeed, in the limit when ¢,e — 0, firm value converges to that in the search model with
an infinite intensity, and all three thresholds Zy., Zby, Zbo collapse to one. Monotonicity of
default threshold with respect to n, A follows directly from the proof of Lemma C.9, because,

for fixed default threshold, the value of the firm is decreasing in 7 and increasing in A. W

D Restructuring probabilities

In order to compute the restructuring probabilities associated with the Markov perfect

equilibria in the three models let
T(y) =inf{t > 0: X; =y}

denote the first time that the cash flow process reaches y > 0 and define a nonnegative

bounded function by setting
F(x, Ty, 2) = Pr(z) ST A7(y)[Xo = ]

The probability of restructuring before time T is therefore given by F(x,T; X4(1), Xuo(1))
for the frictionless model, and by F(x,T; Xgb(1), Xup(1)) for the model in which the firm

bargains with current creditors. The following lemma provides an expression for the function

F" which can be easily approximated numerically.

Lemma D.1 For 0 <y < z and x € (y, z) we have that

- S (7)o (257
i

X[ () - ()




where the sequence (an,by)n>1 15 defined by
@y = an(z,y, 2) = log(z/2)7 +log(=/y) 7
by = b,y 2) = a, + log(x/y)7 = log(za/y*)7 + log(z/y)

2n
o
Y

the function ® : R — (0,1) is the cumulative distribution function of a standard Gaussian
random variable, and we have set v =m/o — o /2.

Proof. See Borodin and Salminen (2002). [

In the search model, restructuring occurs the first time that the firm meets creditors while
the cash flow shock is above the search boundary X (1) . Therefore, it follows from standard
results on Poisson point processes (see e.g. Brémaud (1981)) that the associated probability

of restructuring can be computed as
1—G(z,T; X3(1), X3(1))
where

G(x,T;y,2) = E [5”0”“” Lx,zsyds

onx].

In order to derive a numerical approximation for this function we start by computing its
Laplace transform with respect to the time parameter. To facilitate the presentation let
© =0(q) <0, and ¥ = ¥(g) > 0 denote the roots of Q(x;q) = 0 where the function @ is

defined as in the main text.

Lemma D.2 For 0 <y < z and x > y we have that the Laplace transform

Gz, 47y, 2) E/ e "Gz, t;y, 2)dt.
0

15 explicitly given by

G(LE, (b; Y, Z) = 1{y§x§z}éb<x> Qb; Y, Z) + 1{122}éa(x7 (b; Y, Z)
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where the functions G, and Gy, are defined by

; 1 A A(6;

Gulenbi:2) = 3 [1+ 617 35805

A 1 A O+ A

Gy(x,d1y,2) = p [ 513D 2,?;, )) (z¥@yP@) _ 100 )yww))] ’

with
Aliy,2) = OO u(g) — 000 ),

B(¢yy, 2) = 29" (0(p + N) — O()) + 2" Wy®@) (W(g) — O(¢ + N)).

Proof. Using the boundedness of the function G(z,t;y, z) together with an application of

Fubini’s theorem we deduce that
é(xv (ba Y, Z) =F |:/ e f(fAT(y) (¢>+/\(Xs;z))dsdt ‘ XO _ LU:| .
0

where we have set
)\(I'; Z) = )\1{3322}.

Therefore, it follows from Theorem 4.9 in Karatzas and Shreve (1991) that G(z) = G(z, ¢; y, 2)

is the unique bounded and piecewise C? solution to
~ 1 ~
maG'(z) + 50°0 G (@) + 1= (0 + N(2:2))G(x), x>y,
subject to the boundary condition

lim G (x) = 1/¢.

zy

The general solution to this second order ODE is given by

~

G(SL‘) = 1{y§:€§z}éb<x> + 1{$2z}GAa(I)
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where

Gy(x) = 1/¢ + C12°@ + Cya¥ @),

~

Go(z) = 1/(¢ + A) + Caa®@tN 4 0y @)

for some constants (C;)}_; to be determined. Since the solution has to remain bounded as
the state increases, it must be that Cy = 0. In addition, the boundary condition at x = y

and the smoothness of the solution require that

lim Gy (z) = 1/¢,

xy

lim Gy (z) = lim Gy (2),
xlz 1z

liin Gi(z) = h?l G ().

Solving this system of three equations for the remaining constants, plugging the solution into

the definition of the functions (@b, C?a) and simplifying the result gives the desired result. H

To obtain the probability of restructuring before a fixed date we need to invert the Laplace
transform. Unfortunately, due to the complex dependence of the transformed function on
the transform parameter, this cannot be carried out in closed form. To circumvent this

difficulty, we follows Abate and Whitt (1995) and approximate the original function as

" m\ e?/?

k=0

A L A i
. A IRV A i
G(m,2T)+2;:1( 1) %G(x,QT—I—ET)

where (m,n, A) are constants that control the accuracy of the approximation and we have
suppressed the dependence on the thresholds to simplify the notation. In our numerical

calculations we use the values
m=11, n=15 A =S8logl0,

suggested by Abate and Whitt (1995) to obtain an accuracy of the order of 10~® and verify

that the results we obtain are insensitive to that choice.
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