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1. Jacobian matrix. Calculate the Jacobian matrix of the following maps:

(a) Let u:R? — R3 be given by

Dlul(xvy) D2u1<xay)
Du(x7y) = Dl“Q(xvy) Dzug(l',y)
D1u3(x7y) D2U3($,y)
Dwul(x7y) Dyul(m?y)
- DwUQ(xay) Dy“?(x7y)
D;CUS(xay) DyU3($,y)

0 -1

=11 0

1 1

(b) Let v : R? — R3 and w : R®> — R? be given by

-y
v(z,y)=|
xy
2 2
[ xtHyt -2z
W(Z‘,y,Z) - (1[,'2 +y2 + 22 >
Calculate the Jacobian matrix of w o v by calculating first this composition and then
by the rule of composition.
0 -1
1 0
Yy
and

Dyvi(z,y) Dovi(z,y)
Jy(z,y) = | Diva(z,y) Dova(z,y) | =
Jw(z,y,2) = <D1w1(x,y,z) Dows (,y, 2) DD3U}1($7?J,2)> _ <2$ 2y _2>

D11}3(-T,y) D2U3($,y)
Dle(.’L',y,Z) DQ’LUQ(.’IJ,y,Z) 1U2(.'L'7y72> 2z 2y 2

So
0 -1
_ (2ui(z,y) 2vs(z,y) 2
onv(xay) - <2U1(x’z) 2’1}; .’L‘, ) 2 > (1 3(3))
0
—2y 2z
(59

20 —2y 2y —2x
20 +2y 2z+2y



By calculating w o v, we can easily check this result:
2% +y? — 2zy
(W o V)({E7y) - <1,2 + y2 + 21,:,/
(c) Let v : R® — R? and w : R? — R? given by

eyt2z

V(l’,y,Z) = (372 + Yz >
COoST
wa) = (oo )

Calculate the Jacobian matrix of w o v by calculating first this composition and then
by using the rule of composition.

Then,
0 evt2z 9eyt2z
Jv(l‘,y,Z) - <2$ z y
and
—sinx 0
Jw(x7y)_ ( 0 COSy)
So
_ (—sin v (z,y) e¥t2z  Qeyt2z
onv(xa Y, Z) - ( 0 cos U2 ) ( z y
— sin(e¥12%) e¥t2z  Qeyt2z
o 0 cos(x + yz) z Yy
B 0 —e¥T2%gin(e +2Z) —2eY12% sin(e¥12%)
2z cos(x? +yz)  zcos(x? + yz) ycos(z? + yz)

By calculating w o v we easily check the result:

anmw=CWW@%”Q:(@%“%).

sin(ve(x,y, 2)) sin(z? 4 yz2)
2. Jacobian matrix. The Jacobian matrix of v defined by
v(r,0,¢) = (rsinf cos ¢, rsin 6 sin ¢, r cos 6)

is
sinfcos¢ rcosfcos¢ —rsinfsing
Jy(r,0,0) = | sinfsing rcosfsing rsinfcos¢
cosf —rsind 0

So
det Jy (r,0,¢) = rcosf cos ¢ rsin 6 cos ¢ cos §

+ rsinfsin ¢sinfsin ¢ rsin
+ 7sin 0 sin ¢ r cos 6 sin ¢ cos 6
+ sinf cos ¢ rsin 6 cos ¢ r sin 6
= r?sin §(cos? ¢ cos” § + sin? ¢ sin? 0
+ cos? ¢sin” 6 + cos? ¢sin? 6)

=7r2gind
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val(a:,y) Dyvl(x7y)
Jv(mvy) = D1U2(1177y) Dyv2(x7y)
Dgvz(z,y) Dyvs(z,y)
1 2(1 — 2% +3?) —dxy
= SR —4xy 2(1 + 22 — y?)
(1+ 22+ y?) Ay _dy

_ Dﬂﬂwl(xvyaz) Dywl(mvyvz) D wy(x,y, 2)
Jw(xuyvz) - ( ) D w2($7y’z) DZ’UJQ(SC,y,Z)

_ 1 1+z 0 -z
S (1+2)2\ 0 1+2z -y
We note that f(z,y) = (v(z,y),v(z,y)) = 1 and hence

Jr(z,y) = (0,0).

By the composition rule

Jwoo(try) = —— (T Hw@y) 0 o)
wov &L, (1 -|—’l)3(x,y))2 0 1 +’U3(1’,y) _02(1'7?/)
) 2(1 — 22 +4?) —day
Ry —4zxy 2(1+ 2% —y?)
(1422 +y?) 4z —4y

(1 0

—\0 1
The map v is a map from the plane to the unit sphere S* C R? since (v(z,y),v(z,y)) = 1.
More precisely, the image of v is the whole sphere except the south pole (0,0, —1). The

map w restricted to S? \ {(0,0,—1)} gives the reciprocal map of v. The map w : S?\
{(0,0,—1)} — R? is called the stereographic projection.

. Let f:R2 = R be

22y sin(\/22 + y?)
f(xﬂy) = (I2+y2)3/2 ) (.’E,y) # (070)
Then
(a) limg ) 0,0y f(2,9) =1
(b> hm(x,y)%(0,0) f(xa y) =Y
(c) lim(y y)—(0,0) f(x,y) does not exist
(d) limgy)—-0,0) f(z,y) =0

Solution. (d) is correct.

2, ain( /72 2 3 cos2 § sin 0 i
rysin(ya? +y7) = lim rcos USIMUSIY lim cos?fsinfsinr = 0
(@) =(0,0) (224 y?)3/? r—0 r3 r—0

. Let f:R2 5 R be
2
y

fay) =L it a? if (x,y) # (0,0)

0 if (z,y) = (0,0)
Then

Page 3



(a) hm(m y)—(0,0) %(‘W?y) =

(b) hm(w,y)—> 0,0) %(m, y) =

(¢) lim(z,4)—(0,0) ?(m, y) does not exist
(d) lim,y)(0,0) 5L (x,y) = +oo

Solution. (c) is correct.

of , —y2z ) —r3sin? @ cos @ , —sin” 0 cos 0
lim ——(z,y) = =

(2,9)—(0,0) Oz T @) 00) (Y a2 "0 (rtsin® 6 + r2sin® 0)3/2 P50 (r2sin* @ + cos? 0)3/2
The right hand side depend on 6.
. Let f:R? = R be f(z,y) = 2° — 22y + y>. Then the point p = (2/3,2/3)

(a

)
(b) is not a stationary point of f
)

(c

(d) is a local minimum of f

is a local maximum of f

is a saddle point of f

Solution. (d) is correct. We have

2 _
V= (fﬁx f;;) L VI(2/3,2/3) =0

Hessf(z,y) = (f”; 22) - (—42 22)

We have that det(Hessf(2/3,2/3)) > 0 and f,, > 0so (2/3,2/3) is a local minimum.

. Let f € C?*(R?) and p € R%. If Hessf(p) = ((2) 8) then

(a) p is necessarily a local maximum
(b) p is necessarily a local minimum
)

¢) p is necessarily a saddle point

(
(d) None of above

Solution. (d) is correct. Take f(x,y) = x3 at point (1/3,0). This function has no maximum
or minimum.

. Let the function f : R® — R be f(z,y,2) = 22%y%2* + 223y? — 3y?2 — 1 and consider

= (1,1,1). Since f(p) = 0 and Jf/0z(p) # 0, the equation f(z,y,z) = 0 defines in
the neighbourhood of (y,z) = (1,1) a function = ¢(y, z) which satisfies g(1,1) = 1 and
flg(y,2),y,2) =0 as well as:

(a) 52(1,1) =1
(b) 92(1,1) =—1
(c) 22(1,1) = -2
(d) 2(1,1)=1

Solution. (b) is correct. 8—5’(1 1) = —F.(1,1,1)/F,(1,1,1) where F(x,y,2) = 22%y32* +

223y% — 3y%z — 1
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9. Let D = {(x,y) € R? : 2 > 1 and y > —1} and let the function f : D — R be f(z,y) =
In(z% 4+ y). Then a vector v in the perpendicular direction to the level curve of f passing
through point (2,0) is

(@) v=(-1/4,-1)7
(b) v= (=417

(c) v=(4,1)"

(d) v=(1,-47

Solution. (c) is correct. Vf(2,0) = (1,1/4) which is perpendicular to the level curve of f
at (2,0).

10. State if the following statements are true or false.

(a) Let f:R? — R be such that f(0,0) = 0. If for all m € R we have lim,_,q f(x, mx) = 0,
then f is continuous at (0, 0).

(b) Let f:R? — R. If f € C%(R?), then for all points p € R? we have

o2 f

_o*f
920y ()

- OyOx

()

(c) Let f:R? — R such that f € C?(R?) and let a point p € R2. If p is a stationary point
of f and if determinant of the Hessian matrix H(p) is strictly positive, then f admits
a minimum at p.

(d) Let f:R? = R. If f € C?(R?), then

ox (hak)—(0,0) i
(e) Let f : R? — R be a function and p € R2. Then f is differentiable at p if and only if
Of /0x and Of /Dy exist at p.

(f) if f : R? — R be a function. If f is differentiable at all points of R?, then f is of class
C1(R?)
(g) Let f:R3 — R, be a function that is differentiable at a point p € R3. Then the vector

v=(E e -F -G w

is perpendicular to the tangent hyperplane to the graph of f at the point (p, f(p)).
Solution.
(a) False, take f(z,y) = % Along the line y = mx

2 3
limx — Oﬁ =limz — Omac

= —_— =M
3 3

But along the curve y = z2

2 4
limz - 027 =limz — 075 =0
xT xT
(b) True

(c) False, depending in the sign of f,, the point can be either a local minimum or a local
maximum.
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(d) False, definition of partial derivative is

ox h—0 h

(e) False, take as an example f : R? — R defined as

fla,y) = xzzifyz (,y) # (0,0)

0 (%,y) = (070)

This function is differentiable everywhere except for (0,0). On z axis (y = 0) the
function is identical to zeros, and on y axis the function is identical to zero. This implies
that 0f/0x(0,0) = 0 and 9f/0y(0,0) = 0. On the other hand f is not continuous at
(0,0):

Ty r2 cos@sin

lim —2 = lim ——2 """ — cosfsinf
(2.y)=(0,0) 22 + 42 r—0 r?

which depends on 6. So f is not differentiable at (0, 0).

(f) False, this is false because C'*(R?) is the class of functions that are differentiable with
continuous partial derivatives.

(g) True, perpendicular vector to the tangent hyperplane to f is given by n = (%(p), % (p), %(p), —1).
We see that n = —v so v must be also perpendicular to the tangent hyper plane.
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