
EPFL - Analyse II Spring Semester 2017

Multiple Choice Questions 3 : Solutions

1. Answer (iv). Using the chain rule

∂

∂x
eh(x,y,z) = eh(x,y,z)∂h

∂x
(x, y, z) = exy

2z3 ∂

∂x
(xy2z3) = exy

2z3
y2z3.

By doing the same for y and z, we finally get

(∇f)T = exy
2z3 (

y2z3, 2xyz3, 3xy2z2
)
.

2. Answer (iv). The length of the graph of f between a and b is given by∫ b

a

√
1 + |f ′(t)|2dt.

Since f ′(t) = (et/2, e−t/2),

|f ′(t)|2 = e2t

2 (1 + e−4t),

and thus

1 + |f ′(t)|2 = 1 + e2t

2 (1 + e−4t) = e2t

2 (1 + 2e−2t + e−4t) = e2t

2 (1 + e−2t)2.

Therefore, the length is given by
∫ 2

1

et(1 + e−2t)√
2

dt = 1√
2

(e2 − e+ e−1 − e−2).

3. Answer (i).

Dxf =

x(2 ln |x|+ 1) x 6= 0
0 x = 0

.

Since we can prolonge x 7−→ x(2 ln |x|+1) by continuity at 0, and that x(2 ln |x|+1)
is independent of y, we get Dyxf ≡ 0. Doing as well for Dxyf we get that Dxyf ≡ 0,
and thus (ii), (iii) and (iv) are false and thus (iv) is correct. In fact,

Dxxf = ∂

∂x
x(2 ln |x|+ 1) = 2 ln |x|+ 3

that is not continuous at 0.
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4. Answer (ii). Since ‖·‖∞ and ‖·‖2 are equivalent, using ‖h‖∞ despite of ‖h‖2 won’t
change the result. So

lim
h→0

f(h)− f(0)− 〈h, t〉
‖h‖2

= 0 ⇐⇒ lim
h→0

f(h)− f(0)− 〈h, t〉
‖h‖∞

= 0.

So it’s either (i) or (ii). By the way, if f ∈ C1(R2) then f : R2 −→ R is differentiable.
But the converse is false, i.e. f can be differentiable even if f /∈ C1(R2). For example

f(x, y) =

x
2 sin

(
1
x

)
x 6= 0

0 x = 0.
.

We have that
∂f

∂x
(0) = lim

x→0

x2 sin
(

1
x

)
x

= lim
x→0

x sin
(1
x

)
= 0,

∂f

∂y
(0) = 0,

and

lim
(x,y)→(0,0)

x2 sin
(

1
x

)
√
x2 + y2 = 0,

since ∣∣∣∣∣∣
x2 sin

(
1
x

)
√
x2 + y2

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
x2 sin

(
1
x

)
√
x2

∣∣∣∣∣∣ = |x|
∣∣∣∣sin(1

x

)∣∣∣∣ −→
(x,y)→(0,0)

0.

But the ∂f
∂x

is not continuous at 0. Indeed,

∂f

∂x
(x, 0) = 2x sin

(1
x

)
cos

(1
x

)
.

By taking
xn = 1

2πn and yn = 1
π
2 + 2πn,

we get
lim
n→∞

∂f

∂x
(xn, 0) = −1 6= 0 = lim

n→∞

∂f

∂x
(yn, 0).

Therefore ∂f
∂x

is not continuous and thus f is not C1.

5. Answer (iv). Observe that x2−9y2

x2+y2 is not defined at (0, 0). Therefore, its domain is
R2\{(0, 0)}. Let consider first f(x, 0) for x 6= 0. We have that f(x, 0) = 1 for all
x 6= 0, and thus

f
( 1
n
, 0
)

= 1.

On the other hand, f(0, y) = −9 for all y 6= 0, and thus

lim
n→∞

f
(

0, 1
n

)
= −9.
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Therefore, xn = ( 1
n
, 0) and yn = (0, 1

n
) define to sequences that converge to 0 but

such that
lim
n→∞

f(xn) 6= lim
n→∞

f(yn).

Therefore, the limit at 0 doesn’t exist.

6. Answer (iv).
lim
y→0+

f(1, y) = lim
y→0

1
y

doesn’t exist. Therefore f is not continuous at (1, 0), and in particular neither
differentiable.

7. Answer (iii). Since f ′(1/2) = g′(1/4) = 0, neither f nor g are regular. But

h′(t) =
(
−8

(
t− 1

2

)
,−2

(
t− 1

2

))
6= 0

for all t, therefore h is regular.

8. Answer (i). We have that f is continuous over R2\{(x, x) | x ∈ R}. Let show that
f is also continuous over {(x, x) | x ∈ R}. We have that

lim
y→x

xex − yey

x− y
= lim

y→x

xex − yex + yex − yey

x− y
=
(∗)
ex+lim

y→x
y
ey − ex

y − x
= ex+xex = (x+1)ex.

We used the fact that
lim
y→x

ey − ex

y − x
= d

dy
ey
∣∣∣∣∣
y=x

.
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