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Stochastic heat equation

deu(t,x) = Au(t, x) + o(t, x)W(t,x), (t,x) e (0,00) x RY,

SHE
u(0,x) =1, x € RY, ( )

W Gaussian noise: white in time, white/colored in space

E[W(t,x)] =0, E[W(t,x)W(s,y)] = do(t — s)F(x — y),
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Stochastic heat equation
Oru(t, x) = %Au(t,x) +o(t,x)W(t,x), (t,x)e (0,00) xR, (SHE)
u(0,x) =1, x € RY.

W Gaussian noise: white in time, white/colored in space
E[W(t,x)] =0, E[W(t,x)W(s,y)]=do(t—s)F(x—y),
Flx) = x|~ W?th a € (0,2) if d>2,
|x|7* with oo € (0,1) or do(x) ifd=1.

|x|~* = Riesz kernel Jp(x) = space-time white noise
If F(x) = do(x), we formally define o = 1.
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Stochastic heat equation

deu(t,x) = Au(t, x) + o(t, x)W(t,x), (t,x) e (0,00) x RY,

SHE
u(0,x) =1, x € RY, ( )

W Gaussian noise: white in time, white/colored in space
E[W(t,x)] =0, E[W(t,x)W(s,y)]=do(t—s)F(x—y),

F Ix|~* with a € (0, 2) if d > 2,
C) =\ Mo with a e (0.1) or do(x) ifd—1.
|x|~* = Riesz kernel Jp(x) = space-time white noise
If F(x) = do(x), we formally define o = 1.
o L%-continuous and LP-bounded predictable random field for
all p>2
e Additive noise: o = const.
e Muiltiplicative noise: o(t, x) = oo(u(t,x)) for some
Lipschitz function 0g: R — R
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Some quick facts

Theorem (Dalang 1999)

Let g(t,x) = (2mt)~9/2 exp(f¥) be the heat kernel.

1. If o(t, x) = oo(u(t, x)) for some globally Lipschitz o, then there exists a
unique process u that is LP-bounded for all p > 0 and satisfies for all (t, x),

t
u(t,x) = 1 +/ / gt — 5. x — y)oo(u(s,y)) W(ds,dy) as.
0 Jre
2. If o(t,x) is a predictable and LP-bounded random field for all p > 0, then

u(t,x) =1+ /Ot/Rd g(t—s,x—y)o(s,y) W(ds,dy)

is well-defined and LP-bounded for all p > 0 as well.

In both cases, v is called the mild solution to (SHE).
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Some quick facts

Theorem (Sanz-Solé & Sarra 2002)

There exists a version of u which is
— €)-Holder continuous in time and

1
° (3%
@ (1— 5 — ¢)-Holder continuous in space.
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Some quick facts

Theorem (Sanz-Solé & Sarra 2002)

There exists a version of u which is
° (% — ¢ — €)-Halder continuous in time and

@ (1— 5 — ¢)-Holder continuous in space.

Remarks:
1. The correlation index « determines the roughness of the paths.
2. Regularity in time is always worse than that of Brownian motion.
3. For fixed x, t — u(t,x) is not a semimartingale.
4

. For fixed x, t — u(t, x) is locally more like a fractional Brownian
1

motion with Hurst index H = 5= %.
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Problem formulation

Goal: Study limit theorems for normalized power variations

[nt] i i—1
n i 1 U(;,X)*U( n 7X) P
Vi(u,t) = - 'E_l - , t € (0,00)

Here:
o x fixed (e.g., x =0) and p > 0;

1_a

o 7,=Con (7% s a normalizing factor
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Motivation

Statistical problem:  Assume we can observe the solution process

u(:, x), u(%,x), e u(["nT],x)

at a fixed spatial point x with high frequency in time (i.e., n is large).
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u(%,x),u(2 x),...,u(["T],x)

n’ n

at a fixed spatial point x with high frequency in time (i.e., n is large).

Q: Can we estimate parameters of interest from these observations?
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Motivation

Statistical problem:  Assume we can observe the solution process

u(X, ), u(3,%),. .., u(["T],x)

n’ n’ “n
at a fixed spatial point x with high frequency in time (i.e., n is large).
Q: Can we estimate parameters of interest from these observations?
Examples:
@ The spatial correlation index «
@ The "volatility” process o(t, x)

o If we know the functional form of o (e.g., oo(x) = Ax (PAM)): the
intensity parameter A

o Can we decide (= statistically test) whether we have additive noise
oo = const. or multiplicative noise og(x) = Ax?
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Motivation

Statistical problem:  Assume we can observe the solution process

u(X, ), u(3,%),. .., u(["T],x)

n’ n’ “n
at a fixed spatial point x with high frequency in time (i.e., n is large).
Q: Can we estimate parameters of interest from these observations?
Examples:
@ The spatial correlation index «
@ The "volatility” process o(t, x)

o If we know the functional form of o (e.g., oo(x) = Ax (PAM)): the
intensity parameter A

o Can we decide (= statistically test) whether we have additive noise
oo = const. or multiplicative noise og(x) = Ax?

Note: This is a local estimation problem (T fixed, infill asymptotics)!
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Why normalized power variations?
Basic idea: For u(t) := [y o(s)dB(s), it is well known that
[nt]

i=1
Rule of thumb:

Law of large numbers for VJ(u, t) <— Consistent estimators

Central limit theorem for VJ(u, t) <— Confidence bounds

High-frequency analysis of SPDEs July 2020 7/25



Why normalized power variations?

Basic idea: For u(t) := [; o(s)dB(s), it is well known that

[nt] i i— 2 L2 2
> () w5 /0 o(s)2ds

Rule of thumb:

Law of large numbers for VJ(u, t) <— Consistent estimators

Central limit theorem for VJ(u, t) <— Confidence bounds

Advertisement:

https://sites.google.com /view/stats4spdes/home
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Related literature

o Power variations for semimartingales:

Jacod & Protter (2012), Ait-Sahalia & Jacod (2014)
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Related literature

o Power variations for semimartingales:

Jacod & Protter (2012), Ait-Sahalia & Jacod (2014)

e Power variations for moving averages / fractional BM:

J.M. Corcuera, D. Nualart, I. Nourdin, M. Podolskij, C.A. Tudor ...

o Power variations for SPDEs:

Swanson (2007), Pospi3il & Tribe (2007), Liu & Tudor (2016), Bibinger &
Trabs (2019, 2020), Cialenco & Huang (2020), Chong & Dalang (2020)

CLT only for SPDEs with additive noise / deterministic o!
No CLT for multiplicative noise / stochastic volatility!
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Results

Theorem (Law of large numbers; C. 2020a)

For every p > 0,
L1 t
Vo, £) L5 Vy(u, 1) = pip /0 o(s. )P ds,

1
where i, = E[|X|P] for X ~ N(0,1) and £ denotes local uniform
L'-convergence.

Special cases:

Pospisil & Tribe (2007), Swanson (2007), Liu & Tudor (2016), Bibinger &
Trabs (2019), Cialenco & Huang (2019)
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Central limit theorem

Two types of difficulty:

1. The solution process is rough:

u(t,x) =1+ /Ot /]Rd g(t—s,x—y)o(s,y) W(ds,dy),
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Central limit theorem

Two types of difficulty:

1. The solution process is rough:

t
ut) =1+ [ [ gle=sx-y)ols.y) Wids,ay)
0 Jrd
2. and the volatility is rough (if we have multiplicative noise):

o(t,x) = oo(u(t,x)) = oo <1+/Ot /]Rd g(t—s,x—y)o(s,y) W(ds,dy)).
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Central limit theorem

Conceptual findings: The roughness

1. ...of the solution process is not an essential problem:
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Central limit theorem
Conceptual findings: The roughness

1. ...of the solution process is not an essential problem:

C. (2020a). High-frequency analysis of parabolic stochastic PDEs. The
Annals of Statistics, 48(2):1143-1167.

Loosely speaking, the roughness of the solution process can be
mitigated through iterated martingale approximations.
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Central limit theorem

Conceptual findings: The roughness

1. ...of the solution process is not an essential problem:

C. (2020a). High-frequency analysis of parabolic stochastic PDEs. The
Annals of Statistics, 48(2):1143-1167.

Loosely speaking, the roughness of the solution process can be
mitigated through iterated martingale approximations.

2. ...of the volatility process is an essential problem (if too rough)!

C. (2020b). High-frequency analysis of parabolic stochastic PDEs with
multiplicative noise. Part |. Preprint under arXiv:1908.04145.

C. (2020c). High-frequency analysis of parabolic stochastic PDEs with
multiplicative noise. Part Il. In preparation.

The central limit theorem holds in some but fails in other cases!
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Central limit theorem

Theorem (Central limit theorem, C. 2020a):

Let p =2 or p > 4. Then, under additional hypotheses on the random
field o,

t
VAV ) Vol 8)) =5 22 = o /0 o(s,x)|P B,

. . d . .

where ¢, is an explicit constant, = denotes convergence in law in the
local uniform topology, and B is a Brownian motion that is independent of
W and o.

v

Special cases (o« =d =1, 0=1and p € {2,4}):
Bibinger & Trabs (2019, 2020), Cialenco & Huang (2020)
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Restrictions

What are the “additional hypotheses”?

Among other things, we require o(t, x) be (essentially)
° %-H'dlder continuous in time and

@ pathwise C? in space
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Restrictions

What are the “additional hypotheses”?

Among other things, we require o(t, x) be (essentially)
° %-H'dlder continuous in time and
@ pathwise C? in space

Unfortunately:

This excludes the multiplicative case o(t, x) = oo(u(t, x)), where og is a
Lipschitz function (unless o = const.)!
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The multiplicative case (only a < 1)

Theorem (C. 2020b,¢)

Let p € 2N and o(t, x) = oo(u(t, x)), where og is smooth and has at most
linear growth.

1. If « € (0,1), then, as before,

VA(VI(u,t) = Vi(u, 1) =5 2, = ¢ /Ot loo(u(s, x))|P dBs.

v
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The multiplicative case (only a < 1)

Theorem (C. 2020b,¢)

Let p € 2N and o(t, x) = oo(u(t, x)), where g is smooth and has at most
linear growth.

1. If « € (0,1), then, as before,

t
Vn(Vi(u,t) — Vp(u, t)) Lz = cp,a/ loo(u(s, x))|P dBs.
0
2. If @ =1 (this includes the white noise case in d = 1), then
t
Vn(V)(u,t) — Vy(u, t)) L Z, = A+ Cp,a/ loo(u(s, x))|P dBs,
0

where A; is a finite variation process, adapted to W, and

A=0 <= p=2 or oy=const. (i.e. additive noise).

v
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-
The asymptotic drift process

We only consider d = a = 1 (white noise). Then

% P o o (T)
Ar=A| © (t)—}-A(T) (T)(t)+A 70 | (t)
f N/ Qt
o O
O —
o O S
+A \o/ (t)+ A 1 (1)
) :
[
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|
The asymptotic drift process

We only consider d = a = 1 (white noise). Then

o\/o o O]
A=Al T T @+ald Ho+al,
f N/ L

O\/O
TA| O +A
|

O-0->0->0 0O

Observation

The asymptotic drift terms in the case a = 1 (and also in the cases

a € (1,2)) are most conveniently indexed by rooted binary directed acyclic
graphs (DAGs). This is closely related to the graphical notation used by
M. Hairer and others for renormalization terms appearing in the analysis of
singular SPDEs.
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What are these terms?

>
0—0

A
D—»O\

O0—0

7
N

0—0—0 0

0-0-0-00 0o

N—A

™9

(0= /Ota4(aé<u(s,x)>| P) (o308 (u(s, X)) ds C_\(é)f I
e 1]
(0= / as(B(uls. ). | P8 w(s ) s x € | b
0 L \[]f i
g
(=5 [ ax(o3(uls. )| P)o8od ) uls. 0)ds x € g5 |
_kD
O O
. N

(t) = 5/0 as(o5(u(s, x)), | - [P)(05(00)*)(u(s, x)) ds x C

~—

O-0->0->00 O

(0= [ as(eB(uls )| P)lob(s ) uls ) ds x €
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What are these terms?

B | B
a1 0= [ aobtuts )1 Pieopute s < c|
L O L O 4
®f] 1 % 9]
Al S®=3 [ bt et us mas < c | &L,
N 0 LY
4 e
aler | 00=3 [ atoiete 01 P)eden 0 ) s € | 2o |
S | O
RV R

== [ as(c2(u(s,x)), |- P)(oa(o5)?)(u(s,x))ds ,
A_@_(f)z/o (Bl 1PNt | 5 |
r O 7 r O
b f b

dRNCE | aslabtuts 1 PRl ) ds x :
L O L O
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The constants

o O

Example: \O/

STEP 1: Complete the graph

= add an edge from the root to any vertex with only one incoming edge

NS e [N
g @
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The constants

o\ fo o\ fo
Example: o STEP, 1 KO
1 )

STEP 2: Label the graph:
@ Attach (0,0) to O and integration variables to all O's
@ Attach AG to all edges starting in 0 and G to all other edges

(r,2) (v, w)
©) O
G G
Sy
O
AG AG
AG| |AG
O
(0,0)
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The constants

(r,2) (v, w)
O O
G G
Example:
S,y
o O O 0 @)
g srep, 1 Y StEP,2 AG AG
1 0 AG AG
O 0
0
(0,0

STEP 3: Associate an iterated convolution to this labeled graph! Let

1x2

G(t,x) = Cg(t, X)l{t>0} = C(2mt)e” 2 (o0
AG(t,x) = G(t,%) — G(t — 1,%),

whereC:\/%ford:azl.
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The constants

(r,2) (v,w)
@) O

G G

\Q,y
O
AG AG

AG AG

(0,0)

Then

c| Y ::/ / / (AG(s —0,y —0))?
(0,00)xR J(0,00) xR J/(0,00) xR
x AG(r—0,z—0)AG(v—0,w —0)G(r —s,z—y)
x G(v—s,w—y)dsdydrdzdvdw

O—
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What are these terms?

A g X/

Al =3 | autabtuts. 00,1 Plodog)uts ) ds x € :
74 L o 5
Al Sl@=3 [ a0 et s x e b )
N/ /0 N/

L O L O
1 r IR
.

g (=5 [ a(o3(uls. )| P)o8orf)uls. 0)ds x € 8 |
L ~O LA~O
XA R ) XA

Al 25 | @=5 [ aueBuls. )] P)oblor ) utsx)) ds x € | 5]

J | Jo ()

<] Y
A g (0= [ as(oB(uls )| )ob(s ) uls ) ds x € g

O O

O
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The finite variation processes

Every f of, say, polynomial growth can be expanded in terms of
generalized Hermite polynomials:

F(x) =D an(v, f)Ha(v,x),
n=0
where, for v > 0 and n € Ny,
n — n %2 n %2
Hp(v,x) = viH,,(%)7 Hnp(x) == ( nll) ez d(i(” e 2

and thus,
an(v, f) = V’Z;E[f(WZ)H,,(Z)], Z ~ N(©,1).

In particular, for p € 2N,

n odd,

an(v,|-|P) = o
' ((pfp7r7!)/2)!(§)(p )/2 n even.
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A 1 N A
gl z _(r)=2 / a(03(u(s.%)), |- P) (050t} (u(s. ) ds x C E |
ro @) 1 ‘ ro @)
A\l S@=3 [ aedtuls )l P)eodor s as < ¢ | & LY.
'\D/' 0 i '\D/' |
T 7
s (0= /0 aa(03(u(5.x)). |- P)(04(04)?)(u(s. x)) ds x C 55
L ~O LA~O
A 1t o XA
AL 0= [ aoduls x| P)oblorP)uls. 0y as x € | |
J | : G
2 1 8
A ; (1) = / 2a(03(u(s, %)), | - [P)(08(04)?)(u(s, ) ds % C g
O O

This explains:

A=0 <= p=2 or op=const.
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