THE FOURIER TRANSFORM ON R”

We now abandon the setting of S', and instead consider the unbounded case, i. e. the Fourier transform on
R™. Note that the case n = 1 will help us later on elucidate certain issues left open for the Fourier transform
on St.

1. THE SCHWARTZ SPACE

First, we introduce a space of 'very nice functions’ S(R™) on R™, which shall have the property that the
Fourier transform maps S into itself. The definition is as follows:

Definition 1.1. We denote by S(R™) the collection of all functions f € C°(R™) with the property that
sup |(1 + |x|N)8ff(a:)| < 0
zER™

for any N € N and any o € N”.
Example: The function f(z) = e~ || = > z3, is in S(R™).

Clearly S(R"™) forms an algebra (vector space invariant under multiplication of functions) which is invariant
under differentiation as well as multiplication with any polynomial P(z). It will serve as a natural setting for
the Fourier transform on R™.

2. THE FOURIER TRANSFORM ON S(R").

We formally define the Fourier transform of any function f(x) on R™ by means of the formula
f(f) = flx)e @8 dy, ¢ € R,
]R'n.

It is easy to see that the integral on the right converges absolutely provided f € S(R™). More importantly,
we have

Proposition 2.1. The Fourier transform maps S(R™) into itself.
Proof. Observe that

-~

(10¢)*f(§) = /71(271'17)&.}0('@)67277”'5 dx

" 2% and further

where we use the notation 2 := [[;_, z;7,

o~

(2mi€)” (i) F(€) = / (272)° f(a) (2mi€) e 2 da
= /n(QWC)O‘f(x)(—ax)Be*%m.g "
— /n (a:r)’g[(27T1')af(x)]e—27riw-£ de

By assumption we have
sup (1 + j))"+](8)° [(2m2) f ()] < +o0,
TER™

and so we find that

o~

sup | (2mi€)” (i) f(€)| < +oo

£eRn



We shall now see that in fact the Fourier transform gives a bijection of S(R™) into itself, with an explicit
inverse. In fact, define

f) = [ e
Then, if f € S(R™), we have the following .
Theorem 2.2. (Fourier inversion)
| J©ermtde = f(@).

Proof. To begin with, observe that since f(§) € S(R™), the preceding integral converges absolutely. It appears
natural to expand

F©) = | fle ey

and switch the order of integration between y and £&. However, we then encounter the integral
/ e2mi(z—y)€ de,
which does not converge. To remedy the situation, we introduce a damping factor, i. e. consider
F© = [ flye v dy = f©)e " e > 0.

R’!‘L
Then using the dominated convergence theorem we have

Foem=cde = tim [ Fo@m<de,

R e—=0 Jpn

and it is in the latter integral that we will interchange the order of integration. This is now allowed since the
integral converges absolutely with respect to &, y. Thus write

-~ . . 2
Foem=cae= [ f)( [ emenedet i ay
RW, R’n, n
By Fubini’s theorem, we can factorise
n [e%s)
/ eQWi(r—y)'E—€|£|2 d¢ = H (/ 62“(1.7'—%)'51—6&32- dfj)
n le — 00
Then we have

Lemma 2.3. We have the relation

o0
/ 627”-@.&_552 de — \/?e_ ,r2;,2
oo €

2,2

[e'e] oo .
/ 2mia-g—eg” dé=e "% / emee—e)’ d¢
— 0o —00

Cauchy’s theorem from complex analysis allows us to shift the contour in the last integral, thus
o0 3 2 o0 2 s
/ e d€ z/ e = de = \/7
o oo €

The lemma allows us to conclude that

/ eQﬂi(z_y)'f_E‘f‘z dg — (I)%B_M
n c

Proof. First, we have

Then we have the next

Lemma 2.4. The family of functions ¢.(x) := (2)76_77 =, € >0, forms an approximate identity.



This lemma is straightforward to check, for example, observe that

o0 7r2a2
/ Ee* e da=1
o Ve

via direct change of variables, and then from Fubini

/ (I)%e* = dr = 1.
Rn €

Using the preceding lemma, we finally infer

lim [ f(y)( / 2mia =€l e} dy = f(x).
- .

e—0

3. PLANCHEREL'S THEOREM AND THE FOURIER TRANSFORM ON L?(R"™)

A very important consequence of the Fourier inversion theorem is the analogue of the isometric property
of the Fourier transform on S, called Plancherel’s theorem in the present context:

Theorem 3.1. (Plancherel) The Fourier transform on S(R™) is an L?-isometry: more precisely, for any
f,9 € S(R™), we have
fa)g(a)de= [ [(€)g(€)de
R" R"
Proof. First, we observe that for any f,g € S(R™), we have

| s@i@de= [ @[ awe=reay) i
= [ s [ e i) ay
~ [ swiwa.

where the interchange of integrations is guaranteed by Fubini’s theorem. Next, invoking Fourier inversion, we
find

f( )g(z) dx = f( )g(z) de

where for the last line we invoked the preceding observation. |

Plancherel’s theorem is extremely important, as it allows us amongst other things to naturally extend the
Fourier transform to L?(R™). Observe that while this was trivial on S, this is far from trivial on R", since
the integral

f(z)e 2™ dy
R’V‘L
does not necessarily converge in the absolute sense if f € L?(R™)! However, given such f, we simply pick a
sequence {f}n>1 C S(R™) with
fn — f
in the L?(R™)-sense as n — oo. Then we know from Plancherel’s theorem that {f,},>1 forms a Cauchy-
sequence in L?(R™), and hence we can define
f = hm f’rla
n—oo

3



using the fact that L?(R™) is complete.

4. THE FOURIER TRANSFORM ON MORE GENERAL LEBESGUE SPACES; INTERPOLATION

To begin with, starting with the formal definition
fl&) = A fa)e ™8 du,

it is clear that assuming only f € L'(R") suffices to define this integral in the point wise sense, as this integral
then converges absolutely. More precisely, we have the simple

Proposition 4.1. Given f € LY(R"), the function

F© = | fl)e > da

Rﬂ,
is in CJ(R™), the space of continuous functions on R™ wanishing at infinity, i. e. lim¢| o0 \f(§)| = 0.
Moreover, we have the point wise bound
171l < 0141

Proof. To see the continuity of f(& ), observe that

~ o~

lim f(£) = f(&)
ISe

on account of Lebesgue’s theorem of dominated convergence for all functions
T — f(ac)e_zmg”'£

are dominated in absolute value by |f(z)| € L'(R"). To see convergence to zero at infinity, approximate f in
L'(R") by functions in S(R™) and use Proposition 2.1 above. The inequality is also clear by moving absolute
values inside the integral. O

The preceding proposition and Plancherel’s theorem allow us to define the Fourier transform on L!(R"™),
with image in L°°(R"), as well as on L?(R"), with image in L%(R™). It is then eminently natural to enquire
whether we can define in a natural way the Fourier transform on LP(R™) for more general p, with image in
some L(R™).

In fact, in Harmonic Analysis one very often encounters a more general prototype of this sort of question:
one is given an operator T', which is defined naturally on some vector space of functions V' on R", say, (in our
case this would be S(R™)), and it is known that we have the inequalities

(4.1) ITfllLa < Cillfllzen, 1T fllpee < Cillfllzee, fEV.

for two pairs of Lebesgue indices (p1,41), (P2, g2). In particular, T' can be extended continuously as an operator
between LP* and L%, as well as an operator between LP2 and L?. (Thus in our situation, we would have
pm=lLqg=00,p=q¢0=20=0=1)

Then we raise the natural

Question: Does (4.1) imply that T can be extended to more general LP-spaces, and in particular, those p
between p; and p2?

This is a typical question about interpolation, and a general answer, which will in particular clarify the
situation for the Fourier transform, is furnished by the following very useful

Theorem 4.2. (Riesz-Thorin) Let 1 < pg,p1,qo0,q1 < 0o, and assume (X, ) is a measure space. Assume
that T is a linear operator defined on all simple functions on X and taking values in the measurable functions
on X, which satisfies

1T ()l Lo x) < Aoll fllzeo ) 1T(F)llarx) < Axll fllzen x)-
4



for all simple functions f. Then for any p € [po, p1], with 117 = 1% + 11);16, 0 € [0,1], we have

IT()llze < AGATFIle,

; gl — 0 4 1-0
where q is defined via it

Before proving this, we see how it applies to the Fourier transform: From before we know that pg = 1, ¢y =

oo works, as well as ps = ¢o = 2. Then for p € [1,2], we have

1 1-— 2
Lo 1,2

p 1 2 D

and so

and hence we have the
Corollary 4.3. The Fourier transform on R™ transforms LP into ¥ (with p' the Holder dual exponent)
provided 1 < p < 2, and moreover, we have

e < N fllze, p € [1,2].



