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Step Function in Momentum Space by a Metagrating

Mahmoud A. A. Abouelatta,* Sergejs Boroviks, Olivier J. F. Martin, and Karim Achouri

Metasurface research has shown significant potential for controlling
the polarization, amplitude, phase, and propagation direction of light.
Nevertheless, control over the angular response of incident light remains
a long-standing problem. In this work, the potential of diffractive systems
for obtaining a step function in momentum space is shown, where the mirror
symmetry of the angular transmittance is broken. By engineering the scattering
response of an asymmetric particle in a metagrating, such a step function can
be obtained in a passive, reciprocal, and lossless fashion. More specifically,
the metagrating performs filtering in momentum space with an abrupt
switching from reflection to transmission for an incident electromagnetic
wave with an arbitrary spatial profile. This metagrating may find diverse
applications in optical spatial analog computing. Moreover, it paves the way
for exploring the capabilities of diffractive systems for gaining full control over
the angular response of light using arbitrary momentum transfer functions.

1. Introduction

Metasurfaces have enabled versatile ways to control the polariza-
tion, the temporal frequency response, the amplitude and the
phase profiles of light. By engineering their electromagnetic re-
sponse at the sub-wavelength scale, a plethora of metasurface
concepts and applications have been proposed to manipulate
these degrees of freedom.[1–3] However, despite the great light
propagation engineering capabilities that metasurfaces enable,
the possible options they offer for controlling the spatial fre-
quency of light (i.e., to control the angular response) remain lim-
ited. Hence,mostmetasurface applications have been studied for
a limited angular range of the input signal.[4,5] Achieving scat-
tering control over the full angular spectrum would make spa-
tial analog computing possible in ultra-compact systems where
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signals are processed at the speed of
light, and are analyzed in the spatial
Fourier domain.[6] In this area of research,
several works have already shown the
potential of metasurfaces for diverse ap-
plications such as spatial differentiation,[7]

planar retro-reflection,[8] and refraction
control,[9,10] among many others.[11,12] One
of the milestones in the research associ-
ated with the angular response of light
is the generalized laws of refraction and
reflection,[13] which model how light may
be deflected by the introduction of planar
phase gradients.[14,15] However, a careful
examination of these laws showed that
they are merely an approximation to the
diffraction theory,[16] which implies that
they do not provide rigorous solutions to
Maxwell’s equations. Consequently, they
cannot, for example, quantitatively describe

the total efficiency of beam steering in a system[17] and do not
allow for fully efficient refraction operations.[18] Conversely, the
efficiency of beam steering was studied rigorously by effective
medium theory[9,19] as well as diffraction theory.[20,21] This sug-
gests that studies based on diffraction theory are of paramount
importance to achieve an advanced control over the angular re-
sponse of light.
Among the various challenges in angular light scattering con-

trol, breaking the symmetry of angular transmission through
an optical system is particularly intriguing, as it corresponds to
momentum-space filtering. This effect is highly relevant for ap-
plications such as optical computing, Schlieren imaging, and
smart windows. In particular, for Schlieren imaging, realizing a
step-function response in momentum space—with a sharp tran-
sition from transmission to reflection—is of paramount impor-
tance, as it replicates the action of a knife-edge placed at the
focal plane in conventional free-space Schlieren systems. Sev-
eral examples of asymmetric metasurfaces that break the angu-
lar symmetry of the transmittance have already been proposed.
For instance, by sandwiching ametasurface between two polariz-
ers and manipulating the incident polarization state, the angular
symmetry of the optical transfer function may be broken.[22] A
few other works have reported angularly asymmetric absorbance
(A) by relying on the anomalous Brewster effect,[23] and evanes-
cent field engineering via a phase-gradient (i.e., spatially-varying)
metasurface.[24] It is important to note that all of these designs
require, in one way or another, asymmetric angular losses in or-
der to achieve asymmetric angular transmittance. This begs the
question as to whether or not it is possible to achieve asymmet-
ric angular transmittance in a lossless fashion. It turns out that,
as we show thereafter, it is in fact impossible to achieve lossless
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Figure 1. Illustration of the key differences between a non-diffractive (metasurface) and a diffractive array of scatterers (metagrating). Left side: the
angular symmetry of the 0th-order reflectance is enforced by reciprocity, whereas the angular symmetry of the transmittance can be broken by introducing
asymmetric absorbance (Aa ≠ Ab). Right side: the angular symmetry of the transmittance is broken by allowing the system to be diffractive while
engineering the 0th-order reflectance to have a value close to zero. R0a, R1a, T0a and T1a denote the 0

th-order, first-order reflectance, 0th-order, and first-
order transmittance, respectively, when a plane wave is incident from port “a,” and similarly for waves incident from port “b.” Aa and Ab represent the
absorbance for incidence from port “a” and “b,” respectively, while Λ is the array period.

asymmetric amplitude for the angular transmittance with a pla-
nar non-diffractive reciprocal optical system.
To overcome this limitation, we shall therefore explore the

potential of diffractive surfaces, e.g., metagratings, to achieve
such an optical response. In contrast to non-diffractive uniform
metasurfaces, metagratings have extra degrees of freedom for
manipulating electromagnetic waves in multiple ports. As such,
several metagrating schemes have been introduced in the liter-
ature for extreme beam steering,[20] parallel computing,[25]

solving integral equations,[26] and spatiotemporal pulse
shaping.[27–29]

In this work, we demonstrate how asymmetric angular trans-
mittance may be theoretically achieved with a lossless recipro-
cal diffraction grating. We then proceed to fabricate such a de-
vice and experimentally verify its asymmetric scattering prop-
erties. We anticipate that asymmetric transmittance may find
applications in optical analog signal processing devices, for in-
stance, to achieve image filtering in an ultra-thin miniaturized
fashion. A typical example would be that of a Schlieren imag-
ing system, which relies on the concept of filtering out a part
of the momentum space with a knife edge, that may be imple-
mented without a bulky free-space system composed of multiple
lenses or mirrors. It could also span further applications such
as angular dependent smart windows where the Sun’s energy
needs to be reflected for a desired angular range (instead of be-
ing absorbed by the system).[30] Moreover, the approach used
in this work could inspire future studies for manipulating the
spatial Fourier space in novel ways, paving the way for ultra-
compact angular filters or unprecedented momentum transfer
functions.
Note that our proposed concept is clearly different than that of

conventional blazed grating structures since the latter are engi-
neered to redirect the incident power into a desired diffraction
order, whereas our metagrating is optimized to maximize the
transmission asymmetry for both positive and negative incidence
angles.

2. Theoretical Considerations

The underlying principle of how angular asymmetry has been
previously achieved using non-diffractive metasurface platforms
is illustrated on the left side of Figure 1.[23] Owing to the fact
that the reciprocity of such systems enforces the reflectance (R)
to have angular symmetry (i.e., R(𝜃) = R(− 𝜃)), the only possible
way to break the symmetry of the angular transmittance (i.e., T(𝜃)
≠ T(− 𝜃)) is by having angularly asymmetric absorption.[31] This
is straightforward to demonstrate, by considering that

T(𝜃) = 1 − R(𝜃) − A(𝜃) and T(−𝜃) = 1 − R(−𝜃) − A(−𝜃), (1)

which implies that T(𝜃) ≠ T(− 𝜃) is only possible if A(𝜃) ≠ A(− 𝜃).
The concept that we introduce in this work is shown on the

right side of Figure 1. By allowing propagation inmultiple diffrac-
tion directions (i.e., the 0th and 1st diffraction orders), and by ap-
propriately breaking the spatial symmetry of the system, the an-
gular transmittance may have an asymmetric response without
enforcing the system to be dissipative. Additionally, to maximize
this angular transmission asymmetry, and thus maximize the ef-
ficiency of the system, it is necessary to minimize the 0th-order
reflectance, which is angularly symmetric by reciprocity, as ex-
plained above.
Thus far, we discussed the metagrating concept in the frame-

work of the reciprocity theorem. We shall now illustrate it from
the perspective of spatial symmetries. It is insightful to consider
which kinds of symmetries may be preserved, and which ones
should be broken, in order to achieve angular asymmetry around
the z-axis, as illustrated on the right side of Figure 1. Such in-
sights allow us to find the simplest possible structure for this
purpose and provide a powerful approach to optimize the scat-
tering response of the system. For example, a unit cell which
has mirror symmetry (𝜎x) and periodicity along the x-axis can-
not have angular asymmetry around the normal direction (i.e.,
the z-axis). However, when it comes to mirror symmetry along
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Figure 2. Non-diffractive and diffractive channels of wave propagation in systemswith two different kinds of spatial symmetries. The top row corresponds
to mirror symmetry in the direction of the z-axis (𝜎z). The bottom row corresponds to rotation symmetry by 180° (C2y) around the y-axis. The arrows in
the figure represent the scattering between the different ports of the various quadrants and identical colors indicate identical scattering parameters. The
arrows are double sided to visualize the reciprocity of the system in different scattering channels.

the z-axis (𝜎z), the implications are more involved. For this rea-
son, we have developed a formalism that allows us to easily and
rigorously deduce the scattering symmetries in a diffraction grat-
ing (with one-dimensional periodicity) based on the spatial sym-
metries of its unit cell. This formalism is described in detail in
Section S1 (Supporting Information). For an array that is infinite
along the y-direction, the scattering symmetries corresponding
to two different possible unit cell spatial symmetries, i.e., only
possessing 𝜎z or C2y, are illustrated in Figure 2. The formulas for
the scattering matrices corresponding to 𝜎z and C2y symmetries
are shown in Eqs. (S9) and (S10), respectively. We consider that
the incident wave is impinging on the array in the plane of sym-
metry (xz-plane) from quadrants denoted 1 to 4 at an arbitrary
angle. On the left side of the figure, we show the scattering sym-
metries between the non-diffractive channels (0th order) whereas
the right side of the figure shows the coupling between the 0th

order channels and the 1st order diffractive channels.
As can be seen in the top-left of Figure 2, when a wave is inci-

dent from quadrant 1 to 3 or from quadrant 4 to 2, the 0th order
transmittance has to be the same due to the mirror symmetry
along the z-axis (𝜎z). Reciprocity also enforces the transmittance
from quadrant 4 to 2 and from quadrant 2 to 4 to be the same.
Thus, considering these two results, the system has to be angu-
larly symmetric for the 0th order transmittance demonstrating
that a structure with only 𝜎z symmetry (and broken 𝜎x symmetry)
cannot be used for angularly asymmetric transmittance in the 0th

order. Nevertheless, rerouting the energy into the 1st order trans-
mittance or reflectance may be angularly asymmetric, as shown
in the upper right side of Figure 2.

In the case where the structure exhibits only a C2y symmetry,
symmetry breaking in both the 0th and 1st order transmittance
channels is possible, as shown in the bottom-left of Figure 2. Ad-
ditionally, the 1st order reflectance is also asymmetric, implying
that a structure possessing C2y symmetry is the simplest possible
structure to achieve our desired asymmetric scattering response
where the symmetries in both the 0th and 1st orders need to be
simultaneously broken[32].
Besides reciprocity and symmetry perspectives, the metagrat-

ing could also be analyzed based on multipolar theory. We show
the multipolar decomposition for a unit cell of the metagrat-
ing in Figure S7 (Supporting Information), which proves that
our system could be modeled as an array of 2D tilted electric
dipoles in the plane of symmetry (i.e., the xz-plane). Since the
metagrating is composed of dipoles only, the nonlocal inter-
actions between different unit cells are negligible, and conse-
quently, the introduced metagrating’s unit cell is local despite
its strong angular dependence. In this context, a perspective arti-
cle classifies metasurfaces into three categories (local nondiffrac-
tive metasurface, nonlocal nondiffractive metasurface, and non-
local diffractive metasurface).[33] In contrast to these three cate-
gories, our metagrating could be regarded as a diffractive meta-
surface with unit cell harboring local field interactions. Thus
demonstrating that spatial dispersion[34] (e.g., a nonlocal polar-
izability tensor) is not a prerequisite for achieving significant
angular dispersion. In future work, we will show how such
kind of systems composed of tilted dipoles could be analyti-
cally modeled using Floquet expansion and the polarizability
tensor.
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Figure 3. Metagrating with angular asymmetric transmittance. Two cases are depicted where two incident TM polarized plane waves are retroreflected
and transmitted for positive and negative incidence angles, respectively. The metagrating consists of an array of silica ridges (shown in blue color) with
asymmetrically deposited gold strips (shown in yellow color). The magnetic field profile (Hy) is shown on the left and right sides for two TM plane waves
incident on the metagrating with angles equal to 55° and −55°, respectively. The wavelength of the incident TM waves for these two field profiles is
equal to 900 nm. The period of the grating (Λ) is 525 nm, while the triangular ridges are tilted with respect to the x-axis with an angle equal to 41°. The
thickness of the gold strips is 22 nm. The magnetic-field distributions were computed using COMSOL Multiphysics.

Based on the consideration of reciprocity and spatial
symmetries, we come to the conclusion that, in order to
achieve lossless, reciprocal, asymmetric angular transmit-
tance, we should implement a diffraction grating with C2y
symmetry.

3. Numerical and Experimental Results

The schematic of the proposed metagrating is depicted in
Figure 3. It consists of triangular ridges made of silica with a
thin layer of gold deposited on only one side of these ridges.
The metagrating fully transmits transverse magnetic (TM) plane
waves having negative angles of incidence with respect to the x-
axis (i.e., a negative x-component for the incident wave vector), as
demonstrated by themagnetic field (Hy) distribution on the right
side of Figure 3. However, the metagrating retro-reflects the inci-
dent TM plane waves which possess positive angles of incidence
(i.e., from the left) where the energy is being rerouted into the
first reflection diffraction order, as depicted in the magnetic field
(Hy) distribution on the left side of Figure 3.
The 0th-order, 1st-order, and overall transmittance of the intro-

duced metagrating are shown in Figure 4a–c, respectively, for a
pair of incidence angles equal to −55° and 55°. A notable asym-
metry between the two incidence angles in the 0th-order and over-
all transmittance is present for operation bandwidths ranging
from 0.8 to 1.18 𝜇m, and from 0.8 to 0.95 𝜇m, respectively. The
physical origin of such symmetry breaking is rooted in the scat-
tering of the oblique gold strips, which is engineered to reflect
the input energy into the 1st diffraction order for positive an-
gles of incidence. The 0th-order, 1st-order, and overall reflectance
of the metagrating are also shown in Figure 4d–f, respectively.
Reciprocity theorem enforces the 0th-order reflectance to be sym-
metric as shown in Figure 4d. Nevertheless, the scattering re-
sponse of the gold strips is optimized to minimize the specular
reflectance. Consequently, the angular transmittance is remark-

ably asymmetric in the diffractive regime without imposing an-
gularly asymmetric absorbance on the system.
To visualize the angular scattering behavior of themetagrating,

we now study its response in Fourier space for spatial frequen-
cies along both x and y axes. This means that the plane of inci-
dence for the input TM plane waves is not restricted to the plane
of translation symmetry (i.e., the xz-plane). Consequently, the di-
rections of diffracted waves are no longer restricted to this plane
either and, owing to momentum conservation, the locus of the
diffraction orders becomes a conical surface. This phenomenon,
known as conical diffraction, is typically studied by finding the
exact solutions of the electromagnetic fields of an arbitrary grat-
ing based onMaxwell’s equations.[35] Here, we consider a simpler
alternative based on symmetry considerations (see a detailed dis-
cussion in Section S2, Supporting Information) to find the cutoff
condition in Fourier space for each diffraction order to start prop-
agating. The resulting condition is given by

k̂2y =
n2o
n2i

−
(
k̂x +

m𝜆0

niΛ

)2

, (2)

where k̂x and k̂y are the normalized components of the wave vec-
tor in the x and y directions, whereas Λ, 𝜆0, no, and ni denote
the grating period, the free-space wavelength, the input and out-
put port refractive indices, respectively. Figure 5a depicts a unit
cell of the proposed metagrating when the input wave is incident
from air to silica. Figure 5b shows the total transmittance as a
function of the incidence angle and the input wavelength for the
case shown in Figure 5a. Note that there are four curves around
which abrupt changes in transmittance occur. These curves de-
note the cutoff conditions for the first diffraction order in the re-
flection and transmissionmedia, which are derived from the grat-
ing equation. Additionally, it can be seen that there is remarkable
angular asymmetry in the total transmittance between negative
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Figure 4. a) 0th-order, b) 1st-order, and c) overall transmittance of the introduced metagrating for two angles of incidence −55° and 55°. d) 0th-order, e)
1st-order, and f) overall reflectance.

and positive angles greater than roughly 40° spanning an oper-
ation bandwidth starting from 0.8 to 0.95 𝜇m. For 𝜆0 = 0.9 μm,
the total transmittance is computed for all of the Fourier space
as shown in Figure 5c. This is achieved by sampling a sphere
representing all of the possible wave vector components for the
incident plane wave, while computing the transmittance for ev-
ery sample based on full-wave simulations. It can also be noted
that there are four lines representing the cutoff conditions for the
first diffraction order in transmission and reflection domains as
described by Eq. (2). The total reflectance is shown in Figure 5d,
indicating that the metagrating exhibits theoretically low absorp-
tion at this wavelength when combined with the total transmit-
tance in Figure 5c (see Figure S6, Supporting Information). Step-
function-like transitions from transmission to reflection in mo-
mentum space are evident in Figures 5c,d. Such abrupt tran-
sitions are highly beneficial for applications such as Schlieren
imaging, as they are equivalent to the effect of a knife-edge placed
at the focal plane of a free-space system, as discussed in the Intro-
duction. While achieving such transitions is challenging in non-
diffractive systems, they become possible here by engineering the
angular scattering within each unit cell and leveraging Rayleigh
anomalies associated with the cutoff conditions.
For comparison, we also consider another unit cell that is de-

picted in Figure 5e for the case when the reflection and trans-
mission domains are both made of silica (gold strips embedded
into silica). Figures 5f–h are analogous to Figures 5b–d, respec-

tively, depicting the angular dispersion of the total transmittance,
Fourier-space total transmittance, and reflectance as a function of
the spatial frequencies in the x and y directions at a wavelength
equal to 1.1μm for the unit cell shown in Figure 5e. Note that the
physical difference between this unit cell and the one in Figure 5a
is the fact that the cutoff conditions for the first diffraction order
in the reflection and transmission regimes (i.e., the four curves
in Figure 5b) merge in two curves leading to a broader range for
angular asymmetry. This means that the angular range for asym-
metry is mainly limited by the refractive index contrast between
the incident and transmitted media, and it could be extended if
the surrounding medium is homogeneous.
For both structures in Figures 5a and e, there is a minor

amount of angular asymmetry in the non-diffractive regime. This
can be explained by the fact that gold exhibits ohmic losses, which
results in angularly asymmetric absorption (A(𝜃) ≠ A(− 𝜃)) due
to the broken symmetry of the array.
We have fabricated and optically characterized a sample of

the proposed metagrating structure with an area equal to 1
cm2. The process flow for fabrication is described in the Sec-
tion S6 (Supporting Information). The scanning electron micro-
scope (SEM) image in Figure 6a shows a cross-sectional view of
the fabricated sample (obtained using focused-ion-beam (FIB)
milling), after thermal wet oxidation processing of silicon. Note
that the interface between silicon and silica below the periodic
array is smooth and non-diffractive. Moreover, the gold layer is
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Figure 5. a) Schematic representing a case for incidence from air to silica. b) The overall transmittance as a function of 𝜆0 and 𝜃 for the incident wave.
c) Overall transmittance and d) reflectance for all of the spatial Fourier space for 𝜆0 = 900 nm. e) A schematic depicting another case for incidence when
all of the surrounding medium is made of silica. Panels (f), (g), and (h) analogous to (b), (c), and (d), respectively, for the schematic diagram shown in
(e) (𝜆0 = 1100 nm). The dashed lines correspond to the cutoff conditions of diffraction orders in the reflection and transmission domains.

evaporated on only one side of a triangular pattern as demon-
strated in Figure 6b for a trial sample before oxidation (an SEM
image of the investigated sample is shown in Figure S10, Sup-
porting Information).
The measured angular dispersion of the 0th-order transmit-

tance, for the fabricated sample of the metagrating, is shown
in Figure 7a. The experimental measurements of the 0th-order
transmittance are normalized with respect to that of a blank sil-
icon wafer polished on both sides. It should be noted that the

symmetry of the 0th-order angular transmittance is broken both
in the non-diffractive and diffractive regions, which leads to a
broader angular asymmetry range. Such broader range is rele-
vant for applications where absorption is not an issue. In the non-
diffractive regime, the asymmetry in transmittance exceeds 20 dB
around a central wavelength of 1.1 μm. Additionally, the asymme-
try of the transmission in the diffractive regime is around 8 dB
over a broadband spectrum. Figure 7b shows the simulated 0th-
order transmittance calculated by a finite-element solver. Note

Figure 6. a) SEM image of the cross section of the fabricated triangular silica ridges after thermal oxidation. b) Same after oblique evaporation of gold
on a trial sample.
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Figure 7. a) 0th-order transmittance measured by the experimental setup as a function of the incidence angle of the TM-polarized light source. b) Similar
as (a) but based on full-wave simulations.

that the simulation results follow a similar trend to that of the
experimental measurements in Figure 7a. However, there are
some differences, particularly, in the non-diffractive regime due
to fabrication imperfections and the material loss, which is not
considered in the simulations. The most noticeable one is the
strong dependence of the angular absorption on the curvature of
the gold strips. Such curvature was observed during characteri-
zation after thermal oxidation by scanning electron microscopy
(Figure S10, Supporting Information). Moreover, as it can be
seen in Figure S11 (Supporting Information), the location of the
transmission dip shifts remarkably for different curvature radii
in the x − and z −directions. Moreover, angular misalignment
and the variations in gold and oxidation thicknesses also play a
role in these differences between simulation and experiment. It
is worth noting that the unit cell of the proposedmetagrating can-
not be simply analyzed as two separate sides where one of them
ismerely a mirror, while the other one is a transmissive dielectric
layer. Conversely, the metagrating, as discussed earlier, could be
modeled as an array of tilted dipoles which are optimized to max-
imize the diffraction efficiency in one particular diffraction order
for both positive and negative incidence angles. This is demon-
strated in Figure S12 (Supporting Information), where a unit cell
covered with gold on both sides has a transmittance that ranges
from 0.4 to 0.6, and does not simply behave as a mirror for both
sides of incidence. Such a response stems from the fact that the
gold layer’s thickness is too thin to be simply regarded as amirror,
and should instead be modeled as an array of tilted dipoles. This
model shows the potential of periodic systems with strong nor-
mal multipolar components (e.g., strong dipolar response along
the z-direction) comparable to the tangential multipolar compo-
nents (i.e., along the x-direction) for controlling the angular re-
sponse of light, and paves the way for utilizing this extra de-
gree of freedom to obtain novel functionalities. Additionally, the
controllable abrupt switching from absorption to scattering by
diffraction, as shown in Figure 7, could inspire future works
where controllable angle-dependent absorption may be required.
Furthermore, we show by full-wave simulations in Figure S14
(Supporting Information) how the metagrating’s response could
be shifted to the visible regime with high efficiency (i.e., the

transmittance is greater than 0.9) using aluminum instead of
gold.
The optical measurements were performed using a super-

continuum white light source (SuperK Extreme EXW-12 by NKT
photonics), illuminating the sample, which is placed on a rotat-
ing holder. The beam is nearly collimated and is approximately
3 mm in diameter, which mimics plane-wave-like excitation. The
0th-order transmittance was recorded as a function of angle of in-
cidence using an optical spectrum analyzer (OSA YOKOGAWA
AQ6370D). A fiber coupler collects the transmitted optical sig-
nal from the sample and guides it to the OSA for spectral mea-
surement. Since the positions of the source and fiber coupler
are fixed, only the 0th order diffraction is measured in trans-
mission, as it remains collinear with the incident beam axis
after passing through the sample. Refer to the Supplementary
Section 8 for the additional information regarding the optical
setup.

4. Conclusion

In this work, we describe how an engineered diffractive optical
system in the form of a metagrating enables a virtual knife-edge
in spatial Fourier space. The metagrating can switch from trans-
mission to reflection in an abrupt fashion, depending on the in-
cidence angle. Such a response can find several applications in
imaging and spatial computing such as achieving image filter-
ing or a step function in Fourier space in an ultra-thin compact
fashion.
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Supporting Information is available from the Wiley Online Library or from
the author.
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