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1. Divergence, Curl and Laplacian
(a) Let f: R3 — R? be defined as f(z,y,2) = (y + 22, 2z,2%). Compute V - f, V(V - f) and
V x f.
(b) Let f:R® - Rbe f(z,y,2) =2 +y> + 2. Find Af + V- (V x (Vf)).

2. Let f(x,y,2) = (3zy22,2xy3, —22yz) and ¢(x,y,2) = 322 —yz. Find V-f, V x f, f- Vo,
V- (V¢) and V - (¢f) at point (1,—-1,1).

3. Transport equation (aka. convection-diffusion equation) is used in physics and engineering
to describe phenomena where particles, energy, or other physical quantities are transferred
inside a physical system due to two processes: diffusion (spreading) and convection (move-
ment). The general transport equation is

%+v-(ca):v.(pvc)+s

where ¥ = (vq,v2,v3) and ¢, D, S, vy, vs and vs are all real functions of ¢, x,y and z.

(a) Write the equation without using the gradient operator V and the divergence operator
(V-).

(b) Verify that c(z,y,2) = 22 + y? + 2 satisfy the steady state equation, i.e. when all
derivatives with respect to time ¢ is zero, when D =5, v = (1,2,2) and S = 2z+4y—18.

4. Verify that
VxVxf=V(V-f)—Af

where f(:c,y,z) = (f17f27f3) and Af = (AflaAf2aAf3)~

5. Study the change of variable given by
x =sinscosht, y = cosssinht.

Give the Jacobian matrix, denoted Jy, and calculate JI J,. Let f(z,y) = f(sin s cosht, cos ssinht)
a function of class C2. Calculate

9 ) | 0 f(y)
052 otz

Use this result to give the Laplacian of a function f(x,%) of class C? in terms of coordinates
(s,t).

6. Change of coordinates between spherical and Cartesian coordinates in R3. On
U:={(r0,6): (r>0,0<60<m0<¢<2n} we consider the map

x=wv1(r,0,¢9) = rsinfdcos ¢
y =va(r,0,¢) = rsinfsin ¢
z =wv3(r,0,¢p) = rcosf



Show that v is locally invertible. Then show that for (z,y,2z) € W := {(z,y,2) : ¢ > 0,y >
0,2z > 0} the reciprocal map w = v~ is given by

r=wi(z,y,2) = Va2 +y? + 22

z

/I’Q +y2 +22

Yy

Calculate the Jacobian matrix and the Jacobian determinant w. Give the set w(W).

0 = wa(z,y, z) = arccos

¢ = ws(x,y, z) = arcsin

7. Change of coordinates between spherical and Cartesian coordinates in R?. On
U:={(r0,¢):(r>0,0<0<m0< ¢ <2} we consider the map

x=wv1(r,0,¢9) = rsinfcos ¢
y =va(r,0,¢) = rsinfsin ¢

z=w3(r,0,¢) =rcosd
Let g(r,0, ¢) be a function of class C?(U). Using the previous exercise ,calculate
va,y,z g(T, 0; d))”g
Show that

Ar,y,z g(r, 0, (b)

1oz T rar T2 \ae2 T a0 sin? 6 0 ¢? gn Y. @)

8. For each of the following, compute Jf, J, and Jyog.

(a)

f(z,y) = ;:Z;/  g(my) = (x;;ly)
(b)
flay) = (x;: e y) o) = < ;g)

9. Let f:R? — R? and ¢ : R2 = R? be defined as

flz,y) = (:%ZZ) . g(zy) = (%)

Compute J¢, J; and Jfo4. Is g the inverse function of f7
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