EPFL - ANALysis 11 SPRING SEMESTER 2015

MULTIPLE CHOICE TEST 8 ANSWERS

[1.](iii) is the right answer. First of all, (i) and (ii) are easiy eliminated because f is
2m-periodic with respect to x and y and hence cannot have a unique golbal minimum,and

cos(:z:))

cannot have a saddle point. Furthermore, 5/ f(z,y) = (sm (z)

r=m/2+ k7 ki€Z

So, ) =0 —
o, Vf(z,y) Y= o by € 7

(7/2,0) being a stationary point, (iv) is eliminated and we can conclude.

2] (i) A : V(zo,50) € B(0,3), (w0, %) is a strict (and global) minimum. Indeed,
V(:zc,y) 7& (1’07y0)> (33,3/) € [_171]2 )

f(x,y) = f(zo,90) = (¢ — 20)* + (y — w0)? = [d((2,¥), (z0,10))]* > 0O

B : The four corners of the square are local maxima. One has to notice that the
further (z,y) is from (zo,yo) the bigger f(z,y) is. As (zo,40) € B(0, 3), every corner is,
locally, the furthest point. We can calculate, for €;,e5 > 0,

fLD) = f(l—e,1—€)=1—-20)*+ (1 —20—€1)* + (1 —10)* + (1 — yo — €)°
= 61(2(1 — l’o) — 61) + 62(2(1 — yo) — 62)
> e (l—€)+e(l —e)

Which is positive when €1, €5 < 1.
We have proven that the corner (1,1) is a local maximum V(zo, yo) € B(0, 3). By sym-
mety, this implies the result for the 3 other corners.

[3.](iii) local minimum in (4, —3)

2x — 8
Vi(e,y) = <8y+24>
Vf(xay) =0 (l’,y) = (47 _3)
Hess(f)(4, —3) = (g g)

The two eigenvalues of Hess(f) are 2 >0 and 8 >0 .

[4.](iv) f has a unique saddle-point.

2z — 3y*



We notice that (0,0) is a stationary point. But f(0,y) = 3* and f(z,0) = 2. Hence, (0,0)
is neither an extremum, or a saddle-point. Let’s resolve 7 f(z,y) = 0 for (x,y) # (0,0) :

_ 3,2 _
T =3y — x
3y? =9y’ =0 y =

So f admits only one stationary point other than (0,0) so (iv) is obviously the right

answer. Let’s check that (%, %) is a saddle-point.

Wl o=

Hess(f)(5.3) = | 5 _1>

)=3

| Hess(f)(3,3) |[= —2 < 0so ) is a saddle point

[5.](ii) Local maximum in (—2% 2%)

. (= (id) or (iii)

) —> (0,0) stationary point.

26 x 34yt +y =0
v,y =0 {

x = —6y?
_ 1
(asy #0) <= i Lt
r = —6y? x:—Gzz
x4 3

f only admits 2 stationary points. Furthermore, f(0,y) = 2y so (0,0) is neither a max-
imum or a minimum.

~[7)(iv) max, yer f(7,y) = 6. f attains its maximum either by a stationary point on
T, or on the boundary of T.
InT:

1
vy = <i B 3>



So (3,1) is the only stationary point of f in 7' and Hess(f)(3,1) = (1 0

0 1) has a negative

determinant.
Iné7T:07T =4 (2,0):1<z<6}U{(1,y):0<y<5}U{(z,6—2):1<2<6}

1.On A:={(z,0):1<x<6}

max4 f(x,0) =max,7—z =06

22.0nB:={(l,y):0<y<5}
maxg f(1,y) = max,6 — 2y =6

3.OnC:={(z,6—2):1<x<6}
maxc f(2,6 —z) = maxc 7+ (6 —z) —z — 18 — 3z = maxg —11 + 8z — 2> = 5
(attained for x=4)

[8.](iii) Saddle-point, Ya € R,

2 da
Hess(f)(1,1) = la -9
| Hess(f)(1,1) | = —4 — 16a* < 0Va € R,

Hence (1, 1) is always a saddle point. [9.](iv) (0,0, 8) and (0,0, —8)

We're looking for the minimum of the function f(z,y) = 2* + y* + xy + 64 (Which rep-
resents the disctance between the origin and the point (z, vy, z) for (z,y, z) on the surface
z =y + 64.

vien = (57Y)

20 +y=0 r=0
Vf(z,y) =0 <~ —
20+ =0 y=20

The closest points to the origin on the surface are obviously stationary points for f (on
R ). Hence, (iv) is the right answer.

[10.](i) 10x10x10

x = length
y = width
We denote : { z = height

s = surface

v = Volume



{S _ 2($y e yZ) But s =600 — 2z = 300—=zy

UV =aYz z+y
_ (300y—2zy?)(z+y)—2y(300—zy) _ —x2y2+300y2—2xyd 2 _ B
’U(I‘ y) = W — 5@*1}(1‘7 y) = , (m+y2 - ($+y)2 = (x+y)2 (300 2$y
) xy dyv(z,y) = (xf_y)z (300 — 2zy — y?) by symmetry

We can exclude the stationary point x = y = 0 which is not a maximum.

For z,y > 0 :

300 — 2xy = 2? 2% =100 r=10
< P
$2—y220 —

Viy) =0 < {

And we can conclude.



