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Solution to Exercise Session, April 25, 2016

1. Divergence, Curl and Laplacian
(a) Let f : R — R3 be defined as f(x,y,2) = (y + 22, 2,2?). Compute V - f, V(V - f) and

V x f.
(b) Let f:R® = R be f(z,y,2) = 2% +y? + 2. Find Af +V - (V x (Vf)).

Solution.
(a) For f = (fi, f2, fa): ofi  0fs  Of
_ 9 92 O)s
V=t e, o
Ofs _ 9f2
) 0z
Vxf= Lﬁ—%
8 8
ox dy
So
e

f=2x+0+0=2x

V- (Vx (V) =0

So
Af+V-(Vx(Vf)=6x+2
2. Let f(x,y,2) = (3zy22,2xy3, —2%yz) and ¢(x,y,2) = 322 —yz. Find V-f, V x f, f- V¢,
V- (V¢) and V - (¢f) at point (1,—1,1).
Solution. For V - f we have

V.f:%+%+%:3yz2+6xy2—x2y=4
ox Oy 0Oz

Ofs _ Of2 2

) G —x°z -1
Vxf= oh _ofs | = 8xyz =1-8

@_% 2y — 322 5

ox

For V x f we have



For f - V¢ we have

Vop=|—-z2
)
SO
f Vo =182%y2% — 2zy°2 + 22y?2 = —15
For V - (V¢) we have
V- (Vé)=Adp =6

And for V - (¢f) we have
923y2% — 3xy?23
of = 6233 — 2294z
—3xtyz + 22y 2>
SO
V- (of) = 272%y2? — 3y°23 + 1823y — 8xyPz — 323y + 20222 = 1

. Transport equation (aka. convection-diffusion equation) is used in physics and engineering
to describe phenomena where particles, energy, or other physical quantities are transferred
inside a physical system due to two processes: diffusion (spreading) and convection (move-
ment). The general transport equation is

%+v4@:vmpwwﬁ

where ¥ = (v1,v9,v3) and ¢, D, S, vy, vy and vs are all real functions of ¢,z,y and z.

(a) Write the equation without using the gradient operator V and the divergence operator
(V-).

(b) Verify that c(x,y,2) = 22 + y? + z satisfy the steady state equation, i.e. when all
derivatives with respect to time ¢ is zero, when D = 5, v = (1,2,2) and S = 2z+4y—18.

Solution.
(a)
Jc .
§+V-(cv):V-(DVO)+S:>
Oc Oc _0dc _0Oc
T + V- (cvr,cva,cv3) =V - (D%’D@’D%) +5 =
dc  O(cvr) | 9(cv2)  O(cvs) O dc 0 dc 9 dc
ot Tor oy T a: o \Par) T\ Pay ) tar \Par) T

(b) We set dc/0t =0 in part (a) to get

I(cv1) | Ocvz) | O(cvs) 0 (. 0c 0 (. 0c 0 (. 0c
or + y + 0z Oz Dax Jr@y D@y +82 D@z 5=

Oc Oc Oc d%c 9%c d%c
9 50 ¢  50C 1 50 L oppay—1
5e 25y T 2gs ~Ogar T Ogp TOgm TR T - 18—

20 +4y+2=5-24+5-240+4+ 2z + 4y — 18

Page 2



4. Verify that
VxVxf=V(V-f)—Af

where f(z,y,2) = (f1, f2, f3) and Af = (Af1, Afs, Afs).

Solution.
92 f. 9%f 8% f 92 f.
54 _ 8fa ozoy o7 ( 57 axai)
2 2 2 2 g
Vo (VA =V | B | = | (G - O+ - Ok
Br ~ By 0°fr _ 9%fs _ (82f3 _ 8%)
Oxdz 0z2 0%y Oz dy
Now we add and subtract the vector )
9 f1
8 2
0,
Oy?
9% fs
0z2
to get
8%f 9% f 9% f 9% f 8% f 8% f
8;21 + 8w28;1g + 8:582 82931 + 8 > + 82221
_ | o°f o f o°f o~ f: f: 9°f:
VX (Vxf) = agaz+a§22+aai 82m22+62+8z22
9”f. 9" f. 9”f. 9 f. f 8 f
816?,’2 + By@i + 8223 6123 + Oy? >+ 3
oft  0fs 0Ofs

(am +a—y+ 8Z)—Af:V(Vf)—Af

5. Study the change of variable given by
x =sinscosht, y = cosssinht.

Give the Jacobian matrix, denoted Jy, and calculate JZ J,. Let f(z,y) = f(sin s cosht, cos ssinht)
a function of class C2. Calculate

9% f(z,y) +32f(f177y)
0 s? otz

Use this result to give the Laplacian of a function f(z,y) of class C? in terms of coordinates

(s,t).
Solution. The Jacobian matrix is given by

oz oz : :
= 2 cos s cosh t sin ssinh ¢
Ju(s.1) = <g g;) _ ( 5 5 co )

= —sinssinht cosscosht

NS

Hence, det Jy (s,t) = cos? scosh? t + sin? ssinh?¢ > 0 for all (s,t) # ((2k + 1)7/2,0), k € Z.
Then, Jy(s,t) is locally invertible. We get

(5,8)Jv(5,8)" ((gx P55 L+ o

J S,t J S,t = E) Sa 97 O 88 $ ) )

M= (s £ B B
t 0

det Jy (s, ) >

Note that this metric tensor is a multiply of the identity matrix. For f(x,y) = f(sin s cosht, cos ssinht)
a function of class C? we find by the rule of composition (see lecture notes)

Of(x,y)  0x0f(xy)  9ydf(zy)
ds  ds Oz ds Jy
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and

a?f@zy)a%raf@zy>+<aw)282f@am

ds2 082 Ox ds 0 x?
O Dy 0° f(x,y)
0sds Odxdy
Pyofey) ()0 fa.y)
0s2 Oy 0s 0 y?
and some corresponding expressions for the derivatives for the variable ¢. Using the relations
Po_ P
as2 o
and
Py __ Py _
as2~ Lo Y
we get

9% f(x,y) N 0% f(x,y)
0 s2 ot?

— det Jv(s,t)<62f(x’y) + 62f(x’y)>.

0x2 0 y?

. Change of coordinates between spherical and Cartesian coordinates in R®. On
U:={(r,0,6): (r>0,0<6<m0<¢< 2w} we consider the map

x =wv1(r,0,¢) = rsinfcos ¢
y =v(r,0,¢) =rsinfsing
z =v3(r,0,¢) = rcosb

Show that v is locally invertible. Then show that for (x,y,2) € W := {(x,y,2): > 0,y >
0,z > 0} the reciprocal map w = v~ is given by

r:wl(x,%z): \/1'2+y2+2’2

z

VaZ+y?+ 22
Yy
/I2 +y2

Calculate the Jacobian matrix and the Jacobian determinant w. Give the set w(W).

0 = wa(z,y, z) = arccos

¢ = ws(x,y, z) = arcsin

Solution. The Jacobian matrix of v defined by

7 sin @ cos ¢
v(r,0,¢) = | rsinfsin ¢
rcosf
is
sinfcos¢ rcosfcos¢ —rsinfsing
Jy(r,0,0) = | sinfsing rcosfsing rsinfcos¢
cosf —rsinf 0
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So

det Jy (r,0,¢) = rcosf cos ¢ rsin 6 cos ¢ cos §
+ rsinfsin ¢sinfsin ¢ rsin §
+ 7sin #sin ¢ r cos 6 sin ¢ cos 6
+ sin 6 cos ¢ r sin 6 cos ¢ r sin 6
= r?sin (cos? ¢ cos” § 4 sin? ¢ sin? 0
+ cos? ¢sin” § 4 cos® ¢ sin? 0)

=7r2gind

Then v is locally invertible. The calculation of w is trivial. To calculate the Jacobian matrix

of w set s = /22 + y2. Using r = /22 + y2 + 22 we have

x/r y/r z/r
Jw(w,y,2) = | 2z/r%s  zy/r?s —s/r?
—y/s?  x/s? 0

and det Jy (x,y,2) = 1/rs. We can get the result for the Jacobian determinant from the

Jacobian of v:
1 1 1

T det Jy(r,0,0)
w(W) ={(r,0,¢) :7r>0,0<0 <7/2,0<¢<m/2}.

det Jw(z,vy, 2)

r2sinf rs’

. Change of coordinates between spherical and Cartesian coordinates in R3. On
U:={(r0,¢): (r>0,0<0<m0<¢<2r} we consider the map

x=wv1(r,0,¢9) = rsinfcosd
y = va(r,0,¢) = rsinfsin ¢
z =wv3(r,0,¢p) =rcosf

Let g(r,0, ¢) be a function of class C?(U). Using the previous exercise ,calculate
1Va..2 9(r.0, 9|13
Show that

Agy,9(r,0,0)

[ 20 1o g0 1 PN
C1or?  ror  r2\062? 96  sin®0 0 ¢? T

Solution. Note that

1 0 0
(Jw(x7y,z))Jw(x,y7z)T =10 1/""2 0
0 0 1/s?

and s? = r2sin? 6. We also know that Va2 9(r,0,0) = JLV, 9 (1,0, ¢). Hence,

Va2 910,015 = Vg2 9(r,0,8) Vo - g(r,0,0) = Vg© - T - JL - g

1 1
= (-Dr g(T797¢))2 + ﬁ(DQ g(T,9,¢))2 + m(D¢ g(r,0,¢))2.
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Also simple calculation shows that

x/r

2
Az,y,zr = va:,y,z : (vw,y,zr) = V:E,y,z : y/T’ = ;a
z/r
zx
r2s z cos 6
_ — ZY — -
Bopsf =Voys (Vay:6) = Vo 5] r2s T r2siné

and

-y
Az,y,z¢ = vr,y,z . (;2) =0.
0

Now for the Laplacia of g we have

Aw,y,z g(’f', 97 ¢)

2ok 1 2
or? r2 062 r2sin20 0 ¢2
+A 0 + Ay, 0— 0 + A, d) g(r,0,0)
zy,zra zy.20 5 T,Y,2 8¢ y U, Q).
8. For each of the following, compute Jf, J, and Jyog.
(a) |
sin
+
fly)=z—y|, glzy = (Im y)
Y
ry
(b)
_( zty x
ren=(,10,) a0=(5)
Solution.
(a)
cosx 0
Y € Y
So
cos(x+y) O cos(x + y) cos(z+y)
Jrog = J5(9(z,y)) - Jg = 1 -1 1—x
xy z+y 2xy+y 22y + 2
(b)
1 1 1
Jr = (33;2 + 2y Qx) » Jg= <2x>
So

1 1 1 142z
Jfog:‘]f(g(xvy))"]gz (3+4$ 2) (21,) = (3+8:L‘)
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9. Let f:R? — R? and g : R? — R? be defined as

o= (2). wen - (75

Compute Jy, Jg and Jyo4. Is g the inverse function of f7

oy
i = (ﬂf —y>

1 1

Solution. We have

Jrog = Jp(g(,y

-3 ) (3 7))

Although Jyoq = I, but g is not the inverse function of f. As the matter of fact f is not
ever invertible since f(z,y) = f(—z, —y).
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