Chapter 1

The Euclidean space R™

The set R™ is defined as the set of all ordered n-tuples (z1,.....,x,) of
real numbers. These n-tuples are called points of R™. We can also see R™ as a
vector space of dimension n. In this chapter we will first talk about the algebraic
structure of R™. Next we will introduce a topological structure that shall allow
us to extend the concept of limits to R™. We can find these basic structures
in more abstract spaces such as normed spaces or metric spaces which we will
briefly introduce.

1.1 The vector space R"

Notation. We can represent elements of the vector space R™ as column vec-
tors with n entries instead of ordered n-tuples. We write:

T

Ln

Or x with an arrow above x = Z. There is a unique column vector corresponding
to an n-tuple and vice versa. We will generally use column vectors to denote
elements of R™ in calculations. For the text to be clear we will use the two other
notations for the parameters of functions defined on R™.

Vector space. The set R™ can be considered as a vector space equipped with
addition:
z1 Y1 1+ Y1

T Yn Tn + Yn



and the mutliplication by a scalar A € R defined as

T )\.1‘1

T, ATy,

Scalar product. The vector space R" is also equipped with a scalar product
(-, : R" x R" — R defined as

n
<Xa Y> = Z LkYk-
k=1

A scalar product satisfies the three following properties:
1. Positive-definiteness: (x,x) >0 for all x and (x,x) =0<x=0
2. Symmetry: (x,y) = (¥, X)

3. Linear in each argument: (ax+ 08y,z) = a(x,2z) + S{y,z) for all x,y,z €
R™ and o, 8 € R

In linear algebra a vector x is also an n x 1 matrix. Its transpose, written

xT = (z1,...,2,), is therefore a 1 x n matrix, and we can interpret the scalar

product of two vectors x,y as the matrix product of x” and y:

1
<Xay> = XTy = (xla"'vxn) :
Yn
Dimension of R™. The vectors
1 0 0
0

e = 5 e = 1 ) ,€n = .
. 0
0 0 1

form an orthonormal basis for R™ and

X = Z Trek
k=1
for all x € R with x; = (x,e) € R. Thus,
dimR" =n < co.

We say that R™ is a Euclidean vector space of dimension n. Every real vector
space of dimension n can be identified to R™.



OTHER VECTOR SPACES

Euclidean spaces of infinite dimension. The set [2(R) is the set of numer-
oo

ical sequences (zf)ren such that Z xi < 0. It is a vector space equipped with
k=0
the addition (z)ren + (Yk)ken = (Tk + Yk )ken. We define a scalar product by

((@r)ken, (Ur)ren) = > Trl-
k=0

It is easier to represent the sequences as vectors in "R>”. We can write

o0
<Xa Y> = Z LYk
k=0

The set C([a,b]) of continuous functions f : [a,b] — R is a vector space and
we can define a scalar product on C(]a,b]) as

b
<f»9>=/ f(z)g(x) dz.

The complex vector space C™. The space C™ is the set of all complex
vectors x equipped with the usual addition and the scalar multiplication by
complex numbers. It is a complex vector space (this means it is a vector space
over the field C). We can define a scalar product by

(x,y) =D Zrur- (1.1)
k=1

In particular, this scalar product is linear in its second argument and anti-linear
in the first argument. In addition, for all x,y € C"

(x,y) = (y,%x).

The vectors e, k = 1...n, form an orthonormal basis. We say that the space
C™ is a Hermitian space of dimension n. In quantum mechanics the spin state
of a particle of spin s is represented by a vector in C25+1,

The real vector space C™. A Hermitian space is always a Euclidean space
if multiplication is restricted to real numbers. We take the scalar product

(x,¥)r = Re((x,¥)) = Re( Y _ Zryn)- (1.2)
k=1

The vectors ey, ieg, k = 1...n, form an orthonormal basis in relation to this
scalar product. Consequently, the real vector space C" is of dimension 2n.
Therefore we can identify C™ with the Euclidean space R?".



1.2 The normed space R"

To be able to extend the analytical methods presented in Analysis I to the
space R™, it has to be provided with a topological structure. On the field R
we used the absolute value to define a distance d(z,y) = |x — y|. We have
defined the convergence and the continuity in R with this distance d. We seek
to generalize the absolute value and the distance to the space R™. To do that
we will introduce the concepts of norm and a metric.

Definition - norm and normed space. Let E be a real vector space. A
function ||-|| : E — Ry is called a norm on F if || - || verifies the three following
properties:

1. Positive-definiteness: ||x|| >0 forall x € F and ||x|| =0<x=0
2. Homogeneity: ||A-x|| = |A| - ||x|| for al A\ e Rand x € E
3. Triangle inequality: ||x +y]|| < ||x|| + ||y]| for all x,y € E

The couple (E, || ||) is called a normed space.

The Euclidean norm on R™. The function || - ||z : R® — R defined by

Il = VT = (Zx) (13)

k=1

is a norm on R™. We call it the Euclidean norm on R™. The triangle inequality
is a consequence of the Cauchy-Schwarz inequality

(x,¥) < (x,x){y,y) = [[x|P*/ly]* (1.4)

It follows that R™ equipped with the Euclidean norm is a normed space.

Proposition. (R™,||-||2) is a normed space.
Euclidean distance on R™. In a normed space (E,|| - ||) we can introduce
the distance between two vectors by

d(x,y) = [[x = yl|- (1.5)

It verifies the three following properties:

1. Positive-definiteness: d(x,y) > 0 for all x,y € M and d(x,y) = 0 <
X=y

2. Symmetry: d(x,y) = d(y,x)
3. Triangle inequality: d(x,y) < d(x,z) + d(z,y)

for x,y,z € E. The couple (F,d) is called a metric space. In R we measure
the distance between two vectors with the Euclidean distance (or metric) given
by

d(x,y) = da(x,y) =[x = yll2 = V(21 —y1)? + ... + (@n —yn)?. (16)



Geometric Interpretation. In R? or R? the Euclidean metric da(x,y) =
[|x — y||]2 corresponds to the Euclidean (usual) distance between two points x
and y. The Euclidean norm ||x||2 also corresponds to the length of a vector x.
The scalar product (x,y) measures the angle between the two vectors x and y:
if we designate § = <«((x,y), then

(x,y) = ||x[|2]|y]|2 cos 6.

In particular if x and y are orthogonal vectors, i.e. § = +7/2, then (x,y) = 0.

1.3 Subspaces of R"

To define certain notions and properties of subsets of R™ we only use the fact that
the space R™ has a metric, for example the Euclidean distance d(x,a) = da(x, a).
We will later see that for the vector space R™ this does not depend on the choice
of d if d is defined from another norm on R™.

Open ball. Let a € R™ and r > 0. The set
B(a,r) = {x e R" : d(x,a) < r}

is called the open ball with centre a and radius r. The topological characteri-
zations of real subsets introduced in Analysis I extend themselves naturally to
the space R":

Open subset. A subset S C R" is open if for all z € S there exists a neigh-
borhood B(x,€) with € > 0 such that B(x,e¢) C S. The empty set (} and the
space R™ are open. Any open ball B(a,r) is an open space. Any union of open
sets is open. Any finite intersection of open sets is open.

Closed subset. A subset S C R™ is closed if R \ S is open. The empty set
() and the space R™ are closed (and open).

The interior and the boundary of a set. Let S C R" anda € S. We say a
is in the interior of S if there exists a neighborhood B(a, €) with € > 0 such that
B(a,e) C S. The set of all interior points of S is called the interior of S and

written S. A point a € R" is called a boundary point of S if any neighborhood
B(a, €) contains points of S and points of R™\ S. The set of all boundary points
of S is called the boundary of S and written 95.

Example. The unit ball is open in R™ (in regards to the norm || - ||2) and is
defined by
By = B(0,1) = {x € R" : }x]| < 1}.

Its boundary is the sphere

9B, = {x € R" : [|x|| = 1}.



The closure of a set. Let S C R™ and a € R". We say a is a point of closure
of S if for any neighborhood B(a,¢):

B(a,e) NS £ 0.
The set of all points of closure of S is called the closure of S and written S.
Proposition. Let S C R™. Then
1. ScScs.
2. §=S5UaS.

. S is open if and only if S = g‘

w

4. S is closed if and only if S = S.

Examples.
1. Let f : R — R be a continuous function. The graph Gy = {(z, f(z)) €

R? : z € R} represents a curve in R?2. We have Gy = (. Therefore
Gy = 0Gy¢. The graph of a continuous function is a closed set in R2.

2. Let B={x € R?:|[x||2 < 1} and I = [0,5].The set S defined by
S=BxI={xcR®:2? 423 <1land0<x3 <5}

is a cylinder. The set S is neither closed nor open. The boundary of S is
given by
0S =0B xIUB x 9l

1.4 Sequences in R"

We introduce the notion of convergence of a sequence in a normed space and
the notion of a normed complete space.

Sequences. A sequence of elements of R™ is a function f : N — R"™, which
associates an element x; = f(k) € R™ for every k € N . Sequences are noted

(Xk)ken-

Convergent sequence. A sequence (Xj)gen converges toward x € R™ if for
every € > 0, we can associate an integer N, such that for every k > N, on a
da(xg,x) < €. We then write
lim x5 = x.
k—+oo

We also say the sequence (xi)ken is convergent and has a limit x € R”. When
the limit exists, it is unique. A sequence that is not convergent is said divergent.
With this definition the sequence (xj)ren converges toward x € R™ if and only
if the sequence of distances (Dg)ren given by Dy = d(xg,X) converges toward
0:

lim x, =x & lim do(xg,x) =0. (1.7)
k——+oco k——+o0



Cauchy sequences. A sequence (Xp)ren is a Cauchy sequence if for every
e > 0, we can associate an N = N, € Nsuch that k,! > N implies da(xy, X;) < €.

Proposition. Any convergent sequence (X )ren is a Cauchy sequence.
Proof. see Analysis I.

Normed complete space. A normed space (E,|| - ||) is complete if any
Cauchy sequence converges relatively to this metric. A normed complete space
is called a Banach space.

Example - The Banach space R. We have shown in Chapter 2.5., Analysis
I, that the space R with the metric d(x,y) = | — y| is complete. This result is

at the base of the corresponding result on the normed space (R™, || - ||2).
Proposition. A sequence (xj)ien converges in the normed space (R™, || - ||2)
if and only if the n numerical sequences (1 )k, ..., (Znk)r converge. The

following theorem follows:

Theorem. Any Cauchy sequence in R™ converges. Therefore the normed
space (R™,]] - ||2) is complete.

Bounded sequences in R™. A sequence (Xj)ren is bounded in (R™, || - ||2)
if there exists a constant C' > 0 such that ||xg|l2 < C for any k € N. The
Bolzano-Weierstrass theorem also applies to bounded sequences in R™:

Bolzano-Weierstrass theorem in R™. FEach bounded sequence (xx)gen in
R™ has a convergent subsequence (X, );jen-

Proof. See the proof of the Bolzano-Weierstrass theorem in C, Analysis 1.

Sets and sequences in R™. Let S C R". Then x € S if and only if x is the
limit of a sequence of elements of S. If S is closed and bounded then we can
extract a convergent subsequence from any sequence in S. In particular if the
sequence is convergent its limit is in S.

1.5 Continuous functions

The concept of continuous functions can be extended to applications f : R®» —
R™.

Continuous function. A function f : R” — R™ is continuous in a € R" if

lim f(x) = f(a),

X—a

that is to say, if for each sequence (xj)ren in R™ that converges to a

leIgof(xk) = f(a).



Proposition. The function f : R® — R™ is continuous in a € R"™ if for each
€ > 0 there exists § > 0 such that

da(x,a) <d = da(f(x),f(a)) <e.

If m =n =1 then dy(z,y) = |z — y| and we end up with the result about the
continuity of a function f: R — R.

Rules of calculation for continuous functions. Linear combinations af +
Bg of two functions f,g : R® — R™ that are continuous in a € R" are con-
tiunous in a € R™. The composition of functions also preserves continuity (see
Analysis T).

We will now give examples of continuous functions. For linear applications
and bilinear forms see Section 1.7.

Example 1. The Euclidean norm || - ||z : R — R is continuous over the
normed space (R™, ||-||2). (Idea: prove the inequality | |[x|]2—|y|[2| < |[x—y]|2.)

Example 2. Every norm || - || : R™ — R, is continuous over the normed
space (R™,|| - ||2). In fact, as above

[l = [y [l < [1x =yl

and by the inequality (1.11) ||x — y|| < C||x — y||2 the affirmation follows.

Example 3. It is possible to build continous functions f : R™ — R™ from

continuous functions f : R — R using the calculation rules for continuous

functions. For example, let f; : R — R be continuous in a; € R, i = 1,...n.
n

Then f : R” — R defined as f(x) = Zfi(xi), X = inei is continuous in
i=1

i=1
n
a = E a;e;.
i=1

As seen in Analysis I, by the Bolzano-Weierstrass Theorem the following result
holds for real continuous functions.

Theorem. Let M C (R™,]||-||2) be closed and bounded and f : M — R be
continuous. Then f reaches a maximum and a minimum in M.

Banach fixed point theorem. Let M C (R™,]|-||2) be closed and bounded.
Let f: M — M be a contraction, that is to say, there exists 0 < ¢ < 1 such
that for each =,y € M

da(f(z), f(y)) < qda(z,y). (1.8)

Then there exists a unique & € M such that f(z) = z.



Limit of a function. By analogy to Analysis I, we can define the limit of a
function f : R — R™ in a € R”™ by the existence of a continuous extension.
This concept will be introduced in Chapter 3 for functions f : R® — R to
illustrate surprising results of differential calculus.

1.6 Other norms on R”

There exists other norms over R™ for example
n
[l = |kl (1.9)
k=1

|[%[|oc = gkagnlwk\ (1.10)

To prove that the notion of convergence in R™ does not depend on the choice
of the norm we will introduce the notion of norm equivalence. Two norms || - ||
and ||| - ||| are equivalent if there exists two constants C7,Cy > 0 such that for
allx € B :

Crllx|] < J[x[I] < Callx]|

Of course the norms || - ||1,]] - ||2,]] - ||cc are equivalent as
X X X

and
/|00 < I1xll2 < V7 [1x]|oo-

Let || - || be a norm on R™. Then there exist a constant C' > 0 such that

I|x]] < C|lx||2 for all x € R™. (1.11)

n

In fact, by writting x = inei, by the properties of a norm and the Cauchy-
i=1

Schwarz inequality :

" noNb :
Il < 3 Jel - el < (Zx?) (Znen?) — C)jxl;
=1 =1

i=1

n 3
with C = (Z ||ei||2> . We will prove that all norms on R™ are equivalent.
i=1

This property_implies that the notion of convergence that we have defined with
the distance induced by a norm does not depend on the norm we use.

Continuity of norms on R™. Each norm || - || : R* — R, is continuous
over the normed space (R”,|| - ||2). In fact, as above

[l = [y [l < [lx =yl

and from the inequality (1.11): ||x — y|| < C||x — y||2, the affirmation follows.



Proposition- Equivalence of norms. Let ||-|| be a norm on R™. Then |- ||
is equivalent to || - |2

Proof. M = {x € R":|[x||]2 = 1} is a bounded and closed subset of (R",|| -
[l2). The continuous function ||- || reaches its maximum and its minimum in M.
By the homogeneity of norms there exists Cy,Co > 0 such that

Crllxl2 < [[x]| < Cal[x]]2 (1.12)

for all x € R™. It follows that in R™, the notion of an open set does not depend
on the norm since all norms are equivalent. For example let

B(a,e) ={x € R": ||x —al|2 < €}
be the e-neighborhoods relatively to the Euclidean norm and
B'(a,e) = {x € R": [|x — | < €}

the e-neighborhoods relatively to the maximum norm, then we have the following

inclusions
B'(a,e/+/n) C B(a,e) C B'(a,e).

H [ o5 05 | !

Balls for norms 1,2, co

1.7 Linear applications

For each linear application f : R” — R™, we can associate a matrix A € M,, ,

such that
f(x) = Ax (1.13)

for all x € R™. Explicitly, if A =a;5,i=1...m, j =1...n, then

m n
Ax:g E ai;T;€;

i=1 j=1

10



where e; € R™ are the vectors of the standard basis. By the Cauchy-Schwarz
inequality

m n n m n

1A4xI3 = > D> " aijauziz =Y <

i=1j=11=1 i=1 Nj=

2 m n
:r) < (Zzaé)mns.
1

i=1 j=1

We say that the application defined by A is bounded since we have a constant
C > 0 such that
[[Ax||2 < C||x]|2 (1.14)

m n 1

for all x € R™. Here C = HA||2 = <Z Z a?j) . The continuity of the linear
i=1j=1

application f(x) = Ax follows.

Proposition. Each linear function f : R” — R™ is bounded and therefore
continuous.

Proof. For each € > 0 choose § = Ce~! with C of equation (1.14).

Bilinear forms. We can identify matrices A € M, , with bilinear forms
b:R™ xR"™ - R as

by, x) = (y, Ax)pm = > Y aizy; (1.15)

i=1 j=1

Note that
b(y, X) = <ATy7 X>]R"

where AT € M, , is the transpose of matrix A. In particular b(e;, e;) = a;;.
The bilinear form b : R™ x R” — R defined by (1.15) is continuous in all
(y,x) € R™ x R™.

11



Chapter 2

Curves in R"

2.1 Differentiable curves

Definition. Let I C R be an interval. A curve (or a path) is a continuous

function
f: 71 —R".

A curve is an n-tuplet of continuous functions f;:

h

fn
A curve is differentiable if the n functions f; are differentiable. A curve is of
class C*(I) if all n functions f; are of class C*(I). For all t € I we call

fi()
v =|

fa(®)

the tangent vector at point f(¢).
For a differentiable curve, we have by definition of a derivative

£(t) = Tim f(t+n)—1£(t)
h—0 h
h#0
in other words,
f(t+h)=1£(t)+£'(t)h+o(h)
where o(h) denotes a continuous curve such that

o(h) _
h—0 ‘h| =0

12



Application to mechanics. A curve describes the movement of a particle if
we interpret the variable ¢ as the time and f(¢) as the position of the particle
at time ¢ (in mechanics physical particles may be represented as point particles,
that is to say, they lack spatial extension). Then, the image of £ describes the
orbit and the graph of f describes the movement in spacetime. The tangent
vector at time t represents the velocity vector and

/()12 = /£ ()2 + .+ Fi(0)?
is the speed at time ¢. The vector

1'(t)
f”(t) _
fa(®)

represents the acceleration at time t. We usually write r(t), v(t), a(t) to denote
the position, velocity and acceleration. Time derivatives are often written as
r(t),#(t),.... The equation of motion for a particle of mass m is given by
Newton’s law

ma(t) = F(t,r(t), v(t)) (2.1)

where the function F' denotes the force that acts on the particle. It is a system
of second order differential equations to which we must add initial conditions
(see Chapter 7):

mi(t) = F(t,x(t), #(1)),  1(0) = 0, ¥(0) = vo. (2.2)

A system of N particles in R? can be represented by a vector in R3VN. It can
be useful to combine the position vector and the velocity vector of a particle of
mass m in a single vector

where p(t) = mv(t) is the momentum of the particle. These vectors belong to
a space called the phase space, and is important in physics and for differential
equations.

13



Curves in the phase space of a pendulum a(t)=-g | sin(x(t)).

Definition. A curve is said to be smooth if f'(t) #0 forallt € I. Ate [l
such that f/(¢) = 0 is singular (or stationary).

Examples.

1. Circles. Let r > 0 and f : [0, 27] — R? given by

rcost
£(t) = (r sint) ’

rcost
f(t) = | rsint
0

Im(f) = £([0,27]) = {(z,y) € R? : 2% +¢* = r?}.

or in R? by the function

We note that in R2:

14



We note that in R3:

Im(f) = £([0,27]) = {(2,y,2) € R® : 2% + 4? =%, 2 = 0}.

In R? we have

£'(t) = (”mt> and ||f/(t)|l2 =7

rcost

or in R3 the function

—rsint
f'(t) = | rcost and ||f'(t)||l2 =7
0

This curve is smooth. Also note that (f'(¢),f(¢)) = 0 and £f”(¢) = —£(¢).
. A line in R™. Let rg,v € R", tp e Rv # 0 and r : R — R” given by
r(t) =ro+ v(t —to).

This parametrization of a line describes the movement of a free particle
with the initial conditions r(tg) = ro,(tg) = v. The velocity is constant:

t(t) =v and [[f(t)]]2 = [[v]|2

To depict its image in R™ by a system of equations we need to find (n —1)
vectors w; that are mutually orthogonal and also orthogonal to v. We
have

Im(r) =r(R) ={r e R" : (r —ro,w;) =0}

forall j =1,...,n — 1. A line is described by a linear system of (n — 1)
independent equations. The line r(t) = ro + v(t — tg) is a smooth curve.

. Any graph Gy of a real continuous function f: R — R can be considered

as a curve in RZ:
Br) = (fft))

Obviously Im(f) = G. For the tangent vector we obtain
1
£ =(ppy) d IFOl = VIT IO

. Helix. For 7 >0 and ¢ € R let f : R — R? be given by

rCcost
f(t) = | rsint
ct
The tangent vector is given by
—rsint
f'(t)= | rcost and ||f'(t)|]2 = V12 + 2
c

15



5. A non injective curve. Let f : R — R? be the function
2 -1
We have f(—1) = f(1) = 0 and

Im(f) = f(R) = {(x,y) € R? : 2% + 23 = ?}

We calculate the tangent vectors:

f’<t><3t3t_ 1) and [|€(8)]la = VO — 222 + 1

Therefore f'(—1) = (—2,2) and /(1) = (2,2).

16



6. Neil Parabola (or semi cubic parabola). We consider the curve f : R —
R? given by
42

2 ) The point (0,0) is a singular point. The image of f

3t?
is given by the equation x

Then f'(t) = (

3 =42,

Intersection of smooth curves. Letf:[; — R", g: I, — R" be smooth
curves such that f(¢1) = g(t2). In other words, Im(f) NIm(g) is non empty. The
angle of intersection ¢ is defined as the angle between the two tangent vectors.
We determine ¢ € [0, 7] by

(£(t1), 8'(t2))

cost =
[[£7(t1)]]2118" (t2)]]2

Example. Consider example 5. We have f(—1) = f(1) = 0 and
cost =0

ied=m/2.

17



2.2 Length of curves

The idea is to approximate a curve by a sequence of segments and from that
define the concept of length of a curve.

Length of a segment. Let f : I — R™ be a curve and ty,t3 € I. The
segment connecting the points f(¢;) and f(¢3) is the straight line s : [0, 1] — R”
given by

s(t)=f(t1)(1 —7) + f(t2)7

The length of the segment is

L(s) = [|f(t2) — £(t1)] 2.
Definition - Rectifiable curve. Assume that a curve f : [a,b] — R™ is
partitioned into a sequence of segments [a, b], each of which has a norm tending
to zero. If the sequence of the length of these segments converges to a finite

number L > 0 we call such a curve a rectifiable curve and L the length of the
curve f.

f(b)

f(a)

For a differentiable curve f the idea is to build a Riemann sum for v(¢) =
[IE"(@)12-

Theorem. Let f be a curve of class C!([a,b]). Then f is rectifiable and

b
L= [l (2.3)
We call L the arc-length of f.

18



Sketch of proof. Let N € Z,. Forallk=0,...,N—1let a;, = a+£(b—a),
using the mean value theorem we have (to use for each f/):

fown) = o) = [ g0 @t =0 o), o lansangal

(23

Calculating the Euclidean norm and sum over k we obtain:

=2

N—

_

1
b—a

f —f =
1|| (ar+1) = flar)llz = — 2

>
Il
—

Using the uniform continuity of f’ and of the Euclidean norm, the last sum
converges to the integral of ||f'(t)||2 (exercise!).

Theorem. The length of the arc given by (2.3) does not depend on the
parametrization that has been chosen. (see Analysis 3)

An inequality for the length. Let f be a curve of class C([a,b]). Then,

b b
[ / £/(1) dt]|, < / 8/ (8)] 2 dt,

which is equivalent to
b
6 ~ @)l < [ 1EO)la .
a

Proof. We use the linearity of the integral and the Cauchy-Schwarz inequality
for the scalar product in R™:

1£(b) — £(a)[3 = (£(b) — £(a),£(b) — £(a)

b
— (£(b) - £(a), / (1) dr)

b
- / (£(b) — £(a), (1)) dt
b b
< [ 1160) ~ @ el )z de = [160) £l [ €2 .
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f(b)

b

L=[ If ()], a

a

f(a)

Examples.

1. Arc-length of a circle.
L(a) = / [|£(t)]]2 dt = ra
0
2. Arc-length of a segment of a straight line.
b
L= [ Iivllade = iv]la0~ o

a

3. The arc-length of a function f € C'([a,b]) is given by

L= /b NESTO

Let us calculate the arc-length of the function coshz between a < b.
Evidently,
b b
L= / v/ 1+ sinh(t)2 dt = / cosht dt = sinh b — sinh a.

4. Arc-length of a helix.
b
L= / V242 dt =byr? +c?
0
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Line integral. Let f be a curve of class C''([a, b]). For any continuous function
¢ : R™ — R we can define

b
/ o ds = / S(E(L) £ |2 d. (2.4)
Im(f) a

It is a subject of Analysis 3.
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Chapter 3

Real-valued functions in R"

3.1 Introduction

Definition. Let D C R™. A function f : D — R is called a real-valued
function on D C R™. Given a real number ¢ € Im(f), we call the set

Ni(e) ={xeD: f(x)=c}

the level set ¢ of f. The graph of f is given by

Gf:{(fzcx)):xeD}cR”“.

The graph describes a hypersurface of equation x, 1 = f(x) in R**1,

The case n = 2. For functions f : R? — R we can call the set N¢(c) a
contour line. We can consider the value f(x1,2z2) as the altitude of the point
(x1,22). So Ns(c) corresponds to the contour line ¢ on a geographic map. We
can graphically represent a function f : R? — R by its graph in R? or by the

projection of its contour lines onto the plane R2.
7 N

(2-X"3+6"YM+y 34X M +67X "y A2) exXp(-X"2-y"2"1.2)
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Examples. In physics, the functions f : R® — R are often called scalar
fields. The gravitational potential of a mass or the electric potential of an
electric charge are examples of scalar fields:

k

¢:R*\ {0} — R, ¢(X):m

for a real constant k. In mechanics, we often consider systems where the energy
is conserved (Hamiltonian systems). For the movement of a particle of mass m
in space, subject to the potential V(x), its energy is a real-valued function of
its momentum p = mv here v is the velocity and x the position in space:

_lIpll3

E:R"xR"—R, E(p,x) = o + V(x).

The movement follows the contour lines of the energy E in phase space.

3.2 Limits and continuity of a real-valued func-
tion

We refer to the concepts of limit (and punctured limit) presented in Analysis 1
(see Chapters 2 and 4).

Definition - limit of a function. Let D C R™, a € R” be a point of closure
of D and f: D — R a real-valued function. We say f has a limit L € R as
x approaches a if for any € > 0 there exists a § > 0 such that ||x —al|2 < ¢
implies |f(x) — L| < e. In other words, if a € D the limit exists if and only if
L = f(a), i.e. if and only if f is continuous at a. If a ¢ D the limit exists if and
only if f admits a continuous extension at a. This definition is equivalent to
the definition of limit by sequences (see Analysis 1) : }clgi f(x) = L if and only

if for any sequence x; € D, converging toward a, we have X lirf flag)=L. In
— 400

particular if a € D we find the definition of a continuous function at a € D:

Continuous function. A function f: D — R is continuous at a € D if for
any € > 0 there exists a ¢ > 0 such that ||x — a||2 < § implies |f(x) — f(a)] < e.
In particular, f commutes with the limit process: for any sequence a; € D
converging toward a € D we have

lim f(ag) = f(a) = f( lim ay).

k— 400 k—-+4o0

Example. Let p € R", f, : R — R be given by fp(x) = sin(p,x). Then
fp(x) is a continuous function at any a € R": for any sequence aj, converging
toward a we have:

lim (p,ay) = (p,a)

k—+4o00

since |(p,a; — a)| < ||lax — al|2||p||2 and sin(z) is continuous.
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Non-existence of a limit I. Let f: R? — R be given by

o) = wz i (z,y) #(0,0),
f@:9) {0 if (z,4) = (0,0).

f(z,y) is not continuous at (0,0), namely ( %Hn( : f(x,y) does not exist. A
x,y)—(0,0

simple method to prove that the limit does not exist is to study the behaviour of
the function f when approaching the point a = (0, 0) along straight lines passing
(0,0). For example we consider the straight line given by C' = {(x,y) : y = z}.
For any point (z,y) € C'\ {(0,0)} we have

) = foe) = -~ = L

2 +x2 2
Then lim f(z,y) = lim f(z,x) does not exist since f(0,0) = 0.
(z,y) = (0,0) w0
(z,y) e C

Non-existence of a punctured limit I.

1
lim ,y) = lim ,T) = =.
w0 e 0.0 fla,y) = lim f(z,2) = 5

(z,y) € C\{(0,0)}

On the straight line D = {(x,y) : y = 0}, for every point (z,y) € D\ {(0,0)}

we have:
f(x,y) = f(z,0)=0
and so

lim f(z,y) = lim f(z,0) =0.
(z,y) = (0,0) w0

(z,y) € D\{(0,0)}

We conclude that lim f(x,y) does not exist.
(z,y) = (0,0)

(z,y) # (0,0)
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S (5,9) £ (0,0),
if (2,y) = (0,0)."
Note that we do not see the discontinuity of the function because the software

draws segments between calculated points. As a consequence there is the ap-
parition of ”strange” summits.

Graph and contour lines of the function {

Parametrized version. In general, for a function f : R® — R we consider
the lines given by vt +a, v € S,_1 = {v € R" : ||v||]2 = 1} and we study the
functions with one variable ¢ given by

gv(t) = f(vt + a)

when ¢ tends to 0 (with ¢ # 0 for punctured limits). If we can find two vectors
v,w € S, such that g,(¢) and gw(t) do not behave the same way when ¢
approaches 0, then neither the limit nor the punctured limit of f exists. The
limit of a function describes its behavior in a neighborhood. That is why it
is not sufficient to study the functions gy (t) for all v € S,,_1, as the following
example shows:

Non existence of a limit II. Let f:R? — R be

1, ify=2a2%etz>0;

Hay) = { 0, otherwise. (3.1)

Of course, f is not continuous at (0,0) as for each neighborhood of (0,0):
f(z,2%) — £(0,0) = 1 with > 0 small enough. On the other hand gy(t) = 0
for all v € S; and ¢ small enough.

25



3.3 Partial derivatives, differential and functions
of class C!

3.3.1 Partial derivatives

Definition A function f: R®™ — R is partially differentiable with respect to
the variable x; at a point a € R™ if the limit
he.) —
ﬁ(a) ~ lim fla+heg) — f(a)
Oz, h—0 h
h#0

(3.2)

exists. The limit %(a) is called the partial derivative of f with respect to zy
R" '
ata e .

Remark. We also use the notation
of
D = —
kf(a) Ozr

(a).

or if the real variables of f are explicitly given

0 0
D f(e.92) = G e,0.2), Duf2,0:2) = 5 (0,0.2),ete.

Remark. The limit éfok(a) exists if and only if the function h — f(a+ hey)
is differentiable at h = 0. In that case
o

. a)=— h:Of(a—|— heg). (3.3)

Calculation rules for partial derivatives. By the remark above, partial
derivatives satisfy the properties of linearity and the product and quotient rules
(like the derivative of a function of a single variable - see Analysis I):

d(af + Bg) of dg

. (a) = a@(a) + ’8%(3) (3.4)
agx'kg) (a) = g(a)%(a) + f(a)%(a) (3.5)
aga];/kg) (a) = (g<a>§7k<a> - f<a>%<a>)/g<a>2~ (3.6)

For the derivatives of composed functions, see Section 3.5.

Definition. Given U € R™. A function f : U — R is partially differentiable
in U if the n partial derivatives Dy f(x), k = 1,...,n exist for all x € U. The
vector

D1 f(x) 2L (x)
Vi(x) = : =

Dy f(x) 2L (%)
is called the gradient of f (at the point x).
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Remark. The gradient is also written gradf(x). Note that
V(%)= Dpf(x)ex
k=1

therefore Dy, f(x) = (V f(x), ex).

Examples.
1. Let v € R™ be fixed and [ : R™ — R, a linear form, be defined as
I(x) = (v,x).

The function /(x) is partially differentiable and

Therefore

Vi(x) = Z(v,ek> ex=v

k=1

2. Let A € M,, »,(R) be a symmetric matrix and ¢ : R” — R the quadratic

form defined as .

q(x) = §<Ax7x).
The function ¢(x) is partially differentiable and
9q (.. q(x+her) —q(x) _
By %) = Jimy n = (Ax,e).

Therefore .

Vq(x) = Z(Ax, ex) ex = Ax

k=1

3. Consider the function r : R™ — R defined as r(x) = ||x||2. It is partially
differentiable in the set R™ \ {0} with

O
axk - '

Consequently, its gradient is

If f:R\ {0} — R is differentiable, then the composition f(r) = f(r(x))
is partially differentiable in R™ \ {0} and

f'(r)x

r

V() =

where f’ denotes the derivative of f with respect to the variable r.
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4. Let us show that the function f : R?> — R defined as
o = (o Ll 200
0 if (r,y) = (0,0).

is partially differentiable in R™. First of all, note that for all (x,y) # (0,0)

we have ) )
e (22 4 y2)2
and by symmetry
of )
= (@,y) = 55
dy (@ +y?)
f is also partially differentiable at (0,0) as

of . f(h,0)— £(0,0)

9 (00) = Jim, h =0
and of F(0,h) — £(0,0)

A S E—

Note that f is not continuous at (0, 0) (see Section 3.2). Therefore, unlike
the case n = 1, the existence of the partial derivatives does not imply
the continuity of a function, the partial derivatives must be continuous as
well.

Proposition - The continuity of partial derivatives implies that the
function is continuous. Let f: R” — R be a function such that all its n
partial derivatives exist and are continuous at a € R™. Then, the function f is
continuous at a.

k
Proof. For h € R™ let a, = a + Zhjej, k =0,...,n. Then, ag = a,
j=1
a,=a+heta,—ar_1=hrer, k=1,...,n. We write
fla+h) = fla) =" flar) — f(ar—1)
k=1
By the mean value theorem for single variable functions, for each k =1,... n,
there exists ¢, € R, |cx| < |hx| such that
of
f(ak) — f(ak,l) = hka—(ak,l + ckek). (37)
T,
Consequently,
fla+h)— = ——(ak—1 + creg)

(3.8)

=2 hn
>

( (ag—1 + crex) — ;i(@) +(Vf(a),h)

The continuity of the partial derivatives and the linear form (V f(a), h) implies
that f(a+h)— f(a) = 0ash — 0.
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3.3.2 Differentiable functions and differential

Definition. A function f : R — R is said to be differentiable at a point
a € R™ if and only if there exists a linear form da f(x) := (daf,x), called the
differential of f at the point a, such that

lim f(a+h)— f(a) —daf(h)
h—0 [[h]]2
h+£0

=0.

The differential d, f is also called the total differential of f at a. f is said to be
differentiable in U C R”, if f is differentiable at each point a € U.

Directional derivatives. Let a,v € R", v # 0 and k : R — R"” be the
straight line given by k(¢) = a + vt. The derivative

d

< fa+vt)
dt 0
is called the directional derivative of f at a along the vector v. If f is differen-
tiable at a, then

d
af(a—kvt) = (daf, V).

t=0

By taking the directions ey we see that any differentiable function at a is par-
tially differentiable at a. It follows that for any function that is differentiable
at a:

daf(v) = (daf,v) = (Vf(a),v), (3.9)
therefore p
Ef(a + i)

= (Vf(a),v).

t=0
The Taylor expansion at order 1 follows:

Theorem. Let U C R” be open and f : U — R be differentiable at a € U.
Then,

f(a+h) = f(a)+(Vf(a),h) + o(h) (3.10)
and (h)
ATy,

In particular, f is continuous at a.

Summary. A differentiable function at a is partially differentiable and contin-
uous at that point. The differential da f of f at a is the linear form (V f(a), h).
3.3.3 Functions of class C*

Definition. Let U C R™ be an open set. A function f : U — R is said to
be of class C*(U) if its n partial derivatives exist and are continuous at each
xeU.
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Remark. The continuity of the partial derivatives at a point a implies the
continuity of the function at a (see equation (3.8)). It follows that any function
of class C1(U) is differentiable (and therefore continuous) at each a € U:

Proposition. Let U C R™ be open and f : U — R of class C'(U). Then f
is differentiable at each a € U. In particular, f has an expansion of order one
(see equation (3.10)) at each a € U.

Theorem 3.1. - Mean value theorem. Let U C R™ be open and f : U — R
of class C*(U). Let x,y € U be such that the segment defined by k(t) :=
(I1—-t)x+ty,0<t<1,isinU. Then

£(y) — £) = / VA(L— H)x + ty) dt,y —x). (3.11)

Proof. We define g : [0,1] — R as g(¢) := f((1 — t)x + ty). Then g is of class
C* such that g(0) = f(x), g(1) = f(x) and ¢'(t) = (VF((1 - t)x + ty),y — x).
Equation quation (3.11) is equivalent to

o(1) — g(0) = / g'(t) dt.

3.4 Tangent hyperplane

For differentiable functions (we always use functions of class C! to simplify the
presentation) the geometric interpretation of the linear term f(a) + (V f(a), h)
is that of the tangent hyperplane, generalizing the notion of the tangent for
functions defined in R.

Example. Let f:R? — R be the function of class C! defined as

flz,y) =" +ay —y>

Vf(ﬂﬁ, y) = <_22xy—:_yx>

In a neighborhood of the point (a,b) = (1,1) the function behaves like
f(xay) ~ f(avb) + (Vf(a,b), (.’E —a,y— b)>
— J(a,b) + (2a+ )z — a) + (~2b+ a)(y — D)
=143x-1)—-(y—1)

We have

The function h(z,y) =14 3(x — 1) — (y — 1) describes a plane in R™, i.e. the
graph G}, is a plane in R3. We have (a,b, f(a,b)) = (a,b, h(a,b)), therefore
it is a plane containing the point (a,b, f(a,b)) of the graph of f and tangent
to the graph of f. This plane is a generalization of the tangent line for real
valued single variable functions. If we generalize it to R™ we call it the tangent
hyperplane.
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f(x,y),hyperplan h(x,y)au point (1,1)

25
The graph of the function f(x,y) = 22 + zy — y? and its hyperplane at the
point (1,1,1) € R3.

Equation of a hyperplane. Given v € R” and the linear form [ : R® — R
defined as
I(x) = (v,x).

For all a € R™ and h € R the graph of the function
ha(x)=h+Il(x—a)=h+ (v,x—a)

defines a hyperplane containing the point (a,h) € R*". The equation of this
hyperplane in R"*! is given by

n

Topr =h+ (v,x—a) =h+ > vlzg — ag).
k=1

Tangent hyperplane. If f: U — R is of class C*(U), then for any a € U
there exists a neighborhood V' C U of a such that

f(x) = f(a)+(Vf(a),x —a) + o(x —a).
Consequently, the equation of the tangent hyperplane is given by

Tne1 = f(a) +(Vf(a),x — a).

If n = 1 we find the equation of the tangent x5 = f(a) + f'(a)(z1 — a), known
from Analysis 1.

31



3.5 Gradient and level lines

The composition rule - 1. Let I be an interval and k : I — R" a curve
of class C'. Let f : R® — R be a real-valued function of class C'. Then the
composed function f ok : I — R is of class C' and

L 10(t)) = (9 Fe(1)), K (1)

Example. Let f:R? — R be the function defined by
flay) =2 +y°
and k : R — R? the logarithmic spiral given by
k(t) = (e “ cost,e”“sint), c¢>0.

Since
2x
Vi = (5)
and . .
1o [—ce” P cost —e " sint
ki(t) = (—ce_Ct sint + e~ cos t>
we obtain

5 T0) = 2 (KL (1) + 2o (K1)

= —2ce ¢

1.5

fk(t))
blue) is a curve in the graph Gy C R3.The derivative %f(k(t)) shows how the
altitude varies depending on ¢ or more precisely, it is the slope of the function
f when following the curve k(t).

The curve k(t) is in R? (shown in red) and the curve c(t) = < k(t) > (in
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Contour lines. If k is a curve such that
f(k(t)) = ¢ = constant

i.e. k is a curve in the level set ¢ of f we have

d

d , B B
T FO(t) = (VFR(),K (1) = - e =0,

We note that the gradient of f is orthogonal to the tangent vector of a contour
line, i.e. of a curve in the level set Ny(c).

I e s s =i L
A O Y 3 N
R A VAN
oo os o e R
ey

o
SR

The gradients are orthogonal to the contour lines.

Example. Let f:R? — R be a function of class C* given by

flzy) ="+ 9%

Vi(zy) = @Z) :

The sets of level ¢ of f for ¢ > 0 are circles with centre (0,0) and radius y/c. We
can represent them in a parametrized form with the curves k.. : [0,27] — R?

given by
(/e cost
ke(t) = (\/E sint

We have
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A geometric interpretation of the gradient. We can interpret the deriva-
tive p

— f(k(t

(1)
as the slope of the function f when following the curve k(t). Using the compo-

sition rule we have
S F0(t)) = (V£0<(0)), K (1)) = IV F0<(0) 21K 1) coma)

where «(t) is the angle between the gradient of f and the tangent vector of the
curve k at the time ¢. We see that this value is maximal if a(t) = 0. Therefore
the vector V f(a) at a point a points in the direction of the sharpest slope of f.

Composition rule - 2 Let D € R™ be open. Let p: D — R be a function of
class C' and f : R — R be of class C'! with derivative f’. Then the composition
of functions f o p: D — R is of class C' and

Vi(p(x)) = f'(p(x))Vp(x).

Example. See example 3, Section 3.3.1: if f = f(r) depends only on the
radial distance, we have for all x # 0:

Ix

r

Vi) =

Example. To find solutions of the partial differential equation

ou ou

%(l‘?y) - aiy(xay) = 07

note that u(z,y) = f(x + y) (therefore p(z,y) = = + y) gives a solution for all
differentiable f.

SRR I I K I IR RR
RS
OO0 I09099.99,000
RRRIINIR
RRIKRIKLLKRLIHKK
RIS

0

The graph and contour lines of the function u(z,y) = f(z + y).
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3.6 Higher order partial derivatives

Let U C R™ be open and f : U — R a partially differentiable function. The
partial derivatives Dy f : U — R can also be partially differentiated. In this
case we say that f is twice partially differentiable. Therefore the second order
partial derivatives D; Dy, f exist.

Example. Let f:R?2 — R be the real valued function defined as
fx,y) = 2®siny + ye”
Obviously f is of class C1(R?) and
D, f(z,y) =2xsiny+ye®, D,f(z,y) = z?cosy + e*

The partial derivatives are real valued function of class C'(R"™) and we can
calculate the four partial derivatives

DZE(DCEf(x’ y)) = Da:a:f(x’y)a Dy(Dwf(x7y)) = Dwa(xay)

Do(Dy f(x,y)) = Day f(x,y), Dy(Dyf(x,y)) = Dyyf(z,y)
We have

Do f(x,y) = 2siny +ye®, Dy, f(x,y) =2xcosy + e”

Dyyf(x,y) =2z cosy +e*, Dy, f(z,y) = —a’siny
Note that Dy, f(z,y) = Dy f(z,y). It is a general property of partial derivatives

under certain hypotheses.

Definition. Let U C R™ be an open set. A function f: U — R is said to be
of class C™(U) if all of its partial derivatives of order m exist and are continuous
at x for all x € U. The function f is said to be of class C°°(U) if each of its
successive partial derivatives exist and are continuous at each x € U.

Theorem. Let U C R™ be an open set and f : U — R be of class C?(U).
Then for each 1 < j,k <mn and each x € U :

Dji f(x) = Dy; f(x).
Proof. Explain

Remark. This result can be generalized to partial derivatives of order > 2.
For example, if f : U — R is a function of class C3(U) we have

Djpif(x) = Dijif(x) = Djp f(x) = ... etc.

n-+m—

There are ( 1) partial derivatives of order m (instead of n'™).
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Definition. The matrix

Diif(x) -+ Dnif(x)
(Djrf(x))jk =
Dlnf(x) e Dnnf(x)

is called the Hessian matrix of f, written Hess(f)(x).
Remark. Note that
Hess (f)(x) = (D1Vf(x) -+ D,Vf(x)).

Definition. Let U C R" be an open set and f : U — R be of class C?(U).
Then the function Af : U — R defined as

Af(x) = Dprf(x)
k=1

is called the Laplacian of the function f. We call the symbol A the Laplacian.

Remark. Note that
Af(x) = tr(Hess (f)(x))
where tr(A) denotes the trace of the matrix A.
Examples.
1. For v € R", we consider the linear form [ : R — R defined as
I(x) = (v,x).

The function [(x) is of class C%(R™ (even of class C°°(R")) By Chapter

3.3 .
Vi(x) = Z(v,ek> ex =V
k=1
Therefore
Hess (I)(x) =0
at all x € R™.

2. Let A € M, ,(R) be a symmetric matrix and ¢ : R — R the quadratic
form defined as

1
q(x) = §<Ax,x>.
It is of class C%(R"™) (even of class C°°(R")). By Chapter 3.3
Vq(x) = Ax.

Then
Hess (q)(x) = A

at all x € R™.
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3. Consider the function r : R” — R defined as r(x) = ||x||2. It is of class
C?(R™ \ {0}) (even of class C>°(R" \ {0}). Using

we find (Djif(x))jk = %6j,k — xjﬁ’“ where §;, =11if j =k and 6;5 =0
otherwise, i.e.

1 zy _T1To _XT1Ty
r T3 3 R T3
_zizy 1 Ty _ ZaTp
Hess (r)(x) = BT 73
2
_T1Tp  __ Z2Tp 1_ 2%y
r3 3 r r3

and ,
"1 =z n—1
Ar =A = E Sl
" r(x) —r 73 r

If f: R\ {0} — Ris of class C?(R™\ {0}), then the function composition
f(r) = f(r(x)) is of class C2(R™ \ {0}). Its gradient is given by

where f’ denotes the derivative of f with respect to the variable r. The
Hessian of f(r) is given by

(Djkf(r))jn = fIY)ij,k + @(@)/

and in particular

n—1

f(r).

" () a? "(r
af) =3 PO By - L0y gy 4
k—

r r
1
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Chapter 4

Vector fields on R"

4.1 Derivatives of vector fields

Definition: vector field. Let U C R". A function v : U — R™ is called a
vector field on U.

Definition: partial derivatives of a vector field and Jacobian matrix.
Let U C R™ be open. A function v : U — R™ is called partially differentiable
at a € U if the partial derivatives

_ O

Djvi(a) _ Ui(a+h’ej) _U’i(a)

— 1 1<i<m1<j< 4.1
&rj(a) ey h ’ sismlsjsn (41

exist. The matrix m x n Jy(a) given by

Dyvi(a) -+ Dnui(a)
(Jv(@))ij = (Djvi(a)),; =
Divy,(a) -+ Dyup(a)

where 1 < i <m, 1 < j <n is called the Jacobian matrix of v at a € U.

Definition: differentiable vector field. Let U C R™ be open. A function
v : U — R™ is said to be differentiable at a € U if there exists a linear map
D,v(x) := Jy(a)x, Jy(a) € M, , such that

lim v(a+h) —v(a) — D,v(h)

h—0 [[h[2
h+0

=o0. (4.3)

Summary. If v : U — R™ is differentiable at a € U, then v is partially
differentiable and continuous at that point. Its Jacobian matrix gives the linear
mapping that approaches v in a neighborhood of a € U.

Definition: vector field of class C'. Let U C R" be open. A function v :
U — R™ is said to be of class C*(U) if the partial derivatives D;v; : U — R,
1<i<m, 1< j<n exist and are continuous in U. Extending the result of
Chapter 3 we conclude that a vector field of class C1(U) is differentiable:
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Theorem. Let U C R" be open and v : U — R™ of class C*(U). Then for
each a € U, v is differentiable. In particular,

v(a+h) =v(a) + Jy(a)h + o(h) (4.4)

and
o(h)

n-o||hlls

Corollary. Let U C R™ be open. Any vector field v : U — R™ of class
C(U) is continuous in U.

Examples.
1. If f: R — R is differentiable at z, then J;(z) = f'(x) € My 1(R).

2. Let k : R — R™ be a differentiable curve at t. Then Ji(t) = k(t) €
M, 1(R).

3. If f:R™ — R is partially differentiable at x, then

Ji(x) = (D1f(x),...Dnf(x)) = (Vf(x)" € My, (R).

If f is differentiable at x, then dx f(h) = Jy(x) - h = (V f(x), h).

4.1.1 The composition rule

Theorem 4.1. Let Uy C R™, Uy C R™ be open, v: U — R™ and w : Uy —>
R* vector fields of class C*(Uy) respectively C*(Us) such that v(Uy) C Us. Then
the vector field

wov:U — RF

is of class C1(Uy) and
Jwov (X) = Jw(V(X)) - Jy(x). (4.5)

Proof. Write the Taylor expansion of order 1. O

Practical calculation. We see from (4.5) that the elements (Jwov(%));,; can
be computed in an intuitive way:

dw;(v(x)) " Jug N O w;
8xj o 1 8%- ka

(v(x)) (4.6)

Examples. In the Chapter 3 we have already seen two examples of the com-
position rule:

1. Let f: R®” - R, k: R — R" be of class C'. Then fok : R — R is of
d k)(t .
class O and Jpae(t) = W20 _ 1 10)) - elr) = (9 0e(0), Kt
2. Let f: R — R, p:R” = R be of class C'. Then fop:R"™ — R is of class

O and Jrop(x) = J5(p(x)) - J,(x) = ['(p(x)) - VT p(x).
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Later we will study the use of the composition rule, for the changes of coor-
dinates.

4.2 Vector fields R* — R"

Introduction. Vector fields R” — R™ have important applications: for ex-
ample in physics they describe magnetic and electric fields or the velocity field
of a fluid. Coordinate changes are also applications R” — R™.

Graphic representation. Let U C R™. A vector field v : U — R" is
represented graphically by an arrow (i.e. a vector) attached at each point x €
R™. If the application v : U — R™ is a change of coordinates, we represent the
application v(x) by the level sets of n real valued functions vy : U — R.

Level set of

[ I | L A O O A e
R RN NN N R R Y
B R N o B A O R O O O R e et
e N T T T S S B o B B e R O
A 2 B VA VAN VO BN B B UL AL NN lflllllw\\\\\““ﬁ”””ﬂ
A I e e A B BN A B B B O B B R N
T A A e A B B B R N et
S o A O O O O N ey
I RV e N N s
|/ /e A /7o) ANV L= r 2 2 2 PP
R N O M 2 R IR VY
Ve sSRARAN T S NN\ e e )
NN ARRARRN C  OANNNNN wre e NV p
\"/,‘\b\w\v\\,\k/l\‘\\&\&\\, ////Vwkk\\\\‘Tf’ffff
A B N N e A IR WAENEVE A/A/«/Kkhk&‘\_},'\\\ltfffff
W I I IS 2 A N BN A/d/e/é’ﬂf“’\‘\'\'\'\\\\tTrfff
P N N R VN A AR e/«/o—«_gv\'\'\\'\'\\\\‘TTTTr
YYD RNV Q’&“Qﬁ&—\ﬂ\‘\\'\'\'\\\\\KTTTTT
RN Ve kh%&&&\\\\\\\\XXTTTF
N e N SN S SRR AR
. T+Yy r—Y
sin(rw(z + y))e1 + cos(m(z — y))es {;/4($2+y2)e1+ {1/4(12+y2)e2

Tty

r—Y

{*/4(w2+y2) and {1/4

(z2+y2)
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Divergence and Jacobian matrix. The Jacobian matrix J, is a square
matrix. The trace of J, is called the divergence of the field v, written div v:

divv(x) = (V,v(x)) = tr (Jy(x)) = Y Dgvg(x).
k=1

The determinant, det Jy (), is called the Jacobian determinant of v at x € R".

Remark. The columns of the Jacobian matrix of a vector field v(x) are the
partial derivatives of v(x), i.e.

Jo(x) = (D1v(x) -+ Dpv(x)) = (%v(x) af_nv(x)) :

Alternatively, the lines of the Jacobian matrix of a vector field v(x) are the
transpose of the gradients of the composants v, (x), i.e.

(Vur(x)"

aeo=|
(Vo (0"
Examples.
1. Let A € M, »(R) and v : R® — R” defined as the linear application
v(x) = Ax.

Then J,(x) = A for all x € R™ and divv(x) = tr (A). Its Jacobian deter-
minant is det A. If matrix A is invertible we can interpret the application
given by Ax as a change in coordinates. For example, let v : R? — R?

be defined as
- () 2)6)

Jy(z,y) = <(1) _01>

2. Let U C R" be open and f : U — R be a real-valued function of class
C?(U). Then the gradient of f defines a vector field v : U — R™ of class
CL(U) given by

Then

v(x) = Vf(x).
Then Jy,(x) = Jvs(x) = Hess (f) and divv(x) = tr (Hess(f)). In other
words,
div (V£(x)) = Af(x) (4.7)

3. Consider the application v : R? — R? defined as

o= (222).

7 sin ¢
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This application gives the coordinate change from polar coordinates to
Cartesian coordinates by

) D2U1 (T7 ¢))
) Dava(r, )
)

D¢7)1(
Dyva(r, @) Dguva(r,

__(cos¢ —rsing
" \sin¢g rcos¢

=
SN
~——

and det(Jy)=r.
4. Let v : R® — R? be the transformatin defined as

rsin 6 cos ¢
v(r,0,¢) = | rsinfsin ¢
rcosf

This transformation gives the coordinate change from spherical coordi-
nates to Cartesian coordinates by

z =v1(r,0,¢) =rsinfcos ¢
y = va(r,0,¢) = rsinfsin ¢
z=w3(r,0,¢) = rcosf

Its Jacobian matrix is

Dlvl(rvea(b) ngl(r,0,¢) D3vl(r797¢)
DV(T, d)) = D1U2(T79,¢)) DZ'UQ(T?Q)QS) Dg’l]g(’f',e,(ﬁ)
D1’U3(7’797¢) D2/U3(T797¢) DSUS(T797¢)
Drvl (7’, 07 ¢) Devl (Ta 03 ¢) D¢1)1 (Tv 07 (b)
- DTU2 (T» 9, ¢) DG'UQ (7", 97 (b) D¢02 (Tv 97 d))
DT’US(T7 07 ¢) DGUS (T7 07 (b) D(Z)U?) (T7 97 (b)
sinfcos¢ rcosflcos¢p —rsinfsing
= | sinfsing rcosfsing rsinfcoso

cos —rsind 0

and det(Jy) = r?siné.
5. Let U =R™\ {0} and v : U — R" be the vector field defined as

v(x) = ;

where 7 = [[x[|2. Note that ¥ = Vr. Therefore divv(x) = Ar = (n—1)/r.
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Application of the product rule. Let U C R™ be open, and f: U — R
a real valued function of class C1(U) and v : U — R™ a vector field of class
CL(U). Then for each x € R" and each k =1,...,n

Dy (for)(x) = f(x)Drvr(x) + Dy f(x)vr(x)

and by summing on k=1,...,n

div (fv(x)) = f(x) - divv(x) + (V[ (x), v(x))
or as a scalar product:

(V,fv) = F{V,v) +(V],v)

4.2.1 Rotation

Definition. Let U C R" be open and v : U — R? a vector field of class
C1(U). We call rotation of v the vector field rot v : U — R3 defined as

D2U3 (X) — ngg (X)
rot v(x) = | Dsvi(x) — Div3(x)
D1U2(X) — Dg’Ul (X)

We can write the rotation of a vector field as the cross product of the operator
V with v:
rotv(x) =V x v(x)

Rotation of a gradient. Let f: U — R be a real valued function of class
C?(U). Then
rotgrad f(x) =0

or using the representation by the cross product,
V x Vf(x)=0.

This gives us the necessary condition for a vector field to be the gradient of a
real valued function. For the sufficient condition see Analysis 3.

Divergence of the rotation. Let v : U — R? be a vector field of class
C?(U). Then
div (rotv(x)) =0

using the representation with cross product and scalar product:
(V,V xv(x))=0.

This gives us the necessary condition for a vector field to be the rotation of a
vector field. For the sufficient condition see Analysis 3.
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Example - A constant magnetic field. Let B > 0 and A the potential
given by

—By/2
A(z,y,z) = | Bz/2 | = —By/2e; + Bz/2e,.
0
We have
0
V x A(z,y,z) = | 0 | = Bes.
B

If f is a real valued function of class C*, the rotation of A + Vf is always Bes.
This property is called gauge invariance.

Rotation in two dimensions. For a vector field v : R?> — R? we can define
the rotation as the scalar
rot v(x) = Dyva(x) — Davi(x)
If f:R? — R is a real valued function of class C?(U), we have again
rotgrad f(x) =0
and with the cross product representation:

V x Vf(x)=0.

4.2.2 Invertibility of vector fields
Invertibility of vector fields. Let U,V C R" be open. If the vector field

v : U — V is a bijective application, then the inverse application w = v~ :
V — U exists and:

(wov)(x)=x, (vow)(y)=y
forallx e Uandy e V.

Inversibility - necessary condition. Let U C R"™ be open, v:U — R™ a
vector field of class C1(U). If v is invertible, with w = v~! the inverse function
of class C*, then

Jwov(X) = Id,, = J(v(X)) - Jy(x) (4.8)

and
det Jywov (x) = 1 = det Jw (v(x)) - det Jy(x). (4.9)

Consequently, if v is invertible, then det Jy (x) # 0. Equality (4.9) allows us to
calculate the Jacobian matrix of the inverse field at v(x).

Example 1. The function v : R?\ {(0,0)} — R? defined as

is not invertible because

Dv(z,y) = Diwvi(z,y) Dovi(z,y)\ _ 1 (ay 2
) Dyvs(z,y) Dava(z,y) \/Cﬁy23 y* o~y

and its Jacobian determinant is always zero.
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Example 2. Let v:R?\ {(0,0)} — R? be defined as
22 — o2
v = ("5 )
Its Jacobian matrix is

wen = (i) ) - (5 32)

Its Jacobian determinant is 422 +4y> > 0. The function v : R?\ {(0,0)} — R?
is not bijective since v(z,y) = v(—z, —y). Therefore, v is not invertible in its
domain.

Locally invertible functions. The following theorem shows that a vector
field of class C' is always invertible in the neighborhood of a point a if its
Jacobian determinant is non zero at a.

Inverse function theorem. Let U C R" be open. If the Jacobian determi-
nant of a vector field v : U — R™ of class C' is non zero at a € U, then v is
locally invertible around the point a € U with an inverse function of class C*.

Remark. An application of this theorem is the implicit function theorem.
We will apply the inverse function theorem later on to the change of coordinate
systems. Its proof is based on the fixed point Banach theorem given in Chapter
1.

SUPPLEMENT - Proof. Without loss of generality we can assume a = 0,
v(a) = 0 and Jy(a) = E, where E, represents the identity matrix (note that
the transformation u(x) = A(v(x + a) — v(a)) where A = J,(a)~' gives the
vector field with these properties). Consequently,

v(h) = h + o(h).

We define g(h) = h — v(h). Using the mean value theorem (see Chapter 3,
Equation (3.11)) applied to a ball Bs(0) we obtain:

g&ﬁ—g@0:A=Q&MXm—Xﬂﬁ

where k(t) = (1 —t)x; +tx2 is the segment between x;,x2 € Bs(0) (which is in
B;(0)). By the continuity of J, (x) and so of Jg(x) with Jg(0) = 0 there exists a
& > 0 such that |[Jg(x)|]2 < % in Bs(0) and so for every x;, [|x;|[2 < 6,7 =1,2:

1
llg(x2) — g(x1)[]2 < §HX2 — x1]|2. (4.10)

In particular, g : Bs(0) — Bs/2(0) (take x5 = 0). For each y € Bs/»(0) we
define a function gy : Bs(0) — Bs(0) by
gy(x) =y +g(x) (4.11)

By (4.10) the function gy is a contraction on the complete metric space Bs(0).
Therefore it has a unique fixed point Xy, € B;(0). In other words, for each
y € Bs/2(0) there exists a unique Xy € B;(0) such that y = v(Xy).
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Linear functions. For linear functions the condition det Jy (x) # 0 is neces-
sary and sufficient: let A € M, ,,(R) and v : R — R" be given by

v(x) = Ax.

Then Jy(x) = A for every v € R and the field v is invertible if and only if the
matrix A is invertible. In this case,

w(x) =v 1(x)=A"'x.

A necessary and sufficient condition so that the matrix A is invertible is det A #
0.

The case n = 2. For a,b,c,d € R let
a b

=0 0)

be a matrix such that det A = ad — bc # 0. Then
1 d -=b
A = .

ad — be (—C a )

Exemple 2 - continued. Again, we consider the function v : R?\ {(0,0)} —

R? given by
22 — 2

By the inverse function theorem v is locally invertible around any point (a,b) €
R%\ {(0,0)}. To compute its inverse we need to solve the system

2?2 —y? =520y =t (4.12)

for (z,y). We are also trying to determine the maximum open domain on which
v is invertible. In the next part we will prove that the system has a unique
solution (z,y) if > 0, that is that the function

v:]O,oo[x]R—)Rz\{G) :5<0,t=0}

is bijective. In fact, the first equation of (4.12) implies x = /y? + s since
x > 0 (the solution x = —1/y? + s is in this case not allowable). By the second
equation 2y+/y2 + s = t, from which we obtain

4(y*)? + 4sy® — 2 = 0.

If t = 0, then y = 0 because = \/y2+s > 0, s0 z = /5. If t # 0 only the
*S+‘/S2+t2 *S*‘/S2+t2

square root y? = > 0 is allowable (since — s < 0).

The second equation of (4.12) implies that y and ¢ have the same sign. We have

found:
s+V/s2 42

2
v i(s,t) = <x> =
y —s+Vs2+t2
2
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if y >0,
s+/s24 2

2
vi(s,t) = (x) =
4 _ ] =stVsPHtZ

ify<0Oandift=0,thens>0

This function represents the real and imaginary parts of the complex function
2z =1x+iy— 22 = 2% —y? + 2izy. We have constructed the real and imaginary
part of z — /z when Rez > 0 (see Analysis 1, Chapter 1).

Examples - Calculation of inverse fields and Jacobian matrices . Let
v be a vector field of class C! and locally invertible at a. To calculate the reverse
field we have to resolve the system y = v(x) for every x in the neighborhood of
a (see example above). The theorem states that there exists a unique solution
in the neighborhood of a. We write w(y) = v~1(y). We often only want to
determine the Jacobian matrix of the reverse field (see the Chapter on multiple
integrals). This can be done using the composition rule without determinating
the reverse field explicitly v=1(y): the Jacobian matrix of the reverse field w at
the point v(a) is the inverse of the Jacobian matrix J, (a).

1. We consider the function v :]0, co[ xR — R? given by

vino) = (1)

rsin ¢

This function gives us the change of coordinates between the polar coor-
dinate system and the Cartesian coordinate system if
x =wv1(r,¢) = rcos¢

y = va(r,¢) = rsing

Its Jacobian matrix is

nro) = (g ond)

7 COS @

Its Jacobian determinant det Jy(r,¢) = r is non-zero if » > 0. Then
v(r, @) is locally invertible at every point (r,¢) €]0,00[xR. The inverse
matrix of Jy (1, ¢),(Jy(r,¢)) ! is given by

(Jo(r, @)t =1 (TCOS(;b rsin¢)

r \—sing cos¢

Let r > 0. Using the relation r = /22 + y2, z/r = cos¢ et y/r = sin¢

we obtain

— 1 2 2 2 2
(Ju(r, )™t = PR (w\/x_;y y\/xery > = Jy-1(z,9)
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where v~! is the inverse function of v. We can give an explicit representa-
tion of the inverse function (see Analysis 1, Chapter 1). Let V = {(r, ¢) :
r>0,¢¢€ —mn[}and W = R?\ (] — o0,0] x {0}). Then the function
v : V. — W is bijective and its inverse function is given by

/2 2
V—l(aj ) — x +y
Y 2 arctan Y :

x-&-\/ﬂm

. We consider the function v : R — R? given by

v(z,y) = (;Z) :

This function is locally invertible if z > 0 (or x < 0). Indeed,

rien =3 o)

re = (2 %)

The explicit expression for the inverse function is

w(vr,v5)) = <\/172>

In (%1}

is invertible and

. We consider the function v : R? —]0, co[x]0, co[ given by

v(w,y) = (gfz) .

Its Jacobian matrix
em+y e:r+y
e = (G5 20
is invertible and
1 [er—v ety 1 fe—(@ty)  —(z—y) 1 /L
-1 __ _ _ vy
(So(zy))™ = 92 (er—y _efc+y> 9 (e—(z+y) —e—@-y) ] T o9\ L

2z

and v; /vy = €% so

( ))_1 ln(Ul’Ug) . IDU1+1HU2
Wi, v2)) = 3 In(2) /7 \lnv; —Invy )~

V2

Note that viv9 = €

. Change of coordinate system between the spherical coordinate system and
the Cartesian coordinates system in R?: We consider the function

x =v1(r,0,¢) = rsinf cos ¢
y =va(r,0,¢) =rsinfsing
z = v3(r,0,¢) =rcosb
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Its Jacobian matrix is
sinfcos¢ rcosfcos¢p —rsinfsing
Jy(r,¢,0) = | sinfsing rcosfsing rsinbcos¢
cosf —rsinf 0
Therefore,
det Jy (r,0,¢) = r cos 6 cos ¢ 7 sin 6 cos ¢ cos 6
+ 7 sin 0 sin ¢ sin 6 sin ¢ r sin §
+ 7 sin 8sin ¢ r cos 6 sin ¢ cos 6
+ sinf cos ¢ rsinf cos ¢ rsin 6
= 72 sin (cos? ¢ cos® f 4 sin? ¢ sin” 0
+ cos? ¢sin? § 4 cos® ¢ sin? 0)
=1r2sinf

When z > 0,y > 0,z > 0 the inverse function is given by

r=wi(z,y,2) = V12 +y?+ 22
¢ = ws(z,y,2) = arcsin ——2—
Va2 +y?

z
/x2+y2 +22

4.2.3 Transformations of the Gradient and the Laplacian

0 = ws(z,y, z) = arccos

Transformation of the Gradient in 2 dimensions. Let U,V C R? and
v : U — V an invertible function of class C*(U) defined as

v(s,t) = (z,y).
Let f : R? — R be a real valued function of class C'. Let us define g(s,t) =

f(z,y) = f(v(s,t)) and reciprocally f(z,y) = g(v=1(z,y)). We calculate the
Jacobian matrices of v(s,t) and v=!(z,y) as

Jy(s,t) = (g:i gi;) ,  respectively  Jy-1(z,y) = (gi‘; gzi)

Using the composition rule we have

s 0g(s,t) 4 ot 9g(s,t)
Vayg(s:t) = | 0% a4 |, o7 aglsn
dy Os dy Ot

= (Jv*1 (l‘, y))Tvs,tg(87 )
= (Jv_1(v(s,t))TVSJgg(s,t).
Consequently,
Va5, )13 = [1(Jy—s (v(5, )TV 09 (s, )3
= Vsytg(s,t)TJv_l(v(s,t) . (Jv—l(v(s,t))TVS’tg(s,t),

where

Ve usl||2 Vs, Vit
Jo s (v(s,8) - (Jr (v(s,8))T = ( <Vll ys’”v!i,w < N >>

is the metric tensor of the coordinates (s, ).
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Examples - polar coordinates. Let V = {(r,¢) : r > 0,¢ €] — m,n[} and
W =R?\ (] —00,0] x {0}). Consider the bijective mapping v : V.— W defined

as 5
T T COS
(y) =v(r.¢)= <Tsin¢> ’

Recall that its Jacobian matrix is

To(r, ) = <COS¢ —r sin¢>

sing rcoso
and that the inverse of Jy (r, ¢),(Jy(r,¢))~! is given as

- 1 (rcos¢ rsing
(Jo(r, )™ == (— sin ¢ COS¢>

r

1 (w\/fv2+y2 yy/a? +y2> — Ty (2,y)

x? 4 y? —y x
It follows that

sin ¢

Dacg(ra ¢) = cos ¢ D,«g(r, ¢) - D¢g(7“, ¢)

D,g(r. ) = siné Dyg(r, &) + "2

r D¢g(7', ¢)

and
(D2g(r,0)” +(Dyg(r, ) = (Drg(r,9))” + 5 (Do, )"

The transformation formulas for partial derivatives

0g(r,¢) _ Or dg(r.¢)  0¢ dg(r.¢)
dx  Ox Or dxr 0¢

and

dg(r,¢) _9r dg(r,¢)  0¢ dg(r.¢)

dy Oy Or oy 0¢

are calculated in a very intuitive way: the partial derivative with respect to the
variable x (respectively y) of a function g¢(r, ¢) is calculated by summing the
partial derivatives with respect to a (resp. y) of the coordinates (r, ¢) multiplied
by the partial derivative of g(r,¢) with respect to coordinates (r,¢). Note as
well that

1
(Dag(r,¢))* + (Dyg(r, 9))* = (Drg(r,¢))* + 2 (Dog(r, )
Transformation of the Gradient. Let U C R" and v : U — R"™ be an
invertible mapping of class C*(U). Set
x = v(s).

We write x(s) and s(x) for the reverse mapping v=*(x). Let g: U — R be a
function of class C1(U) of the coordinates s and set f(x) = g(s), that is to say,
f=gos. Then



and
Tr(x) I (x)T = Jy(s)Js(x)Jg (%) Vsg(s).

The elements of the metric tensor Jg(x).JI

(‘]S(X)JST(X))Z‘]‘ = <vx5i7vx5j>'

(x) are given as

Trasformation of the Laplacian. Let U C R"™ and v:U — R” be an
invertible mapping of class C?(U). We set

x = v(s).

For a function g : U — R of class C?(U), defined as a function of the coordi-
nates s, we seek to calculate

As above we calculate

ow; =
and
92 g(s) " 92 s;09(s)
oz Z dx? sy
i j=1 7
"L 05 = D8y 0% g(s)
+y
= 0x; — 0x; 05k
Therefore

j=1 J
3 07 g(s)
3 S T 2
j=1k=1

Example - polar coordinates. Given V ={(r,¢):7>0,¢ €] — 7, 7|} and
W =R?\ (] — 00,0] x {0}). We consider the bijective mapping v : V. — W
given by

v(r,¢) = (x,y) = (rcos ¢, rsin ).
and f:R? — R a real valued function of class C*. We set g(r, ¢) = f(z,y) =
f(v(r,¢)). We calculate the Laplacian of g directly

dg(r,¢) _Or 0g(r,¢)  0¢ Og(r,¢)
dx Oz Or dr 0¢

and

2g(r,¢) _0%r dg(r, ¢)+ 2 0% g(r, ¢)+37’ ¢ % g(r,¢)
9z2  dx2 Or Ox or? dx 0z O¢or

+82¢39(h¢)+<5‘¢> Pg(r,0) _Or 96 0% 4(r.6)

0z2 ¢ dz) 9¢2 Az dx 0¢dr
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Therefore

dg(r, 0% g(r, ¢
Aw,yg(n ?) =Dz yr gérw + HVx,y?“H% L

or?
dg(r, 02 g(r,
+ 8,0 2850 419, 013 000
0% g(r,
+2(Vyyr, Vayd) W

Using the Jacobian matrix we observe that

1
||vry7'”§ =1, ||me¢||§ = 72 <vm,y7”a szy(b) =0
in addition

d? 1d 1
Ay = r r

ar Trdr 7
and 5 5
Y x
Apyp=————=+——=0.
o Oxr? + Oy r?
Consequently,

0%g(r.¢)  10g(r.¢) 1 0%g(r.¢)
Bond(n0) = =g T 070 T o
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4.3 Implicit functions

introduction. Let U C R? be open and f : U — R be a function of class
CL(U). For C € R consider the level set of f:

Ng(c) ={(z,y) € R?: f(z,y) = c}

To understand the form of Ny(c) we can seek to solve the equation f(z,y) = c
for y as a function of = ( or for x as a function of y). In the first case, N(c)
can be represented as the graph of a real valued function g(z) and y = g(z) is
its equation.

Example. Let f:R? — R be defined as
f(-T,y) :$2+ey -1

To determine the form of N;(0) we try to solve the equation 2 +e¥ —1 = 0 for
y as a function of x. A solution exists only for —1 < x < 1 and we find that

y =1In(1 —2?).
Therefore N;(0) is given by the graph of the function
g(x) = In(1 — ?).
The function ¢ is differentiable at all €] — 1, +1[ and satisfies the equation
2249 —1=0.

We can use this equation to calculate the derivative of g(x). This technique is
called implicit differentiation. By computing the derivative with respect to =z,
we get
2z + ¢'(2)e9® = 0
i.e.
2z
1— a2

Note that Dy f(z,y) = 2x and Dy f(x,y) = €Y. Hence,

oy Dif(z g(x)
9@ == 5w g()

g (z) = —2we 9@ = —

This relation is verified in the general case:

Implicit function theorem. Let U C R? be open and f : U — R be a
function of class C*(U), k > 1, such that f(a,b) = 0 for a point (a,b) € U and
Dy f(a,b) # 0. Then there exists a neighborhood B.(a) and a unique function
g : Bc(a) — R such that

1. The graph of g isin U: G4 = {(z,g(z)) : € Bc(a)} C U.
2. g(a)=5b
3. f(z,g(x)) =0 for every x € Bc(a).
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4. The function g is of class C*(B.(a)) and
Dif(x,g(x
g/(x) _ lf( g( ))

DZf(xv g(df))
for every z € B(a). In particular,

/ _ le(aab)
gla) =~ Dy f(a,b)’

Remark. The theorem states that when close to the point (a,b) € R?, we can
solve the equation f(x,y) = 0 (or more generally f(z,y) = ¢ for a ¢ € R) by
rewriting y as a function of the variable x. In other words, the function y = g(x)
is given implicitly by the equation

f(z,g(z)) =0.

In a neighborhood of the point (a,b) € R?, the level set N¢(0) is given by the
graph of g.

Remark. The relation

oy Dif(z,g(x))
9@ == By, 9(@))

is verified in the neighborhood of a since the continuity of the derivatives implies
the existence of a neighborhood of (a,b) such that Dsf(x,y) # 0.

(4.13)

Proof. We define a mapping v : U — R? of class C! by

@0 = () = ()

Its Jacobian matrix is given by

A
Jo(@y)=|a & |=|or@y or@w |-
oxr Oy ox oy

The Jacobian determinant is det Jy (z,y) = W At (a,b):
Y

v(a,b) = (8) . det Jy(a,b) = Dyf(a,b) # 0.

Consequently, v is invertible in a neighborhood of (a, b) and the reverse mapping

is given by: "
(y> = @(jﬁ t)) - <y( t>> '

Set g(s) := y(s,0). By construction, g is of class C! and its graph is in U. We

s,0).
have g(a) = b and

(6) = vees0050) (5 o))

therefore 0 = f(s, g(s)). Formula (4.13) for ¢'(x) follows the composition rule.
If f is of class C* with k > 1, the right-hand side of the equation (4.13) is of
class C' so ¢’ is of class C' and therefore g is of class C2. We establish an
identity for ¢”(z) etc. (Equation (4.14) below) going up to order k.
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Example. The equation zsinz — e¥siny = 0 has a unique solution y = g(x)
of class C* (even C°°) in the neighborhood of (z,y) = (0,0). Actually, f(x,y) =
rsinz — e¥ sin y satisfies all the hypotheses of the implicit function theorem. In
particular, f(0,0) =0 and D5 f(0,0) = —1.

Generalization of the implicit function theorem. Let U C R" be open
and f : U — R a function of class C*(U), k > 1, such that f(ai,...,an_1,a,) =
0 for a point (aq,...,an—1,a,) € U and D, f(a1,...,an-1,a,) # 0. Then there
exists neighborhood B.(a) C R"! and a unique function ¢ : B, (a1y...,ap—1) —
R such that

1. The graph of g is in U: Gy = {(z1,...,Zn-1,9(21,...,&n-1)) : & €
Be(al,...,an,l)} cU.

2. glay,...,apn_1) = an
3 fl(x1y. . xpe1,9(x1, ..., 2n—1))) = O0forall (z1,...,2,-1) € Be(a1,...,an_1).
4. The function g is of class C*(B.(ay,...,a,_1)) and

~ Dif(z1,. . w1, 9(20, - T01))
D,f(x1,...,xn-1,9(1,...,Tn-1))

Dig(xl, e ,xn_l) =
for every z € Bc(a).

Example. Show that close to the point (1,2,3),
62 +zyz +yt — %22 +8=0

is a surface in R3. Find the equations of the tangent plane to this surface at
the point (1,2, 3). We set

f(z,y,2) = 62" + zyz +y* — 2% + 8.

The function f is of class C*(R?) (and even of class C*(R?) for any k € N) and
its partial derivatives are

Dif(x,y,2) =242 +yz, Dsf(w,y,2) = vz+4y°—2yz*, Dsf(x,y,2) = zy—2y°2

we have f(1,2,3) = 0 and D3f(1,2,3) = —22 # 0. Therefore there exists a
unique function g(z,y) defined in the neighborhood of (1,2) such that

9(1,2) =3, f(=,y,9(z,y)) =0.

The equation of the tangent plane is given by

s o012+ 90,2, (5 7))

y—2
with D1f(1,2,9(1,2)) Dif(1,2,3)
- ! £ 9\ — 1 ) &y
Diyg(1,2) = — Dsf(1,2,9(1,2))  Dsf(1,2,3)
and
Dag(1,2) = — 2f(1,2,00L2) __ D>f(1,2,3)

- D3f(1,2,9(1,2))  Dsf(1,2,3)
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we obtain that

(z=3)D3f(1,2,3) = =D1f(1,2,3)(x — 1) — D2f(1,2,3)(y — 2)

i.e.
r—1
0= le(17 27 3)($_1)+D2f(17 27 3)(y—2)+(z—3)D3f(1, 27 3) = <Vf(1, 273)7 Yy — 2
z—3

This equation confirms the geometric intuition that the gradient of f is orthog-
onal to the tangent plane of the surface N;(0). Therefore

_ 19 1z oy
T T 2

is the equation of the tangent plane.

Example. If D, f(a,b) = 0 the function g(x) may exist but it is not necessarily
unique. Let f : R? — R be defined as

flay) =2 +y* -1

Let (a,b) = (1,0). The equation 22 +y* —1 = 0 for y as a function of  has two
solutions for —1 < z < 1 and we find

Y= v1i—22  ify >0,
—v1—-22 ify<0.

In addition, the function
gl@) = V1—a?

is not differentiable at @ = 1. However, for the point (a,b) = (0, 1) the implicit
function theorem can be used and gives the unique function

oa) = YT=

differentiable in the neighborhood of a and can be extended for any = €] —1, +1]
and is differentiable on this interval with derivative

gl(m):_le(xag(x)) — _ x
Dsf(z,9(x)) 23/(1 —22)3

Derivatives of higher order. Consider the implicit function theorem for
U C R? an open set and a function f : U — R of class C*(U), k > 2. If the
hypotheses of the theorem are satisfied, then there exists a function g(z) such
that f(x,g(x)) = 0. The derivative of g(x) verifies the equation

Dy f(z,g(x)) + ¢'(x) D2 f(z, g(x)) = 0

Let us take the derivative of this identity, we obtain

Du f(z,9(x))+2¢' (2) D12 f (z, g(2))+g" (x) Do f (x, 9(x)) +9'(2)* D2 f (, g(x)) = 0
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ie.

_ Duf(z g(x)) +2¢'(x) Diaf(z, g(x)) + ¢'(2)* Do f(x, g())
Dgf(1'7g(x))

In particular, if ¢’(a) = 0 (horizontal tangent at a), then

_ Dufla,gla)) — Duflab)
D2 f(a, 9(a)) D2 f(a,b)
We can then calculate the successive derivatives of the implicit function g(x) at a

without determining g(z) and we can therefore calculate its linear approximation
at r = a.

g"(z) = . (4.14)

g"(a) =

4.3.1 Implicit differentiation

The technique we used above to compute the derivative of a function is called
implicit differentiation. It can for example be applied to variable substitution
to calculate the partial derivatives without explicitly reversing the substitution.

Example - polar coordinates. Given V = {(r,¢):7>0,¢ €] —m,7[} and
W =R2\ (] — 00, 0] x {0}). Consider the bijective mapping v : V. — W defined
as
v(r,¢) = (x,y) = (rcos ¢, rsin ).
ar Or 0¢ 0¢

We will calculate the partial derivatives —, —, —, — with the implicit dif-
oz’ dy’ 0x’ dy

ferentiation technique using the partial derivatives with respect to the variable

z and y in the equations of the substitution x = r cos ¢ et y = r sin ¢. We obtain

four linear equations with the four partial derivatives we want to determine:

B or .09

1 = cosqﬁ%—rsm(b%

B or .09

0 = cosqﬁay—rsmqbay

L or ol

0 = squa—i—rcomba—x

L or o

1 = smq&a—y—l—rcosqba—y.

This yields

Q—cosqﬁ g—sinqﬁ 09 _—sing 99 _ cosé
or "oy "ox r oy r
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4.4 Addendum - a few formulas

Let f,g: R" — R, and u,v,w : R — R" smooth enough.

V(fg) = [Vg+gV/
div(fu) = (Vf,u)+ fdivu,
divivxw) = (w,Vxv)—(v,Vxw), (n=23)
Vx(fu) = Vfxu+fVxu, (n=23).

Alfg) = FAg+2(Vf,Vg) +gAf,

(v,Viw = Jy-vV,
= Jw+Jh v

!

<

2
|

VxVf=0

div(Vx f)=0
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Chapter 5

Local extrema

As in the case of single variable functions, it is important for many applications
to determine the local extrema of a function f:R" — R.

5.1 Extrema and stationary points

Definition - Local extremum. A function f : R™ — R reaches a local
maximum at a € R™ if there exists a ball Bs(a) such that f(x) < f(a) for any
x € Bs(a). The maximum is called a strict maximum if f(x) < f(a) for x # a.
A function f : R™ — R reaches a local minimum at a € R" if there exists a
ball Bs(a) such that f(x) > f(a) for any x € Bs(a). The minimum is called a
strict minimum if f(x) > f(a) for x # a. We say that f has a local extremum
at a € R™ if f has a local maximum or a local minimum at a € R™.

Definition - Stationary point. Let f:R"™ — R be differentiable at a € R™
with Vf(a) =0, a is called a stationary point or a critical point of f.

Definition - Saddle point. A stationary point a € R™ is called a saddle point
of f if there exists two vectors vi, vy € R™ such that the function ¢t — f(a+tvy)
has a strict local maximum at ¢ = 0 and ¢ — f(a + tva) has a strict local
minimum at ¢ = 0.

Theorem 5.1. - necessary condition for local extrema. Let f : R" — R
be differentiable at a € R™. If f has a local extremum at a then a is a stationary
point of f, that is to say V f(a) = 0.

Proof. Without loss of generality we can suppose that f has a local maximum
at a. Let Bs(a) be such that f(x) < f(a) for any x € Bs(a). Then for any
a+h € Bs(a) the function g : [-1,1] — R defined as ¢(t) = f(a+ th) is
differentiable at ¢t = 0 and and has a local maximum at t=0, hence

g'(0) = (Vf(a),h) = 0.

for any h € Bs(0) and therefore V f(a) = 0. O
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5.2 Quadratic forms

Let A € M, »(R) be a symmetric matrix and ¢ : R" — R a quadratic form

defined as )
q(x) = 3 (Ax, x).

The function ¢(x) is of class C? with

Vq(x) = Z(AX, ex) ex = Ax
k=1

and
Hess (¢)(x) = A.

For any x,a € R" the quadratic form can be represented as
1
q(x) = q(a) + (Vq(a),x — a) + - (Hess (¢)(a)(x — a),x — a).

In particular, if a is a stationary point of ¢(x), i.e. Aa =0, then

() = ala) + 5 (Fss (g)(a)(x — ), x — a).

The equation Aa = 0 implies that the point a = 0 is always a stationary
point. The quadratic form ¢(x) has stationary points a # 0 if and only if 0
is an eigenvalue of the matrix A. To study the nature of stationary points we
introduce the following definition.

Definition. Let A € M, ,,(R) be a symmetric matrix. A is said to be positive-
semidefinite (respectively positive-definite) if the quadratic form

a(x) = 5 (A%, %)

associated with it satisfies ¢(x) > 0 (respectively ¢(x) > 0) for any x # 0. A
is said to be negative-semidefinite (respectively negative-definite) if ¢(x) < 0
(respectively g(x) < 0) for any x # 0. The matrix A is said to be indefinite if
A is neither negative-semidefinite nor positive-semidefinite.

Link with the eigenvalues. For any symmetric matrix A € M, ,(R) there
exists an orthogonal matrix P such that P~ AP = D where D is the diagonal
matrix

D =diag(\1,..., \) = > NEi and M\ <. <\,
i=1
A1, .-+, Ay are the eigenvalues of A. We have the following equivalences:
A>0 S 0< < <\
A>0 S 0 <. <\,
A<O0 S A< <A <0
A<O S M <...<A\ <0
Aindefinite < A <0< A,

and
AL{x, x) < (Ax,%x) < Ap(x,X)

for any x € R™.
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Example. In the case where n = 2, let A € M;2(R) be a symmetric matrix

such that
A= <p q> :
q T

Then trA = p+7 = A\ + Ay and det A = pr — ¢2 = M\ \2. Consequently, for a
matrix A € M »(R),

1. A>0if and only if det A > 0 and tr A > 0.
2. A > 0if and only ifdet A > 0 and tr A > 0.
3. A<0if and only if det A > 0 and tr A < 0.
4. A < 0if and only if det A > 0 and tr A < 0.
5. A is indefinite if and only if det A < 0.

Local extrema - sufficient conditions.
1. If A <0, then 0 is a strict local maximum of ¢(x).
2. If A >0, then 0 is a strict local minimum of ¢(x).

3. If A is indefinite, then 0 is a saddle point of ¢(x).

Remark. In Chapter 5.3 we will extend these three conditions to stationary
points of real valued functions of class C? where the matrix A corresponds to
the Hessian matrix of these stationary points.

Remark. We have already seen that the quadratic form ¢(x) has a stationary
point a # 0 if and only if 0 is an eigenvalue of A. Consequently, if A < 0
(respectively A > 0), a = 0 is the only stationary point of ¢(x) and therefore,
the quadratic form has a global extremum at 0.

Remark. For quadratic forms, the weaker condition A < 0 (respectively
A > 0) implies that A has a local maximum (respectively a local minimum).
However, for general functions these conditions are not sufficient.

5.3 Finite expansion

Theorem 5.2. - finite expansion of order 2. Let U C R™ be open and
f:U — R of class C*(U). Then, for any a,a+h €U :

flat h) = f(a) + (Vf(a), ) + o (Hess f)(a)h, ) +of| [b]3)

Proof. For a fixed h, consider the function g : [0,1] — R of class C? defined as

g(t) = f(a+ th)
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From the theorem of finite expansions for single variable functions, there exists
6 € [0, 1] such that

g"(0)
2

g9(1) = g(0) +4'(0) + + Ra(1)

and
Ro(1) =

Z o i /]

9O =9"0) | o 5O =0
2 2

By definition of g, g(0) = f(a) and g(1) = f(a + h). Next, calculate the

derivatives of the function g(t):

g'(t) = (Vf(a+th),h) ¢'(0)=(Vf(a) h)
g"(t) = ((Hess f)(a+ th)h, h)
and

o(|[n[3) = %<((HGSS f)(a+ 6h) — (Hess f)(a))h, h).

because Hess f is continuous.

Remark. We can obtain the limited expansion of order k, k > 2 using the
function g(t). O

5.4 Local extreme values - sufficient conditions

The theorem of finite expansions enables us to formulate sufficient conditions
for a stationary point to be a local extrema.

Theorem 5.3. - sufficient conditions. Let f : R® — R be a function of
class C?(R™). Let a € R™ be a stationary point of f, i.e. Vf(a) = 0 and we
note A = (Hess f)(a).

1. If A <0, then a is a strict local mazimum of f(x).
2. If A >0, then a is a strict local minimum of f(x).
3. If A is indefinite, then a is a saddle point of f(x).

This result allows us to find the relative extrema of a function in R™ or inside
a given region. When studying the extrema on a closed set, one must study the
behaviour on the edge of the set. We remind the following result for continuous
functions (Chapter 1):

Theorem. Let C C R"” be closed and bounded and f : R® — R a continuous
function on C. Then f reaches its maximum and minimum in C.

Remark. For a continuous function f : R” — R on the closed and bounded
set C' of class C*(U) with U the interior of C, the extrema are either the
stationary points in the interior U or on the edge OU.
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Example - problem 1. Determine the nature of the stationary points of the
function

1
flz,y) =a®— 62" + gy?’ — 6y.

The stationary points are determined by the condition Vf = 0, i.e.
2 3 9
3z“*— 12z =0 and gy —-6=0.
There are four stationary points of f(z,y):
P, =(0,4),P, =(0,—-4),P3 = (4,4), Py = (4,-4)

We have
6xr—12 O

Hess x,y) = .

= (52 9)

and therefore

Hess (f)(P1) = <_32 g) , fhas asaddle point at Py, f(P1) = —16

-12 0

Hess (f)(P) = 0 _3
2

> ,  fhas a strict local maximum at Py, f(P2) =16

) ,  fhas a strict local minimum at P3, f(P3) = —48

Hess (f)(Py) = (102 _03> . fhas a saddle point at Py,  f(Py) = —16

& ;
&
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Example - problem 2. Give the maximum and the minimum of f(z,y) (from
the previous example) on the rectangle R = [—2,5] x [0, 6].

The stationary points P; (saddle point) and Ps (strict local minimum) are in
R. We need to study the function f on the edge of R which consists of four
segments.

1. S; = {-2} x [0,6]. The function f(z,y), constrained to Si, is given by

flsuley) = F(=2,0) = fuly) = g 6y =32, 0<y=6

We have f{(y) = 2y? — 6. fi(y) has a stationary point y; = 4 in [0, 6]
(strict local minimum). We also need to compute fi(y) on the edge of
[0,6], i.e at y =0 and y = 6. We find
F1(0) = 32, fi(4) = —48, f1(6) = —41.
2. Sy =[-2,5] x {0}. The function f(x,y), constrained to Ss, is given by
fls,(@,y) = f(2,0) = fo(x) =2® —62%, —2<2<5

We have f}(z) = 32%2—12z. fo(z) has stationary points at z; = 0 and x5 =
4 in [—2, 5] (strict local maximum and strict local minimum respectively).
We also need to compute fa(x) on the edge of [0 —2,5], i.e at x = —2 and
x = 5. We find

f2(=2) = =32, £2(0) =0, fo(4) =32, fo5)=—25.

3. S3 = {5} x [0,6]. The function f(x,y), constrained to Ss, is given by

flss(z,y) = f(5,y) = f3(y) = éyg —6y—25, 0<y<6

Note that f3(y) = f1(y) + 7. So f3(y) has the same stationary point and
f3(0) = =25, f3(4) =—41, f3(6) = —34.
4. Sy =[-2,5] x {6}. The function f(z,y), constrained to Sy, is given by
flsi(@.y) = f(2,0) = fa(w) =2° = 62” =9, —2<2<5

Note that f4(z) = fa(z)—
cxy=0and xo =4 in [—

fo(=2) = =41, fo(0) = =9, fo(4)=—41, f5(5)=—34.

9. f4(x) has the same stationary points as fa(x)
2,5] and

Consequently, max f|r = 0 is reached at (0,0) and min f|r = —48 is reached at
P; and at (—2,4).
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6 5
f(z,y) =2 — 62® + Ly® — 6y on the rectangle R.

The case with eigenvalue 0 - Examples. If one of the eigenvalues of the
Hessian matrix is zero, the theorem of the sufficient conditions is not applicable
any more. If n > 3 and if we have one positive eigenvalue and one negative
eigenvalue then the stationary point is a saddle point (by the definition of a
saddle point). For example, let

f(.’L‘,y,Z) :$2+y4—Z2.

Then,
2x 2 0 0
Vf(x,y,2z)=| 4y | ,Vf(0,0,00=0, Hess(f)(0,0,00=[{0 0 0
—2z 0o 0 -2

The Hessian matrix has the eigenvalues 2,0, —2. The function f has a saddle
point at 0 since f(x,0,0) > 0 for all z # 0 and f(0,0,2) < 0 for all z # 0.

If an eigenvalue of the Hessian matrix at a stationary point is zero and the
others don’t have opposite signs the situation is more complex. For example,
the function g(z,y) = 2 + y* has a strict local minimum (and even global) at
(0,0). The eigenvalues of the Hessian matrix at this stationary point are 0,2
and the function h(x,y) = 22 — y*, which has the same stationary point and
the same Hessian matrix at this point, has a saddle point at (0,0).

Finally, let f(z,y) = 22 + y* + 22y%. We have

T 2
Vi) = () Hes (e = (5 10,2 1)
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The stationary points are given by the equation z = —y? and the Hessian matrix
at these points is

Hess (f)(—y%,y) = <42y ét%) .

It has eigenvalues 0 and 2 + 8y% > 0. We can not determine the nature of
the stationary points using the Hessian matrix. But noticing that f(z,y) =
(z+4?)* > 0 we find that these points are local minimums (but not strict local
minimums as the curve of equation z = —y? is a curve of the level set of f).

flx,y) = (z+9°)?
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5.5 Extrema of a function under constraints

To analyze the function on the edge of a rectangle (or a triangle) we have
substituted the equation of the edge into the function that we are studying. We

often look for the extrema of a function h(x) = h(z1,...,2,) on a given set by
solving the equation h(x) = 0. If we can solve this equation for a real variable,
for example z,, = g(z1,...,2,—1), we can substitute this expression and study

the function of n — 1 real variables given by

h($17--~7xn—1) = h('rh'"7xn—17g(x1a"'axn—1))

by using the method presented in the previous section. However, it is often im-
possible to solve the equation h(x) = 0 for a real variable or such a substitution
makes the function h too complex to easily calculate the derivatives. For these
situations, there exists another method that follows the idea of substitution and
applies the implicit function theorem.

Theorem 5.4. - The method of Lagrange multipliers I. Let U C R" be
open. Let h, f : U — R be of class C*(U) and

M={xeU: f(x)=0}.

Let a € M such that V f(a) # 0 and h|py has a local extremum at a. Then there
exists a A € R such that

Vh(a) + AV f(a) = 0.

Proof. We can assume that D,, f(a) # 0. By the implicit function theorem there
exists a unique function g defined on a neighborhood V' of (ay, ..., a,_1) € R*~1
such that for all (z1,...,2,-1) € V:

flz1, ooy @n1,9(x1, ..., xpn-1)) = 0.

and
sz(a) + Dig(ala B8] anfl)an(a) =0

for any i = 1,...,n — 1. We consider the function
H(xy, ooy @p1) = h(x1, ooy Tp—1, 9(T1, ooy Tn—1)).

By assumption, the function H has a local extremum at (aq,...,an,—1). So
D;H(ay,...,an—1) = 0 for any ¢« = 1,...,n. The partial derivatives of H at
(a1y...,an—1) verify the relation

DiH(al, ceey an_l) = Dlh(a) + Dig(al, vy an_l)Dnh(a) =0.

If we set
D, h(a)

A= D@

then for any i = 1,....,n — 1, n:
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Remark. The number A is called the Lagrange multiplier.

Practical Calculus I. If M is bounded, then the extrema of h exist and we
find them as follows: solve the system of equations (n + 1 equations)

Vi(a) + A\Vf(a) =0, f(a)=0 (5.1)

for the n + 1 variables a, \. Then compare the values of h at these points. Note
that the theorem does not guarantee the existence of extrema.

Practical Calculus IT and discussion of the hypotheses of the theorem.
If Vf(a) = 0 for an a € M, the extrema of h|y; are not necessarily among the
solutions of (5.1). In other words, a local extremum of h|ps can be such a point
a. For example, consider f(z,y) = 2*> —y” and h(z,y) = = + y>. Then, by
substitution

(e, y) = ylyls +42 >0 if —1 <y, y#0,

and h(0,0) = 0. Consequently, h|ps has a strict local minimum at (0,0) € M.
If we try applying the method of Lagrange multipliers by solving the system
(5.1), we need to solve the equations

1+3x2%2=0, 2y—7"\°=0, 22—y =0.

Observe that (0,0) is not a solution (this system does not have any solution
). So the method of Lagrange multipliers does not function at the stationary
points of f.

We can extend the method of Lagrange multipliers to restrictions on different
sets My, by applying the general version of the implicit function theorem:

Theorem 5.5. - Method of Lagrange multipliers II. Let U C R™ be open.
Leth,fr :U — R, k=1,...,p be of class C*(U) and
M, ={xeU: fr(x) =0}.

Let a € MiN,...,NM, such that the vectors V fi(a) are linearly independent and
h|1\/11r77___7m\/[p has a local extremum at a. Then there exists A, ..., \p € R such
that

Vh(a)+ Y MVfi(a) = 0.
k=1

Example. Give the maximum and the minimum of the function

1
h(z,y) = 3 — 622 + §y3 — 6y

on M = {(x,y) e R? : 22 + (y — 2)(y — 6) = 0}.

First, note that M is the circle of centre (0,4) and of radius 2. M is closed
and bounded. So, the function h reaches its maximum and its minimum in M.
Furthermore, with f(z,y) = 2% + (y — 2)(y — 6) we have

Vf(z,y) = (2(y2f 4)) y <8> if (;) € M.
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Indeed, V f(z,y) is zero if and only if = 0 and y = 4, but (0,4) ¢ M. We can
apply the theorem, i.e. the minimum and the maximum of h(z,y) are among
the solutions of this system of equations

Vh(z,y) + \Vf(z,y) =0, f(z,y)=0.
Written explicitly, the system of equations is:
z(3x —124+2)\) =0
(v -G+ +20) =0
2+ (y-2)(y—6)=0

Let’s analyze this system: using the first equation, we have that either x = 0
or 3z — 12+ 2\ = 0. If & = 0, then by the third equation y = 2 (and so

A = —2, but it is not necessary to compute A) or y = 6 (and so A = —19).
If y = 4, then by the third equation z = 2 (and so A = 3, but again it is not
necessary to compute A) or x = —2 (and so A = 9). This leaves the case where

30 —12+2X = 3(y +4) + 2) = 0 so y = 8z — 36 which has no solutions in M.
We have the four solutions:

(z,y) =(0,2) and h(0,2)=-11
(z,y) = (0,6) and h(0,6) = —9
(z,y) = (=2,4) and h(—2,4) = —48
(z,y) =(2,4) and h(2,4) =-32

So min h|y = —48 and max h|py = —9.

=

I

2 4

X

h(z,y) = 23 — 622 + %y3 — 6y in M (blue circle). At the extrema, the level
lines are tangent to the circle.

4
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Example. Find the maximum and the minimum of the function
h(z,y,2) =z +y+=z

under the conditions fi(x,y,2) := 224+y?>—2 =0 and fo(x,y,2) = 2+2—1=0.
The set )
M = {(I,y,Z) € R3 : fl(zvyVZ) = f2($7yvz) = O}

is closed and bounded. Consequently, the function h(z,y, z) reaches its maxi-
mum and its minimum in M. The vectors

2x 1
Vfl(xayvz): 2y ,Vf2($,y72’): 0
0 1

are linearly indepenant in M. The minimum and the maximum of h(z,y, z)
find themselves among the solutions of the system of equations

Vh({L‘7 Y, Z) + )‘lvfl(x7 Y, Z) + )‘2vf2($7 Y, Z) = 07 f1($7 Y, Z) = f2(x7 Y, Z) =0.
Written explicitly, the system of equations is:

14+2Mz+ X =0

1420y =0

1+X=0

249> -2=0

z+2z—1=0
Let’s analyze this system: the first and third equation give us 2A\;x = 0 i.e.
either x = 0 or A\; = 0. Recalling the second equation, the last case is impossible.

So x = 0. The condition fi(z,y,2) = 0 implies that y = +v/2 and fi(z,y,2) =0
implies that z = 1. Furthermore,

R(0,v2,1) =14++v2 and h(0,—v2,1) =1— 2.

So minhlps = 1 —+/2 and maxh|y = 1 + V2.

Remark. For the last example there is a quicker solution: we can directly
inject the relation z = 1 — z into h and look for the extrema of h(z,y) =y +1
under the constraint z2 + y2 = 2 to obtain the solution without calculations.
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Chapter 6

Multiple integrals

6.1 Integrals depending on a parameter

Proposition 1. Let a < b and I be an open interval and f : [a,b] x I — R
a continuous function. Then the function ¢ : I — R defined as

b
o(y) = / Fay) de

is continuous. If f is continuous and its partial derivative fg”;’y) is continuous

then g is of class C'(I) and additionally for any y € I:

o [0S (2y)
g (y) '7/0, Tyd:ﬂ.

Additional: Proof-continuity. The main ingredient of the proof is the fact

that the function f is uniformly continuous on the domains [a,b] x Iy for all

Iy C I that is closed and bounded (see Chapter 1). Let y € I, then there exists
[e]

a Ip C I closed and bounded such that y € I (the interior of Iy). Thanks to
the uniform continuity of f on [a,b] x Iy, for any € > 0, there exists a § > 0
such that for all |h| < § and for all = € [a, b]:

(z,y),(x,y+h) € [arb] x Iy and |f(:c,y+h) —f(z,y)| <€

Consequently, for any € > 0, there exists a 6 > 0 such that for all |h| < §:
y+h e lyand

b
90+ =9I < [ 1fey+0) = )l ds < b -a)
proving the continuity of g since € can be chosen arbitrarily small.

Proof - differentiability. We use the uniform continuity of f and of df/dy
on the domains [a,b] x Iy. Using the mean value theorem:

gy+h) —gly) (" flay+h)—fl@y) ("0 f(xy+hoy)
T_/a h dw_/Gwa

71



for a ), €]0,1[. We write

YO f(my+hoy) [P0 f(x,y) PO f(x,y+hoy) O fla,y)
/a—@y dx—/a 70&:—&-/& 9y — oy dx.

dy
to establish an estimation of the last integral, like in the first part.

Applications. This Proposition gives us a new technique to calculate inte-
grals, as the next example shows:

Example 1. We want to calculate

b
/ 2% cos z dx.
0

Instead of integration by parts (see Chapter 6 of semester 1) we consider the
function

b
9(y) ::/ cos xy dx
0

on an open interval containing y = 1, for example ]1/2, 2[. Applying Proposition
1, first to g(y):

b
Jd(y) = 7/ xsin zy dz
0

and then to ¢'(y):
b
J"(y) = —/ z? cos zy dz,
0
S0

b
/ z?cosx dr = —g"(1)
0

We can determine the function g explicitly:

. b
sin zy

Y

_ sinby

0 Yy

g(y) =

The derivatives of g are given by

() = — sin2by n b cos by
Y Y
and
"(y) = 2 sin by B 2b cos by B b2 sin by
T y? y:
Therefore,

b
/ r?cosx dr = —g"(1) = (b* — 2)sinb + 2bcosb.
0

Generalized integrals. Proposition 1 extends to generalized integrals on
[a, oo[ if we can control the behavior of f(z,y) and its partial derivative W

s Yy
when x goes to infinity:
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Proposition 2. Let I be an open interval and f : [a, 0o[x] — R a continuous
function. Let ¢ : [a, 0o[— R be a function for which the generalized integral

/aoo o(x) dx

converges as |f(z,y)| < ¢(x) for all (z,y) € [a,00[xI. Then the function
g : I — R defined as

9(y) = /oo f(z,y) dx

is continuous. If f is continuous and its partial derivative

%ﬁ/’y) is continuous

and satisfies |%::’y)| < (z) for (x,y) € [a,00[xI and for a function ¢ : I —
R, whose generalized integral exists on [a, 0], then g is of class C'(I) and
moreover, for any y € I:

gy = [ 2o fa(:;’ 2

Example 2. We want to calculate

o0 2
/ 22 i dx
0

We set I =|1/2,2[ and f(z,y) = ze~¥=". The function f satisfies the hypotheses
of the proposition with ¢(z) = re=*"/2 and P(x) = 3e=7"/2. So

9(y) =/ ze v dx.
0

is of class C! and

Note that

2

© [y 1
- = do = —.
== (%) e

/ e dp = —g'(1) = =.
0 2

So ¢'(y) = % and

Integrands and integration bounds with a parameter. If the integration
bounds depend on the parameter y of class C' we can easily generalize the result
of Chapter 6.4.2 of Analysis I to integrals depending on the parameter y.

Proposition 3. Let I, J be two open intervals and f : J x I — R a function
of class C' and a,b : I — J two functions of class C'. Then the function
g : I — R defined as

b(y)
o(y) = / R

is of class C''(I) and, moreover, for any y € I:

"W 9 f(x,y)

dx.
dy v

g'(y) == f(b(y), V' (y) — flaly),y)a’ (y) + /

a(y)
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Proof. Simply note that for all y,y + h € I:

B — 1 [ou+h) 1 et
w_,/ f(x,y—i—h)dm—*/
b a(y)

; flz,y+h)de
(y)

h h

b(y)
g L e = Sy e

This statement follows from the uniform continuity of f and the mean value
theorem.

Example 3. Calculate

Y (y — ) cos x?

lim — dz.
y—0 J, sin y
We define ’
gly) = / (y — x) cos 2 dx.
0
Then

y
g0 = [ cosadn, () = cosy?
0
Let’s note that (siny?)” = (2ycosy?)’ = 2cosy? + 4y?siny?. So

L) 1
m ———--" = 5
y—0(siny?)” 2

and by I’Hopital’s rule:

2 "

1
lim — d;vElim‘?(iy)z:limgi(yQ):f.
y—0 Jy siny y—0siny?  y—0 (siny?)” 2

Y (y —x)cosx

Extension to n paramters. In the Propositions 1 -3 we can replace the
parameter y by n parameters y by switching to the partial derivatives of

b(y)

b
aw:/fmwm<www:/“f@ww.

Then, under the same hypotheses,
b
99(y) / 0f(z.y) .

Oyx O Yk
respectively
dgly) _ ob(y) da(y) j/“y>eaf<w,y>
= b(y),y) — y) + AL LA
i m f(o(y),y) o fla(y),y) o 0w T

6.2 Double integrals

Let D C R? and f : D — R be a continuous function. We define the double

integral
// f(z,y) dedy.
D

for a few types of domains D without presenting a theory of integration.
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6.2.1 Double integral on a closed rectangle

Let a < b, ¢ < dand f : [a,b] X [e,d] — R a continuous function. Then,
using Proposition 1, the functions g : [¢,d] — R and h : [a,b] — R defined by

b d
mm:/fmmm mimm:/fmm@

are continuous. So the integrals

Lwavlﬁmw

exist. Furthermore, we have

Theorem 1 - Fubini Theorem for continuous functions.

d b
[ stwray= [ b
We can define the double integral on a closed rectangle D = [a,b] X [¢,d] by
d d b
//Df(lny) ddy =/ 9(y) dy =/ </ f(@,y) dw) dy
b b d
:/ h(:c)da::/ </ f(x,y)dy) dx

Proof. We define the function v : [¢,d] — R by

wmw:/ﬂ%mw

and the function ¢ : [¢,d] — R by

¢@mewMAX£wa@)m

We have ¢¥(x,c¢) = 0 and so ¢(¢) = 0. Using Proposition 1, the function ¢ (x,t)
is continuous. By the fundamental theorem of calculus, its partial derivative
relatively to ¢ is continuous. Then, by Proposition 1 ¢(t) is differentiable and

s = [ Zvwni= [ 2 [eva)a= [ reoa=g0

Consequently,

/Cdg(t)dtz/cd¢/(t)dt=¢(d)z/ab(/jf(m,y)dy) dx:/abh(x)dx.

The double integral verifies the properties of linearity and monotonicity.
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Theorem 2. Let D = [a,b] X [¢,d] and f,g : D — R be two continuous
functions. Then for any «, 5 € R:

//D(af(x,y)-f—ﬁg(%y))dmdy = a//D f(x,y)dxdy—i—ﬁ//D g(z,y)dzdy (6.1)

If f(z,y) < g(x,y) for all (z,y) € D, then

//D f(z,y) dedy < //D g(z,y) dzdy. (6.2)
’//D f(z,y) dxdy’ < //D |f(z,y)| dedy. (6.3)

Mean value theorem. Let D = [a,b] X [¢,d] and f,g : D — R be two
continuous functions and g > 0. Then, there exists (at least) one (zg,yo) € D
such that

//D f(z,y)g(z,y) dedy = f(xo, yo) //D gz, y) dzdy

In particular, if g = 1:
[ #w.y) dody = fan,yo)Area(D) = F(an, )| D,
D
Consequently,

// dzdy = Area(D) = |D| = Vol(D x [0, 1]).
D

Examples.

1. Let D = [a,b] X [¢,d] and f : [a,b] = R, ¢ : [c,d] = R be two continuous
functions. Then,

| 1@t dzay = [ ' fa) e / " g(u) dy.

For example,

1 2 64 -1
// ez+2ydxdy:/ emdx/ e2ydy:(6—1)-( )
[0.1)x[0.,2] 0 0 i

w/2

// sin(z + y) dedy = (—cos(z + 7/2) + cosx) dx
[0,7/2]x[0,7 /2]

w/2
cosx + sinx dx = 2

S— S
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Interpretation of the double integral. Let D = [a,b] X [¢,d] and f: D —
R, be a continuous function. We define

E={(z,y,2) €R®: (2,y) € D: and 0 < 2 < f(x,y)}

Then the volume of E, written Vol(E), is given by
Vol(E / f(z,y) dady.

Example - volume of a pyramid. Leta >0, D =[-a/2,a/2] x[—a/2,a/2]
and f: D — R, be defined as

f(@,y) = h(1 — max(2|z|/a,2|y|/a))

The set E € R? defined above describes a pyramid of height h and of base D.
To calculate the volume of E we note that

Vol(E) = 4h // f(z,y) dady.
[0,a/2]x[0,a/2]

So
/Oy(1 —9y/a)dz + /a/2(1 — 922/a) dm) dy

Y

/o
T A (R ER O B (e ) PP
I

a a

Almost disjoint closed rectangles. A subset D of R? is called a closed rect-
angle if it is given as the Cartesian product of two closed and bounded intervals:
D = [a,b] x [e,d]. We call (Dy)ren a family of almost disjoint rectangles if for
any couple of integers n # m:

D, ND,, =0.

For any continuous function f : R?> — R we have:

//D f(z,y) dxdyzzk://Dk f(x,y) dady.

If D is the reunion of the rectangles of a family of almost disjoint rectangles
and f,g: D — R are two continuous and bounded functions such that f < g
on D. Then, the volume

E={(z,y,2) €R’: (z,y) € D: and f(z,y) < z < g(x,y)}
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is given by
Vol(E) = //D 9(@,y) = f(x,y) dzdy.

This extension allows us to treat generalized integrals such as, for example, f
continuous on an open rectangle:

1 | i
—— dxdy = — dx — dy = 4.
(0,1]x[0,1] VXY 0 VT 0o VY

We notice that the double integral on these domains verifies the properties of
linearity and monotonicity (6.1) - (6.3) and the mean value theorem.

Calculating double integrals. The technique introduced in the previous
example can be generalized as follows: let ¢, : [a,b] — R be two continuous
functions such that ¢(z) < v(z) for all x €]a,b]. We consider the open and
bounded set D defined by

D = {(x,y) € R*: x €la,b[: and ¢(x) <y < ¥(z)}
Then, for any continuous function

f:D={(z,y) €ER?*:x € [a,b]: and p(z) <y

<y
J[ f@ydzay = [ b ( A f()) f(,w) dy) dr.

For any t €]a, b[ the function A :]a,b[— R defined by

(#)} — R,

we have

P(t)
At) = /¢ , v

gives the surface obtained by dividing the set
E={(2,y,2) €R’: (z,y) € D: and 0 < z < f(z,y)}
by the plane of equation z = ¢t. The volume of FE is

Vol(E) = / " At dt

25

i

)
{
h

h

'1%'1

\
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More generally, if g : D — R is a continuous function such that f < g in D,
then for any ¢ €]a, b the function A :]a,b[— R defined as

P(t)

A0 = [ ol - ) dy
#(t)

describes the surface obtained by cuting the set

E={(z,y,2) eR’: (z,y) € D: et f(z,y) <z < g(z,y)}

with the plane of equation x = ¢. The volume of F is

wwn/%wmt

In the example of the pyramid we can divide by the plane of equation y = ¢.

t
We have A(t) = (1 — —

h)2a2, t € [0, h], from which we get

VOI(E):GQ/Oh(l_}tl)thzazh/Ol(l_S)QdSZA(g)h.

Example - triangular domain. Let D C R? be the triangle given by

D={(z,y) eR*:0<2<1,0<y<a}
={(z,y) eR*:0<y <1, y<z <1}

Then, for any continuous function on D:

/[ s dwdy=/01 (/wa@c,y) dy)dw
=/01</ylf<x7y>dx)dy

If f(z,y) = sinh2? the second expression for the double integral on D is not
applicable as you need to know the primitive function of sinh z?. However,

1 @ 1 21
h
// f(z,y) dxdy:/ (/ sinh 22 dy)da:—/ wsinha? do = S5508
D 0 0 0 2

Let T be the triangle given by the vertices A = (0,0), B = (4,0), C = (0, 3).
Then,

3
T:{(%y)ERQ:OngzL,Ogygg_%}

4
:{(ac,y)ERQ:OgyS&O§m§4—§y}.
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So,

x 4 3% x
dxdy = d d
//T3x+4y vy /0 JU/O y3x+4y

4, y=3-3¢
= / dx — In(3z + 4y)
O 4

y=0

4, 1 4
:/ dr—(In12 —In3z) =- [ dz(2In2)z —zlhz
0 4 4 Jo
_ (4In2)z? — 22% Inz + 2? x:47 )
B 16 o0

Example - the parity of the domain and the function. Let D = B;(0) C
R? be the unit ball. Calculate

// z? siny dzdy.
D
1 Vi—z? 1
// xzsinydxdy:/ x2</ Sinydy>dx:2/ 0dx =0.
D -1 —V/1—22 -1

More generally, let D be a domain such that (z,y) € D implies that (z, —y) € D.
If f is a continuous function on D and odd at y, then

//D f(z,y) dedy = //Dm{y>0} f(z,y) dedy + //m{y<o} f(z,y) dzdy
= //DO{M} fla,y) dedy + //m{y>o} [z, —y) dedy
- //D”{y>0} flay) dedy + //Dm{y>0} ~f(@y) dudy =0

6.2.2 Double integrals on R?2

We have

Here we define the double integral

//RZ f(z,y) dzdy

of a continuous function f : R? — R as the limit of the integrals on bounded
rectangles Dy such that Dy, — R? when k — oo (in analogy to Analysis I). An
important property of the double integral on R? is its invariance when trans-
lated: for any (x¢,%0) € R?,

/ f(x =20,y — yo) dedy = / f(z,y) dxdy.
R2 R2

This invariance to translation is valid if the translation in one real variable, for
example, xg = o(y), is a continuous function of the other variable.
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Example. To calculate

I:= // — dud
R (14 ev+)’ ’
we first note that
T T+t
/67226133 e—yz/ei”dx
R (1+4e"t%) R (14 e"t7)
= 67y2 / 761 3 dx
R (1+e?)

—y2 d -1 2

Therefore, by the change of variable y? = ¢:

o0 o0 1
I= / eV dy = 2/ eV’ dy = / t~2et dt = F(§) = /7.
R 0

0

6.2.3 Change of variables in R?

An interpretation of the determinant. Let v,w € R2 be linearly inde-
pendent. The set

D={sv+tw,0<s<1,0<t <1}
describes a parallelogram in R2. Its area is given by

|D| := Area(D) = | det(v, w)|

The change of area by continuous functions. Let A € Ms5(R) be in-
vertible and A4 : R? — R? be the linear mapping defined as A4 (x) = Ax. Let
C =1[0,1] x [0,1]. Then the set A4(C) is a parallelogram in R?. Its area is given
by

[Aa(C)] := Area(Aa(C)) = | det(A)].

Formula for the change of variables for linear mappings. Let A €
M 2(R) be invertible, then

//c F(Aa(s,t))| det(A)| dsdt = ///\A(C) f(z,y) dady.

Example. For a diagonal matrix A = diag(\, u) we have

/01 /Olf(At,us)Aul dsdt:/oA /Ouf(x,y) dxdy.
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Example. Let v = ( ; ) SW = < i ) Calculate the following integral on
the parallelogram D = {sv +tw,0<s<1,0<t<1}:

//l)x+ydxdy:/01/01((5+3t)+(28+4t))-2dsdt:10.

The change of variables. Let ¢ : U — V be a bijective mapping of class
CY(U). We set 9(s,t) = (z,y). Then, for any function f: V — R that can be
integrated

//[]f(¢(57t))|deth(s,t)|dsdtz//Vf(x,y) dxdy.

Example - polar coordinates. Let ¢(r,¢) = (rcos¢,rsin¢g) = (z,y). So
det Jy(r,¢) =r. Let D = {(z,y) : 22 + y* < R?} be a disc of radius R. Then,

//[O,R]x[0,27r] f(rcosg,rsing)rdrdg = //D f(z,y) dzedy.

In particular,

//[0,oo}x[o,27r] f(rcos ¢, rsing) rdrdp = //]R2 f(z,y) dedy.

This change of variable allows us to calculate the Gauss integral

.7:2
I::/e_T dzx
R

I’ = (/ ez dx)
R
22 ’l/2
:/e_T d;v/e“T dy
R R
22 y2
= // e dxdy
R2
r2
= // e 2 rdrdo
[0,00] % [0,27]
o 2
= 271'/ e 2 rdr
0

_r2 o0
7|
0

since

= —27e

= 2.

If the function f(x,y) is a spherical function i.e. f(z,y) = g(r), then

/ / . f(z,y) dzdy = 21 /[O’R] g(r)r dr.

The 2 factor corresponds to the arc-lentgh of a unit circle S; C R2.
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6.2.4 Calculating multiple integrals

Multiple integrals. Let f : R® — R be continuous. By generalizing the
construction of the double integral described above we can define

// i f(z,y, z) dedydz

where D = [ay, b1] X [az, ba] X [az, b3] or D is an open bounded set in R? or even
D = R3. In particular,

Vol(D) = |D| = / / dxdydz.

More generally, for a continuous function f : R™ — R we can define

/ /fxl,..., ) dxy..dz,

for suitable domains D.

The change of variables. Let ¢ : U — V be a bijective mapping of class
CY(U). We set 9(t1,...t,) = (x1,...,7,). Then for any function f : V — R
that can be integrated

/ /f tl,... |detJ¢(t1,... |dt1,. dt / /fiEl,..., da:l d$n

Example - spherical coordinates. Let

P(r,0,¢) = (rsinf cos ¢, rsinfsin ¢, rcosd) = (z,vy, z)
with r > 0,60 € [0,7],¢ € [0,27]. Then det Jy(r,0,¢) = r*sinf > 0. Let
D = Br = {(z,y,2) : 2% + 3% + 22 < R?} be the ball of radius R. Then,

/// f(rsinf cos ¢, rsinfsin ¢, 7 cos ) r?sin  drdfdp =
0,R]x[0,7]x[0,27]

// f(z,y, z) dedydz.

In partlcular,

/// f(rsinf cos ¢, rsin @ sin ¢, 7 cos ) r*sin  drdfdep =
0,00[x[0,7] x[0,27]

J[[ #6e0.2) dodyi.

The integral in spherical coordinates consists of an integral on the unit sphere
(the angles 6, ¢) of radius r. If the function f(z,y, z) is a spherical function, i.e.

f(xayaz) = g(?“), then

// flz,y, 2) dedydz = 47r/ g(r)r? dr.
Br [0,R]

The 47 factor corresponds to the area of the unit sphere Sy € R3 and 4712
represents the area of a sphere of radius r. In particular,

R 3
AnR
Vol(Br) = // / dudydz = 4 / r? dr = ”3 .
Br 0
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Example - mass distribution. Let D C R be bounded and f: D — R,
a continuous function. We can interpret f as a density of mass. Then,

M = ///D flz,y, z) dedydz

represents the mass of the body D and the integrals

R, = % ///D zf(x,y, z) dedydz,
R, = % ///D yf(x,y,z) dedydz,
R. = %///D f(2,y, 2) dudydz

are the coordinates of the center of gravity of D. If D = B and f = e~ " then

M = /// e " dxdydz = 47r/ e "r?dr =8n(1— (1+ R+ R?/2)e™ )
Br [0,R]
and R, = R, =R, =0.

Example - volume of a solid of revolution. Let f : [a,b] — R be a
continuous function. The subset E of R? obtained by the rotation of the surface
delimited by the graph of f around the axis Oz is given by

E={(z,y,2) € R3:z € [a,b],y* + 2* < f*(2)}

Then, by taking polar coordinates for ¥, z, we obtain

Vol(E) = ///E dadydz = 27r/ab (/Olf(x)l rdr) dx = W/ab f2(x) dx.

Example - Radial function in R"” and volume of the unit ball Let
f:R™ — R be a radial function (spherical), that is f(x) = g(||x]|2) for all
x € R™. Then : -

[ rdx=1sual [ gt tar

R» 0

where |S,_1] = Vol,—1({x € R™ : ||x||2 = 1}) designates the area of the unit
sphere of R™. By taking g(r) =1if 0 <r <1 and g(r) = 0 otherwise, we find
the volume of the unit ball B1(0) = {x € R": ||x|]» < 1}:

1
B,, := Vol,,(B1(0)) = |Sn_1|/ " dr = @
0

Consequently, if R >0
Vol,,(Bgr(0)) = B, R".

n
To calculate B,, we use the Gaussian functions f(x) = eIz = H e, On
k=1
one hand,

o Sn, e n—1 Sn,
f(x)dx = |S'n,1|/ e dr = [Sn—1] / e ’s 2 ds= | 1|1"(ﬁ)
e ; 2/ 2 92

84



by the change of variable s = r2. On the other hand,

f(x)dx = H / e~ dy, = m®
R» o1 /R

since
2 e 2 o0 —1
/ e "k dxy, = 2/ e "k dxy, = / e °s2 ds=
R 0 0
It follows that .
T2
B, =
MG +1)
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Chapter 7

Differential equations

7.1 Classification of differential equations

Let I C R be an open interval and f: I x R — R a continuous function. An
equation of the form

y = f(t,y) or y =flx,y) or y=f(ty) (7.1)

is called a first order differential equation. y = y(¢) is said to be a solution of
y' = f(t,y) on the interval I if y(t)e C*(I) is such that

WO _ fie.pe)

In the differential equation (7.1) we call y the dependent variable and ¢ the
independent variable.

Geometric interpretation. Let v : I x R — R? be a continuous vector

field defined as .
vity) = ( ft,y) )

The graph of a solution y(t) defines a curve k : I — R? of class C'*([)

This curve is tangent to the vector field v since

dk(t)

o v(t,y(t)).

We call such a curve an integral curve of the vector field v.

Cauchy problem. By searching for an integral curve containing the point
(to,yo) we are searching for a solution to the Cauchy problem

y' = f(t,y) and y(to) = yo- (7.2)
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v(t,y) and its integral curves.

The equation
y' = f(t.y.y) (7.3)

is called a second order differential equation where f : I x R? — R. In
mechanics, Newton’s law F' = ma, which describes the one dimensional motion
of a particle of mass m under the influence of the force F', is a second order
differential equation. ¢ represents time, y(¢) the position of the mass m at
time ¢, v(t) = y'(¢) its velocity and a(t) = y”(t) its acceleration.The force
F = f(t,y,y’) can depend on three variables ¢,y,y’. In mechanics derivatives
with respect to time t are often denoted as ¢, etc.There are many examples
of differential equations in other areas of physics, for example, in electricity the
equation
Lij+Ry+Cly=0

describes the dynamics of a circuit of resistance R, capacitance C' and inductance
L, where y(t) is the charge. It is the equation of a harmonic oscillator (with
friction and without exterior forces).
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y = y(t) is said to be a solution of y”’ = f(¢,y,y”) on the interval I if
y(t) € C%(I) is such that
d*y(t) dy(t)
= t), “L2).

The Cauchy problem for the equation y” = f(¢,y,y’) is given by

y' = f(t,y,y') and y(to) = vo, ¥'(to) = vo. (7.4)

In mechanics gy and vy represent the position, respectively the speed at time
to. For the equation y” = f(¢,y,y’) we can also set the boundary conditions,
for example:

y'=fty.y) and y(to) =yo, y(t1) = y1. (7.5)
If f = f(t,y), this equation represents the equation of Euler-Lagrange for the

Lagrangian
1 OF(t,y)
L=—y?—F(t —= = f(t,y).
5Y (t.y), 9y fty)

More generally, we call an equation of the form

y(n) = f(t7 y’ y/’ R y(n_l))

an n'th order differential equation. If y = y(t) € R™ and f : I x R” — R™ the
equation

y' =f(t.y)
is called system of n (first order) differential equations. Any equation of order
n can be written as a system of n differential equations. For example, if n = 2

we define
_ y
y ( y/ )

f=f(ty) = < f(t,i,y’) > '

If y is a solution of y” = f(t,y,y”) then y is a solution of
y =f(ty)

and vice versa. For example, the harmonic oscillator can be written as

il )% ()

In practice the objective is to find an explicit solution to a differential equation
and the Cauchy problem associated to it. It is often impossible and we must
do a qualitative study of the problem and solve the problem numerically. To
do such a study, one must first know that solutions to the problem exist. A
fundamental mathematical result is the existence and uniqueness of the solution
to the Cauchy problem

and

y' =f(t,y) and y(to) =yo

under certain fairly general hypotheses.
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7.2 Existence and local uniqueness of solutions

First we transform the Cauchy problem for the system of differential equations
to a system of integral equations.

Theorem - Integral equation. Let I be an interval, to € I, D C R™ and
f: 1 x D — R" continuous. Then y : I — R is a solution of class C* of

y' =f(t,y) and y(to)=1yo (7.6)

if and only if y : I — R™ is a continuous solution of the integral equation

y@=m+/f@wmw. (7.7)

to

Proof. Ify: I — R" is a solution of class C! of (7.6), then by integrating
the system of differential equations from ¢y to ¢t € I:

¢ ¢

/ y'(s) ds :/ f(s,y(s)) ds
to tO

that is to say

y(t) —yo = / f(s,y(s)) ds.

to
Ify : I — R" is a continuous solution of the integral equation (7.7), then y
is of class C! since the right hand side of (7.7) is the indefinite integral of a
continuous function (of the variable s), therefore it is C'!. Taking the derivative
of (7.7) with respect to ¢t we obtain the differential equation system of (7.6). In
addition, from the integral equation we get y(to) = yo.

Definitions. Let tp € R, yo € R". We define the closed ”cylinder” R, C
Rt ag

t n
&¢>{(y)€R+“HmSadymmSM

A continuous function f : R, — R™ is said to be Lipschitz continuous in
R, with respect to y if there exists a constant L > 0 such that for any

(3)- (5, ) emes
Y1 Y2

[[£(t,y2) — £(t,y1)ll2 < Llly2 — y1ll2- (7.8)

Theorem - Existence and local uniqueness. Let f: R,;, — R" be Lip-
schitz continuous in R, ; with respect to y. Let M = M, ;, = max{||f(¢,y)||2 :
(t,y¥) € Rap}. Then, the Cauchy problem (7.6)

y' =f(t,y) and y(to) =yo (7.9)

b
has a unique solution y : [tg — «, tp + o] — R™, where o« = min(a, M)
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Remark - understanding . The constant « gives a sufficient condition such
that the solution y(¢) remains in the cylinder R, ;. In fact, from the triangle
inequality (see Chapter 2) and the differential equation

wm—WMS/

[t

|W@mw:/ [£(s, y())] ]2 ds < Mt — to],
0,t to,t]

it M|t —to] <band |t —to| < a, then y(t) € Rop. If Ma < b, a = a otherwise

_ b
choose v = e

Proof. In I := [ty — a,ty + a] consider E = CY(I) the space of continuous
functions (curves) y(t) : I — R™ equipped with the norm

Iylle = sup{lly(t)[|l2e 2=+ ¢ € I} = max{||y (t)[l2e 27"l : ¢ € 1},

Then (E,|| - ||g) is a Banach space (the norm || - ||g is equivalent to the usual
norm for uniform convergence, that is to say, without the exponential factor).
Let F' be the set of curves y € E such that their graph is in R, ;. Then F' C E
is closed in R™"*!. Consider the function T : F — E defined as

¢
T9)(0) =yo+ [ £sv(s) ds.
to
Thanks to the estimation |[(Ty)(t) — yoll2 < Ma <b, T : F — F. Using

e 2N |(Ty) (1) — (Tx)(8)]]2 < 6_2L't_t°'/ [I£(s, y(s)) = £(5,%(s))ll2 ds

[tO 1t]

< e~ 2Llt—tol / Llly(s) = x(s)]|2 ds
[to,t]
_ [e—2Llt—to] /[ ] e2Lls=tolg=2Lls=tol ||y (5) — x(s)]|2 ds
to,t

< L672L‘t7t0‘||y—x||E/ 62L|87t0| ds
[tO»t]
e2L|t—t0| _ 1

6—2L\t—to\||y _ X||E o7

and taking the maximum on the left hand side, we see that T': FF — F'is a
contraction

I7(y) = TGl < 5y — e

Thus T has a unique fixed point y = y(¢) in F:

ﬂﬂZG&W%=ymﬁ/ﬂ&ﬂ@m&

to

Locally Lipschitz continuous functions. Let I be an interval, D C R".
A continuous function f : I x D — R"™ is called locally Lipschitz continuous
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[e] [e]
with respect to y in I x D if for any ty € I, yg € D there exists a cylinder
R, C I x D and a constant L := L(to,yo) > 0 such that

£, y2) = £t y)ll2 < Lily2 = y1ll2

in Ry p. A continuous function f : I x D — R”™ such that the partial derivatives

Byj
respect to y. In fact, from the composition rule

are continuous for all 1 <4,j < n is always Lipschitz continuous with

1
d
f(t,y2) ~ £(t.y1) = [ Sot(toyat (1= o) do
0 g
1
= [ Rova+ (1= ay)va—y1) do
0

8fi (t7 y)

It
(9yj

where JY is the n x n matrix containing the partial derivatives

follows from the continuity of these partial derivatives that

1
£t y2) = £(t y1)ll2 < / 177 (t,0y2+(1=0)y1)ll2doly2—yill2 < Llly2=y1ll2
0

with L = max{||J} (t,y)|l2 : (t,y)inRqp. For example, the function f :=
t

[0,1]x]0, 00[— R defined as f(t,y) = — is locally Lipschitz continuous with
)

respect to y. It is not Lipschitz continuous with respect to y for y €]0, ool.

Corollary. Let f: 1 x D — R" be locally Lipschitz continuous with respect

toy in I x D. Then for any ty € I, yg € D there exists an interval J such that
the Cauchy problem has a unique solution in J.

Other properties. The solution y(¢) to the Cauchy problem depends on
the initial conditions tg,yo. Hence we can write y = y(¢,to,y0). With an
argument of the type "fixed point” we can prove that y is continuous in tg
and yo. Similarly, if the function f is a continuous function of a parameter A:
f =£(t,y,A), then the solution y(t,A) is continuous at A.
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7.3 Solving certain first order differential equa-
tions

7.3.1 y' =f1(t)
The general solution of
y' = f(t)
for a continuous function f : I — R is given by the family of antiderivatives of

f(@t): )
y(t):/f(s)ds—i—(], CeR

The Cauchy problem
y' = f(t) and y(to) = yo

has a unique solution given by
t t
/ y'(s) ds :/ f(s)ds
to to

y(t) = / F(s) ds + (o).

ie.

Examples.

1. The general solution of
y = 2sintcost

is given by
y(t) =sin’t+C, CeR.
2. Consider
;2
-
on I =] — 1,1[. The solution to the Cauchy problem with y(—0.5) = 3 is
given by

! ) oo 1
(s) ds = —— ds= d

1+t
yt)=In(l+¢t)—In(l—-¢t)—(In1/2-1n3/2) +3 =1n1—+t +In3+ 3.

i.e.

Note as well that Lt
In 17+t = 2arctanh .
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7.3.2 y'(x)+a(x)y(x) = b(x)

Finding solutions to the linear equation y’'(x)+ a(x)y(x) = b(x). Let
a,b : I — R be continuous. To solve the homogeneous linear equation (i.e.
b(x) =0)
y'(z) +a(z)y(z) =0
we define
u(z) = M@ y(a)

where A(z) is an antiderivative of a(z), i.e. A’(z) = a(x). The function u(x)
satisfies
u'(z) = Xy () + a(@)y(2)) = 0.

Therefore u(z) = ¢ for a constant ¢ € R and y(z) = ce”4® is the general
solution of the homogeneous linear equation. To find a particular solution of
the inhomogeneous linear equation note that u(z) satisfies

Therefore

xr x
u(z) = / b(s)eA(s) ds = / b(s)eA("') ds +c.
xo

for an zp € R, i.e.

y(z) = ce 4@ 4 =A@ / b(s)eA®) ds.

Zo

Formulas for the linear equation. General solution:
y(z) = ce 4@ 4 ¢~ 4@ / b(s)eA® ds,  A'(z) = a(z).
Solution to the Cauchy problem y(xg) = yo:

y(z) = yoed @) =A@ 4 o—A@) / b(s)eA® ds,  A'(z) = a(z).

Zo

Note that there always exists a unique solution to the Cauchy problem.

General properties.

1. Let y1(x),y2(x) be two solution of the homogeneous equation y'(x) +
a(x)y(xz) = 0. Then any linear combination ay; (x)+By2(x) of y1(x), y2(x)
is also a solution of the homogeneous equation.

2. Let 21(z), 22(x) be two solutions of the inhomogeneous equation y'(z) +
a(x)y(xz) = b(xz). Then z1(z) — 22(x) is a solution of the homogeneous
equation. Or if z(z) is a solution of the non-homogeneous equation, then
y(z) + z(x) is a solution of the inhomogeneous equation. That is why the
general solution of the non-homogeneous equation is written as the sum
of the general solution of the homogeneous equation and of a particular
solution of the inhomogeneous equation.
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Variation of constants method. A useful method to find a particular so-
lution of the inhomogeneous equation is to replace the constant ¢ in the general
solution y(z) = ce 4@ by a function c(z) and to insert this ansatz in the
inhomogeneous equation. We find

(c(x) e_A(””))/ + a(x)e(z) e A = b(x)

and finally
d(z) = b(z)er™®

Example. Give the general solution of
t ot
11277 1+
Note that A(t) = % In(1 + ¢?). Consequently, the general solution of the homo-
geneous equation is of the form

y +

ce 4 = _c ceR.

V1t

A particular solution of the nonhomogeneous equation is given by

¢ 1 ¢ s -1
A0 [ p(e)6A®) g5 — / _ '
e o (8)6 S ire ), (1 + t2)3/2 1+ ¢2

Hence, the general solution is of the form

() = c 1
W=t e 1+

ceR.

7.3.3 y =f(y)

This equation is called an autonomous differential equation since the function
f does not depend on the independent variable ¢. The autonomous differential
equation remains invariant under translation in the variable ¢, i.e. if y(t) is a
solution of y' = f(y) then y(t + s) is a solution of y' = f(y) for any fixed real
number s. If yo is such that f(yp) = 0, then the constant function y(t) = yo
is a solution of the differential equation ¢y’ = f(y). Such a solution is called a
stationary solution or a stationary point.

Solutions of the autonomous equation. Consider the Cauchy problem

Y = f(y), ylto) =wo

for a continuous function F' such that f(yo) # 0 (i.e. yo is not a stationary
solution). Let F' be a primitive integral of the function 1/f, i.e.

dF(y) 1

dy — f(y)
then, the unique solution of the Cauchy problem y(t) satisfies the relation
F(y(t)) — F(yo) =t — to.

Next we must solve this equation for y(t). Note that F is locally invertible

dF(y)
dy

around 7o since
we have

ly=yo = % # 0. Consequently, in a neighborhood of t,

y(z) = F~"(F(yo) +t — to).
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Remark. The solution y(¢) is unique for any = such that f(y(x)) # 0. Indeed,
if z(t) is another solution such that f(z(x)) # 0, then F(z(t)) = F(y(¢)) since

W),y _ dFw)

di f(=(1)) fly(®) dt

and F(z(to)) = F(y(to)). From the mean value theorem there exists ¢ = ¢(t)
between y(¢) and z(t) such that f(c(t)) # 0 and

dF(=(t))

ie. z(t) = y(t).

Remark. The condition f(yp) # 0 is necessary and sufficient for uniqueness
of the solution to the Cauchy problem. For example,

v =2vJyl, y(0)=0

has two distinct solutions ; (t) = 0 and y»(¢) = t2. To guarantee the uniqueness
of stationary solutions f must satisfy stronger hypotheses: A sufficient condi-
tion is that f must be Lipschitz continuous on an interval around the initial
condition.

. . . . d
Remark. Formally we can write the differential equation % = f(y) as

_ Loy
dy = f(y)dt o W) dt

ISR

F(y) — F(yo) =t — to.

and we integrate to get

ie.

Example. Give the solution of the Cauchy problem

v =1—vy% y(1)=0.

Y dn t
dn:/ d§
/0 1 —n? 1

arctanhy(t) =t —1 1ie. y(t) =tanh(t—1)

We have

where

7.3.4 Variable substitution technique

We can transform the differential equation y' = f(¢,y) through the application
(t,y) — (s,u) where s = s(t,y) and v = h(t,y). In the following we will present
a few examples:
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Transformation of an autonomous equation. The variable substitution
s=s(t), y(t)=a(t)u(s), d'(t),a(t) >0,
allows to transform the differential equation
y'=d () f(y(t)/a(t))
’ ’ A . . du(s) . . .
by y'(t) = a'(t)u(s) + a(t)s'(t)u(s) with u(s) = g into the differential
S
equation

a(t)s'(t)i(s) = a'(t) f (u(s)) — a'(t)u(s).

This becomes an autonomous equation if s(t) = Ina(t).

Riccati equation. There are transformations that give second order differ-
ential equations. To find the general solution of

Y =-y" +q(@)
ul
we set y = —, u > 0. We obtain
U

Autonomous systems - an equation for orbits in phase space. Consider
the autonomous system

i:_g(xay% y:f(xay) (710)

If we cannot solve this system we can formulate a first order differential equation
considering y as a function of z. By setting y(t) = Y (z(t)) we get

_dY_ dY

faY@)=j="i="

This is (for convenience we keep using the notation y instead of Y') a first order
differential equation:

dy dy flay)

f(x,y)Jrg(:E,y)E =0, or ——=—

7.3.5 Exact differential equations

The most general form of a differential equation is f(x,y,y’) = 0, called
implicit differential equation. A particular case is given by differential equations
of the form f(z,y) + g(z,y)y’ = 0, for which we, under certain conditions, can
find solutions given by an equation of the form H(z,y(z)) = 0. In fact, if

D CR? and H : D — R is of class C*, then for any (¢y,7) € D a solution of
the Cauchy problem

OH(z,y) OH(xz,y) , B
T By Yy =0, y(xo) =10

is given by the equation H(z,y(x)) = H(zg,yo)-
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Exact differential equation. Let D =: [a,}] X [¢,d] and f,g : D — R of
class C'. The differential equation

f@,y) +g(x,y)y =0 (7.11)

is said to be exact if Of(ey)  Delr.y)
x,y g\r,y

= 7.12

Jy ox (7.12)

In this case there exists H : D — R of class C? given by (See exercise 27,

Chapter 6)

1
Hiz,y) = / F(@ny)(@ — 20) + glwe,y)(y — yo) di + const.  (7.13)

where (z4,y:) = (tz + (1 — t)xo, ty + (1 — t)yo) € D. Alternatively, we can find
a function H(z,y) as follows: Let

Fle) = [ " f(ey) dz

F

therefore & = f(z,y). We set H(z,y) = F(z,y) + K(y). Of course

herefore 27\

OH oOH

WD) fay) and ZEEY g y) imply that K'(y) = gla.y) -
ox dy

OF

%. The right hand side is indeed independent of = (this justifies our
Y

choice of H) since

2 (gta) - e ) _ Oole) 051

Ox oz
We must solve an autonomous differential equation for K.

Application to autonomous systems. If the functions f and g verify the
condition (7.12) the autonomous system (7.10) can be written like a ”Hamilto-
nian” system

. 0H(z,y) . O0H(x,y)

= oy V= (7.14)
If (x(¢),y(t)) is a solution of (7.14), then H(z(t),y(t)) = const, can be inter-
preted as the conservation of the "energy H(z,y)”. If we identify the system
(7.14) with a mechanical system (movement of a particle in one dimension),
then x corresponds to the momentum and y corresponds to the position (see
also section 7.4.5).

Integrating factor. If the differential equation (7.11) is not exact, we can in
certain cases multiply (7.11) by a function A(x,y) (called the integrating factor)
which renders (7.11) exact, in other words

Oz, y) f(2,y)) _ Oz, y)9(z.y))

oy Ox

For example, the inhomogeneous linear differential equation y'+a(x)y—b(z) = 0
is not exact (g(z,y) = 1, f(z,y) = a(x)y — b(x)). An integrating factor is
Mz) = eA®) A" = a. We find H(z,y) = e @y —k(z) where k' (x) = b(x)eA®),
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7.4 Differential equations of order two

7.4.1 Linear homogenous equations - general properties

Let p,q: I — R be continuous. We call an equation of the type
y"(t) +p(t)y'(t) + a(t)y(t) = 0. (7.15)

a linear homogenous differential equation of order two.
With the exception of a few particular cases we can not give any explicit
solutions to equations of this type.

Proposition. Let y; (), y=2(t) be two solutions of (7.3). Then, for any o, 5 € R
the linear combination ay; (t) + By2(t) is also a solution of (7.3).

Proposition. The Cauchy problem for the linear homogenous differential
equation of order two, i.e.

y'(t) +p()y'(t) +q(t)y(t) =0, and y(to) = Yo, yo(to) = vo

admits a unique solution for every couple (yo,vo) € R2.

Definition. The two functions y1,y2 : I — R are said linearly independent
if
(ay1(t) + By2(t) =0 foralltel)=a==0

Definition. Let y1,y2 : I — R be two functions of class C*(I). We call the
Wronskian of y1,ys the function w : I — R defined by

w(t) = y1(H)ya(t) — yi ()ya(t).

Proposition. Let y(t), y2(t) be two solutions (7.3). Then, the Wronskian of
Y1, Y2 is given by
¢
w(t) = w(to)exp (— / p(s)ds).
to

Proof. w/(t) = yi(H)y () -y (Dya(t) = —p()e(t).

Remark. Consequently we have the following alternative: either the Wron-
skian is always zero on [ or it is never zero on I.

Proposition. Two solutions y;(t),y2(t) of (7.3) are linearly independent if
and only if their Wronskian is non zero.

Proposition. Equation (7.3) admits two linearly independent solutions y1 (t), y2(t)

and every solution y(t) of (7.3) is of the form

y(t) = cryi(t) + caya(t)

where ¢; and co are constants.
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Remark. To find the unique solution of the Cauchy problem starting from a
general solution we resolve the system of linear equations

Yo = c1y1(to) + caya(to) vo = c1y;(to) + cays(to)
for ¢; and cs.
Remark. If we have a solution y;(¢) of (7.3) we can find another solution y»(t)

that is linearly independent with y;(¢) with the Wronskian: for a ¢ty € I we set
w(tp) = 1 and we solve the relation

w(t) =exp (— / p(s)ds)

to

for y2(t) by using that

w@%=w@wxﬂ—muwxw=yﬁw<$$9‘

Therefore, another solution ys(t) is given by

: ¢~ () dr
mmzmw/Vﬂﬂwzmw/f———fw
to

to Ui(s) yi(s)

Interpretation as a system of equations of order 1. The notions ”linearly
independent” and the Wronskian are more intuitive for the system of equations
of order 1 associated to (7.3):

$<5>‘($b i@)(i) (7.16)

Two solutions are said linearly independent if the vectors y (t) = ( y,l Eg ) ,ya(t) =
1

( 117 Eg > are two linearly independent vector for any ¢t € I. The Wronskian is
2

the determinant of the matrix formed by the two vectors y1(t),y2(t):

_ yi(t)  ya(t)
w@—*(yw>%w>

The Wronskian gives the area (more precisely the oriented area since the Wron-
skian can be positve or negative) of the parallelogram

D(t) = {ay1(t) + fy2(t),0<a<1,0< B < 1}

By the results above the vectors y1(¢), y2(t) are linearly independent for any ¢ €
I'if and only if y1 (t9), y2(to) are linearly independent for a ¢ty € I. Consequently,
the solutions of the system (7.4) form a vector space of dimension 2.
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7.4.2 Homogeneous linear equations with constant coeffi-
cients

Consider
y'(t)+py(t)+qyt) =0 with p,qeR. (7.17)

We check if y(t) = exp(At) is a solution for a given \. We find that A\ must be
a root of the characteristic polynomial associated with the matrix

AZ(—OCI —129)

M 4pA+qg=0.

Note that the roots give the eigenvalues A1, Ay of the matrix A. We distinguish
the following cases:

i.e.

Two distinct real eigenvalues. A, A2 € R and Ay # As. The general

solution is given by

At Aot

y(t) = cre™’ + coe

Two distinct conjugated complex eigenvalues. A\ = p+iw, Ao = p—iw,
u,w € Riw # 0. The exponential functions are complex-valued solutions. To
obtain real-valued solutions note that the imaginary part and the real part are
solutions as well. The general solution is given by

y(t) = cret cos(wt) + coet sin(wt)
A double real eigenvalue. A\ = Ay = A € R. We find a second solution
using the Wronskian formula given by te**. The general solution is given by

y(t) = c1e™ + cat eM = (¢1 + cot)eM

7.4.3 Inhomogeneous linear equations
Let p,q, f : I — R be continuous. We call an equation of the form
y' () +p)y (1) + a(t)y(t) = f(t). (7.18)

an inhomogeneous second order linear differential equation.

Proposition. A solution y(¢) of (7.6) is of the form

y(t) = cryi(t) + caya(t) + yp(t)

where y1(t),y2(t) are two linearly independent solutions of the associated ho-
mogeneous equation and y,(t) is a particular solution of (7.6).

Construction of a particular solution in the general case. Let y;(t), y2(t)
be two linearly independent solutions of the homogeneous equation (7.3) and
w(t) = y1(&)ys(¢) —yi (t)y2(t) its Wronskian. We define the function k : I x I —

R as
y1(8)y2(t) —y1(t)y2(s)  yi(s)ya(t) — y1(t)y2(5).

N DA EvI s W s w(s)

»
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Proposition. A particular solution y,(t) of (7.6) is given by
t
u(t) = / k(s,0)f(s) ds
to

Proof. Note that k(¢,t) = 0, we have

Yp(t) = k(. 1) f(t) + | Dik(s,t)f(s)ds = | Dik(s,t)f(s)ds

to tO

and
t

Yy (t) = Dek(t, ) f(t) + [ Diyk(s,t)f(s) ds.

to

Therefore,

Yp () +p()y, (1) +a(t)yp(t) = Dik(t, t)f(t)+/ (Dttk(sa t)+p(t) Dik(s, t)+q(t)k(s, t)) f(s)ds.

to

Using

and
y1(s)yz () — i (D)ya(s)
w(s)

we see that / /
Dyk(t,t) = Y1 (t)y2(t)w—ty1(t)y2(t) _,

and
Dyk(s,t) + p(t)Dik(s, t) + q(t)k(s,t) =0,

hence y,(t) is a particular solution of (7.6).

Remark. Even though this is a general method there are often more efficient
techniques for finding a particular solution.

7.4.4  Non-homogeneous linear equations with constant
coefficients

Let f: I — R be continuous. Consider
v +py () +qy(t) = f(1). (7.19)

with p,q € R. Let us calculate k(s,t):

Two distinct real eigenvalues. A, A2 € R and \; # As.
ekg(t—s) _ ekl(t—s)

k(s,t) = o
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Two distinct complex conjugated eigenvalues. | = p+1iw, Ay = p—iw,
u,w € Ryw # 0. Tt is easier to calculate k(s, ) using the complex solutions:

ST ) ugsinw(t = s)

k(s.t) = /L(t—s)el
(s,8) = 2iw w

A double real eigenvalue. \; = Xy =\ € R. Then
k(s t) = (t — 5)er(t=*)

Example. Solve the Cauchy problem
y'(t)+py(t)=—g, and y(0)=h,y,(0)=0

where g > 0. This problem describes free fall with air resistance (p > 0) from a
height h.

Application of the general method. The eigenvalues are 0 and —p,
therefore y;(t) = e™P* and y»(t) = 1 are two linearly independent solutions of

the homogeneous equation. We have
1 — e—p(t—=s)
k(s )= —<

p

and . .
1—pt—e™®
wlt) = =g [ ks.t)ds = gt
0 p
We deduce that y,(0) = 0 and y,(0) = 0. Therefore
y(t) = h+yp(t)

is a solution of the Cauchy problem.

Alternative method. The equation is of first order for 3. From 7.2.2
1—e Pt

p
is a particular solution and after integrating y(t) = h + y,(¢).

y'(t)=—yg

Equations with f(t) = Esin(wt) or f(t) = Ecos(wt). To find a particular
solution of (7.7) where (i)f(t) = E'sin(wt) or (ii) f(t) = F cos(wt) we pass to
complex numbers and search for a particular solution z, : R — C of
z”—l—pz’—i—qz — Eei“t.
Next we take y, = Imz, in case (i) and y, = Rez, in case (ii). We try the
Ansatz z = Ae™*, A € C. When inserted in the differential equation it gives
the condition _ _
(—w? +ipw + q)Ae™t = Ee™t,
E

If —w? + ipw + ¢ # 0 the solution is given by A = —5————— and conse-
—w* +1pw + q
quently
E .
Zp(t) = 2 . wwt
—w* +1pw + q
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Example. Find a particular solution of
y'(t) + 2y (t) + y(t) = Esin(wt)
where E > 0, w # 0. We find the condition

E E(l — w? — 2iw)

A= —
1 —w?+ 2iw (14 w?)?

Therefore,

(1 —w?)sin(wt) — 2wcos(wt))
(14 w?)?

yp(t) =Im(Ae'“") = E

Example. Find a particular solution of
Y (t) + wiy(t) = Esin(wt).
If w? # wi, then
E Esinwt
—w? 4+ w? wd —w?’

yp(t) = Im( ')

If w? = w?,we do an Ansatz of the variation of constants method z(t) = A(t)e‘“?!

—iEt
and find A(t) = 27, therefore
—iEt | —iFtcos(wt) —iEtsin(wt+ %)
=1 twity — 2 .
yp(t) = I 2w © ) 2w 2w

The ”phase” % indicates the delay of the system.

7.4.5 Autonomous equations and conservative systems

Let f : R — R be continuous. We call autonomous differential equation of
order two an equation of the form

() = —f(y(®), y(1))-

This differential equation also has the property of being invariant under trans-
lation in ¢”, i.e. if y(¢) is a solution then y(t + s) is a solution for any real fixed
s. If the function f does not depend on ¥, i.e. f = f(y) we call this equation
conservative. By introducing a parameter m > 0 (the mass of the particle) the
associated Cauchy problem is

mij(t) = —f(y) and y(to) = yo,y(t)(to) = vo (7.20)
Definition. Let F be a primitive integral of f and E : R?> — R be defined
by
I
Ey.p) =5 1"+ F(y)
If y(t) is a solution of (7.20) we call E(y(t), my(t)) the energy of y(¢).
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Proposition. Let y(t) be a solution of (7.20), then

d

iy ; —
 Bly(t),mi(1) = 0
Consequently,

o omy?
E(y,my) = - T F(y) = const = E(yo,v0) := Eo

and we can reduce the problem to an autonomous equation of order 1:

2Ey — 2F(y)
—_.

y:

Notice that the differential equation of (7.20) is equivalent to a Hamiltonian
system of the form (7.14) (see section 7.3.5). In fact, if we set p = my, then

,_ _9Ewp) _ ,_ 0EW.p) _p
p= oy ), y= o = m (7.21)

7.5 Systems of linear differential equations with
constant coefficients

7.5.1 Homogeneous systems

Let A € M, ,(R) (or even A € M, ,(C)) . We consider the homogeneous
system of differential equations

y'(t) = Ay(t) (7.22)
and its associated Cauchy problem:
y'(t) = Ay(t), y(0) = yo. (7.23)

The theorem on existence and uniqueness of local solutions ensures us the ex-
istence of a unique solution y(¢) of (7.23). This solution can be extended to
R. In fact, f(y) = Ay is a Lipschitz function with L = ||A||2 on R™. We can
choose R, p such that a = ||A]|2 for any initial condition yq. By iterations, we
extend the solution to R. Likewise for the solutions of (7.22).

Proposition - Superposition of the solutions. Let y;(t),y2(t) be the
functions of (7.22). Then, for any «, 8 € R the linear combination ay;(t) +
By2(t) is a solution of (7.22).

In analogy to the discussion in Chapter 7.3 the n solutions y1(t),...,yn(t)
are linearly independent if and only if the vectors y(t),...,yn(t) are linearly
independent for any t. We recall that y1(t),...,yn(t) are linearly independent
if and only if

Y(t) = (yi(t),---,yn(t))
is invertible or if and only if ”the Wronskian” w(t) = det Y (¢) is non-zero. To
find n linearly independent solutions, we search for yi(¢),...,y,(t) such that
v1(0) = eq,...,yn(0) = e,, that is Y (0) = Id,, (the identity matrix). From
there follows:
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Proposition: Every solution y(¢) of (7.23) is of the form
n
y(t) =Y ciyi(t)
i=1

Matricial differential equation. Therefore, we are trying to solve a differ-
ential equation for a matrix n x n Y (¢):

Y'(t) = AY(t), Y(0)=Id, = 1. (7.24)

Its analogy to the equation with one function is perfect: in this case the solution
was y(t) = exp(At) (see Chapter 7.2) In this case, for a matrix A € M, ,(C)
we define the exponential by the series

Ak A?
eXp(A):ZﬁilJrAJr?Jr....
k=0

This series converges absolutely in regards to the norm ||A]|2. Using the results
on absolutely convergent series we have the following result:

Theorem - solution of the matricial differential equation. The solution
of (7.24) is given by

Y (t) = exp(At) (7.25)
and the solution to the Cauchy problem
y'(t) = Ay(t), y(0)=yo (7.26)
is given by
y(t) = exp(At)yo (7.27)

In what follows we present some useful results for calculating exp(A).

Proposition - Properties of the exponential function. Let A, B € M,, ,,(C).
Then,

- exp(A) exp(B) = exp(A+ B) if [A, B] := AB — BA =0,
2.
exp(B~'AB) = B 'exp(A)B if det B # 0.
3. b
exp(A) = kli_)n;o(l + k) .
4.

det(exp(A)) = ™A,

5. For a diagonal matrix:

GXP(Z )\kEk:k) = Z eAkEkk.
k=1

k=1
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Examples.

1.
A= ( 8 (1) ), exp(At) = Ex + At = ( (1) i )
since A2=A3=...=0.
2. _
a= (2 g) eatan=( 25l )
since A" = (—1)"E,, ATl = (—1)"A.
3.

0 at 0
a=(g5) ewtan=(9 5

The idea is to simplify the matrix by transforming it (for example to diago-
nalize it if possible) to calculate its exponential. This procedure is linked to

determining the eigenvalues and eigenvectors.
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