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Warm-up: Optimal Matchings
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Warm-up: Optimal Matchings
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An Example from Single-Cell Genomics

Goal: understand dynamics at
individual cell level.

Problem: cannot
measure same cell twice,
only access to population

measurements.

t = 6h

r € RY )

genome / transcriptome
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An Example from Single-Cell Genomics
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An Example from Single-Cell Genomics
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An Example from Single-Cell Genomics
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Comparing Two Populations

@Q O@
Sy a.
& e

12




Comparing Two Populations

&0 A\,

“Who could-have-become who?” .
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Matching Two Populations

to answer that question, use an optimal matching*
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Cell

Volume 176, Issue 4, 7 February 2019, Pages 928-943.e22

Optlmal-Transport Analysis of Smgle -Cell Gene
EXPICSSIOH Identlﬁes DCVC * tion to single-cell trajectory
'Irajectories in Reprogrami e
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From there, many generalisations

This story describes an ideal experimental setting,
notably because this requires the same number of cells.

@
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Challenges Down the Road

More likely to happen: variable number of cells.
This requires a more versatile notion of matching,
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Challenges Down the Road

More likely to happen: variable number of cells.
This requires a more versatile notion of matching,
one that is more robust than simple nearest-neighbor.

‘W
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Challenges Down the Road

A broader goal: infer functions able to provide
out of sample mappings, i.e. a continuous extension.




Challenges Down the Road

Add even more flexibility: match points
across heterogeneous dataset views
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Gromov-Wasserstein optimal transport to align single-cell multi-omics data

Pinar Demetci, Rebecca Santorella, Bjorn Sandstede, = William Stafford Noble, Ritambhara Singh
doi: https://doi.org/10.1101/2020.04.28.066787

This article is a preprint and has not been certified by peer review [what does this mean?].




An Example from Fairness

Person x;, caracteristic y; we wish to predict.

e 7

A ©

Find 6 such that fg(x;) ~ y;
typically ming » . £(fo (i), yi)
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An Example from Fairness

Found 6* such that fg=(x;) =~ v;

For each individual i, a different(error ¢( fo=(x;), yi)




An Example from Fairness

Obviously, 8™ achieved performance by

skewing distribution of £(fg(x;), y;)




An Example from Fairness

Goal: effzforqe fairness Problem: constraints are
mechanisms. distributional, not individual

\ f\solution: treat similarly matched individ%

;




An Example from Fairness

Goal: enforce fairness Problem: constraints are

faimess optimal transport dlS tri but 10 nal, not md lVld ual
Fairness with Overlapping Groups

About 72,400 results (0.05 sec; Showing 50 m:

hor name O Word matching @ Forest Yang, Moustapha Cisse, Sanmi Koyejo

rly matched individupls

Obtaining fairness using optimal transport theory
P Gordaliza, E Del Barrio, G Fabrice - ... on Machine Learning, 2019 - proceedings.mlr.press

In the fair classification setup, we recast the links between fairness and predictability in terms
of probability metrics. We analyze repair methods based on mapping conditional
distributions to the Wasserstein barycenter. We propose a Random Repair which yields a ...

Y% DY Citedby 55 Related articles 9

(aw-airness regularizers

. _ _ Adult dataset
Fliptest: fairness testing via optimal transport
E Black, S Yeom, M Fredrikson, Fairness - ... of the 2020 Conference on Fairness ..., 2020 -

We present FlipTest, a black-box technique for uncovering discrimination in classifiers.
FlipTest is motivated by the intuitive question: had an individual been of a different prote;
status, would the model have treated them differently? Rather than relying on causal ...

v DY Citedby 18 Related articles All 4 versions

Quantiles and Wasserstein distance.

loss / train

Soft Wasserstein

Training a network

Loss and Accuracy

Obtaining fairness using optimal transport theory
E Del Barrio, F Gamboa, P Gordaliza - arXiv preprint arXiv ..., 2018 - arxiv.org

Statistical algorithms are usually helping in making decisions in many aspects of our lives.
But, how do we know if these algorithms are biased and commit unfair discrimination of a
particular group of people, typically a minority?\textit {Fairness} is generally studied in a ...

v DY Citedby 11 Related articles All 11 versions 99

Demographic Parity

A general approach to fairness with optimal transport

C Silvia, J Ray, S Tom, P Aldo, J Heinrich - Proceedings of the AAAI ..., 2020 - ojs.aaai.org
We propose a general approach to fairness based on transporting distributions
corresponding to different sensitive attributes to a common distribution. We use optimal
transport theory to derive target distributions and methods that allow us to achieve fairness

v DY Citedby7 Related articles All 2 versions 99
- w w
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Optimal matchings appear everywhere!

Goal: domain adaptation

26/ Problem: ftrain and test
........................ data must be matched first

. T'VO ( )
T4 Class ] Optimal Transport for Domain Adaptation
O O ClaSS 2 Nicolas Court}o/:I Rérlr:;i Elamary, Devisl‘;uia,bSer;EégIember, IEEE,
ain Rakotomamonjy, Member,
*t-.? A SlonTles %é :
o O,j;ﬁgmgm s ¥
— —'iilasezfg@"slmrismoix

-
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In all these problems...

« An intermediate matching/mapping step is needed.

«That step i1s only intermediate in the sense that
other advanced learning procedures build on top of it.

* Wishlist tor a matching framework:
. guided by rich theory, to inform new algorithms,
~ versatile, to accommodate several settings,
. scalable, to handle large dim/n datesets,
- differentiable, for end-to-end learning,

. robust, to perform well in most settings.
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That theory is Optimal Transport

Matchings happen everywhere, so many people
have (re)discovered it: economics, applied maths,
pure maths, graphics, and, increasingly ML people!

Optimal _
Transport e [

OLD AND NEW

for Applied
Mathematicians

ALFRED GALICHON ® Birkhauser
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Why is it popular across so many fields?

It has a bit of everything! theory provides
theorems; algorithms translate them in tangible
results; applications guide new developments.

R

Ambrosio

| /el

Kantorovich KOOpmanSw S
Figalli

Nobel' 75

Fields'18

Monge

Vilani

As Fields'10

Dantzig
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Optimal Transport in Data Sciences

Advertised as the natural way to define geometry,
through matching, for probability measures,
when supported on a geometric space.
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Optimal Transport in Data Sciences

Advertised as the natural way to define geometry,
through matching, for probability measures,
when supported on a geometric space.

Statistical Models

Generative 1. .
Models L

latent

vs. Data  space

a0 o Color sttograms



Short Course Outline

1. Introduction to optimal transport
2. Computing OT exactly
3. Computing OT for data science
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Introduction to OT

> Two examples: moving earth & soldiers
> Monge problem, Kantorovich problem
o OT as geometry, OT as a loss function

32



Origins: Monge Problem (1781)

Travel feed: Paris  Hotels  Things to do  Restaurants  Flights  Holiday Homes  Shopping  Car Hire ooo

Europe > France > lle-de-France > Paris > Things to do in Paris > Place Monge Place Monge, Paris: Address, Place Monge Reviews: 4/5

Gaspard Monge (1746 - 1818)

Place Monge

(@(@)(@(@®@() 84 Reviews #323 of 2 272 things to do in Paris Shopping, Flea & Street Markets

@ PI. Monge, Paris, France
[l Save 4 Share

Review Highlights
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“Good local market.”

Place Monge market is one of our regular haunts when
staying in Paris, it has a good range of... read more

A, ©©®@O Reviewed 26 September 2018
johngl8492UH , Middle Park [Jvia mobile

“One of the most amazing streets we have be...

We loved place monge. All the shops slide their
products out to the streets, it has a real Parisian... read

more

@ @@@®®® Reviewed 11 October 2018

Steve L , Pacific Coast Australia, Australia
[0 via mobile

Read all 84 reviews

[21 All photos (35)




Origins: Monge Problem

In the 21st Century...

s




Origins: Monge’s Problem

In 1781 however...




Origins: Monge’s Proble

T must push-forwandtthmpedethéasbireetowards the blue

What 1" s.t. Typ = v
minimizes [ D(x,T(x))u(dx)?

|




Kantorovich Problem

Tolstoi
Kanto I‘OViCh 19 30
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rooa AR AANTOPOGH

Hitchcock

. MATEMATWYECHME

B :"ﬂgﬂ:} THE DISTRIBUTION OF A PRODUCT FROM SEVERAL
kbl -| SOURCES TO NUMEROUS LOCALITIES

By Frawk I.. Hircacock

1. Statement of the problem. When several factories supply a prod-
uct to a number of cities we desire the leasl costly manner of distribu-
tion. Due to freight rates and other matters the cost of a ton of produet

- to a particular city will vary according to which factory supplies it,
; S A e and will also vary from city to city.




Kantorovich Problem
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Kantorovich Problem a la francaise




Kantorovich Problem




Kantorovich Problem

4
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Naive approach results in
many displacements...

Can we find a cheaper
alternative?

Easy solution: split the

task with proportions

120:90:90 = 4:3:3

41



Kantorovich Problem




Kantorovich Problem




Kantorovich Problem




Kantorovich Problem

The problem is entirely described by
counts and a cost/distance matrix

Transportation matrix Distance matrix




Kantorovich Problem

Transportation matrix Distance matrix
60| PpA | PaB |P2C 1 |d1ialdiB|dqc
9| P2A |P2B |P2C o |daa|d2RB dZC
15Q | P3A | P3B | P3C 3|d3a|d3B|dsc

120 60 80 A B C
Constraints Cost function

Vi € {1, 2,3}, Z p;; = a; C(P) = Z Z Pijdis

j€{A,B,C}:€{1,2,3}

j€{A,B,C}
vji € {A,B,C}, >  p;=b; Problem
i€{1,2,3} min C(P)

11 lid P
ng 2 O all vali
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Kantorovich Problem




Kantorovich Problem




Mathematical Formalism

These problems involve discrete and continuous
probability measures on a geometric space ()




OT: Nature’s way to move particles

’ i l
SRbey
e X
iy
e 4

A8

Figalli

Fields'18
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Monge Problem

() a measurable space, c: () x {2 = R.
11, v two probability measures in P(€2).

[Monge’81] problem: find a map T : ) — ()
[Brenier’8 f () G @(
[,V a. C:l;ﬁ‘hne k H(%%u CE 20

X, Vu 1s the OT

|[Brenier’87]: For @ny u co
Monge map een i



Links: Monge-Ampére Equation

If Q=R c=|-—-|? u,v have densities
D, q, then Ty = v 1s equivalent to

p(z) = q(T(x))|det Jr(z)|

Monge-Ampere: find convex f such that

2 £(00)| — p(x)
VIO W (@)

52




Monge Problem

() a measurable space, ¢ : {2 x {2 — R.
11, v two probability measures in P(€2).

[Monge’81] problem: find a map 71" : {2 — (2

in /Q o(z. T(z))u(dx)

Typu=v




Kantorovich Relaxation
Instead of maps 1" : ) — (),

consider probabilistic maps,
i.e. couplings i € P(Q) x Q):

P(Y|X = x)

54



Kantorovich Relaxation
Instead of maps 1" : ) — (),

consider probabilistic maps,

i.e. couplings P € P(Q2 x ():

(p,v) S{P e P(Q x Q)|VA, B C Q,

P(A x Q) = p(A),
P(Q x B) = v(B)}

55




Kantorovich Relaxation

(e, v) dﬁf{P c P2 x Q)| VA, B C 2,

P(AxQ)=n(A),P(Qx B)=v(B)}




Kantorovich Problem

inf /Q c(x, T(x))u(dr)

Typ=v

Def. Given pu,v in P(€2); a cost function
c on () x (), the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

o7



Kantorovich Problem

Def. Given p,v in P(£1); a cost function
c on {2 x (), the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

Sup /godu+/¢dv.
peLi(p),pelq(v)
pPP<c

58



Deriving Kantorovich Duality
Let ¢, : Q — R, and PEH([L,I/).

cpdu—l— ¢du— cpEdeP D

Let .9 mfmw
/godu+/¢du—//go@¢dP—

/gOd H— PX ’(,Dd I/—Py)
A,—/ — —
#0 and /or  #0



Deriving Kantorovich Duality

v (P) = sup /godu+/¢du—//go@¢dP
P,
{o it P e T(p, v

1+ o0 otherwise.

int //ch
Py
it [ o
PEP_|_(Q2)




Deriving Kantorovich Duality

inf //ch + 111 (P)
PeP(Q27?)

Lt [[e—eovarva - [[oovar

. 0 itc—p®dy > 0.
inf c— o PY)dP = —
PePL(Q) //( »SY) {oo otherwise




Deriving Kantorovich Duality

inf //ch + 11 (P)
PePy (Q22)

Sup /godu+/¢du.
DY<c
i

Prop: Primal-dual relationship:

P*(x,y) > 0 " (z) +¥*(y) = c(z,y).

62




Wasserstein Distances

Let p > 1. Let c(x,y) := D”(z,y), a metric.

Def. The p-Wasserstein distance between

L, v in P(£2) is

D
inf D P(dz. d |
pEll_Eu,v)/ (33, y) ( o y))

63




Kantorovich Duality

Welp,v) =

|
3w
e
0
‘\
B
S
=
+
\
<
=
S

 Kantorovich duality is computationally easier: easier
to store 2 functions than an entire coupling.

* c-transtorms: useful machinery to consider only two
instead of one dual potential, For instance, when p =1

Wi(p,v) = sup /go(du—du).

o 1-Lipschitz
-




D transforms

We(p,v) = sup /godqu/zpdu.

pDYP<c

Imagine we choose a . Can we find a good )7
We need that 1) satisfies for all x,y

p(x) +1P(y) < c(z,y)
Y(y) < c(z,y) — p(x)
P(y) < inf ez, y) — p(x)



D transforms

We(p,v) = sup / pdp + / pdv.

pDYPY<c

For given ¢, cannot get a better 1 than

?(y) < inf c(z,y) — ¢(x)

Wy (p,v) = sup / pdp+ | @dv.
L




D transforms

?(y) < inf c(z,y) — ()

(x) = inf c(x,y) — Y (y).

Y

<

Wy (p,v) = Sup / pdp + | pdv.

Wh(p,v) = Sup /godu+/cpdu.

@ 1s c-concave




D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave & © = —, @ 1s 1-Lipschitz

For given x, ¥, (y) defD(a: ) — (x) is 1-Lipschitz.
S0y @aitef) BI04 ) =IAfselity £ D(y, y')
= »(y) —plz) < D(z,y)

= —¢(z) = D(z,y) - @(y)




D transtorms, W;

Wi(p,v) = sup / pdp +- / pdv.

@ 1s IJD-concave

SEI\/II DUAL

Prop. If ¢ = D, then
w 1s D-concave < © = —p, ¢ 1s 1-Lipschitz

i) = swp [ oldn - dv)
o 1-Lipschitz

69



Links between Monge & Kantorovich

Prop. For “well behaved” costs ¢, if p has
a density then an optimal Monge map 1™ be-
tween p and v must exist.

Prop. In that case
P* = (Id,T")yp € (1, v)

is also optimal for the Kantorovich problem.

|Brenier’91] |Smith&Knott’87] [McCann’01]

70




Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

Linear interpolation Optimal transport interpolation




Optimal Transport Geometry

N

min AW (1, Vg
Pl 2 (e, v3)

4 17
\/
Wasserstein

o> Barycenter
 |Agueh1]]
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

ISDPC..'15]
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

\4

ISDPC..'15]
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Variational OT Problems in ML

Up to 2010: OT solvers Wp( p,v) =1

used mostly for retrieval
in databases of histograms ~ Wp(p,v) < ---7

OT 1s now used as a loss or fidelity term:
argmin F(Wp(ﬂ'v Vl)? Wp(u’v V2)7 > © < 7”’) ="
pneP(£2)

Cﬁv“” Wp(l,l;, I/) :?

|Jordan Kinderlehrer Q&aa®8bsio Gigli Savare’05




2. Computing OT exactly

> Typology: discrete/continuous problems

> Easy cases and exact solvers for discrete
measures.

/6



When can we compute OT?

Discrete - Discrete Network flow solvers

Dzscrete Continuous

III | ».
[Merlgot 11][K1tagaW

Stochastic
Contznuous Contmuous Optimization
‘ x |Genevay’16]
[Arjovsky’17]

amou’ 98]




Easy (1): Univariate Measures

Remark. If Q =R, c(x,y) = c(|lz — yl),
c convex, F L F 1 quantile functions,

1

W ()= / (F (@) — Fy M @)))da

7

|
] O5K YA




Easy (2): Gaussian Measures

Remark. If Q = R% ¢(z,y) = ||z — y||?, and
nw=Nm,,¥,),v=Nm,,X,) then

W5 (p,v) = |lm, —m,|° + B(X,,3%,)°
o).
where B is the Bure- X b N(Cerb’_G,
(B then ¥

/
X{X ~ ? c M_I_EV_Q(E}/QEVE}/Q)l/Q)

The map T : x — m, + A(x — I{lu) is optimal,

_1 1 1N2 1
where A = X,, 2 (232,,2,%) I




Easy (2): Gaussian Measures

T:z—m,+ A(x —m,,)

80



Easy (2): Gaussian Measures

T=V¢Y:z2—m, +Axr —m,)

flz) =

DO | —

(z —m,) L A(z —m,) + mj

81



Wasserstein Between Two Diracs




Linear Assignment C Wasserstein

p=3 %o "
1—1 n - vV = ;5y.7
1 A
* % D)
%4 (H:, — irégn EZD ajfwyo'z




Linear Assignment C Wasserstein

84



OT on Two Empirical Measures

K = zn: a’i(sa?rz
=1




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b;joy. .
Hof 1—=1 71=1
Mxy =[D(x,y;)"]i

U(a,b){P c R"*™|P1,, = a,PT1, = b}

Def. Optimal Transport Problem

b — ' P, M
Wp (N’? V) PEHZ}I(I(},,I))< y WL XY >

86




Dual Kantorovich Problem
PER"
Pl1,,=a.P'1,=0b
Def. Dual OT problem

WP V) = max ala+ BT
>, v) epmax 5
o;+8;<D(x;,y;)"

W W m
. l
o .

* .
| O "
O O .
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Solving the OT Problem

Mxy




Solving the OT Problem

min cost flow solver used in practice.

Mxy O((n + m)nmlog(n + m)) '

U(a,b) \

' Solution P unstable
and not always unique.

89



Solving the OT Problem

min cost flow solver used in practice.

Mxy

/O((n + m)nmlog(n + m)) '

' Solution P™ unstable
{P*} * N\ and not always unique.

P*
WP(u,v) not differentiable.

90
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Discrete OT Problem

c| emd.c
»  |[gemd.c:6:1 § <No selected symbol> 5
/*
emd.c
Last update: 3/14/98
An implementation of the Earth Movers Distance.
Based of the solution for the Transportation problem as described in
"Introduction to Mathematical Programming" by F. S. Hillier and
G. J. Lieberman, McGraw-Hill, 199@.
Copyright (C) 1998 Yossi Rubner
Computer Science Department, Stanford University
E-Mail: rubner@cs.stanford.edu URL: http://vision.stanford.edu/~rubner
*/

/*#include <stdio.h>
#include <stdlib.h>%/
#include <math.h>

#include "emd.h"

#define DEBUG_LEVEL ©
/*
DEBUG_LEVEL:
NO MESSAGES
PRINT THE NUMBER OF ITERATIONS AND THE FINAL RESULT
PRINT THE RESULT AFTER EVERY ITERATION
PRINT ALSO THE FLOW AFTER EVERY ITERATION
PRINT A LOT OF INFORMATION (PROBABLY USEFUL(M*Y FOR THE AUTHOR)

AWNES
nuwwunun

*/

#define MAX_SIG_SIZE1 (MAX_SIG_SIZE+1) /* FOR THE POSIBLE DUMMY FEATURE */

/* NEW TYPES DEFINITION */

| /* nodel_t IS USED FOR SINGLE-LINKED LISTS =/

typedef struct nodel_t {
int i;
double val;
struct nodel_t xNext;
} nodel_t;

/* nodel_t IS USED FOR DOUBLE-LINKED LISTS =/
typedef struct node2_t {
int 1, j;
double val;
struct node2_t *NextC;
struct node2_t *NextR;
} node2_t;

/% NEXT COLUMN */
/* NEXT ROW »*/

/* GLOBAL VARIABLE DECLARATION x*/
static int _nl1, _n2; /* SIGNATURES SIZES */
static float _C[MAX_SIG_SIZE1] [MAX_SIG_SIZE1l];/* THE COST MATRIX */
static node2_t _X[MAX_SIG_SIZE1%2];

tAam T AamE e s Ve e e

/* THE BASIC VARIABLES VECTOR */




3. Computing OT for data sciences

> The need for regularization
> Entropic regularization

> Differentiation

92



What matters for practitioners?

1.1.d samples T1,..., %y ~ U, Y1geeesYm ~ U,
A def 1 2 : ~ def Z
5wz I/m — 5y3

Computational properties

Compute/approximate W, (fi,, Dy )?

Statistical properties

LW, v) = Wy (fin, Om)|] < f(n,m)?

93




What matters for practitioners?

1.1.d samples T1,..., %y ~ U, Y1geeesYm ~ U,
A def 1 2 : ~ def Z
5wz I/m — 6y3

Computational properties /'\
O((n + m)nmlog(n + m))

Statistical properties

LW, v) = Wy (fin, Om)|] < f(n,m)?

94




Sample Complexity /1N

If Q=R d> 3

L[| W (1, v) = Wi(fin, D[] = O(n™H9)

*[Dudley’69]|Dereich+’11]|Fournier+’13] & others..

«[Weed/Bach’17]: sharper results when measures’
support has “low ettective d” in metric spaces

*[Weed/Berthet’19] for smooth densities

e Lower bounds: optimal quantization error.

95



From theory to practice ?
fin S 5D 0u0m S 5D 6y,
v J

Computational properties
O((n + m)nmlog(n + m))

Statistical properties

1 [ Wp(u, V) — Wp(ﬂna ﬁn)”

For data sciences, we must regularize the
problem to improve on either/both aspects.
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Many ways to regularize (dual) OT

Sup /godu+/1,bdu.
e(z)+(y)<c(z,y)

« RKHS for potentials [GCBP’16], dualize/smooth
indicator constraint, [VMVRB’21]|

Wi(p,v) = Sup /So(dﬂ—dV)-

o 1-Lipschitz

e Parameterize functions using ReLU Deep net with
bounded weights |Arjovsky+’17] or use Wavelet
decompositions [Shirdonkhar+’08] for low d.
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https://arxiv.org/abs/1701.07875
https://home.ttic.edu/~ssameer/Research/Papers/WEMD_CVPR08.pdf
https://arxiv.org/abs/1605.08527
https://arxiv.org/abs/2101.05380

Many ways to regularize (primal) OT
inf // c(x,y)P(dx,dy).

Pell(p,v)

e Change cost function: threshold metric [Pele+’09],

use geodesic distance on graphs [Beckman’52]
|Lin+’07], [Solomon+’14], simplifies the LP.

e Quantize measures first [Canas+’12]; use Gaussians
|Gelbrich’92]|Chen+17]l; projections [Rabin+11] &
k-dimensional subspaces [Paty+’19|[Weed+°19].

e Add regularization on coupling [C’13]|GP’16]
|GCBP’16] IGCBCP’19] [DPR’16] | BSR’18]



https://proceedings.neurips.cc/paper/2012/hash/c54e7837e0cd0ced286cb5995327d1ab-Abstract.html
https://arxiv.org/abs/1710.07876
https://hal.archives-ouvertes.fr/hal-00476064/document
https://arxiv.org/abs/1901.08949
https://arxiv.org/abs/1909.07513
https://arxiv.org/abs/1610.06447
http://proceedings.mlr.press/v84/blondel18a.html

A Ditterent Route: Projection

Remark. If Q =R, c(z,y) = c(|x — y|),
c convex, F L F 1 quantile functions,

1

W ()= / (F (@) — Fy M @)))da

7

v§
05 / -




A simple baseline

Sliced Wasserstein Distance [Rabin+’11]

I i
SW(p,v)=Ey._ga-1 /c(\FQTl (x) — Fe}lu(m)\)daz
Jo

* Dodges the high-dimensionality curse, by
simplitying considerably the measures.

e Effective in practice, fast and easy, but far from
OT. Induced matchings are extremely blurry.
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Regularization on the Primal

U(a,b)

Wishlist:

faster & scalable, more stable,
(automatically) differentiable
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Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det :
W, — P .M —~vE(P
’Y(l’l’v V) PEmUl(I(},,b)< 9 XY > Y ( )

A v | A A A

N
def
%@)) = — > Pi(log P;j — 1)
p ij=1

I

(“ % >
~ ‘y =T(x)
Note: Unique optimal solution because of strong concavity of entropy
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Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PecU(a,b)
then Jlu € R, v € R, such that

L(P,Ck,ﬁ) — ZPZ]MZJ R ’}/PZJ(IOg Pij — 1) + OzT(P]_ — 0,) R 5T(PT]_ — b)
1]
(9L/8Pm — Mij —+ ’leg Pij + O T+ 6]'

o M Bj
(BL/aszO) éPZ-j:e’Y e 7 eV =u,; Kij’vj
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Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PecU(a,b)
then Jlu € R, v € R, such that

P, = diag(u)Kdiag(v), et —Mxy /v

Sinkhorn’s Algorithm : Repeat v

o —
1. u=a/Kv
> v=b/K"'u

a/_/

u
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Fast & Scalable Algorithm

Sinkhorn’s Algorithm : Repeat
1. u=a/Kv
> v=b/K" u

e [Sinkhorn’64] proved first convergence result
[Lorenz+’89] characterised linear convergence

e Recent wave of great results by [Altschuler+17]
|Dvurechensky+18][Lin+19]

e O(nm) complexity, GPGPU parallel [C’13].

e O(nlogn) on gridded spaces using convolutions.

|Solomon’+15]



Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (u, v)
u+a/Kv, v+<b/K u

a b ug
I /
v etc. .

|
\
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations.

ii
K

" diag(vr)

diag(ur )
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Also embarrassingly parallel

e [Sinkhorn’64] with matrix fixed-point iterations

A
LI

B
M .
il
A 108




Avg. Execution Time per Distance (in s.)

Very Fast EMD Approx. Solver

4

10 | | | | |

] : : /
Rubner’'s emd : : ’/
=~ CPU y=0.02 : : -
=8~ CPU y=0.1 f ="
=7~ GPU y=0.02 % -~

\V)

—h
o
I

—x— FastEMD 5 5 -

c_So
\
\
\
\
\

1071 /” | -

| | | |
64 128 256 512 1024 2048
Histogram Dimension

4096

Setup. ({2, D) is a random graph with shortest path metric, histograms
sampled uniformly on simplex, Sinkhorn tolerance 10-2.
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Very Fast EMD Approx. Solver

Py = D(u19) KD(v1p)
|P1—all; + ||PT1 - b||; = 0.29009




Sinkhorn as a Dual Algorithm

Def. Regularized Wasserstein, v > 0

W, (, ) min (P, Mxy ) —~vE(P)

PeU(a,b)
REGULARIZED DISCRETE PRIMAL

W (1, v) = maxa®a+ B'b — y(eNT K(eP/7)
o, B D?(z;,y:) |
T;,Yj)
where K = |e Y

i 14
Sinkhorn = Block Coordinate Ascent on Dual
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Block Coordinate Ascent, a.k.a Sinkhorn

W (p,v) = max ala+ 8o —~v(eNT K(eP/)

E(a,B) =a’ a+ 3'b — y(ea/”)T KeP/

V.E=a—e" o KeP/

o 7y (loga — log K(eﬁ/'y))

V& = b—eP/ve KT/

B+ (logb — log KT(eO‘/’Y))




Block Coordinate Ascent, a.k.a Sinkhorn

W, (1, v) = maxaTa + BTb — y(e*/M)T K (/)

o,
f
de
(u,v) = (7, eP/7)
a
a%v(loga—log K(eﬁ/v)) U < Ko
b

ﬁ%w(logb—log KT(BO‘/V)) U s KT,
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Sinkhorn, W and En

114

ergy Distance




Sinkhorn, Wand Energy Distance
E(p,v) = (ab" , Mxy )

ED (1, ) = (1 v) — 5 (E (1) + E(v,w))

W, (k,v) = (P, Mxy ) —E(P,)

W, () = Wiy () — 5 (W5 (. 1) + W, (0, 0)

WP(p,v) =(P*, Mxy )




Sinkhorn, Wand Energy Distance

1

MMD(p,v) = E(p,v) — 5 (E(k, 1) + E(v, V)

)
HooT

_ 1
ny([l,,l/)—W ko, V 5

v — 0 l

W < Mxy>

V(e ) + Wy (v, v))




How to compare them?

1.1.d samples T1,..., %y ~ U, Y1geeesYm ~ U,
A def 1 2 : ~ def Z
533'1, I/m — 6y3

Computational properties

Effort to compute/approximate A (fi,,, V)’

Statistical properties

A, V) — A(fn, Opn)| < f(n)?
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Sinkhorn in between W and MMD

MMDI(a,v) = £(p,v) — 5 (1 1) + E(v,w))

(n + m)2 O(l/ﬁ) [see Arthur]
_ 1
Wyw,v) =Wy (p,v) — §(W’Y(“’7H’) + W, (v,v))
YTRRRY, ) [GCBCP’18]
(( ) ) O (Wd/Q\/ﬁ) |IFSVATP’18]
Wp(“’v V) — <P*7 MXY >
O((n 4+ m)nmlog(n + m) O(l/nl/d)




Differentiability of W
W((a + Aa, X {(&, YY) {6V H9) X), (b, Y))+77




Sinkhorn > Differentiability

W({(a, X + AX),(b,Y)) =W((a,X),(b,Y))+77

“:i“”wﬂ(\y\
— [ L a. .

Changes in objective can be handled with Danskin’s theorem.

ZARINICT VAN

X« X +AX v=>Y bjd,
j=1
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How to decrease W ? change weights

WP(p,v) =

I11aX 87
oacR™,BeR™

aPB<Mxy

Ta+8"b.

DUAL g

Prop. W (u,v) is convex w.r.t. a,

0, W = arg,,

I11aX
aPB<Mxy

ata+ 80

Prop. W,(u,v) is convex and differen-
tiable w.r.t. a, V,W, = a,’; = vlogu
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How to decrease W ? change locations

W2(p,v) = min (P,1,17X*+Y* 1,41, —2X'Y)
PERixm
Pl,,=a,P'1,=b

Prop. p = 2,Q = R% W(u,v) decreases if
X <« YP'D(a™ 1)

Prop. p = 2,0 = R%. W, (p,v) is differen-
tiable w.r.t. X, with

VxWy=X—-YP;D(a™").
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Solving the OT Problem

M x4+ax)y
Mxy

(P*(a, X,b,Y), Mxy)
<P*(CL,X—|—AX,I),Y), X—|—AXY>

U(a,b)
P*

0

Computing VgW is easy. | 9 p
here B can be anything, Computing 1s harder.

ol
e.g. a or X, parameter 0 for cost cg /'\Y
123 :




Sinkhorn: A Programmer View

Def. For L > 1, define

Py dlef diag(ur ) Kdiag(vy, ),

where
def def
vo =10 > 0,u; = a/Kv;,vj11 = b/KTul.
oPr; 0Py
Prop. 555,52 can be computed recur-

sively, in O(L) kernel K xvector products.
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Sinkhorn: A Programmer View

Def. For L > 1, define
det
WL(“’? ) <PL7MXY>

Ik Ll Myy -~ K
c ey Ym XKT Ul+1
" nm—r{%}@ ~ Pr,
V| Ul +1
<1+ 1

Sinkhorn /=1,..., L—-1
|Adams’11] [Hashimoto’16] |Bonneel’16]|Shalit’16]
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Sinkhorn: A Mathematician View

F:uv,ce— (a3

s _
e =« 1, —a

H(“? V? C7 8; a?IB) . ,B@a—CT :O
e 1,—b

At the optimum,
H(p,v,c,e; F(p,v,c,e)) =0

126




Sinkhorn: A Mathematician View

F:uv,ce— (a

H(l’L?V?C?g;a?IB) . —

€

€

*76*)

apB—-—C
S

Beha—Cct

€

1,, = a

1, =0b

= (

Using the implicit function theorem

JFI— (JH(a,B)(

J?-zz—vhql( , (a

(o

)

Jrm (B

(o

67

7/6 ) (JH(aﬁ)( ( 76 ))
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The best of both worlds

When computing the gradient of a loss whose evaluation
depends on the optimal transport solution, backward mode
differentiation is more efficient. This involves evaluating:

1
JF,.Z

T m(, (0", 8" (s (o (M. (0", 57) ") 2

Jax.vjp Jax.vip
Jax.linalg.sparse.cg
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For more details

https://github.com/google-research/ott

<> Code

Point clouds

Grid geometry

@A » Optimal Transport Tools (OTT) documentation

Optimal Transport Tools (OTT) docu

Code hosted on Github.

Intro

OTT is a JAX package that bundles a few utilities to compute and diffe
optimal transport problems. OTT can help you compute Wasserstein d
clouds of points (or histograms), using a cost (e.g. a distance) between

To that end OTT uses a sturdy and versatile implementation of the Sin
implementation takes advantage of several JAX features, such as Just-
auto-vectorization (VMAP), and both automatic and/or implicit differe
snippets are provided below, along with a more advanced example to |
data 3.

Packages

There are currently three packages, geometry , core and tools , play

129
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For 1nstance...computing Hessians.

https://ott-jax.readthedocs.io/en/stable/
notebooks/Hessians.html

[9]: def loss(a, x, implicit):
return sinkhorn_divergence.sinkhorn_divergence(
pointcloud.PointCloud, x, y, # this part defines geometry
a=a, b=b, # this sets weights
sinkhorn_kwargs={'implicit_differentiation': implicit, 'use_danskin': False} # to b«
) .divergence

[17]: for arg in [0,1]:
# Compute Hessians using either unrolling or implicit differentiation.
hess_loss_imp = jax.jit(jax.hessian(lambda a, x: loss(a, x, True),
argnums=arg))

Implicit Hessian w.rt. a

Unrolled Hessian w.rt. a

o
w

N

=
N

o

(=]
[

10

12

(=]

14
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To conclude
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To sum up

e Optimal matchings used everywhere in ML, to
 Compute a distance (W) between measures.
e register/map/match points, to disambiguate.
e Regularization is needed to:
e Scale up/robustity these tools;
* Ensure gradients/jacobians exist and are not O.
e To differentiate through regularised OT, either
e Automatic differentiation (unrolling)

e Implicit differentiation
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A tew research topics around OT

> Sinkhorn fixed-point iterations speed

- Using convolutions |Solomon+15]
. Faster kernel multiplications (many refs!)
- Accelerations (Anderson [Chizat+20])

. Improved convergence proots

- Generalize Sinkhorn to continuous spaces?

(Schrodinger bridges) |[Chen+14] |Bortoli+21]

- Other regularizers (L2) / constraints (low-rank)
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https://people.csail.mit.edu/jsolomon/assets/convolutional_w2.compressed.pdf
https://arxiv.org/abs/2006.08172
https://arxiv.org/abs/1412.4430
https://arxiv.org/abs/2106.01357

A tew research topics around OT

> Unbalanced OT formulations

. Penalized |[FZMAP15][Chizat+15], approaches
can handle (with Sinkhorn) ditferent marginals

> Brenier / Monge topics

. Estimate Monge maps using ICNN [VM+19]
- Links with Normalizing Flows [Huang+20]

- Proximal optimization in spaces of measures.

o [JKO’98] starting to make an impact in
practice, see for instance |Bunne+21|
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https://arxiv.org/abs/1908.10962
https://arxiv.org/abs/2012.05942
https://epubs.siam.org/doi/abs/10.1137/S0036141096303359?journalCode=sjmaah
https://arxiv.org/abs/2106.06345
https://arxiv.org/abs/1506.05439
https://arxiv.org/abs/1508.05216

A tew research topics around OT

> OT for Heterogeneous spaces

- Use quadratic assignment problem to compute
machines (GW, [Memoli’l1l])

. Computational challenges, stats unknown.

> Exploit matching differentiability
- sott-sorting [CTV19] and -quantiles [CTNV’20]

- to impute missing values [Muzellec+20]|
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https://media.adelaide.edu.au/acvt/Publications/2011/2011-Gromov%E2%80%93Wasserstein%20Distances%20and%20the%20Metric%20Approach%20to%20Object%20Matching.pdf
https://papers.nips.cc/paper/2019/hash/d8c24ca8f23c562a5600876ca2a550ce-Abstract.html
http://proceedings.mlr.press/v119/cuturi20a.html
https://arxiv.org/abs/2002.03860

