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1. A property of the Euclidean norm. By the properties of the scalar product, we get
Ix+ylf = (x+y,xty)
= (x,x) + (y,y) £ (x,5) £ (y,%)
= |Ix[13 + [yl = (x,y) £ {y.x)

and hence
Ix+yl5 + |lx — yl5 = 2l[[3 - 2[lyll5 =0

We also call this identity the parallelogram identity. Why?

2. Cauchy-Schwarz’s inequality in a Euclidean space. Let (F,(:,-)) be a Euclidean
space. Show that for all x,y € E:

(%, ¥)| < Vxx) -V (v, y)-

Solution. For all x,y € F and A real:
0< {x =Xy, x = Ay) = (x,%) = 2A(x,y) + \*(y,y).

We minimize compared to A: if y = 0 there is nothing to prove (the two members of Cauchy-
Schwarz’s inequality are equal to zero). If y # 0, then (y,y) > 0 by positivity of the scalar

product, and the minimum of this polynomial of degree 2 in A is obtained in A = g’i;
We get 7
2
0< (x,x) — 22V
(v, ¥)

hence Cauchy-Schwarz’s inequality.

3. Holder’s inequality and norms on R". For x € R™ and p > 1 let

n 1

P

Ixll, = (§ jmv’) .
k=1

Moreover, let

[|X||cc = max |xg]|.
1<k<n

1 1
(a) Show Hélder’s inequality: for all x,y € R" and — + — = 1 (with the convention that
p D
if p=1, then p’ = co and vice versa):
|, )] < [lxllpl[y[]p-
(Hint: use Young’s inequality: for p and p’ satisfying 1/p+1/p' =1

a? b
ab< —+ —-, foralla,beR
p p



(c)

to show that for all ¢ > 0:

trl|x|p P p:
.3} < I II][,+ II/YHP
p p

and deduce Hoélder’s inequality from it.)

Solution. Note first that we can assume x,y # 0 since otherwise the inequality is
trivial (the two members are equal to zero). By the triangular inequality for the absolute
value, we derive the basic inequality:

n
§ TrYk
k=1

Holder’s inequality follows directly for p = 1:

n

< Z ||+ [ywl-

k=1

‘<X7y>| =

[, )] < Ml ly]]oc-
Let p > 1. By Young’s inequality, for all £ > 0 and all k:
Plonl? | lyel?

11
p FEE RS

p P

|k - |yl = [taw| - [t el <
Hence, replacing the sums by the norms:
elixlly Iyl
ity 7yl

P 4

|(x,y)] <

If we define ,
x|zt lyllE,
7| Hp+ »

1) =— )

then f :]0,00[—]0,00[ is a strictly convex function with a unique global minimum.
Indeed

/

F1@) =l =yl () > 0.

The unique stationary point is given by

U
g _ VI
I3

and

1 1 ’sz/)/ ppp;)l
Fto) = (p+p,)(|x||;+ Iy || ) = Il lly 1

Noting that f(t) > ’(x, y}‘ (the first inequality), we proved Holder’s inequality.
Show that ||x||o defines norm on R™.

Solution. 1. Positivity. ||x||cc = max |zi| = 0 if and only if |zx| = 0 for all k

which is equivalent to x = 0.
2. Homogeneity. For all A € R and all x € R™ by homogeneity of the absolute value:

[1Ax[Joo = max [Azy| = max [AJex] = |A] max |zk] = [A][x]]oc

3. Triangular inequality. For all x,y € R™:

= <
% + ¥l élggnlxk +yk| < 1rgnlgé<nlxk| + |y

IN

max o] + max [yl

[1%[lo + [¥loo-

Show that ||x||; defines a norm on R”™.



Solution. 1. Positivity. ||x||; = Z |zx| = 0 if and only if |zx| = 0 for all k& which
k=1
is equivalent to x = 0.

2. Homogeneity. For all A € R and all x € R™ by homogeneity of the absolute value:

n

IAxlls = awl = (A D lew] = ]I
k=1

k=1
3. Triangular inequality. For all x,y € R™:

n

n
Ix+yll =D lox+yel <D el + |yl
k=1 k=1

=[xl + llyll1-

Let 1 < p < oo. Show that ||x||, defines a norm on R™. To prove the triangular
inequality, use the convexity of the following function w +— |u|P. First show that for all
t €]0,1[ and all x,y € R™:

[l + Il <t 7Plxlp + (1 =)' P llyll.

Deduce the triangular inequality by finding the optimal .

Solution. 1. Positivity. ||x|[} = Z |zk|? = 0 if and only if |zx| = 0 for all k¥ which
k=1
is equivalent to x = 0.

2. Homogeneity. For all A € R and all x € R™ by homogeneity of the absolute value:
n 1 n 1
wwf{Elmw):M(Zﬁw)=u|wp

k=1 k=1

3. Triangular inequality. By convexity of the function u +— |ul? we have for all
T, yr € Rand 0 <t < 1:

ok 4 ylP = [t e + (1= 1) (1 — 1) ypf?
<ttt + (L= 0|1 =) yf? = Pl P+ (1) Pyl
hence, by taking the sum on k:
I+l <t 7Pl + (1 =)' Pyl
The function f :]0,1[—]0, oo[ defined by
F&) = t7PIx]p + (1 =) Plly I}
is a strictly convex function with a unique global minimun. Indeed
Fi@)=@-D(=tlxllp + @ =0)""llyl}), f(t)>o0.

The unique stationary point is given by

1=ty _ iyl
to |||
ie
B P 11
[xIlp + {1yl Ix[lp + 1yl
and

Fto) = (IIxllp +1Iyllp)" =[x+ 2.



(e) Second proof of the triangular inequality. Let 1 < p < co. Show that

n
I+ yI8 <> Jawllee + yelP ™ + lyellox + el
k=1

and apply Holder’s inequality.

Solution. Using Hélder’s inequality with p and p’ such that p’ = Ll:
p—
n n 1 n p—1
p p
D lanlloe + el < (Z mk"’) <Z 2 +yk|p) = lixllpllx + w1z~
k=1 k=1 k=1
and
n n 1 n p=1
P P
>l + e~ < (b)) (Xlowt ) " = lvlblbc+ vl
k=1 k=1 k=1
hence

lIx + 5 < (Ul + lyllp)l1x + vl
and so we get the triangular inequality.
(f) For all x € R" give lim ||x]|,.
p—00
Solution . Note that for all p > 1 and all x € R" :
1
oo < 11x[lp < n7[|x|]o
hence by the squeeze theorem
Timn [l = [l
4. Subsets of R™

(a) Let S = {(z,y) € R?: 0 <y < (1 +2)e”I*1}. Give %,5 and 9S. Then calculate the

area of S.
(b) Let T = {(x,y) € R?: 1 < 2% +4y? < 4}. Give T, T et OT. Then calculate the area of
T.

(c) Consider the set of rational numbers Q C R. Give Q,Q and 9Q.

Solution a. S = S. The reason is essentially the strict inequalities in the definition of S
and the continuity of the boundaries given by the functions y = f(z) = (1 + 22)e~ 1l and
y = 0. The rigourous proof consists in proving that for all point (z,y) € S there exists a
ball B, of center (z,y) and of radius € > 0 such that B, C S. Let then (z¢,y0) € S given.

e There exists h > 0 such that |yo—h, yo+h[C]0, f(zo)[. Hence, the segment {zo} X |yo—
h,yo + h[isin S.

e By continuity of f(x) = (1+ z2)e~*l there exists § > 0 such that f(z) > yo + h for all
x €lzg — 6,0 + I].

e Hence, the rectangle |zg — 6, z¢ + 6[X]yo — h,yo + h[ is in S.
e Choose € = min(h, ¢) for the radius of the ball (Euclidean).



Then we have 9S = {(z,y) € R?: 0=y, ory = (1 + 22)e" I} and
S=85UdS ={(x,y) eR?2:0<y < (142 2l}

Calculation of the area:

Area(S) = /OO (14 22)e" ol do = 2/000(1 +22)e" 1l de = 20(1) + 2I'(3) = 6

— 00

The domain S - Spiked Helmet.

Solution b. T =T, 9T = {(z,y) € R? : 1 = 2% + 49, or 22 + 4y? = 4} and
T=TUdT ={(z,y) eR?: 1 <a® +4y> <4}

Calculation of the area: The boundary of T is given by the two ellipses E(1,1/2) and E(2,1).
Note that F(1,1/2) C E(2,1). So

Area(T) = 2w — T
2 2

Solution c. By a result from the course Analyse I, the set Q is dense in R. Between two
real numbers there always exists a rational number and vice versa (see also exercises Analyse
I, chapter 1). Hence, all point of Q is a boundary point. So

Q=0, 0Q=Q=R.
. Let f: X — R be a continuous function on a metric space (X, dx). Show that for all ¢ € R:
(a) E={x€e X : f(x)=c} is closed.

(b) F={xe€ X : f(x) <c}is closed.
(c) G={x€ X : f(x) < c} is open.

Solution. If F is empty, then F is closed. If F is not empty, then for all adherent points
x of E and for all sequences (x,), of elements of E that converges to x: f(x,) = c for all n
and by continuity of f

c= lim f(x,) = f(x)

n— oo

hence x € E. For F it is the same idea (replace "= ¢” by "< ¢”). The set G is the
complementary set of the closed set {x € X : f(x) > ¢}, hence it is open.

. Let (E,{-,-)) be an Euclidean space. Let v € E, (v,v) = 1. Then
Px = (v,x)v (1)
defines an orthogonal projector (it is the orthogonal projection on v). Show that P is
continuous.
Solution.
1Px|* = (Px, Px) = (v,x)* < [|x||”
by Cauchy-Schwarz’s inequality.



