
EPFL - Analyse II Spring Semester 2017

Multiple Choice Questions 2 : Solutions

1. Answer (iv). The line and the circle intersect at
(

1
2 ,
√

3
2

)
, and thus, we have to find

the tangent vector on the point for each curve. For the line, the slope is given by
v1 =

(
1,− 2√

3

)
. For the circle, we derivate the fonction

f : [0, 1] −→ R
x 7−→

√
1− x2

and compute f ′(1/2) = − 1√
3 . Therefore v2 =

(
−1, 1√

3

)
and thus

cos(θ) = 〈v1, v2〉
‖v1‖‖v2‖

= 5√
28
.

Notice that to get v2 we could also have parametrized the circle as ϕ(θ) = (cos θ, sin θ)
for θ ∈ [0, 2π[ and compute γ̇(π3 ) (since the circle and the line intersect when θ = π

3 ).

2. Answer (iii). The "if" has to be understood as an "if" of a definition, i.e. as an "if
and only if".

(i) Counter-example : any periodic function (for example x 7−→ cos(x))
(ii) Counter-example :

f(x) =

1 x ∈ { 1
n
| n ∈ N∗} ∪ {0}

0 otherwise.

The function f is obviously not continuous at 0 and we have that

lim
n→∞

f
( 1
n

)
= f(0) = 1.

(iii) The property is equivalent to : if (xn)n∈N converge to x0, then f(xn)→ f(x0).
We can prove the result using the definition of continuity of f . Indeed, let
ε > 0. since f is continuous at x0, there is δ > 0 s.t. |f(x) − f(x0)| < ε
whenever |x − x0| < δ. Since xn → x0, there is N ∈ N s.t. |xn − x0| < δ
whenever n ≥ N . Therefore, if n ≥ N , we have that |xn − x0| < δ, and thus
|f(xn)− f(x0)| < ε. We conclude that f(xn)→ f(x0).

(iv) Counter-example : Let

f(x) =


1
x

x 6= 0
0 x = 0.

We will now prove that if (xn)n∈N is a sequence that converge to 0 and such
that

(
f(xn)

)
n∈N

converge, then there is N ∈ N s.t. xn = 0 for all n ≥ N (and
thus, the property of the statement will by verified, but f is not continuous).
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Suppose by contradiction that (xn)n∈N converge to 0 such that
(
f(xn)

)
n∈N

converge, but that for all N ∈ N, there is n ≥ N s.t. xn 6= 0. Let M > 0.
Since (xn)n∈N converge, there is NM ∈ N s.t. |xn| < 1

M
for all n ≥ NM .

However, by our assumption, there is nNM
≥ NM s.t. xnNM

6= 0, and thus
|f(xnNM

)| = 1
|xnNM

| > M . We have proved that

∀M > 0,∃nM ∈ N : |f(xnM
)| > M,

i.e. that
lim
M→∞

xnM
= 0 and lim

n→∞
f(xnM

) = +∞,

what contradict the fact that
(
f(xn)

)
n∈N

converge. The claim follow.

3. Answer (ii). For the first assertion, recall that ‖f‖∞ = max
y∈[0,1]

|f(y)|. The function
F1 is a linear operator, so to prove the continuity over C([0, 1]), it’s enough to prove
the continuity at 0 (why ?). We have that

|F1(f)| ≤
∫ 1

0
|f(x)|dx ≤

∫ 1

0
‖f‖∞dx = ‖f‖∞,

and thus, if ε > 0 and δ = ε, we have that

‖f‖∞ < δ =⇒ |F1(f)| < ε,

what prove the claim. For the second one, let f ≡ 1 on [0, 1]. For all n, set

gn(x) =

1 x ∈
[
0, 1− 1

n

]
n(1− x) x ∈

[
1− 1

n
, 1
]
,

so that gn(1) = 0 for all n ∈ N∗. Therefore, for all n ∈ N∗,

|F2(f)− F2(gn)| = 1.

However,

‖f − gn‖2
2 =

∫ 1

1− 1
n

(
1− n(1− x)

)
dx =

x=1−u

∫ 1
n

0
(1− nu)2du = 1

3n −→n→∞ 0.

To conclude, we found a sequence (gn)n∈N∗ that converge to f but such that(
F2(gn)

)
n∈N

doesn’t converge to F2(f). Therefore F2 is not continuous.

4. Remark that f1(1) = f2(1) and thus, both cuves intersects at t = 1. We have

f ′1(t) = (1, 2, 2t)
f ′2(t) = (0,−1, 3t2),

there value at t = 1 gives the tangent vectors of both curves at the intersection
point : v1 = (1, 2, 2) and v2 = (0,−1, 3). We can conclude that

cos(θ) = 〈v1, v2〉
‖v1‖‖v2‖

= 4
3
√

10
.
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5. Answer (iii). Recall that a set is complete is all Cauchy sequence of E converge in
E (i.e. the limit is also in E).

For the first assertion, let

f(x) =

0 x ∈ [0, 1)
1 x = 1,

and for all n ∈ N∗, let define

gn(x) = xn, x ∈ [0, 1].

For all m,n ∈ N s.t. 1 ≤ n ≤ m, we have

‖gm − gn‖4
4 =

∫ 1

0
(xn − xm)4dx ≤

∫ 1

0
x4ndx = 1

4n −→n→∞ 0,

and thus (gn)n∈N∗ is a Cauchy sequence. Moreover (gn)n∈N∗

‖gn − f‖4
4 =

∫ 1

0
x4ndx = 1

4n −→n→∞ 0,

and thus (gn)n∈N∗ is a Cauchy sequence of E that converge to the function f which
is not in E (since it’s not continuous). Therefore E is not complete.
For the second one, let define a Cauchy sequence of E by xn = (un, vn), i.e. u2

n+v2
n ≤

1. In particular, (un)n∈N and (vn)n∈N are both in R that is complete. Therefore,
they both converge in R. Let denote u and v there respective limits. Then we have
that

1 ≥ lim
n→∞

(u2
n + v2

n) = u2 + v2,

and thus
xn = (un, vn) −→

n→∞
(u, v) ∈ E.

We have proved that all Cauchy sequence of E converge in E. Therefore E is
complete.

6. Answer (iv). For the first assertion, the derivative of the curve is given by

f ′(t) =
(
2 sin(t) cos(t),−2 sin(t) cos(t)

)
.

Since f ′(0) = f ′(π/2) = f ′(π) = 0, the curve is not regular. For the second one,
the curve is not continuous.

7. Answer (i). Let (yn)n∈N a sequence that converge to x s.t. yn 6= x for all n. Since f
is bounded, the sequence

(
f(yn)

)
n∈N

is bounded, and thus, there is a subsequence
that converge. Let

(
f(ynk

)
)
k∈N

such a sequence, and let set xk = ynk
. Let denote

y the limit of
(
f(xn)

)
n∈N

. Then we have that

xn −→ x and f(xn) −→ y,

what prove the claim.
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