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Owing to the ubiquity and easy-to-shape property of optical intensity, the intensity gradient force of light has
been most spectacularly exploited in optical manipulation. Manifesting the intensity gradient as an optical torque
to spin particles is of great fascination on both fundamental and practical sides but remains elusive. Here,
we theoretically predict the existence of the optical intensity-gradient torque in the interaction of light with chiral
particles. Such a new type of torque derives from the interplay between chirality-induced multipoles, which
switches its direction for particles with opposite chirality. We show that this torque can be directly detected
by a simple standing wave field, created with the interference of two counterpropagating plane-like waves.
Our work offers a unique route to achieve rotational control of matter by tailoring the field intensity
of Maxwell waves, demonstrated through three-dimensional spinning of a trapped chiral particle. It also estab-
lishes a framework that maps a remarkable connection between the optical forces and torques, across chiral to
non-chiral. © 2025 Chinese Laser Press

https://doi.org/10.1364/PRJ.566257

1. INTRODUCTION

An ongoing endeavor in optomechanics is to achieve accurate,
on-demand control of minute particles for advanced applications
in imaging, precise measurements, and sensing [1–5]. Central to
this endeavor is to understand optical forces and torques in a way
traceable to the structure of light and particle properties. When
light impinges on a particle, optically excited multipoles interact
with the excitation field and themselves, giving rise to intercep-
tion (or extinction) and recoil (or scattering) mechanical effects,
respectively [6–10]. In these interaction processes, the optical
force may be produced by the intensity gradient [7,11], and
other field properties such as the phase gradient [12], momen-
tum, and reactive or imaginary Poynting momentum (IPM)
[7,9,13,14], which complement the translational control of
the particle. Akin to the force, the optical torque is associated
with both light extinction and scattering, but the interplay be-
tween different-type multipoles does not contribute to the an-
gular momentum transfer [8,15], which prevents a spectrum
of field quantities from being coupled to the torque on normal

particles. Consequently, the generation of a torque has relied
heavily on the optical spin [1,16–19], the magnitude of which
is limited by the intensity.

Exploiting particle chirality would open unexpected oppor-
tunities for optical manipulation [20–22]. This has been dem-
onstrated for dipolar chiral particles, on which the kinetic
momentum manifests itself as a torque [23–25], with impor-
tant applications in enantiomer identification. The main aim of
this paper is to ask whether the torque can be induced by the
intensity inhomogeneity, which was previously considered
responsible only for the force. We demonstrate, analytically
and numerically, the existence of such intensity-gradient torque
for chiral particles, which descends from the recoil effects and
exhibits an anti-asymmetry with respect to the electric and
magnetic responses of the particle. Also, three-dimensional
(3D) rotation of chiral particles is demonstrated utilizing an
interference field arising from two counterpropagating
Gaussian beams, as illustrated in Fig. 1. We also present a gen-
eral framework for classifying the optical torques according to
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their field-related properties, in the spirit of the classification of
optical forces.

2. RESULTS AND DISCUSSION

We start by considering a simple inhomogeneous field consist-
ing of two counterpropagating plane waves polarized along z
direction, as depicted in Fig. 2(a). The electric and magnetic
vectors of illumination are given by

E � −2E0 cos�kx�ẑ, B � 2
E0

c
sin�kx�ŷ: (1)

This standing wave is incident on a sphere made of
bi-isotropic chiral material described by the constitutive
relation [26]:

D � ε0εsE� iκ
ffiffiffiffiffiffiffiffiffi
ε0μ0

p
H,

B � μ0μsH − iκ
ffiffiffiffiffiffiffiffiffi
ε0μ0

p
E, (2)

where the parameter κ describes the particle chirality, and
ε0 �μ0� and εs �μs� denote the vacuum and relative permittivity
(permeability), respectively.

In this condition, one might not expect the appearance of a
torque because the illumination is linearly polarized, carrying
no spin angular momentum, and the field momentum is com-
pletely canceled by the counterpropagating configuration over
the whole space. However, our calculations based on the
Lorenz–Mie method show that the particle will experience a
torque in the x direction. Also, this torque holds a spatial char-
acteristic consistent with that of the intensity gradient,
∇jEj2 ∝ sin�2kx�, which reaches zero at the field nodes and
antinodes (kx � nπ∕2 for integer n).

Fig. 1. Schematic of 3D spinning of chiral spheres in a standing
wave. This rotation is caused by the intensity-gradient torque, analo-
gous to 3D trapping via gradient forces.

Fig. 2. (a) Schematic illustration of a chiral sphere illuminated by a standing wave composed of two plane waves, with linear polarization and
propagating in opposite directions. The electric field is polarized parallel to the z-axis, and the wave vectors k1,2 lie on the xoy plane. The intensity
distribution of the interference field is demonstrated by the red and white stripes. The electric intensity gradient is proportional to its magnetic
counterpart with a negative scale coefficient. (b) Time-averaged optical torque and (c) its multipolar contributions as a function of the particle’s
position in the Cartesian coordinate system. The particle parameters satisfy εs � 2.5� 0.01i, μs � 1, κ � 0.3, rs � 0.5 μm, and the incident
wavelength is λ � 1.064 μm.
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To reveal the origin of this torque, we resort to the Cartesian
multipole expansion model outlined in Ref. [8] and express the
torque in terms of the incident field defined by Eq. (1) and the
particle’s material properties, by which we arrive at (details in
Appendix A)

T �
XN
l�1

β�l�ℜ�γ�l�elecγ�l��x − γ�l�magγ
�l��
x �∇jEj2,

β�l� � −
1

32π

�−2�l �l � 1�2�l − 1�!
l 2�2l − 1�!�2l � 1�!! , (3)

where γ�l�x , γ�l�elec (γ
�l�
mag) represent the polarizabilities due to chiral

magnetoelectric coupling and conventional electric (magnetic)
responses, respectively. The result obtained from this analytical
expression [see the blue line in Fig. 2(b)] agrees with the out-
comes from the Lorenz–Mie (TMie) and finite element meth-
ods (TCOMSOL).

Equation (3) explicitly shows that the torque originates ex-
clusively from the intensity gradient of illumination. The
standing wave, thus, serves as an ideal platform to experimen-
tally observe such an intriguing phenomenon. We remark that
Eq. (3) is derived from the recoil part of the total torque with
the vanishing interception part [8]. It follows that the torque is
associated with the interplay of multipoles excited in the par-
ticle, as reflected by the product terms of polarizabilities in
Eq. (3). Further calculations show that the torque on this par-
ticle is dominated by the dipole, quadrupole, and octupole re-
sponses, while higher-order contributions are negligible.
Notably, each multipole contribution includes only self-inter-
action terms and excludes any coupling between different
orders.

We also notice in Eq. (3) that the intensity-gradient torque
exhibits an anti-symmetry concerning the exchange of the elec-
tric and magnetic polarizabilities: γ�l�elec⇄γ�l�mag. This property is
clearly shown in Fig. 3, in which the torque is plotted versus the
real parts of the particle’s relative permittivity Re�εs� and

permeability Re�μs�, with ℑ�εs� � ℑ�μs� � 0.01 and the par-
ticle placed at �0.3,0,0� μm; other parameters are consistent
with those in Fig. 2(b). Note that εs and μs are linked to
the polarizabilities by the same function according to the
Mie theory: γ�l�elec � F �εs, ffiffiffiffiffiffiffiffi

εsμs
p � and γ�l�mag � F �μs, ffiffiffiffiffiffiffiffi

εsμs
p � so

that the exchange εs⇄μs gives rise to γ�l�elec⇄γ�l�mag. As expected,
the result is anti-asymmetric with respect to the black line of
μs � εs, where the torque vanishes. Therefore, the generation
of the intensity-gradient torque entails the breaking of electric-
magnetic response symmetry (EMRS): γ�l�elec ≠ γ�l�mag or εs ≠ μs.
In this regard, this torque resembles the IPM force, for which
the breaking of EMRS is also required [9,27].

Figure 4 emphasizes the chiral nature of the intensity-
gradient torque. Specifically, changing the sign of the particle’s
chiral parameter κ leads to a direction reversal of the torque
experienced by the particle so that the torque vanishes for
an achiral particle (κ � 0). This chirality-dependent property
is explained by the polarizability γ�l�x in Eq. (3), which is an odd
function of the chiral parameter: γ�l�x �κ� � −γ�l�x �−κ�, irrespec-
tive of particle size [28]. Interestingly, even with a fixed sign of
the chiral parameter κ, the intensity-gradient torque can reverse
as the particle size increases. This is because higher-order multi-
poles become more significant with larger particles, and their
relative contributions can cause the total torque to change sign.
It is noteworthy that the results depicted in Fig. 4 encompass
particle diameters ranging from 0.4λ to 4λ, substantiating the
universality of the analytical formulas [Eq. (3)] concerning
particle size.

To show the intensity-gradient torque in an experimentally
accessible configuration [29,30], calculations were performed
using focused Gaussian beams (Fig. 5). In this case, the particle
can be stably trapped on-axis by the transverse optical forces.
Specifically, the trapping position in the xoy plane is determined
by the intensity distribution of the interference field, as shown
in Fig. 5(a), where the particle is trapped in the region of ex-
treme intensity (or bright region). In the yoz plane, there is only
one equilibrium position at the center of the beams, as shown

Fig. 3. The optical intensity-gradient torque versus the real parts of
the particle’s permittivity ℜ�εs�∕εb and permeability ℜ�μs�∕μb when
a particle is immersed in water (with εb� 1.332). Their imaginary
parts are fixed at ℑ�εs� � ℑ�μs� � 0.01.

Fig. 4. The spatial profiles of the torque versus the chiral parameter
κ and radius rs . The particle is placed at �0.3,0,0� μm in water, and
other parameters are consistent with Fig. 2(b).
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in Fig. 5(b). Figures 5(c)–5(f ) illustrate the three coordinate
components of the intensity-gradient torque, calculated using
the prevailing Lorenz–Mie method, for a chiral Si nanoparticle
probe. Guided by Figs. 5(a) and 5(b), it is clear that the particle
does not rotate at the equilibrium point, where the torque van-
ishes. However, when the particle is slightly displaced from the
equilibrium position along any coordinate component, it expe-
riences the intensity-gradient torque in that direction. We em-
phasize that this torque is unique to chiral particles, so it will

not arise for achiral particles used in previous experiments [29].
The sign of the intensity-gradient torque is sensitive to orien-
tation, as the intensity gradient changes direction across space,
which results from rapid changes in the intensity of the light
field. Therefore, the intensity-gradient torque provides an ef-
fective means for 3D rotational control in optical manipulation,
enabling the realization of different rotation modes through the
adjustment of the intensity distribution. Furthermore, the
intensity-gradient torque can be used to control 3D rotation
of particles for 3D imaging. In aqueous environments, applying
a viscous force can displace the particle from the focus center
along a specific direction, thereby enabling directional control
of the torque or rotation. This enables the acquisition of 2D
projection images from multiple viewing angles, facilitating the
development of 3D microscopy techniques [31] such as optical
diffraction tomography [32].

The above results have exemplified the existence of the in-
tensity-gradient torque in the special case of standing waves. To
generalize this concept, we then assume a generic illumination
and incorporate the angular spectrum theory [9] into the
Cartesian multipole expansion method [8]. After a lengthy al-
gebra, we decompose the total torque into two parts:

T �
XN
l�1

T�l�
achiral �

XN
l�1

T�l�
chiral, (4)

where T�l�
achiral and T�l�

chiral represent the 2
l -pole contributions in-

dependent and dependent of the particle chirality, respectively.
The former was shown associated to the optical spin, the mo-
mentum curl, and the gradient of reactive helicity [33] of illu-
mination in a recent work [34]. We find that it is constructive
to categorize the l -order chiral torque into six components ac-
cording to the field-related quantities:

T�l�
chiral � T�l�

spin � T�l�
curl � T�l�

IG � T�l�
PG � T�l�

PM � T�l�
IPM, (5)

with

T�l�
spin � Ĉ�l�spin�ℑ�E� × E� � c2ℑ�B� × B��,

T�l�
curl � Ĉ�l�curl∇ ×ℜ�E� × B�,
T�l�
IG � Ĉ�l�IG�∇jEj2 − c2∇jBj2�,

T�l�
PG � Ĉ�l�PG�ℑ�∇E · E�� � c2ℑ�∇B · B���,

T�l�
PM � Ĉ�l�PMℜ�E� × B�,

T�l�
IPM � Ĉ�l�IPMℑ�E� × B�, (6)

where the prefactors are determined by the material properties
of the particle (details in Appendix B). The first two terms,
T�l�
spin and T�l�

curl, indicate that the optical spin and momentum
curl account for the chiral torque, in addition to the achiral one
[34]. It is interesting to note that the optical spin is coupled to
the chiral torque by its dual-symmetric form [35,36],
ℑ�E� × E� � c2ℑ�B� × B�, but the electric and magnetic spins
contribute differently to the achiral torque in general [15].

The field quantities arising in the last four components are
unavailable to the achiral torque [34], but they are responsible
for the well-known intensity-gradient force [7,11], phase-gra-
dient force [12], radiation pressure, and IPM force on achiral
particles [7,9,13]. In this connection, T�l�

IG, T
�l�
PG, T

�l�
PM, and T

�l�
IPM

Fig. 5. Simulated 3D rotation in water using intensity-gradient
torque, where a chiral Si particle is illuminated by two counterpropa-
gating Gaussian beams along the x-axis, with optical axes lying in the
z � 0 plane and electric field polarization aligned parallel to the z-axis.
The numerical aperture and incident wavelength of each Gaussian
beam are 0.7 and 1.064 μm, respectively, and the intensity at beam
center is taken as 1 mW∕μm2. The parameters of the Si nanoparticle
probe are as follows: εs � 12.1� 0.2i, μs � 1, κ � 0.5, and
rs � 0.5 μm. Transverse optical forces versus the particle position
in the transverse xoy plane (a) and the yoz plane (b). The yellow arrows
indicate the magnitude and direction of the transverse forces. The in-
tensity profiles are normalized to their maximum value and presented
as the background. Calculated intensity-gradient torques in the x-com-
ponent (c) and y-component (d) when the particle is located in the xoy
plane, as well as in the z-component (e) and y-component (f ) when it
is placed in the yoz plane.
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represent the angular analogs of these types of force. It is worth
noting that the standard momentum,ℜ�E� ×H�, is sometimes
written as the sum of its spin and orbital parts, especially in
literature focusing on the optical force due to Belinfante’s spin
momentum (BSM) [37–40]. One may also perform the spin–
orbit decomposition for the momentum in T�l�

PM so that the
BSM can manifest itself as the torque, but we would keep
its original form for the mathematical elegance of our theory.
We stress that the IPM torque T�l�

IPM, akin to the IPM force
[7,9], can act on a dipole particle for a generic field, whereas
the intensity-gradient torque, T�l�

IG, requires the excitation of
high-order (l > 1) multipoles, as Ĉ�l�IG � 0 for l � 1.
However, in some special fields [e.g., the standing wave shown
in Fig. 2(a)], the reactive momentum, ℑ�E� × B�, may reduce
to its orbital part [33,41] (which is proportional to
∇jEj2 − c2∇jBj2), such that the intensity gradient induces
the torque via the dipole response [Fig. 2(c)].

To gain an overview of the principle of optical force and
torque, Table 1 compares the torques with their force counter-
parts [7,9,26,42,43] featuring the same light structure in arbi-
trary monochromatic optical fields, in terms of the generation
requirements on material properties. It is of marked interest that
each type of optical force (or torque) for an achiral particle finds
its analog in the torque (or force) on a chiral one. The breaking of
EMRS [27] is necessary for the intensity-gradient torque and all
mechanical effects induced by reactive quantities. High-
order multipole excitation is a requisite for torques, except for
the conventional spin torque and those due to the field momenta
including kinetic and reactive. Also, the mechanical manifesta-
tions of some field quantities (e.g., the IPM force and the
intensity-gradient torque) must rely on the multipole interplay,
which highlights their recoil nature. At last, we remark that the
gradient of standard helicity (not listed in the table),
∇ℑ�E� ·H�, may also contribute to the optical force for chiral
particles [26,43] but is shown irrelevant to the torque in light of
our theory.

3. CONCLUSION

In summary, we have discovered the intensity-gradient torque
by exploiting the interplay of chiral multipoles and have built a
generic multipole model, which expands the classifying frame-
work of optical torques from nonchiral [34] to chiral. The in-
tensity-gradient torque offers unique opportunities for particle

spinning in terms of frequency and degree of freedom, in that
the intensity inhomogeneity may be significant with a small
power density [11] and in that the distribution of optical in-
tensity, in practice, is easier to customize than phase and polari-
zation. It also opens new possibilities for near-field tweezers
[44,45], in which the field localized beyond the diffraction
limit is expected to enhance strongly the torque. In fact, the
intensity gradient and spin are compatible properties of light,
which promises their integration into chiral and rotational
optomechanics.

As a closing remark, we would point out that material non-
reciprocity and anisotropy, which are beyond the scope of this
paper, also play an important role in light–matter interaction.
Although this subject has recently been actively researched ex-
perimentally and numerically in optical manipulations
[23,46–52], its theory is yet to be well developed, especially
in scenarios of high-order multipoles. We anticipate that our
multipole framework, which is established from the fundamen-
tal constitutive relation and first principles, will set methodo-
logically in the framework of classical electromagnetic theory an
inspiring example for the development of optical force and
torque theories for non-reciprocal and anisotropic
particles.

APPENDIX A: OPTICAL INTENSITY-GRADIENT
TORQUE IN STANDING WAVE FIELD

The period-averaged optical torques hTi on a particle in generic
monochromatic optical fields are written as a sum of recoil
torques hTreci and interception torques hTinti, which read,
respectively [8],

hTi � hTreci � hTinti, hTreci �
X∞
l�1

hT�l�
reci,

hTinti �
X∞
l�1

hT�l�
inti, (A1)

hT�l�
reci�−

1

8πε0

X
l�1

∞ 2l �l�1�k2l�1

�2l�1�!

×ℑ�O
↔�l�

elec ··�l−1� O
↔�l��

elec �
1

c2
O
↔�l�

mag ··�l−1� O
↔�l��

mag � ··�2� ϵ
↔
, (A2)

Table 1. A List of Optical Force/Torque Counterparts, Highlighting Their Relevance to Light Structure and Generation
Requirements on Material Properties

Force/Torque Category Light Structure

Material Properties (Force/Torque)

Chirality EMRS Breaking
High-Order Multipole
Multipoles Interplay

Intensity gradient ∇jEj2 or ∇jHj2 No/Yes No/Yes No/Yes No/Yes
Phase gradient ℑ�E� · �∇E�� or ℑ�H� · �∇H�� No/Yes No/No No/Yes No/No
Kinetic momentum ℜ�E� ×H� No/Yes No/No No/No Yes/No
Reactive momentum ℑ�E� ×H� No/Yes Yes/Yes No/No Yes/Yes
Spin ℑ�E� × E� or ℑ�H� ×H� Yes/No No/No No/No No/No
Reactive helicity gradient ∇ℜ�E� ·H� Yes/No Yes/Yes Yes/Yes Yes/No
Momentum curl ∇ ×ℜ�E� ×H� Yes/No No/No No/Yes No/No
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hT�l�
inti �

l − 1
2l !

ℜ��∇�l−1�E�� ··�l−1� O
↔�l�

elec

� �∇�l−1�B�� ··�l−1� O
↔�l�

mag� ··�2� ϵ
↔

−
1

2l !
ℜ�O

↔�l�
elec ··�l−1� �∇�l−1�E��

�O
↔�l�

mag ··�l−1� �∇�l−1�B��� ··�2� ϵ↔ , (A3)

with ϵ
↔
denoting the Levi–Civita anti-symmetric tensor and the

superscript * designating the complex conjugate. ℑ and ℜ
denote extracting the imaginary and real components. E �B�
denote the electric (magnetic) fields in which the particle is im-
mersed. The multiple contraction ··�m� operating on two tensors
with ranks l and l 0 obtains a tensor of rank 1� l 0 − 2m
defined by

A
↔�l�

··�m� B
↔�l 0� � A�l�

i1i2 			il−mk1k2 			kmB
�l 0�
km			k2k1jm�1jm�2 			jl 0 ,

0 ≤ m ≤ min�l , l 0�,

where it is assumed that the repeated indices are summed,
i.e., the tensor contraction is consecutive on the two nearest
indices of the two index sequences. The total symmetric and

traceless [53] tensors O
↔�l�

elec�mag� denote the electric (magnetic)
2l -pole moments excited on a chiral particle,

O
↔�l�

elec�mag� � γ�l�elec�mag�L
↔�l�
elec�mag� 
 γ�l�x L

↔�l�
mag�elec�: (A4)

The positive and negative signs before γ�l�x correspond to

electric and magnetic 2l -pole moments,O
↔�l�

elec andO
↔�l�

mag, respec-

tively. γ�l�x , γ�l�elec, and γ�l�mag are the polarizabilities due to chiral
magnetoelectric coupling, normal electric and magnetic re-
sponses, reading as

γ�l�elec �
iζl al
k2l�1

, γ�l�mag � ic2ζl bl
k2l�1

, γ�l�x � −
cζl cl
k2l�1

,

with ζl �
4πε0l�2l � 1�!!

�l � 1� , (A5)

where i denotes the imaginary unit and c is the speed of light in
the ambient medium. The multipole moment given by
Eq. (A4) degenerates to achiral particles, when the Mie coef-
ficient cl indicating chiral magnetoelectric coupling is set to 0.
The tensors L�l�

elec and L�l�
mag describe the incident field

characteristic,

L
↔�l�
elec �mag� �

Xbl−12 c
m�0

d l ,mk2mN
↔�l ,m�
elec �mag�,

d l ,m � 1

4m
l !
m!

Γ
�
l − m� 1

2

�
Γ
�
l � 1

2

�
Γ�l − 2m�

1

l
, with d l ,0 � 1,

(A6)

where the totally traceless and symmetric rank-l
tensors are

N
↔�l ,m�
elec�mag� � Ŝ

"
I
↔
⊗ I

↔
⊗ 	 	 	 I

↔
⊗

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{m

M
↔ �l−2m�

elec�mag�

#

with N
↔�l ,0�
elec�mag� ≡M

↔ �l�
elec�mag�: (A7)

Here, I
↔
and⊗ denote the unit dyad of dimension 3 and the

tensor product, respectively, while Ŝ denotes the symmetry op-

erator. M
↔ �n�

elec�mag� represents completely symmetric tensors de-
scribing the symmetric multiple gradients of the incident field,
which is denoted by

M
↔ �n�

elec � Ŝ�∇�n−1�E� � Ŝ�∇∇ 	 	 	∇
zfflfflfflfflffl}|fflfflfflfflffl{n−1

E�

� 1

n

Xn
j�1

∂i1 	 	 	 ∂ij−1∂in∂ij�1
	 	 	 ∂in−1Eij ,

M
↔ �n�

mag � Ŝ�∇�n−1�B� � Ŝ�∇∇ 	 	 	∇
zfflfflfflfflffl}|fflfflfflfflffl{n−1

B�

� 1

n

Xn
j�1

∂i1 	 	 	 ∂ij−1∂in∂ij�1
	 	 	 ∂in−1Bij : (A8)

In above equation, ∇�n� denotes that the n-fold gradient is
taken continuously, and Ej (Bj) is the jth Cartesian component
of the electric (magnetic) field.

Due to the explicit mathematical relations for electric and
magnetic multipoles in spherical particles as presented in
Eq. (A4), it becomes possible to derive an analytical expression
for the optical torque acting upon an isotropic chiral spherical
particle. This expression can be represented in an explicit math-
ematical form that involves the product of polarizability and
field quantities,

hTe�l�
rec i�−

2l �l�1�k2l�1

8π�2l�1�!
Xbl−12 c
m�0

k4mhl ,mℑ
��

η�l�hhc�η�l�eec

�
τ�l−2m�exe

	
,

(A9)

hTm�l�
rec i�−

2l �l�1�k2l�1

8π�2l�1�!
Xbl−12 c
m�0

k4mhl ,mℑ
��

η�l�mmc�η�l�hhc

�
τ�l−2m�mxm

	
,

(A10)

hTx�l�
rec i � −

2l �l � 1�k2l�1

8π�2l � 1�!
Xbl−12 c
m�0

k4mhl ,m

×ℑ
��

η�l�ehc − η
�l�∗
mhc

�
τ�l−2m�exmc �

�
η�l�∗ehc − η�l�mhc

�
τ�l−2m�mxec

	
,

(A11)

hTe�l�
int i � −

1

2�l − 1�!
Xbl−12 c
m�0

k4mhl ,mℜ
�
γ�l�elecτ

�l−2m�
exe

	
, (A12)

2908 Vol. 13, No. 10 / October 2025 / Photonics Research Research Article



hTm�l�
int i � −

1

2�l − 1�!
Xbl−12 c
m�0

k4mhl ,mℜ
�
γ�l�magτ

�l−2m�
mxm

	
, (A13)

hTx�l�
int i � −

1

2�l − 1�!
Xbl−12 c
m�0

k4mhl ,mℜ
�
γ�l�x

�
τ�l−2m�mxec − τ�l−2m�exmc

�	
,

(A14)

where the products of polarizabilities η are given by

η�l�eec � γ�l�elecγ
�l��
elec , η�l�mmc � γ�l�magγ

�l��
mag , η�l�hhc � γ�l�x γ�l��x ,

η�l�ehc � γ�l�elecγ
�l��
x , η�l�mhc � γ�l�magγ

�l��
x :

(A15)

In deriving Eqs. (A9)–(A14), the following relations were
used:

�
L
↔�l�
elec ··�l−1� L

↔�l�∗
elec

	
··�2� ϵ

↔ �
Xbl−12 c
m�0

k4mhl ,mτ
�l−2m�
exe ,

�
L
↔�l�
mag ··�l−1� L

↔�l�∗
mag

	
··�l−1� ϵ

↔ �
Xbl−12 c
m�0

k4mhl ,mτ
�l−2m�
mxm ,

�
L
↔�l�
elec ··�l−1� L

↔�l��
mag

	
··�2� ϵ

↔ �
Xbl−12 c
m�0

k4mhl ,mτ
�l−2m�
exmc ,

�
L
↔�l�
mag ··�l−1� L

↔�l��
elec

	
··�2� ϵ

↔ �
Xbl−12 c
m�0

k4mhl ,mτ
�l−2m�
mxec , (A16)

with

hl ,m � �l − 2m�2
l 2

�−1�md l ,m,

τ�l−2m�exe � �M
↔ �1–2m�

elec ··�1–2m−1� M
↔ �1–2m��

elec � ··�2� ϵ↔,

τ�l−2m�mxm � �M
↔ �1–2m�

mag ··�1–2m−1� M
↔ �1–2m��

mag � ··�2� ϵ↔,

τ�l−2m�exmc � �M
↔ �1–2m�

elec ··�1–2m−1� M
↔ �1–2m��

mag � ··�2� ϵ↔,

τ�l−2m�mxec � �M
↔ �1–2m�

mag ··�1–2m−1� M
↔ �1–2m��

elec � ··�2� ϵ↔: (A17)

Next, we focus on the relationship between optical torques
and specific field quantities. A necessary element is to write a
generic monochromatic field in a form similar to the angular
spectrum representation [8,54],

E �
I

4π
eueiku·rdΩu, H � 1

Z 0

I
4π
hueiku·rdΩu: (A18)

The direction of the wave vector is shown by the real unit
vector u. The electric and magnetic angular spectra eu and hu
depend only on u, which are independent of r and satisfy

u × eu � hu and hu × u � eu. The integration is over the unit
sphere of u.

Certain field moments are defined in the reciprocal space,
for integer n, before the derivation that follows:

D�n�
ee �

�
∇�n−1�E

	
∶
�n�
�
∇�n−1�E∗

	

� k2n−2
I

4π
dΩu

I
4π
dΩv�u⋅v��n−1�

�
eu⋅e∗v

�
eik�u−v�⋅r ,

D�n�
mm �

�
∇�n−1�B

	
∶
�n�
�
∇�n−1�B∗

	

� k2n−2

c2

I
4π
dΩu

I
4π
dΩv�u⋅v�n−1

�
hu⋅h∗v

�
eik�u−v�⋅r ,

D�n�
em �

�
∇�n−1�E

	
∶
�n�
�
∇�n−1�B∗

	

� k2n−2

c

I
4π
dΩu

I
4π
dΩv�u⋅v�n−1

�
eu⋅h∗v

�
eik�u−v�⋅r ,

D�n�
me �

�
∇�n−1�B

	
∶
�n�
�
∇�n−1�E∗

	
� D�n�∗

em ,

S�n�ee �
��

∇�n−1�E
�

..

.
�n−1��

∇�n−1�E∗
�	

∶
�2�
ϵ
↔

� k2n−2
I

4π
dΩu

I
4π
dΩv�u⋅v�n−1

�
eu × e∗v

�
eik�u−v�⋅r ,

S�n�mm �
��

∇�n−1�B
�

∶
�n−1�

�
∇�n−1�B∗

�	
∶
�2�
ϵ
↔

� k2n−2

c2

I
4π
dΩu

I
4π
dΩv�u⋅v�n−1

�
hu × h∗v

�
eik�u−v�⋅r ,

S�n�em �
��

∇�n−1�E
�

∶
�n−1�

�
∇�n−1�B∗

�	
∶
�2�
ϵ
↔

� k2n−2

c

I
4π
dΩu

I
4π
dΩv�u⋅v�n−1

�
eu × h∗v

�
eik�u−v�⋅r ,

S�n�me �
��

∇�n−1�B
�

∶
�n−1�

�
∇�n−1�E∗

�	
∶
�2�
ϵ
↔ � −S�n�∗em , (A19)

where we have defined the second kind of multiple tensor con-

traction, denoted by ∶
�n�
,

A
↔�l�

∶
�m�

B
↔�l 0� � A�l�

k1k2 			kmim�1im�2 			ilB
�l 0�
k1k2 			kmjm�1jm�2			jl 0 ,

0 ≤ m ≤ min�l , l 0�, (A20)

that is, the tensor contraction is made over the corresponding
leftmost indices in the two index sequences.

After a series of tedious but not complicated derivations, the
vectors τ�n�exe, τ

�n�
mxm, τ

�n�
exmc, and τ�n�mxec, given by Eq. (A17), are

rewritten in terms of vectors D and S defined in Eq. (A19).
The final results are shown as follows:
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τ�n�exe � ick�n − 1�
n

�
Z�n−1�
me � Z�n−1�∗

me

	

� ick3�n − 1��n − 2�
n2

�
Z�n−2�
em � Z�n−2�∗

em

	

− S�n�ee −
c2k2�n − 1�

n2
S�n−1�mm � k4�n − 1��n − 2�

n2
S�n−2�ee ,

τ�n�mxm � −
ik�n − 1�

nc

�
Z�n−1�
em � Z�n−1�∗

em

	

−
ik3�n − 1��n − 2�

n2c

�
Z�n−2�
me � Z�n−2�∗

me

	

− S�n�mm −
k2�n − 1�
n2c2

S�n−1�ee � k4�n − 1��n − 2�
n2

S�n−2�mm ,

τ�n�mxec � −
ik�n − 1�

nc

�
Z�n−1�
ee − c2Z�n−1�∗

mm

	

−
ik3�n − 1��n − 2�

n2c

�
Z�n−2�∗
ee − c2Z�n−2�

mm

	

� S�n�∗em � k2�n − 1�
n2

S�n−1�em −
k4�n − 1��n − 2�

n2
S�n−2�∗em ,

τ�n�exmc � ik�n − 1�
nc

�
c2Z�n−1�

mm − Z�n−1�∗
ee

	

� ik3�n − 1��n − 2�
n2c

�
c2Z�n−2�∗

mm − Z�n−2�
ee

	
� S�n�∗me

� k2�n − 1�
n2

S�n−1�me −
k4�n − 1��n − 2�

n2
S�n−2�∗me , (A21)

where

Z�n�
ee � 1

2
�∇D�n�

ee − ∇ × S�n�ee − 2ikcReS�n�em �,

Z�n�
mm � 1

2
�∇D�n�

mm − ∇ × S�n�mm −
2ik
c
ReS�n�em �,

Z�n�
me � 1

2
�∇D�n�

me − ∇ × S�n�me −
ik
c
�S�n�ee � c2S�n�mm��,

Z�n�
em � 1

2
�∇D�n�

em − ∇ × S�n�em � ik
c
�S�n�ee � c2S�n�mm��: (A22)

Next, we derive the analytic expression for the optical torque
exerted on a spherical chiral particle under the illumination of a
standing wave, given by

E � E1 � E2, B � B1 � B2, E1 � E1eikk̂1·r ,

B1 � ℬ1eikk̂1·r , E2 � E2eikk̂2·r , B2 � ℬ2eikk̂2·r , (A23)

where r � xx̂ � yŷ � zẑ. k � 2π∕λ and k̂1,2 � 
x̂, respec-
tively, denote the wave number in the background medium
and wave vectors. E1,2 � −ẑ and ℬ1,2 � k̂1,2 × E1,2 are the
complex polarization vectors. In this geometry, the electric field
possesses a component solely in the z-direction, while the
magnetic field has a component exclusively in the y-direction.
Consequently, the field moments in Eq. (A19) can be
reduced to

D�n�
ee � −D�n�

mm, S�n�em � S�n�me � i
1

2
∇D�n�

ee ,

D�n�
em � D�n�

me � 0, S�n�ee � S�n�mm � 0: (A24)

Substituting Eq. (A24) into Z vectors which are demon-
strated in Eq. (A22), Z vectors are given by
Z�n�
ee � ∇D�n�

ee ,Z
�n�
mm � Z�n�

me � Z�n�
em � 0. Thus, τ vectors in

Eq. (A21) are rewritten by τ�n�exe � τ�n�mxm � 0, τ�n�exmc � τ�n�mxec.
Any monochromatic optical field can be expressed as an in-

tegral over the spectrum of a homogeneous plane wave.
According to Ref. [43], field moments of arbitrary orders in
the interfering optical fields can be reduced to their lowest-
order counterparts. In the illustration given by Eq. (A23),
the right hand in Eq. (A16) can be expressed as

Xbl−12 c
m�0

hl ,mτ
�l−2m�
exmc � −i

�2l � 1�l !
8l 3�2l � 1�!!

h
2R�7�

l �x12� − 2R�6�
l �x12�

� R�5�
l �x12� � R�4�

l �x12�
i
∇D�1�

ee ,

(A25)

with ∇D�1�
ee � ∇jEj2. The coefficients R are linear combina-

tions of Legendre polynomials given in Ref. [43]. x12 is ex-
pressed by x12 � k̂1 · k̂2 ≡ −1; thus, the coefficients R can
be reduced to a form related only with order l. After some
mathematical algebra, the intensity-gradient torque derives
from the interplay between chiral multipoles of equal order,
i.e., hTx�l�

rec i in Eqs. (A9)–(A14), which can be expressed as

T � Tx�l�
rec �

XN
l�1

β�l�ℜ�γ�l�elecγ�l��x − γ�l�magγ
�l��
x �∇jEj2,

β�l� � −
1

32π

�−2�l �l � 1�2�l − 1�!
l2�2l − 1�!�2l � 1�!! : (A26)

The intensity-gradient torque given by Eq. (A26) is dimen-
sionless and actually gives the numerical value of the optical
torque in units of ε0E2

0∕k3
ffiffiffiffi
εb

p
.

APPENDIX B: THE CHIRAL TORQUE

The main result of this paper is the torque associated only with
particle chirality, namely chiral torque T�l�

chiral. According to
Eqs. (A9)–(A15), chiral torque can be expressed by

hT�l�
chirali � −

2l �l � 1�k2l�1

8π�2l � 1�!
Xbl−12 c
m�0

k4mhl ,m

× fℑ�η�l�hhcτ�l−2m�exe � η�l�hhcτ
�l−2m�
mxm � �η�l�ehc − η�l�∗mhc�τ�l−2m�exmc

� �η�l�∗ehc − η�l�mhc�τ�l−2m�mxec �g − 1

2�l − 1�!

×
Xbl−12 c
m�0

k4mhl ,mℜ�γ�l�x �τ�l−2m�mxec − τ�l−2m�exmc ��:

(B1)

To derive the field quantities with the Laplacian, a key
mathematical trick is as follows:

�u · v�n−1 �
�
1 −

1

2
�u − v�2

	
n−1

�
Xn−1
j�0

Cn,j�k��u − v�2j,

(B2)
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where u2 � v2 � 1. The second equality can be derived from
the binomial theorem with the coefficient

Cn,j �
�−1
2

��j� �n − 1�!
j!�n − 1 − j�! , (B3)

which can be applied. After some algebra, one can arrive at

D�n�
ee �

�
k2 � Δ

2

��n−1�
D�1�

ee , D�n�
mm �

�
k2 � Δ

2

��n−1�
D�1�

mm,

S�n�ee �
�
k2 � Δ

2

��n−1�
S�1�ee , S�n�mm �

�
k2 � Δ

2

��n−1�
S�1�mm,

S�n�em �
�
k2 � Δ

2

��n−1�
S�1�em , S�n�me � −S�n��em ,

P�n�
ee �

�
k2 � Δ

2

��n−1�
P�1�
ee , P�n�

mm �
�
k2 � Δ

2

��n−1�
P�1�
mm:

(B4)
The physical meaning of dipole moments in Eq. (B4) is

quite straightforward: electric intensity D�1�
ee � jEj2; magnetic

intensity D�1�
mm � jHj2; electric orbital momentum P�1�

ee �
ℑ�E�⋅�∇E��; magnetic orbital momentum P�1�

mm � ℑ�H�⋅
�∇H��; electric spin angular momentum ℑ�S�1�ee � � ℑ�E� × E�;
magnetic spin angular momentumℑ�S�1�mm� � ℑ�H� ×H�; com-
plex Poynting vector S�1�em � E ×H�. Substituting these results
into Eq. (B1) and performing some tedious mathematical oper-
ations, the final result is given in Eq. (4) of main text. The pre-
factors are as follows:

Ĉ�l�spin � ℜ�η�l�hhc�
Xbl−12 c
m�0

Ml ,m

��
k2 � Δ

2

�
l−2m

−
2�l − 2m�2 − 3�l − 2m� � 1

�l − 2m�2
�
k2 � Δ

2

�
l−2m−1

� Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
,

Ĉ�l�curl � ℜ�η�l�hhc�
Xbl−12 c
m�0

Ml ,m

�
2Al ,m

�
k2 � Δ

2

�
l−2m−1

− 2Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
,

Ĉ�l�IG � ℜ�η�l�ehc − η�l�mhc�
Xbl−12 c
m�0

Ml ,m

�
−Al ,m

�
k2 � Δ

2

�
l−2m−1

− Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
,

Ĉ�l�PG � 2ℑ�η�l�ehc � η�l�mhc�
Xbl−12 c
m�0

Ml ,m

�
Al ,m

�
k2 � Δ

2

�
l−2m−1

− Bl ,m

�
k2 � Δ

2

�
l−2m−2

	

� 2ℜ�γ�l�x �
Xbl−12 c
m�0

N l ,m

�
−Al ,m

�
k2 � Δ

2

�
l−2m−1

� Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
,

Ĉ�l�PM � 2ℑ�η�l�ehc � η�l�mhc�
Xbl−12 c
m�0

Ml ,m

�
−

�
k2 � Δ

2

�
l−2m

−
1

l − 2m
Al ,m

�
k2 � Δ

2

�
l−2m−1

� Bl ,m

�
k2 � Δ

2

�
l−2m−2

	

� 2ℜ�γ�l�x �
Xbl−12 c
m�0

N l ,m

��
k2 � Δ

2

�
l−2m

� 1

l − 2m
Al ,m

�
k2 � Δ

2

�
l−2m−1

− Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
,

Ĉ�l�IPM � 2ℜ�η�l�ehc − η�l�mhc�
Xbl−12 c
m�0

Ml ,m

�
−

�
k2 � Δ

2

�
l−2m

� 1

l − 2m
Al ,m

�
k2 � Δ

2

�
l−2m−1

� Bl ,m

�
k2 � Δ

2

�
l−2m−2

	
, (B5)

with

Al ,m � −2m� l − 1
l − 2m

, Bl ,m � �−2m� l − 1��−2m� l − 2�
�l − 2m�2 ,

Ml ,m � −
2l �l � 1�
8π�2l � 1�! hl ,m, N l ,m � −

1

2�n − 1�! hl ,m: (B6)
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