
EPFL - Analyse II Spring Semester 2017

Multiple Choice Questions 7 : Solutions

1. Answer (i). Since
∇f(x, y) = (2xex2

, cos(y)),

we have that ∇f(x, y) 6= 0 for all x, y ∈ U . Indeed, ∇f(x, y) = 0 only if x = 0 and
y = π

2 + kπ. But since
(
0, π2 + kπ

)
/∈ B(0, π4 ) the gradient is non zero in U . It’s not

injective because f(x, y) = f(−x, y) for all (x, y) ∈ U .

2. Answer (i). Let denote

v1(x, y) = cos
(

x√
x2 + y2 + cos

(√
x2 + y2

))
and v2(x, y) = e

1√
x2+y2 .

We have that

∂v1

∂x
= − sin

(
x√

x2 + y2 + cos(
√
x2 + y2)

)(
y2

(x2 + y2)3/2 − sin
(√

x2 + y2
)
· x√

x2 + y2

)
,

∂v1

∂y
= sin

(
x√

x2 + y2 + cos(
√
x2 + y2)

)(
xy

(x2 + y2)3/2 + sin
(√

x2 + y2
)
· y√

x2 + y2

)
,

∂v2

∂x
= − x

(x2 + y2)3/2 e
1√

x2+y2 ,

∂v2

∂y
= − y

(x2 + y2)3/2 e
1√

x2+y2 ,

and thus
detJv̄(1, 1) =

det
− sin

(
1√
2 + cos(

√
2)
) (

1
2
√

2 −
1√
2 sin(

√
2)
)

sin
(

1√
2 + cos(

√
2)
) (

1
2
√

2 + 1√
2 sin(

√
2)
)

− e1/
√

2
√

2 − e1/2
√

2

2
√

2


= e1/

√
2

4 sin
(

1√
2

+ cos(
√

2)
)
6= 0,

because
√

2 ∈
(
1, π2

)
(since

√
2 ≈ 1, 4 and π

2 ≈ 1, 57) and

1√
2
≤ 1√

2
+ cos(

√
2) ≤ 2 < 3π

4 .

It’s not invertible avec all R2\{(0, 0)} since for example f(0, 1) = f(0,−1), and
thus not one-to-one over all R2\{(0, 0)}.
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3. Answer (i). Let denote v̄(x, y) = (v1(x, y), v2(x, y)). Then v̄−1 = (v−1
1 , v−1

2 ). Finally,

g(s, t) = f(v̄−1(s, t)) = v−1
1 (s, t)v−1

2 (s, t).

Therefore

∂g

∂s
= v−1

2 (s, t)∂v
−1
1
∂s

+ v−1
1
∂v−1

2
∂s

,

∂g

∂t
= v−1

2 (s, t)∂v
−1
1
∂t

+ v−1
1
∂v−1

2
∂t

.

We know have to compute de Jacobian matrix of v̄−1 at (e, 3). First remark that
v̄−1(e, 3) = (1, 1). We compute the Jacobian of v̄ at (1, 1). It’s given by

Jv̄(1, 1) =
(
yexy xexy

1 + 2x 2y

)∣∣∣∣∣
(1,1)

=
(
e e
3 2

)
,

and thus
Jv̄−1(e, 3) =

(
Jv̄(1, 1)

)−1
= −1

e

(
2 −e
−3 e

)
.

We finally conclude that

∂g

∂s
(e, 3) = 1 · 2

−e
+ 1 ·

(−3
−e

)
= e−1,

∂g

∂t
(e, 3) = 1 ·

(−e
−e

)
+ 1 ·

(
e

−e

)
= 0,

and thus
∇stg(e, 3) =

(
e−1, 0

)
.

4. Answer (ii). The function f is C1. We have that

Dxf(0, 0) = (2x+ y cos(xy))|(0,0) = 0,

and
Dyf(0, 0) = (2ey + x cos(xy))|(0,0) = 2 6= 0.

The implicit function theorem allow us to conclude on the existence. Moreover

ϕ′(0) = −Dxf(0, ϕ(0))
Dyf(0, f(0)) = −0

2 = 0.

5. Answer (i). We have that f(0, 0, 1) = 0 and that f is C1. We have that

∂f

∂z
f(0, 0, 1) = (xey + 4z3exy + z4xexz)

∣∣∣
(0,0,1)

= 4 6= 0.

Therefore, by the implicit function theorem, there is an implicit function z = ϕ(x, y)
in a neighborhood of (0, 0, 1) with ϕ(0, 0) = 1. Moreover
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∂ϕ

∂x
(0, 0, 1) = Dxf(0, 0, 1)

Dz(0, 0, 1)

= −1
4 (2x− 3 + ey + zey + z5ex)

∣∣∣
(0,0,1)

= 0.

Also,
∂ϕ

∂y
(0, 0) = −1

4 (2y + 3y2 + xey + xzey)
∣∣∣
(0,0,1)

= 0.

We conclude that the equation of the tangent plane at (0, 0, 1) is given by z = 1.

6. Answer (iii).

2x3 − y3 + 9xy + 1 = 0 =⇒ d
dx

(
2x3 − y3 + 9xy + 1

)
= 0

=⇒ 6x2 − 3y2 dy
dx + 9y + 9xdy

dx = 0

=⇒ dy
dx(9x− 3y2) = −9y − 6x2

=⇒ dy
dx = 2x2 + 3y

y2 − 3x .

7. Answer (ii). As previously

xe2y − yz + ze3x = 0 =⇒ ∂

∂x
(xe2y − yz + ze3x) = 0

=⇒ e2y − y ∂z
∂x

+ ∂z

∂x
e3x + 3ye3x = 0

=⇒ ∂z

∂x
(e3x − y) = −(e2y − 3ze3x)

=⇒ ∂z

∂x
= −e

2y+3ye3x

e3x − y
.

8. Answer (i). We use the rule

∂z

∂θ
= ∂z

∂x

∂x

∂θ
+ ∂z

∂y

∂y

∂θ
,

where
∂x

∂θ
= −2r sin(2θ) and ∂y

∂θ
= 2r cos(θ).

The claim follow.

9. Answer (iv). Even if we can’t use the implicit function theorem (since Dxg(0, 0) =
Dyg(0, 0) = 0) the function defined by ϕ2(y) = y3 verify the wanted properties.
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10. Answer (iv). Since
Dxf(0, 0) = (ex−αy2)

∣∣∣
(0,0)

= 1 6= 0,

for all α ∈ R and
Dyf(0, 0) = 0

for all α ∈ R (because if α 6= 0 we also have that (−2αy2ex−αy
2)
∣∣∣
(0,0)

= 0). Since f
is C1, we can use the implicit function theorem and conclude.
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