EPFL - ANALysis 11 SPRING SEMESTER 2015

MULTIPLE CHOICE TEST 9 ANSWERS

1.](ii) TF . v f = (—2,3,6)T # 0. So the extrema lie on the boundary. We have to
\Y%

maximize :

—2x + 3y + 62 + 42
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But [ 0 [ ismnotin M ={z:a(z)=3}. So the extrema satisfy :
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The extrema are :

2.)(iv) Vf = (ye@ Y (2 — 1)e@ V)T = ( only if y = 0,2 = 1 so the extrema are
on OFE. Using the parametrization x = cos(),y = sin(f) we reduce the problem to
maximizing/minimizing  (cos(0) — 1)sin(6) = g(0).

g'(0) = —sin?(0) + cos?*(0) — cos(0) = 2cos*(0) — cos(0) — 1 = (2cos(0) + 1)(cos(0) — 1)
cos(f) =1 = e =0 =1

cos(0) = —3 jw:f—é,yzi*f
? 3,2 33 = (IV)
f(—3.%)=e"1T <1



3] (iv) Vf = (2—y,%—2)") = 0 only if (z,y) = (0,0). Here, f = 0 on the boundary.
Let’s apply the change (z,y) = (cos(), sin(0)) :
f(@,y) = § — cos(0)sin(6) = g(0)

g'(0) = sin*(0) — cos*(9) =0 for § = 5, 3% 2% Tt
For 0 = 2,27 cos(f)sin(f) = ; = f = —1 = Minimum
For 0 =27 % cos(f)sin(f) = -1 = f = 1 = Maximum

[410) glz,y) = € + ¢ —4 = vglr,y) = (2™, 2ye") = 0 only if (z,y) =
(0,0)where the constraint is not satisfied. The Lagrange approach is then justified :
et 2ret’ _
Vitavg= "0 A0 ] =0
ye Y 2yeY
A=—L1e2® orz =0 r=0and A\ = — %_29

% ) = Only 2 cases which are : 1 9
)\——ﬁ_yory—o y—Oand)\——§_$

z=0:¢"=4—-1=3=1y==/(log(3)
y=0:¢" =4—1=3=2==4,/(log(3)

Ifx=0, f(0,+,/(log(3)) =41 —e @) =1.2-1
If v =0, f(&£,/(log(3),0)=—1(1—¢l9®) = —

2

[5.](iii) Let g1(z,y,2) = 22 + 9> + 222 — 4 and gs(z,y, 2) = zyz — 1.
We want to find the extrema of f(x,y,2) = 2% + y* + 22 subject to g1 = g» = 0
Remark : If (z,y, ) is an extremum, then so are (—z, —v, 2), (x, —y, —z), (—z,y, —2) be-
cause f, g1, g2 remain unchanged. So then for an extremum, we can suppose that x and y
are positive which implies that z is positive as well (because zyz = 1 > 0). We are now
looking for positive x, y and z :

2x Yz
First list : g1 = |2y | ,Wg2 = | 22
4z Ty

If 7g1and 7 g2 are linearly independant (as it is impossible that either one of them is
equal to 0), we have :

2x Yz

| =claz| == 2 U 5242
Yz Tz Y

4z Ty

= x =y because x,y > 0
le:cxy—ch—g 2= 222 =27

go = 0= 2% + 9> + 22% = 322 —4:>x—y—fandz—\‘§:>xyz—3f7él

So A(z,y, z) such that g;(Z) = 0 and g(Z) = 0 and at the same time, \yg;and 57 g, are
linearly dependant, whch means that the first list is empty.



Second list : We're looking for z,y, 2z > 0 with 7 f = 2y = y +o|xz
Ty
2r — 2 \x = o2y oryz = (2x — 2\z)r = (2 — 2)\)2?
y—2\y =oxz - oryz = (2y — 2\y)y = (2 — 2)\)y?
We notice that A = 1 is impossible because it would imply that o = 0 and hence that
z = 0 which violates the condition g, = 0 . Which means that 22 = 4> = x = y as they
are both positive.
Sox?+1 4222 —4=0 <= 207422 —4=0 < 242" —4=0 <= P —22+1=
0 — (z—l)(z2+z—1):O:>z:10rz:%ﬁ
We know that z is positive so 2 choices :
z=l,x=y=z=1or

Then

_ —14+/5 2 .2 _ 1  _ /541
A=y DU =Y =507 3
2

5)2 = 5+v6

:>x2+y2—|—22:3intheﬁrstcaseandx2+y2+z2:\/§+1+(—1+ a

3 in the second case.
So the first case is a minimum and the second case is a maximum.

6.](iv) We have to maximize f = [[}_; z} subject to g = > 7_, 77 = 1.
Vg = 2x =0 <= x = 0 which is not the maximum and doesn’t satisfy the condition
because g(0) = 0 # 1. Then we can use the Lagrange approach :We are looking for Z, A
such that :
vf+Av g =0 which means Vk, 2z, [z 25+ X2z, = 0. As we can’t have x,, = 0 for
the maximum, these equations imply :

-1 z2 . 9 o ) s 1
A= L=~ 7@ which means that zj =z Vj, k hence Vn,z; = -

[7.] (iii) We can see that Vz,y, z on the ellipsoid | z |,| y |,| 2 [< 10° so | z +y + 2 |<
3 x 10° < ¢10® so the hyperplane doesn’t intersect the ellipsoid and generally there is
only one minimum. The distance of a point (x,y,z) on the hyperplane to the ellipsoid

is given by : “\yﬁz 10® |. As we have that z + y + z < 3.10° < ¢108, we have to
x+y+z

minimize 10® — which is just about maximizing f(z,vy,2) := x + y + z subject to
g(x,y,2) == 2” +y* + §2* = 10"

2z x
Vg =|2y| =0 <= |y| = 0 Which is impossible on the ellipsoid. Hence, the
%z z
Lagrange approach works.
1 2z
-0 = _ 1 _ _1__9 10
V/+tAvg=0= 1 + A 20y = A=—5 =5 =", & T=y=7%

9~
And 2% + 32 +102—2x +102 1010 = x—105\/i—y,2—9104\/7

Which means z + y + z = 105f(1 +1+ ) =104/290 .



: ‘o . 108-10%v/290 __ 10%(10%—+/290)
The distance is : Ve = 7

8.](1) We will rather look for the minimum of f?(x,y) = 2%+ 3y? subject to z+y = 3.
Remark : Forg=ax+y —3,vg = G) # (8) Which means the first list is empty, we

will then consider the second list.
~ 2x 1 - 20+ A=0
)+ ) =0 < + A =0 < =7=3
V() +Avyg 6y 1 6y ir—o T

r+y=4dy=3=y=32="2
1
4

— /2 i 1l /7 197 __3 _ 3V3
Remark : When x,y — oo, f — 00 so as f is continuous, the minimum exists and without
calculation we can already rule out (iv). We can also consider x = 3 (and y = 0) to see
that the minimum is < 3 so (ii) isn’t possible .

[9.](i1) Just like [8.], the list 1 is empty and we look for x, y, A with <§i> +A G) =0

= r =y = 4. And the maximum (it’s obviously a maximum) is equal to 48.

x

[10.](iv) We have to maximize zy subject to g(z,y) := % + % -1=0
Vo= (53" =0 <= (z,y) = (0,0)
This violates the condition g(x,y) = 0 so the list 1 is empty. We then look for z,y, A

such that (i)—l—)\(}g):() — A:f—y:g—z:%:x
9

And G5+ %5 =1=y =5 0=3V2and oy =9



