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MurTiPLE CHOICE QUESTIONS 4 : SOLUTIONS

1. Answer (i¢). If the partials derivatives g—g and %Z exists and are continuous at 0,

then f is differentiable at 0. Indeed, let h = (hy, hy) € R?. Then
u(h) — u(0) = u(hy, ha) — u(0, he) + u(0, he) — u(0,0).

Using the mean value theorem for one variable functions, there are c¢;,co € R s.t.
le1| < |hq] and |ea| < |hg| and

ou

u(hy, ha) = u(0, he) = hl%(cla hs)
and 9
U
u(0, hy) —u(0,0) = hzafy((), Cz).

Finally, we obtain

u(h) —u(0) = hy (gZ(cl, hy) — aZ(O)) + ho <au(0, c2) — au(O)) + (Vu(0), h)

0 dy dy
and thus
u(h) —u(0) — (Vu(0), h) hy (0u ou > ho (EM ou )
< —(c1,he) — —(0) | + —(0,c2) — —(0
e < Tl \ae @) = 5O g 5,0~ 5, ©
<1 <1

ou ou ou ou
<= - = — - — — 0.
< <ax(01,h2) &c(O)) + (83/ (0, ¢2) Iy (0)) = 0
what prove the claim.

Remark : Notice that ¢; and ¢y depending on h; and hy respectively. Therefore,
when h — 0 we also have (¢1,¢2) — (0,0) (because |¢1| < |hy| and |ea] < |hg|), and

using the continuity of g—g and g—’y‘, we get
. Ou ou . Ou ou
%gr(l) %(cl, hy) = %(0) and }ILILI(I) a—y(O,CQ) = a—y(O)

2. Answer (ii). For the first assertion, if all directional derivatives exists, since %(O)
is the directional derivative along (1,0) and %(0) is the directional derivative along
(0,1), they both exists. Therefore, the gradient exist.

For the second assertion, we want to find a function u such that all partial derivative

exists at 0 but z — %(z + tv)‘t_o is not continuous at 0. Consider
r+y xy>0
u(r,y) = :
r—y xy <0
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For all v = (vy,v2) € R?, we have that

u(vt) —u(0)  Jvi+wve vivg >0
t v — vy vy <0

and thus the limit exist. However, let @ = (x1, 23) s.t. 122 # 0. Then

u(x + vt) — u(x) {U1 +ve 1972 >0
—
t t—0

V1 — Uy 1o <0,

du(z+tv)

T is not continuous at 0.

and thus z —

. Answer (ii).
d d
/At = &e(”t)?’ = 3(1 +1)2e0+9°
and we evaluate at t = 0.

. Answer (iii).

o) = (Show.nog) + Lo mewe)
-~ L5906+ L eomwe
=4-4-7-2
= 2.

. Answer (ii). We have that
lim  xycos(z — 3y) = 48 cos(0) = 48.

(z,y)—=(12,4)
. Answer (i7).
5 2 2
2$y 2| — zy 5 Blz| < 5|z| 0
5ty x? + y? (zy)—>(00)
<1

. Answer (i7).

of

%(x, y) = ai(x cos(x +y)) + 9 sin(z + y)

Oz
= cos(x +y) — xsin(x + y) + cos(z + y)
= 2cos(r +y) — xsin(z + y).

- Answer (). Recall that arctan’(z) = 7 for all z € R.
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9. Answer (iv).

D (0 O (1
oz \oz )Y T 9z \ 2 22 + 42

1 2x(2® +y?) — 2% (22)
T 9 (22 + 42)?
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