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The general model

We consider the following general nonlinear SPDE model:
Lu=u*+B, te[0,T],xeR,
where:
e L can be either
(h) the heat operator: LMy = d,u—Au  (up = ¢)
(w) the wave operator: LMy = 0?u— Au  (ug = b1, (9:u)o = o)

(s) the Schrodinger operator: L&u =10,u — Au  (up = ¢)

e B is a space-time fractional noise
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Space-time fractional noise

Definition. We call a space-time fractional Brownian motion of Hurst
index H = (Hp, H1,...,Hy) € (0,1)%*1 any centered Gaussian process
B:Q x ([0, T] x RY) — R with covariance given by

d

E[BS(X)Bt(y):I = RH0(57 t)HRHf(Xivyi) )

1
where  Ry(a,b) := §(|a|2H + [b)*H — |a — b|?H) .

4

Definition. We call a space-time fractional noise of Hurst index H €
(0,1)9*+1 the derivative (in the sense of the distributions)

B := 0,0y, ---0x,B.

Remark. Hy = H; = ... = Hy = 3 = classical space-time white noise. J
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Possible motivations

Lu=u’+B, te[0,T],xeRq.

Eq. (1) is the most basic stochastic perturbation of the classical PDE

Lu=u’

— "Nonlinear PDE with power nonlinearity”

Eq. (1) is the most basic nonlinear extension of the stochastic PDE
Lu=B
whose solution is explicitly given by

u=G=xB

where G is the Green kernel associated with L.
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Why a fractional noise ?

Lu=w*+B, tel0,T],xecR’ J

e More general than a white noise + no need for “martingale” property )

e Study the transition

~ — 1
Hi~1 Continuous transition H; = 2
—

Regular (classical) PDE White noise
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= The regularity of u is expected to be the same as the one of?
— Step 1: Identify the regularity of ?

Due to the roughness of the noise B, the exact definition and regularity of

?::G*B

are not exactly standard issues...
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Study of ? := G * B — based on an approximation procedure:
Start from a C*° approximation B" of B, and study the convergence of

?n = G x* .Bn, where Bn = ataxl ce aden~

The approximation B" can for instance be given by:
(i) A mollifying sequence, that is, for p test-function with fRdH p=1,

B":=p,* B, where p,(s,x) = 2@Fy(2n5 2nx).

(ii) A discrete approximation along a grid: if (t,x) € [, &2] x [£, &1,

n’ n

n’ n
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Proposition. Let H = (Hp, Hy, ..., Hy) € (0,1)9+1,
Then, for all T > 0 and a < agy, the sequence (?n = G x B")nzl
converges (almost surely) to some limit ? in the space

c(fo, Tl W (RY)),
with oy 1 € R defined as

L ay

LM =9, — A aghL =2Hy+H, —d

LW =2-A| ol :=Ho+H —(d-12)

LY =18, —A | af) =2Ho+ H —(d+1)
where Hy == Y7 H;.

The limit § is the same for the two approximations (i)-(ii) of B".
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Assume that ay y > 0, so ? € C([0, T]; W) for every 0 < o < cvg 4.

u=G+p+Gxu’+Q, tel0,T], xeR. (2)

— We can interpret 1° as a standard product of functions




The regular case

Assume that ay y > 0, so ? € C([0, T]; W) for every 0 < o < cvg 4.

u=G+p+Gxu’+Q, tel0,T], xeR. (2)

— We can interpret 1° as a standard product of functions

Theorem. Assume that ag y > 0.

Then, almost surely, Equation (2) admits a unique solution in
C([0, T|; W), for 0 < a < agn and T > 0 small enough, provided
d satisfies

L d Key ingredient

LM =9, — A d>1 Properties of the heat semigroup

LW =92 -~ A | 1<d<4| (Wave) Strichartz inequalities

LO) =9, —A|1<d<4 (Schréd.) Strichartz inequalities
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Analysis of the rough case

If agy <0, then © must be treated as a distribution of negative order:

? € C([07 T],Wa)7 for a < Qd,H < 0.
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If agy <0, then © must be treated as a distribution of negative order:

? € C([07 T],Wa)7 for a < Qd,H < 0.

2

Problem: how to interpret the non-linearity u~ in the equation

u:Gt*¢+G>ku2—|—?, te[0, T], x € R%.

Da Prato-Debussche trick: consider the equation satisfied by the process
Vi=u— ? namely

v=Gixd+Gx v +2Gx(v-D)+ G (D)?| (3)

v

Strategy:
(1) Use renormalization and stochastic arguments to interpret (7)2

(2) Use the properties of G to control G+ (v-7) and G *(7)? as functions

(3) Solve Equation (3) in a suitable space of functions.
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Interpretation of (°®)?

Wick renormalization: consider the approximation ?n = G % B" and set

QO"(t,x) = (D" (t,x))>—0"(t, x) , with o"(t,x) == E[(?"(¢,x))?] . |

Proposition. Recall that ¢ € C([0, T]; W) for every a < oy i < 0.

Then, foralld > 1, T > 0 and o < ag iy < 0, the sequence (O\/O"),,Zl
converges (almost surely) to some limit @ in the space C([0, T]; W>*),
provided g 1 satisfy

,C Qd H

02— A a((x',),> —%

10 — A afji)H > —;11




Wellposedness results in the rough case

Recall that ¢ € C([0, T]; W), for every o < cvg y < 0.
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Recall that ¢ € C([0, T]; W), for every o < cvg y < 0.

Theorem. Almost surely, and for T > 0 small enough, the equation

V=Gxd+Gxv2P+2Gx(v-P)+GxQRL

admits a unique solution in a suitable space of functions, provided d and
o4, H satisfy

L d O H Key ingredient

0y — A d>1 aﬁ,% > —% Regularizing properties of G

2—-A|1<d<4 ag‘ff',), > —1 | (Wave) Strichartz inequalities

10 —A | 1<d<3 aff_)H ~0_ Local regularizing properties
- osz'Z, =0.
I = agi)H =0
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Thank you !
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A possible interpretation of renormalization

Corollary. In the setting of the “rough” theorem, let (u"),>1 be the
sequence of solutions to the renormalized equation

Lu" = (u")>~c"+B", te0,T], xR,
w(0,) =6 .

Then, almost surely, there exists a time Tg > 0 such that ¢” — u in the
space C([0, To]; W), for o < apy,g < 0.
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