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MULTIPLE CHOICE TEST 12 ANSWERS

[1.] a. The solution is : y(t) = [ f(z)dx + yo Vt € I.

o

[2.] b. Recall the counter-example from class : ¥’ = 24/|y|, yo = 0 has 2 solutions on
[-1,1], which are y; () = 0 and yo(t) = ¢2

[3.]b. f2 continuous and fy Lipschitz.
An equation of order 3 in dimension 1 = An equation of order 1 in dimension 3. So we

Y
consider [ 3/ | instead of y .
y//
Y1
Let Y = | yo | and the equation becomes :
Y3
Y2
Y' = Y3 =F(Y) (1)
Y3 fa(z) + fo(y1)
Yo
And Y(0) = | y | On a bounded interval I. If F is Lipschitz, then the problem admits
Yo
Y } (0
a unique solution. Let Y = | yo | and Y = | 92 | and we compute :
Ys s

| FOY) = F(Y) [P< (y2 = 92)* + (3 — 63)° + 2(fa(2))* (11 — 52)* + 2(fo(y1) — fo(4h)?
(Here we used the fact that (a + ) < 2a* + 20°.)

o If f; is Lipschitz, 3Ly > 0 a constant such that Yy, 7, (fo(y) — fo(7))* < Lo(y — 4)?
. Then we get :
| F(Y)=F(Y) [?< 2Lo(y —§)*+ (1+2(fo(2)*) (y2— 2)* + (y3 — ¥i3)* < max(2Lo, 1+
2(fo(2)?, D) | Y =Y |2

e Now, if f5 is continuous on bounded I , then for every closed interval I’ C [
(which is also bounded). The Cauchy problem admits a unique solution on I’
That means that the problem admits a unique solution on I(Vz € I,3I' C

I, closed, such that x € I').



[4.] (IT) A unique golbal solution.
f € C' so f is easily Lipschitz. Hence we have the existence and unicity of local solutions
(on every closed intervalof given length). We can then put together these solutions to get
a global solution, which is unique.

5] (4) y(z) = Ae*”
You just have to check.

[6.] (2) yo(9) = 310 o
(22 +9)E =ay <= ¥ =G5y < yla) = A" = A7 49

But y(0) =3 <= A=1= y(z) = V22 + 9 hence y(9) = V90 = 3/10.

[7](3) ya =4
(x4+3)y =y—1, y(1)=2 X ,

m—|—3y_x+3

/

y:

1. General solution of the homogeneous equation : yo(z) = Ae™@+3 A c R

2. We let A vary in terms of x : A — A(x),y(z) = A(z)(x + 3).
y'(z) = A'(z)(x + 3) + A(z) and we want (2) so

= A(x)(r43) = —73 < Ar)= 3 +cceR

3. Finally, we find ¢ to obtain y;(1) = 2 where y; (z) = (5 +¢)(x +3) = 1 +¢(x + 3)
2=y1(1)=144c < c=1.

Hence : yi(x) =1+ Aé%ﬁ and y;(4) = %

[8.](2) y = etV2ad+e
We have to change the equation a little bit : ¢y = Bty ey %ln(y) = bt =
(In(y))'In(y) = 52
Let Y :=In(y) and the system becomes : Y'Y = 5!
— (3Y)?) =bat < Y?=a1"+c¢ceR.

< Y = +v225 4 ¢,c € R but we know that y = e¥
=y = etV

N

9.](1) u = —7 + Ceat*+6t

u = (6+t)u+ Tt + 42 (3)

1. We solve the homogeneous equation to find the solution ug : uy(t) = Aeat* 6t

2



2. We vary the constant A in terms of t : wuy(t) = A(t)e%t2+6t
uh(t) = A'(1)e2t ¥ 4 (6 + t)uy (t)
By (3) : A'(t) = (Tt 4+ 42)e 26 = A(t) = —Te 2" Sty cceR //

Then we get our answer : u;(t) = —7 + ce2" 76 c € R .



