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The Basic Problem

o Ju(t,z) = 3Au(t,z) + o(u(t,z))n(t,z) for t >0 and z € R?
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The Basic Problem

o du(t,z) = 3Au(t,z) + o(u(t,z))n(t,z) for t >0 and z € R?
e subject to (say) u(0,z) =1 for all z € R
@ 0: R — R is non random and Lipschitz continuous;

@ 77 is a centered Gaussian noise, white in time, and homogeneous
spatial correlation tempered measure f:

Covin(t,z),n(s,y)] = do(t —s)f(x —y) for s,t >0, x,y € RY.
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The Basic Problem

duu(t,z) = 1 Au(t,z) + o(u(t,z))n(t,z) for t >0 and z € R?
subject to (say) u(0,z) =1 for all x € R

o : R — R is non random and Lipschitz continuous;

7 is a centered Gaussian noise, white in time, and homogeneous
spatial correlation tempered measure f:

Covin(t,z),n(s,y)] = do(t —s)f(x —y) for s,t >0, x,y € RY.

@ Here is a simulation for the parabolic Anderson model driven by

space-time white noise ’d =1, f=0dp,0(u)=u,and t =1

[thanks to Kunwoo Kim]:
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The Basic Problem

ou=3u"+up | d=1 |
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The Basic Problem

Ou=2u"+un | d=1 |

@ Macroscopically multifractal for every ¢ > 0 when ¢ < 1 and
o(u) < u [K-Kim-Xiao, AoP, 2017]
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Ou=2u"+un | d=1 |

@ Macroscopically multifractal for every ¢ > 0 when ¢ < 1 and
o(u) < u [K-Kim-Xiao, AoP, 2017]

@ Macroscopically multifractal in space time when ¢ < 1 and
o(u) < u [K-Kim-Xiao, CMP, 2018]
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The Basic Problem

ou=3u"+up | d=1 |

@ Macroscopically multifractal for every ¢t > 0 when ¢ < 1 and
o(u) < u [K-Kim-Xiao, AoP, 2017]

@ Macroscopically multifractal in space time when ¢ < 1 and
o(u) < u [K-Kim-Xiao, CMP, 2018]
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The Basic Problem

ou=1tAu+o(wyny | d=1 | fem |

@ Here, we want statements not about extremal peaks of the
solution, but the general behavior of typical peaks.
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ou=1tAu+o(wyny | d=1 | fem |

@ Here, we want statements not about extremal peaks of the
solution, but the general behavior of typical peaks.

@ Basic result: Often, the peaks look like shot noise.
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The Basic Problem

ou=1tAu+o(wyny | d=1 | fem |

@ Here, we want statements not about extremal peaks of the
solution, but the general behavior of typical peaks.

@ Basic result: Often, the peaks look like shot noise.
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@ The ergodic behavior of x — u(t,x).
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The SPDE

du=L1Autowy | d | fem |

@ dwu(t,z) = $Au(t,z) +o(u(t,z))n(t,z) for t >0 and z € R?
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The SPDE

ou=1tAu+o(u)n | / | fem |

® du(t,x) = $Au(t,z)+o(u(t,z))n(t,z) for t >0 and z € R
@ subject to (say) u(0,z) =1 for all z € R
@ 0: R — R is non random and Lipschitz continuous;
@ 7 is a centered Gaussian noise, white in time, and homogeneous spatial
correlation tempered measure f:
Cov[n(t,z),n(s,y)] = do(t — s)flx —y) for s,t >0, z,y € R%.
o Le., Cov[f ¢dn, [dn] = [[Z(¢(s),¥(s) * f)r2rads.
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The SPDE

ou=1tAu+o(u)n | , | fem |

® du(t,x) = $Au(t,z)+o(u(t,z))n(t,z) for t >0 and z € R
@ subject to (say) u(0,z) =1 for all z € R
@ 0: R — R is non random and Lipschitz continuous;

@ 7 is a centered Gaussian noise, white in time, and homogeneous spatial
correlation tempered measure f:

COV[W(tax) an(say)] = 60(t - S)f(llf - y) for S,t 2 07 T,y € Rd'

o Le., Cov[f ody, [ ¥ dn] = [(6(s),0(s) * F)p2qrayds.
Theorem (Dalang, 1999)

The solution to SPDE exists and is “unique” and is continuous in L*(P) for
all k > 1 provided that X
d
L@Z < 0. (D)
re 142
This is NAS when o o< 1.
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On Condition (D)

ou=1tAu+o(wyny | d=1 | fem |

f(dz)
o T4 < ®)
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On Condition (D)

Oy = %Au +o(uwny | d=1 | fem |

f(dz)
e T 22 < (D)

© f=00[f(dz) =dz]and d =1
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On Condition (D)

Oy = %Au +o(uwny | d=1 | fem |

f(dz)
e T 22 < (D)

© f=0 [f(dx) =dz|and d=1
© f,f € L'(RY) [Wiener algebral
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On Condition (D)

ou=1tAu+o(wny | d=1 |

Q@ f=100[f(dz) =dr]andd =1
© f,f € L1(R%) [Wiener algebra]
© fecL?RY [& f e L2(RY)] and d < 3 [Cauchy Schwarz ineq.|
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On Condition (D)

ou=1tAu+o(wny | d=1 |

Q@ f=100[f(dz) =dr]andd =1

© f,f € L1(R%) [Wiener algebra]

© fel?RY [& f e L2(RY)] and d < 3 [Cauchy Schwarz ineq.|
O f(x) « ||z||® where B € (0,d A 2) |Riesz kernels|
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Spatial Ergodicity

afll(t..r) = 1A’u(t z)+o(ult,z)nt,z) | w0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ rral f(dz) /(1 + ||lz|?) < oo

@ [t is not difficult to see that x — wu(t,x) is stationary for all ¢ > 0
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Oru(t, T) tAu(t,z) +o(ut,z)n(t,z) | w0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ fH\Z f(dz) /(1 + ||lz|?) < oo

@ It is not difficult to see that x — wu(t,x) is stationary for all ¢ > 0
@ Is it ergodic?

D. Khoshnevisan (U. Utah) Spatial Ergodicity for SPDEs June 10, 2020 9 /17



Spatial Ergodicity

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(z —y) | Jga F(d2)/(1 4 |lz]|*) < o0

@ It is not difficult to see that x — (¢, z) is stationary for all ¢ > 0
@ Is it ergodic?

Theorem (Chen-K-Nualart-Pu, 2019+ )

D. Khoshnevisan (U. Utah) Spatial Ergodicity for SPDEs June 10, 2020 9 /17



Spatial Ergodicity
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(1949); Dym-McKean (1976)]
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Spatial Ergodicity

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

@ It is not difficult to see that x — (¢, z) is stationary for all ¢ > 0
@ Is it ergodic?

Theorem (Chen-K-Nualart-Pu, 2019+ )

(a) u(t) is ergodic for allt > 0 if f{0} = 0 [iff when o o 1:Maruyama
(1949); Dym-McKean (1976)]

(b) f{0} =0 iff f has no atoms
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Spatial Ergodicity

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

@ It is not difficult to see that x — (¢, z) is stationary for all ¢ > 0
@ Is it ergodic?

Theorem (Chen-K-Nualart-Pu, 2019+ )

(a) u(t) is ergodic for allt > 0 if f{0} = 0 [iff when o o 1:Maruyama
(1949); Dym-McKean (1976)]

(b) f{0} =0 iff f has no atoms
(¢) F{0} =0 iff F(-N, NJ%) = o(N%) as N - oo
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Spatial Ergodicity

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

@ It is not difficult to see that x — (¢, z) is stationary for all ¢ > 0
@ Is it ergodic?

Theorem (Chen-K-Nualart-Pu, 2019+ )

(a) u(t) is ergodic for allt > 0 if f{0} = 0 [iff when o o 1:Maruyama
(1949); Dym-McKean (1976)]

(b) f{0} =0 iff f has no atoms
(c) F{0}=04ff f([-N,N]*) = o(N) as N = o0

Q If f(dz) < dz then
1

floy=0 iff ——— f(z)dz -0 as N — o0
1B(0, N)| Jo,n)

D. Khoshnevisan (U. Utah)
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Weak Mixing

afll(t..r) = 1A’u(t z)+o(ult,z)nt,z) | w0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ rral f(dz) /(1 + ||lz|?) < oo

© Let {X(a)},era be a stationary random field. Tt is weakly mizing
[mixing in the sense of ergodic theory] if for all
Ay, .. .,(Ln,bh. ., by € R? and Al.. .. Am.Bl, ..., Bm €R,
P{X(a;) < A;, X(R+bj) < B;,Vi<n,j<m}
— P{X(a;) < A4;,Vi<n}P{X(b )gBj,ngm} as ||R|| — oo
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Weak Mixing

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

@ Let {X(a)}aera be a stationary random field. It is weakly mizing
[mixing in the sense of ergodic theory] if for all

al,...,an,bl,...,bm GRd and Al,... Am,Bl,...,Bm GR,
P{X(a;) < A;, X(R+bj) <Bj,Vi<n,j<m}
= P{X(a;) < A; , Vi <n}P{X(b )<BJ,V] m} as [|R| — o0

Theorem (Chen-K-Nualart-Pu, 2019+ )

u(t) is mizing for all t > 0 if for some, hence all, A > 0,

lim / Lf(d";):o
lzll—oco Jra A+ [|2]|
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Weak Mixing

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, "l,) 1
Covin(t,c), (s, w)] = bolt = 8)f (@ —9) | fua F(d2)/(1+ 2ll?) < 00

@ Let {X(a)}aera be a stationary random field. It is weakly mizing
[mixing in the sense of ergodic theory] if for all

al,...,an,bl,...,bm ERd and Al,... Am,Bl,...,Bm GR,
P{X(a;) < A;, X(R+bj) <Bj,Vi<n,j<m}
= P{X(a;) < A; , Vi <n}P{X(b )gB],\fy m} as [|R| — o0

Theorem (Chen-K-Nualart-Pu, 2019+ )

u(t) is mizing for all t > 0 if for some, hence all, A > 0,

lim / Lf(d";):o
lzll—oco Jra A+ [|2]|

u(t) is mixing for all ¢ > 0 if f(dz) < dz [(D) + Riemann-Lebesgue]
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A Hierarchy of conditions

Oru(t, T) = JAu(t,z) + o(u(t,z))n(t,z) | u(0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ fH\Z f(dz) /(1 + ||lz|?) < oo

Q@ (D): f]Rd 1%?72 < oo implies spatial ergodicity
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A Hierarchy of conditions

Oru(t, T) = JAu(t,z) + o(u(t,z))n(t,z) | u(0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ fH\Z f(dz) /(1 + ||lz|?) < oo

Q (D): [ra % < oo implies spatial ergodicity

izow f

Q (D) + im0 Jga %ﬂ‘) = 0 implies mixing
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A Hierarchy of conditions

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

Q (D): [ra lli(”% < oo implies spatial ergodicity
@ (D) + limy, |00 Jga W = 0 implies mixing

Theorem (Chen-K-Nualart-Pu 2020+ )

If 0 < f(R?) < oo + (D), then for all g € Lip with g(0) = 0 and Lip(g) = 1,

1
N2 (m /[ o S0l D) o = E[g(u(t,om) SNO,7) s N oo
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A Hierarchy of conditions

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

Q (D): [ra lli(”% < oo implies spatial ergodicity
@ (D) + limy, |00 Jga W = 0 implies mixing

Theorem (Chen-K-Nualart-Pu 2020+ )

If 0 < f(R?) < oo + (D), then for all g € Lip with g(0) = 0 and Lip(g) = 1,

1
N2 (m /[ o S0l D) o = E[g(u(t,om) SNO,7) s N oo

@ All are NAS when o o« 1; 3 FCLTs; and the CLT holds in total variation!
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A Hierarchy of conditions

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

Q (D): [ra li(”% < oo implies spatial ergodicity
@ (D) + limy, |00 Jga W = 0 implies mixing

Theorem (Chen-K-Nualart-Pu 2020+ )

If 0 < f(R?) < oo + (D), then for all g € Lip with g(0) = 0 and Lip(g) = 1,

1
N2 (m /[ o S0l D) o = E[g(u(t,om) SNO,7) s N oo

@ All are NAS when o « 1; 3 FCLTs; and the CLT holds in total variation!

@ The assumption f(RY) < oo can be dropped sometimes, but the
N9/2_rate of CLT can then change
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A Hierarchy of conditions

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f(dz)/(1+ l|lz]|?) < oo

Q (D): [ra li(”% < oo implies spatial ergodicity
@ (D) + limy, |00 Jga W = 0 implies mixing

Theorem (Chen-K-Nualart-Pu 2020+ )

If 0 < f(R?) < oo + (D), then for all g € Lip with g(0) = 0 and Lip(g) = 1,

1
N2 (m /[ o S0l D) o = E[g(u(t,om) SNO,7) s N oo

@ All are NAS when o « 1; 3 FCLTs; and the CLT holds in total variation!

@ The assumption f(RY) < oo can be dropped sometimes, but the
N9/2_rate of CLT can then change

@ g € Lip can be extended in various directions
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The effect of initial data

Oru(t,x) = s0;ult,z) + n(t,z) | ,
’ (z-y) | fraf(d2)/Q+[2]*) <oo---(D)

© Suppose instead that u(0) = dp, and let us specialize to f = dp and d =1
[we understand d > 1 as well, to a very good extent|
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The effect of initial data

dwu(t,x) = L0%u(t, ) + n(t,z) | L
(s, y)] = do(t — s8)do(z — y) | fpa f(d2)/(1+ ||2]*) < 00--- (D)

© Suppose instead that u(0) = dp, and let us specialize to f = dp and d =1
[we understand d > 1 as well, to a very good extent|

Proposition (Amir-Corwin-Quastel 2011)
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The effect of initial data

deu(t,z) = L0zu(t,z) + u(t,z)n(t,z) | u(0)=0do, d=1
t,z),n(s,y)] = do(t — s)do(z — y) | fpa f(dz)/(1+ llz]|?) < oo

© Suppose instead that u(0) = dp, and let us specialize to f = dp and d =1
[we understand d > 1 as well, to a very good extent|

Proposition (Amir-Corwin-Quastel 2011)
o—22/(2)

t
= U(t,z) = ult, z) is stationary for all t > 0, where py(x) = SV
T

pe(z) . )
Theorem (Chen-K-Nualart-Pu 2020+ )
U(t) is weakly mizing Vt > 0, and Sy == N1 fo (t,x) — 1] dz satisfies
| N TV
N(0,2 N .
logNSN’t—> (0,2¢) as N — oo

June 10, 2020 12 / 17
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The effect of initial data
Owu(t,z) = %Au(t,;r) +o(u(t,z)nE,z) | w0)=dy, d=>1
Covin(t,z),n(s,y)] = do(t — s)f(z —y) (I f(dz)/(1 + ||z]|?) < 0o (D)

Theorem (K-Nualart-Pu 2020+ )

3 CLT in TV. And:

D. Khoshnevisan (U. Utah) Spatial Ergodicity for SPDEs June 10, 2020 13 / 17



The effect of initial data
Owu(t,z) = %Au(t,;r) +o(u(t,z)nE,z) | w0)=dy, d=>1
Covin(t,z),n(s,y)] = do(t — s)f(z —y) (I f(dz)/(1 + ||z]|?) < 0o (D)

Theorem (K-Nualart-Pu 2020+ )

4 CLT in TV. And:
O Ifd=1 and f(R) < oo, then Var(Sy:) < N~ 'log N. Moreover:
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Q Ifd=1 and f(R) < oo, then Var(Sy,:) < N~ tlog N. Moreover:
(a) If f = cdy for some ¢ > 0 then Var(Sy¢) ~ 2tf(R)N~1log N
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The effect of initial data
Owu(t,z) = %A?I(t,.’l‘) +o(ut,x)nE,z) | w0)=2d, d=>1
Covin(t,z),n(s,y)] =do(t—s)f(@—y) | [ra f(dz)/(A+ [2]*) <oo---(D)

Theorem (K-Nualart-Pu 2020+ )

3 CLT in TV. And:

Q Ifd=1 and f(R) < oo, then Var(Sy,:) < N~ tlog N. Moreover:

(a) If f = cby for some ¢ > 0 then Var(Sy¢) ~ 2tf(R)N~1log N
(b) If f is a Rajchman measure, then Var(Sy ) ~ tf(R)N~'log N.
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The effect of initial data
Owu(t,z) = %A?I(t,.’l‘) +o(ut,x)nE,z) | w0)=2d, d=>1
Covin(t,z),n(s,y)] =do(t—s)f(@—y) | [ra f(dz)/(A+ [2]*) <oo---(D)

Theorem (K-Nualart-Pu 2020+ )

3 CLT in TV. And:

Q Ifd=1 and f(R) < oo, then Var(Sy,:) < N~ tlog N. Moreover:

(a) If f = cby for some ¢ > 0 then Var(Sy¢) ~ 2tf(R)N~1log N
(b) If f is a Rajchman measure, then Var(Sy ) ~ tf(R)N~'log N.

@ Ifd>2, then R(f) := limy_o0o NVar(Sn ) exists and is in (0, o0].
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The effect of initial data
Owu(t,z) = %A?I(t,.’l‘) +o(ut,x)nE,z) | w0)=2d, d=>1
Covin(t,z),n(s,y)] =do(t—s)f(@—y) | [ra f(dz)/(A+ [2]*) <oo---(D)

Theorem (K-Nualart-Pu 2020+ )

3 CLT in TV. And:

Q Ifd=1 and f(R) < oo, then Var(Sy,:) < N~ tlog N. Moreover:

(a) If f = cby for some ¢ > 0 then Var(Sy¢) ~ 2tf(R)N~1log N
(b) If f is a Rajchman measure, then Var(Sy ) ~ tf(R)N~'log N.

@ Ifd>2, then R(f) := limy_0o NVar(Sn,) exists and is in (0, o0].
fda) _ [ fdo)

© Ifd>2, then R(f) < o0 <
Ra ||| Jre |
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The effect of initial data
Owu(t,z) = %A?I(t,.’l‘) +o(ut,x)nE,z) | w0)=2d, d=>1
Covin(t,z),n(s,y)] =do(t—s)f(@—y) | [ra f(dz)/(A+ [2]*) <oo---(D)

Theorem (K-Nualart-Pu 2020+ )

3 CLT in TV. And:

Q Ifd=1 and f(R) < oo, then Var(Sy,:) < N~ tlog N. Moreover:
(a) If f = cby for some ¢ > 0 then Var(Sy¢) ~ 2tf(R)N~1log N
(b) If f is a Rajchman measure, then Var(Sy ) ~ tf(R)N~'log N.
@ Ifd>2, then R(f) := limy_0o NVar(Sn,) exists and is in (0, o0].

f(dz) f(dx)
re o1 =% Joa T2l =

Q Ifd>2 and f(dx) = ||z||Pdz for B € (0,d A2), then: 3 3 different

phases:

Q Ifd > 2, then R(f) < 0o +»
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The effect of initial data
Owu(t,x) = 2Au(t,z) + n(t,z) |
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f( f(dz)/(1 + ||z||?) < oo

Theorem (K-Nualart-Pu 2020+ )
Ifd>2 and f(dx) = ||z||"Pdz for B € (0,d A2) then 3 CLT in TV, and:
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The effect of initial data
Owu(t,x) = 2Au(t,z) + n(t,z) |
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f( f(dz)/(1 + ||z||?) < oo

Theorem (K-Nualart-Pu 2020+ )
Ifd>2 and f(dx) = ||z||"Pdz for B € (0,d A2) then 3 CLT in TV, and:
© IfBc(0,1)U(l,dA2), then Var(Sy ) ~ CN—ANZ=8).
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The effect of initial data
Owu(t,x) = 2Au(t,z) + n(t,z) |
Covin(t,z),n(s,y)] = do(t — s)f(x —y) | Jga f( f(dz)/(1 + ||z||?) < oo

Theorem (K-Nualart-Pu 2020+ )

Ifd>2 and f(dx) = ||z||"Pdz for B € (0,d A2) then 3 CLT in TV, and:

© IfB€(0,1)U(1,dA2), then Var(Sy,) ~ CN-# @A),
@ IfB=1<dA2, then Var(Sy:) ~ C'"N~'log N.
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:
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technical level. But there are high-level proofs that one implements
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing
(a) For ergodicity we need that F' ~ EF if Var(F) ~ 0
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing

(a) For ergodicity we need that F ~ EF if Var(F) ~ 0
(b) We will soon see how we can approximate Var(F') using Malliavin
calculus (Poincaré ineq.)
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing

(a) For ergodicity we need that F ~ EF if Var(F) ~ 0
(b) We will soon see how we can approximate Var(F') using Malliavin
calculus (Poincaré ineq.)

@ CLT in TV (Malliavin—Stein method)
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing

(a) For ergodicity we need that F ~ EF if Var(F) ~ 0
(b) We will soon see how we can approximate Var(F') using Malliavin
calculus (Poincaré ineq.)

@ CLT in TV (Malliavin—Stein method)
(a) Nourdin-Peccati (2011) have proved that if F = [vdn € D'? has

variance one, then

drv (F,N(0,1)) < 2y/Var(DF ,v)y,

where H denotes the Hilbert space associated to the cov of noise n
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing

(a) For ergodicity we need that F ~ EF if Var(F) ~ 0
(b) We will soon see how we can approximate Var(F') using Malliavin
calculus (Poincaré ineq.)

@ CLT in TV (Malliavin—Stein method)

(a) Nourdin-Peccati (2011) have proved that if F = [vdn € D"? has
variance one, then

drv (F,N(0,1)) < 2y/Var(DF ,v)y,

where ‘H denotes the Hilbert space associated to the cov of noise n
(b) E(DF ,v)3 = VarF =1 [Gaussian integration by parts]
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FErgodicity € CLT in TV

© We know of various such results, unfortunately all different at the
technical level. But there are high-level proofs that one implements
differently in different settings:

@ Ergodicity/Weak mixing

(a) For ergodicity we need that F ~ EF if Var(F) ~ 0
(b) We will soon see how we can approximate Var(F') using Malliavin
calculus (Poincaré ineq.)

@ CLT in TV (Malliavin—Stein method)

(a) Nourdin-Peccati (2011) have proved that if F = [vdn € D"? has
variance one, then

drv (F,N(0,1)) < 2y/Var(DF ,v)y,

where ‘H denotes the Hilbert space associated to the cov of noise n
(b) E(DF ,v)3 = VarF =1 [Gaussian integration by parts]

@ Common point: Var(---) < 1
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Malliavin Calculus € the Poincaré Inequality

afll(t..r) = 1A’11(t z)+o(ult,z)nt,z) | w0, 1) 1
Cov[n(t,z) ,n(s,y)l=do(t—s)f(—y) | [gaf(dx)/(1+[z]*) <oo---(D)

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F:EF+/

E[D; F | Fs]n(dsdz)=EF + / vdn
J(0,00) xR4 .
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Malliavin Calculus € the Poincaré Inequality

Oru(t, T) = JAu(t,z) + o(u(t,z))n(t,z) | u(0, 1) 1
Covin(t,z),n(s,y)] = do(t — s)f(x —y) \ fH\Z f(dz) /(1 + ||lz|?) < oo

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F= EF+/ E[D,.F | Fsn(dsdz)=EF + / vdn
(0,00) xR .

o - If Var(DF ,v)y < 1, then F — EF ~ normal, in TV

(D)
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Malliavin Calculus € the Poincaré Inequality

Oru(t, T)— tAu(t,z) +o(ut,z)n(t,z) | w0, 1) 1
Cov[n(t,z),n(s,y]l =do(t —s)flx—y) | [gaf(d2)/(1+||z]|*) <oo---(D)

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F= EF+/ E[D,.F | Fsn(dsdz)=EF + / vdn
(0,00) xR .

o - If Var(DF ,v)y < 1, then F — EF &~ normal, in TV

o Eg/ lf f = 60 and d =1 (Space—time Whlte nOiSe), thell Poincaré ineq.

Var(F / /dzHEDstwf]ll2
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Malliavin Calculus € the Poincaré Inequality

Oru(t, T)— tAu(t,z) +o(ut,z)n(t,z) | w0, 1) 1
Cov[n(t,z),n(s,y]l =do(t —s)flx—y) | [gaf(d2)/(1+||z]|*) <oo---(D)

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F= EF+/ E[D,.F | Fsn(dsdz)=EF + / vdn
(0,00) xR .

o - If Var(DF ,v)y < 1, then F — EF &~ normal, in TV
o E.g., if f = 50 and d =1 (Space-time White nOiSe), then Poincaré ineq.

Var / ds/ dZHE Ds zF|f]||2
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Malliavin Calculus € the Poincaré Inequality

dwu(t,x) = tAu(t,z) +o(u(t,z))nt,z) | (0, 1) 1
Covln(t, ) n(s,9)] = o(t — )@ —v) | fou F(d2)/ (L + [l2]]?) < 00---(D)

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F= EF+/ E[D,.F | Fsn(dsdz)=EF + / vdn
(0,00) xR .

o - If Var(DF ,v)y < 1, then F — EF &~ normal, in TV
o E.g., if f = 50 and d =1 (Space-time White nOiSe), then Poincaré ineq.

Var(F) = [“ds [ @B DLF I <E(IDF 1)
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Malliavin Calculus € the Poincaré Inequality

Oru(t, T)— tAu(t,z) +o(ut,z)n(t,z) | w0, 1) 1
Cov[n(t,z),n(s,y]l =do(t —s)flx—y) | [gaf(d2)/(1+||z]|*) <oo---(D)

@ A Clark-Ocone Formula (Chen-K-Nualart-Pu, 19+): VF € D2,

F= EF+/ E[D,.F | Fsn(dsdz)=EF + / vdn
(0,00) xR .

o - If Var(DF ,v)y < 1, then F — EF &~ normal, in TV
o E.g., if f = 50 and d =1 (Space-time White nOiSe), then Poincaré ineq.

Var(F) = [“ds [ @B DLF I <E(IDF 1)

@ More generally: VF € D'2,
Var(F) < E (|DF|3,) .
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