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Recently, hybrid metasurfaces built from meta-atoms that combine plasmonic and dielectric materials have
emerged thanks to their interesting electromagnetic properties. In this study, we resort to surface integral equations
(SIEs) and the method of moments (MoM) to model plasmonic and hybrid nanostructures. A surface meshing
approach is used to discretize the equations, and the Poggio–Miller–Chang–Harrington–Wu–Tsai (PMCHWT)
formulation is considered. To model experimentally relevant nanostructures efficiently, we combine triangular and
quadrilateral elements with Rao–Wilton–Glisson (RWG), rooftop, and hybrid basis functions, while an element-
by-element approach is used to coalesce triangular and quadrilateral elements. The accuracy and numerical effort
associated with each type of mesh are carefully assessed, using a variety of geometries that include one or more
materials. Finally, we observe that hybrid meshes are able to accurately reproduce complex scattering features with a
significantly reduced number of unknowns. © 2025 Optica Publishing Group. All rights, including for text and data mining

(TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved.
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1. INTRODUCTION

Over the last few decades, plasmonic nanostructures have
been extensively studied for their ability to produce strong
field enhancements through the resonant oscillation of free
electrons [1,2]. However, these resonances face the following
significant challenges: the intrinsic losses in metals, which limit
the quality factor [3], and their predominantly electric dipolar
nature, which restricts the range of possible electromagnetic
responses [4]. To address these issues, researchers have turned to
dielectrics, which have modest losses [5–9]. Dielectric nanos-
tructures can support both electric and magnetic resonances,
enabling phenomena such as unidirectional scattering [10,11]
and Fano resonances [12]. Despite these benefits, dielectrics do
not offer the same level of field enhancement as metals, which is
a drawback for applications like fluorescence [13] and sensing
[14]. To overcome the limitations of both metals and dielectrics,
hybrid metal–dielectric nanostructures have emerged as a
promising solution [15,16]. These structures aim to combine
the low losses of dielectrics with the high field enhancement
capabilities of metals. Theoretical predictions suggest that
hybrid nanostructures functioning as nanoantennas can achieve
high directivity and enhanced radiation [17–19], making
them promising candidates for fluorescence enhancement
[17,19–21] and refractive index sensing [22,23].

The surface integral equation (SIE) method is a widely used
numerical approach for analyzing electromagnetic scattering in

metallic, dielectric, and composite metallic–dielectric structures
[24–27]. Although SIE formulations are usually restricted to
piecewise-homogeneous materials, they are very appealing
compared to other methods because they only require surface
discretization [28]. SIEs can be divided into Fredholm integral
equations of the first and second kinds [29]. In computational
electromagnetics, the first-kind (homogeneous) Fredholm
integral equations offer high accuracy but suffer from poor
convergence in iterative solutions due to their unbounded
integral operators, resulting in system matrices with large
condition numbers [30]. The most popular formulation of
this kind is the Poggio–Miller–Chang–Harrington–Wu–Tsai
(PMCHWT) formulation [31–33]. On the other hand, the
second-kind (inhomogeneous) Fredholm integral equations
typically achieve fast convergence in iterative solutions because
of the combination of an identity and compact operators.
However, their solutions are generally less accurate, making
them less suitable for practical applications [34]. In past years,
a significant amount of effort has been dedicated to comparing
different formulations in terms of accuracy and convergence
[35–40], employing finite elements of different types and orders
[41–44] and using various discretization and testing schemes
[34,45–49].

Although many works have investigated a wide variety of
aspects of the SIE method, only a small amount of research
efforts have been conducted on the combination of triangular
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and quadrilateral elements [50,51]. While such a hybrid mesh
approach has been used for computational analysis in other
areas [52–54], the SIE method literature does not provide
thorough insights and conclusions regarding the advantages
and drawbacks of surface discretization with hybrid meshes in
optics.

In this paper, the SIEs for the T-PMCHWT formulation,
in which the tangential field components are used, are first
presented [55]. The surface discretization is then imple-
mented with triangular, quadrilateral, or a combination of
these elements. For triangular and quadrilateral elements, the
Rao–Wilton–Glisson (RWG) [56] and rooftop basis functions
[57] are considered. In order to solve the SIEs, we apply the
method of moments (MoM) and use the Galerkin method.
Through many numerical examples, which involve plas-
monic and hybrid nanostructures, we demonstrate the main
differences between purely triangular, quadrilateral, and hybrid
discretization schemes in terms of accuracy and computational
time.

2. SURFACE INTEGRAL EQUATIONS

In this section, the T-PMCHWT formulation is first reviewed.
Time-harmonic fields with a e− jωt time dependence are used
throughout.

A. Electromagnetic Problem

Consider a three-region geometry as shown in Fig. 1, where a
scatterer consisting of two piecewise homogeneous media is
placed in a homogeneous background.

Each domain is described by a constant electric permittivity
εi and magnetic permeabilityµi . For the electric field Ei (r) and
magnetic field Hi (r) in each region�i , we can write

∇ ×∇ × Ei (r)− k2
i Ei (r)= jωµi Ji (r) , (1)

∇ ×∇ ×Hi (r)− k2
i Hi (r)=∇ × Ji (r) , (2)

where ω is the angular frequency, ki =ω
√
εiµi denotes the

wavenumber in�i , and Ji (r) is the volume current distribution
in�i . The dyadic Green’s tensor is given by the expression

G
(
r, r′

)
=

(
1+
∇∇

k2

)
e j k|r−r′|

4π |r− r′|
, (3)

Fig. 1. Geometry of the considered three-region scattering
problem.

where G(r, r′)= e j k|r−r′|/4π |r− r′| is the scalar Green’s func-
tion in a homogeneous medium with wavenumber k [58]. For
the dyadic Green’s function Gi (r, r′) in each domain�i , we can
write

∇ ×∇ ×Gi
(
r, r′

)
− k2

i Gi
(
r, r′

)
= 1δ

(
r− r′

)
, (4)

where we have Kronecker’s delta and 1|ij = δij. By combining
Eqs. (1) and (4) and proceeding to a series of calculations that
can be found in detail in Ref. [55], we can derive the electric field
integral equation (EFIE):

ηi Di
{
Js ,i

}
(r)
∣∣
tan + Ki

{
Ms ,i

}
(r)
∣∣
tan = E inc

i (r)
∣∣
tan, (5)

where i = 1, 2, 3, depending on the domain, ηi =
√
µi/εi is

the characteristic impedance of the medium in�i , “tan” stands
for tangential, Js ,i (r)= n̂i (r)×Hi (r) is the electric surface
current density, and Ms ,i (r)= Ei (r)× n̂i (r) is the magnetic
surface current density defined on the boundary ∂�i of domain
�i . Obviously, both surface current densities satisfy boundary
conditions [e.g., Js ,1(r)=−Js ,2(r) and Ms ,1(r)=−Ms ,2(r)
on the interface between �1 and �2, since n̂1(r)=−n̂2(r)
and the tangential field components are continuous across
the interface]. The linear integral operators Di {X }(r) and
Ki {X }(r) are defined as follows:

Di {X }(r)= j ki

∫
∂�i

dS ′Gi
(
r, r′

)
·X
(
r′
)
, (6)

Ki {X }(r)=
∫
∂�i

dS ′
[
∇
′
×Gi

(
r, r′

)]
·X
(
r′
)

. (7)

Analogously, the magnetic field integral equation (MFIE) is
given by

1

ηi
Di
{
Ms ,i

}
(r)
∣∣
tan − Ki

{
Js ,i

}
(r)
∣∣
tan = H inc

i (r)
∣∣
tan. (8)

For the rest of the paper, we consider that incident light exists
only in the background medium (domain�1); thus, E inc

2 (r)=
H inc

2 (r)= E inc
3 (r)=H inc

3 (r)= 0.

B. Discretization

In this section, we describe a general discretization scheme for
SIEs, which will be implemented with specific mesh elements
and functions in the following sections. The discretization
process of an integral equation involves two steps. First, the
unknown surface current densities in Eqs. (5) and (8) need to be
expanded with a set of basis functions as follows:

Js ,i (r)=
Ne∑

n=1

αn,i fn,i (r) , (9)

Ms ,i (r)=
Ne∑

n=1

βn,i fn,i (r) , (10)

where Ne is the number of mesh edges, fn,i (r) represents the
basis functions, and αn,i , βn,i are the expansion coefficients to
be determined (they are initially different for each domain�i ).
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(a) (b)

Fig. 2. Graphical representation of a junction `n bordering three
domains. (a) Overview of the basis functions’ support in each domain,
and (b) basis functions of quadrilateral, triangular, and rectangular
elements with `n as their common junction.

The tangential components of the electric and magnetic
fields are continuous across and along a boundary between
adjacent domains; thus, the basis functions should be capable
of accurately representing a continuous field distribution. For
the realization of the latter, we establish the set of basis functions
by following an element-by-element approach. Initially, local
basis functions are defined separately inside each mesh element,
in such a way that boundary conditions between its adjacent
regions are fulfilled by default [e.g., Js ,2(r)=−Js ,3(r) on an
element between �2 and �3], and flux density normal to the
reference edge of each function is unity. Hence, the desired field
continuity across and along the interfaces is fulfilled if all the
mesh elements bordering an edge (two adjacent domains) or a
junction (edge between multiple adjacent domains, as in Fig. 2)
are associated with the same expansion coefficients [24,59]. The
procedure regarding the proper function definition inside each
element is discussed in Section 3. Consequently, the final set
of basis functions can be introduced by combining all the local
basis functions f loc

k,i (r) that border an edge or junction `n into a
single function, as follows:

fn,i (r)=
∑

{k:`k=`n}

f loc
k,i (r) , (11)

where fn,i (r) refers to an edge or junction, and `n and f loc
k,i (r)

refer to an element’s local basis function that borders `k ≡ `n .
Since f loc

k,i (r)= 0 if the element does not belong to ∂�i , for
the support of the basis function, we have supp(fn,i ) ∈ ∂�i .
Thus, if `n borders three domains as in Fig. 2(a), both the sign
and the support of fn,i (r) change with the domain, as shown in
Fig. 2(b). Finally, the expansion of the surface current densities
can be rewritten as

Js ,i (r)=
Ne∑

n=1

αnfn,i (r) , (12)

Ms ,i (r)=
Ne∑

n=1

βnfn,i (r) , (13)

where each edge `n has a unique set of expansion coefficients
and a corresponding basis function. This element-by-element
method will be very helpful for the combination of different
kinds of elements and functions in a hybrid mesh since the
starting point of the procedure is the individual treatment of
each element (triangular or quadrilateral).

Second, the integral equations are converted into a matrix
system with the aid of a set of testing functions. In the rest of
this paper, the Galerkin testing procedure is applied [60], which
means that the sets of testing and basis functions coincide. Thus,
the EFIE and MFIE become, respectively,

[ηi Di Ki ] ·

[
α

β

]
=RE

i , (14)

[
−Ki η−1

i Di
]
·

[
α

β

]
=RH

i , (15)

where Di , Ki are Ne × Ne square matrices, α and β are the
column vectors that contain the expansion coefficients, and
RE

i , RH
i are the electric and magnetic incident field excitation

column vectors. The elements of the previously mentioned
quantities are defined as follows:

(Di )mn =

∫
∂�i

dSfm,i (r) ·
∫
∂�i

dS ′Gi
(
r, r′

)
· fn,i

(
r′
)
, (16)

(K i )mn =

∫
∂�i

dSfm,i (r)
∫
∂�i

dS ′
[
∇
′
×Gi

(
r, r′

)]
· fn,i

(
r′
)
,

(17)(
R E

i

)
m =

∫
∂�i

dSfm,i (r) · E inc
i (r) , (18)

(
R H

i

)
m =

∫
∂�i

dSfm,i (r) ·H inc
i (r) , (19)

α = [α1 ... αNe ]
T , (20)

β = [β1 ... βNe ]
T . (21)

The EFIE and MFIE formulations lack unique solutions
at certain frequencies, specifically at the resonant frequencies
of the cavity formed by the surface ∂�i of a perfect electric
conductor (PEC) filled with the material from the exterior
region of the original problem [61]. This issue can be addressed
by appropriately combining the EFIE and MFIE equations.
One combination that provides accurate solutions even under
resonant conditions is the T-PMCHWT formulation. In this
approach, the EFIEs for all domains are summed together, as
are the MFIEs, and these combined equations are then solved
simultaneously. Hence, the final matrix system has the following
form: ∑

i

[
ηi Di Ki

−Ki η−1
i Di

]
·

[
α

β

]
=

∑
i

[
RE

i
RH

i

]
. (22)

This method can be applied to electromagnetic scattering
problems with an arbitrary number of domains.

3. ELEMENTS AND BASIS FUNCTIONS

A comparison of the solution accuracy and simulation time
requires the implementation of homogeneous (only triangular
or quadrilateral mesh elements) and hybrid (triangular and
quadrilateral mesh elements) discretization schemes, which
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Fig. 3. Half-RWG (hRWG) function.

Table 1. Half-RWG and Half-Rooftop Functions’ Signs

Direction of n̂ ref s > 0 s < 0

Toward the interior of�i + −

Toward the exterior of�i − +

will be described in this section. In general, the basis and testing
functions can be categorized into divergence-conforming [62]
and curl-conforming functions [63]. Since the basis functions
have to model the unknown electric and magnetic surface cur-
rent densities, they should be divergence-conforming in order
to properly model the electric (ρs ,e =∇ · Js ) and magnetic
(ρs ,m =∇ ·Ms ) surface charge densities and the currents’ con-
tinuity. In this paper, because of their versatility, we choose the
RWG and the rooftop functions as the basis for triangular and
quadrilateral elements, respectively.

A. Triangular Discretization

In computational electromagnetics, the most popular elements
for surface discretization are triangles. Triangular elements are
very convenient because they can model complex geometrical
details better than other kinds of elements. For a triangular mesh
of a given surface, we resort to the modified half-RWG (hRWG)
basis function [56], which is applied in a single triangle, as
shown in Fig. 3. Each edge in the triangular mesh has a specific
direction that is chosen arbitrarily, which means that every edge
is characterized by a fixed vector `n and its length `n . Hence, for
a mesh triangle T with surface area A and a vertex p (opposite to
`n), the corresponding hRWG function is defined as

f hRWG
n,i (r)=

{
±
`n
2A

(
r− p

)
, r ∈ T

0, r /∈ T
, (23)

where r is the position vector.
The reference normal unit vector n̂ ref points toward the direc-

tion defined by the counterclockwise rotation of the triangle’s
vertices (they are initially defined for each triangle once). Hence,
the reference unit vector is constant in every triangular element
and independent of which domain is being considered. For
each domain�i , the sign of f hRWG

n,i (r) is determined by Table 1,
where

s =
(
`n × n̂ ref

)
·
(
r− p

)
, r ∈ T & r 6= p. (24)

According to Table 1, it is evident that for two adja-
cent domains, the hRWG functions have opposite signs
[e.g., f hRWG

n,1 (r)=−f hRWG
n,2 (r) for an edge `n between �1

and �2 in Fig. 1]. Consequently, the boundary conditions for
the surface current densities are satisfied. Finally, by simply
combining both hRWG functions that border an edge `n into a

Fig. 4. RWG function.

Fig. 5. Half-rooftop function.

single RWG function, as shown in Fig. 4, we have the expression

f RWG
n,i (r)=

±
`n

2A+
(
r− p+

)
, r ∈ T+

∓
`n

2A−
(
r− p−

)
, r ∈ T−

0, otherwise
, (25)

where A+, A− and p+, p− are the surface areas and vertices
opposite to the common edge `n of triangles T+ and T−,
respectively. Since we associate each edge `n with one pair of
expansion coefficients αn , βn , regardless of which bordering
triangles and which domain we examine, proper continuity of
the surface currents is insured.

B. Quadrilateral Discretization

Another type of discretization element is the quadrilateral. In
order to examine quadrilaterals, we first study a special case of
this element category, the rectangular element.

1. Planar Rectangular Elements

On a single rectangle, we employ the modified half-rooftop
(hRf) basis function [57], as shown in Fig. 5. Similarly to
hRWG, each edge has a specific direction `n and length `n .
Thus, in a rectangular element Q, a hRf function is defined as

f hRf
n,i (r)=

{
±
(r−p)·û

L û, r ∈ Q
0, r /∈ Q

, (26)

where L is the length of the edge that is perpendicular to `n ,
and û is the normal unit vector of the aforementioned edge with
direction from p toward the next vertex of Q, according to the
counterclockwise order of the element’s vertices.

Concerning the reference normal unit vector n̂ ref and the sign
determination of the hRf function, the same approach as with
hRWG is followed. The only difference is that we consider a
different s parameter:
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Fig. 6. Rooftop function.

s =
(
`n × n̂ ref

)
· û. (27)

Hence, on the boundary between two adjacent regions, the
hRf basis function satisfies the boundary conditions, as was
discussed in Section 2.B. Moreover, by assembling the hRf
functions in the same way as was done for hRWG, the rooftop
function (Rf ), as shown in Fig. 6, can be written as

f Rf
n,i (r)=


±
(r−p+)·û+

L+ û+, r ∈ Q+

∓
(r−p−)·û−

L− û−, r ∈ Q−

0, otherwise

, (28)

where L+, L− are the lengths of the edges that are perpendicular
to `n , p+ and p− are the vertices opposite to the common edge
`n , and û+, û− are the normal unit vectors of the aforemen-
tioned vertical edges, as illustrated in Fig. 6. Similarly to RWG,
a unique set of expansion coefficients is used for `n ; thus, the
bordering rectangles and considered domain do not affect the
continuity of the surface current densities, which is guaranteed.

2. Planar Arbitrary Elements

To develop arbitrary quadrilateral elements, we first introduce
a rectangular parametric space (ξ , η), where ξ ∈ [0, 1] and
η ∈ [0, 1], in order to transform the original arbitrary quadri-
lateral into the unit square. This mapping is depicted clearly in
Fig. 7, where the numbers inside the parentheses (in the unit
square of the rectangular domain) denote the vertices of the
initial quadrilateral element after the application of the trans-
formation. The following analysis is focused on arbitrary planar
quadrilaterals with basis functions that are derived from the
rooftop function (defined in the parametric space), but a similar
approach can be considered for curvilinear quadrilaterals or for
higher-order basis functions [57,64,65]. The representation
provided in Fig. 7 can be described by the relation

r= r(ξ, η)

= r0(1− ξ)(1− η)+ r1ξ(1− η)+ r2ξη+ r3(1− ξ) η. (29)

In this manner, for the surface area and the normal unit vector
of the element, we have

dS =
∣∣rξ × rη

∣∣ dξdη, (30)

n̂=
rξ × rη∣∣rξ × rη

∣∣ . (31)

Thus, the corresponding Jacobian is

Fig. 7. Mapping an arbitrary quadrilateral element into the
parametric unit square in the (ξ , η) domain.

Fig. 8. Half-basis function on the original quadrilateral element.

J (ξ, η)=
∣∣rξ × rη

∣∣ , (32)

where the covariant vectors rξ and rη are the following:

rξ =
∂r(ξ, η)
∂ξ

= (1− η) (r1 − r0)+ η(r2 − r3) , (33)

rη =
∂r(ξ, η)
∂η

= (1− ξ) (r3 − r0)+ ξ(r2 − r1) . (34)

Finally, we can formulate appropriate relations inside the unit
square of the parametric domain that describe the half-basis
function in the original quadrilateral element (as shown in
Fig. 8). Since the relations are defined in the parametric domain,
each one of the element’s four half-basis functions has a unique
equation, which can be written as

f hQ
n,i (r)



±
ξ

|rξ×rη|
rξ , r ∈ Q, p= r0

±
η

|rξ×rη|
rη, r ∈ Q, p= r1

∓
1−ξ
|rξ×rη|

rξ , r ∈ Q, p= r2

∓
1−η
|rξ×rη|

rη, r ∈ Q, p= r3

0, otherwise

. (35)

The basis function for a pair of arbitrary planar quadrilateral
elements is presented in Fig. 9; it is built in the same way as the
RWG and the Rf basis functions for triangular and rectangular
elements, respectively (see Sections 3.A and 3.B.1).

C. Hybrid Discretization

A hybrid mesh that combines different kinds of elements for
the discretization of surface boundaries can be advantageous for
specific scattering problems. In this paper, we employ a com-
bination of planar triangular and quadrilateral (or rectangular)
elements; thus, two adjacent elements can have the same or
different geometries. In Sections 3.A and 3.B, we analyzed the
former case, whereas the latter is presented in this section. As
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Fig. 9. Basis function on the original pair of quadrilateral elements.

Fig. 10. Hybrid basis function for triangular and rectangular adja-
cent elements.

mentioned in Section 2.B, our hybrid mesh implementation
follows an element-by-element logic, which lets us examine
every triangle or quadrilateral independently. Hence, a sim-
ple combination of the half-basis functions of neighboring
elements, with different geometry types, into a hybrid basis
function is straightforward.

In Fig. 10, the case of a triangle–rectangle (TR) combination
is illustrated, where the hybrid basis function has the form

f TR
n,i (r)=


±

`n
2A+

(
r− p+

)
, r ∈ T+

∓
(r−p−)·û−

L− û−, r ∈ Q−

0, otherwise

. (36)

Analogously, for the scenario in Fig. 11, where the rectangu-
lar element is replaced by an arbitrary planar quadrilateral (TQ:
triangle–quadrilateral case), the basis function can be expressed
as

f TQ
n,i (r)=


±

`n
2A+

(
r− p+

)
, r ∈ T+

f hQ
n,i (r) , r ∈ Q−

0, otherwise
, (37)

where f hQ
n,i (r) is defined in the rectangular parametric space, as

in Eq. (35). A very important detail is that all the basis functions
(including hybrid ones) have to remain divergence-conforming;
thus, they must maintain first-order normal-vector continuity
across the common edge `n [62]. Consequently, one should be
extremely careful while implementing the functions and all the
calculations that lead to the final linear system of equations.

4. NUMERICAL RESULTS

This section presents various examples that confirm the valid-
ity of the hybrid approach and demonstrate the performance

Fig. 11. Hybrid basis function for triangular and quadrilateral adja-
cent elements.

differences between purely triangular–quadrilateral and hybrid
meshes from different computational perspectives. For all
the following results, we excite the scattering body with an
incident plane wave that is propagating toward the z direction
and is polarized along the x axis. To validate our results, we
resort in Section 4.A to Mie theory [66], whereas for the fol-
lowing sections, we employ the SIE method as implemented
in Refs. [55,67]. The complex values of electric permittivity
ε for silver (Ag) and amorphous silicon (aSi) are taken from
Refs. [68,69], respectively.

A. Silver Sphere

At first, we validate the correct implementation of the element-
by-element approach, and we proceed with a comparison
between the accuracy of homogeneous triangular or quadrilat-
eral meshes as the discretization becomes denser and the degrees
of freedom (DoF) increase.

First, we consider the analytical solution for the scatter-
ing cross section (SCS) of a spherical silver nanoparticle with
a radius of R = 75 nm, as shown in Fig. 12. Afterward, we
discretize the spherical surface of the nanoparticle with a tri-
angular or a quadrilateral mesh, which is gradually refined until
it reaches a number of approximately 20,000 DoF (Fig. 13).
Finally, we demonstrate the accuracy of the two different mesh
types, by presenting the SCS convergence at the wavelength
λ= 368 nm, as well as the average relative error over the whole
spectrum, which is defined as

RE =

(∑
λ

∣∣SCSλ − SCSref,λ

∣∣
SCSref,λ

)
/3, (38)

where SCSλ is the numerical value of the scattering cross section
at wavelength λ, SCSref,λ is the corresponding analytical value
from the Mie solution, and 3 is the number of the different
wavelengths that were considered in the spectrum (3= 101
since we scan with a step of 2 nm). Regarding Green’s function,
we select the points of numerical integration very carefully so
that we avoid the occurrence of singularities. The singular-
ity subtraction method, as implemented in Ref. [70], will be
employed in Section 4.C for a hybrid triangular–rectangular
mesh. For the spherical and the following cubic geometries,
we do not apply singularity subtraction because the meshes
are not very dense, and we use a small number of integration
points per element. However, we acknowledge that neglecting
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Fig. 12. SCS for a silver sphere (R = 75 nm) obtained from the Mie
theory.

Fig. 13. Initial and final discretization stages for the sphere mesh
refinement, using (a) a triangular mesh and (b) a quadrilateral mesh.

a semi-analytical treatment of the static part of the Green’s
function may introduce inaccuracies in much denser meshes or
when employing a higher number of integration points. In such
cases, singularity subtraction or cancellation techniques would
be necessary to maintain accuracy.

According to the results shown in Fig. 14, both discretization
approaches function properly and provide correct scattering
responses, even though no more than four numerical inte-
gration points were used in each element. Furthermore, the
quadrilateral mesh presents a slightly lower relative error in both
cases (at resonant wavelength and over the total spectrum) as
the number of DoF increases. Although there is an exception at
1260 DoF, in general, the convergence rate is similar for both
meshes.

B. Silver Cube with Sharp Edges

In this section, we discretize a silver cube with a side D= 75 nm
and investigate the performances of triangular and rectangu-
lar meshes on this geometry. The reference SCS (Fig. 15) is
obtained with the triangular discretization in Fig. 16, with
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Fig. 14. Accuracy and convergence comparisons between tri-
angular and quadrilateral meshes. (a) SCS accuracy at the resonance
λ= 368 nm, and (b) convergence of the relative error over the entire
spectrum.
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Fig. 15. Reference SCS for a silver cube (D= 75 nm).

25,746 DoF. In order to study the convergence, we discretize the
nanoparticle’s geometry with a triangular or a rectangular mesh
that is refined up to approximately 20,000 DoF, as in Fig. 17.

First, we observe the accuracy at the resonance wavelength
λ= 440 nm in Fig. 18(a) and the average relative error RE over
the whole spectrum in Fig. 18(b). The wavelength scanning step
is 5 nm, so3= 41. The results show a better accuracy behavior
of the rectangular mesh in both cases. The lower error factor RE

for the rectangular discretization stems mainly from its increased
accuracy at shorter wavelengths, i.e., between 400 and 435 nm.
Thus, with the use of hybrid meshes, except for the reduction
of the number of unknowns and the size of the final system
matrix, we could expect accuracy improvements, especially for
geometries with rectangular or cylindrical surfaces that can be
well approximated with these elements.
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Fig. 16. Triangular mesh for the reference solution.

Fig. 17. Initial and final discretization refinement stages for the
cube, using (a) a triangular mesh and (b) a rectangular mesh.

Another very important aspect of this comparison is the
amount of time needed for the computation of the solution.
In order to address it, we present in Fig. 19 the total simulation
time for both mesh types as a function of DoF. The most time-
consuming procedures are filling the final system matrix and
solving the system with the direct method of LU factorization.
For small numbers of DoF, the contribution of these procedures
is similar (solving the linear system requires a little bit more
time), whereas the time needed for filling the matrix of the final
system dominates the total time as the DoF surpasses 5000. For
the result in Fig. 19, all processes were implemented on a server
with Intel Xeon Gold 6226R at 2.9 GHz as its central processing
unit (CPU). In Fig. 19, a trade-off between accuracy and time
can be observed since, for DoF> 5000, rectangular meshes
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Fig. 18. Accuracy and convergence comparisons between triangular
and quadrilateral meshes for a silver cube. (a) SCS accuracy at the res-
onance λ= 440 nm, and (b) convergence of the relative error over the
whole spectrum.
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Fig. 19. Total simulation time at the resonance (λ= 440 nm).

require slightly more computational time than triangular
meshes. However, this is not a detrimental indication against the
utilization of hybrid meshes since the time difference is not sig-
nificant and the hybrid discretization approach aims to employ
rectangular elements only on parts of the surface geometry.
Lastly, additional accuracy results for a silver cube with fabrica-
tion imperfections (round edges) and hybrid discretization are
presented in Supplement 1.

https://doi.org/10.6084/m9.figshare.28254779
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Fig. 20. Hybrid meta-atom geometry built from an aSi cylinder
(light blue) capped with an Ag disk (light gray) in a water background.

C. Hybrid Meta-Atom

As a last example, we examine a hybrid meta-atom that consists
of a silver disk (light gray) on top of an amorphous silicon cylin-
der (light blue) in a water background, as shown in Fig. 20. Such
a structure that combines electric and magnetic responses at the
nanoscale has a rich spectral response and is interesting to build
metasurfaces [15,22,71,72]. In order to consider fabrication
imperfections, the circular edges of the geometry are rounded
(curvature radii are 10 nm and 15 nm for top and bottom edges,
respectively).

In this section, we introduce the Green’s function singularity
subtraction technique as in Ref. [70], which removes the need
to properly select integration points that avoid singularities. In
order to apply this approach, the Green’s function in a domain
�i has to be expanded in a Taylor series, where the odd terms
are the singular ones. Subsequently, the Green’s function can
be divided into a smooth part (free of singularities) and a sin-
gular part [73], as G i (r, r′)= G s

i (r, r′)+ Ti (r, r′), where the
smooth part G s

i (r, r′) can be numerically integrated and the
singular part Ti (r, r′) can be integrated semi-analytically with
the help of closed-form relations. The integrals that occur from
the implementation of the singularity subtraction method are
solved semi-analytically. The corresponding expressions for the
cases of RWG, rooftop, and hybrid basis functions can be found
in Ref. [70].

The reference SCS response is obtained with the triangu-
lar mesh (DOF = 35,158) depicted in Fig. 21(a). In order to
test the accuracy of the hybrid discretization, we consider a
coarser triangular mesh T and two hybrid meshes with dif-
ferent numbers of rectangular elements H1 and H2. All three
aforementioned meshes only differ in the discretization of the
cylindrical side surface, as can be observed in Figs. 21(b), 21(c),
and 21(d). This way we are able to investigate how decreasing
the DoF with hybrid meshes affects accuracy and simulation
time. The numbers of DoF are mentioned in the respective
legends in Fig. 21.

In Fig. 22, we provide the SCS results for the aforementioned
discretizations of this hybrid nanostructure. Although there are
some minor differences aroundλ= 800 nm, they do not change
the overall SCS. Hence, there is an almost identical behavior in
terms of accuracy. More significantly, hybrid meshes are able to
accurately reproduce very narrow scattering features, e.g., the
extremely sharp decrease of the SCS response at λ= 970 nm,
even with a significantly reduced number of unknowns.

Another important aspect of this comparison is the required
computational time. In Fig. 23, we present the total simulation
time for the different meshes at the wavelength of the narrow
SCS dip (λ= 970 nm). In the graph, tsol stands for the linear
system solution time with LU factorization, tfill depicts the time

Fig. 21. Triangular and hybrid discretizations of the geometry
shown in Fig. 20; (a) reference triangular mesh (DoF= 35158), (b) tri-
angular mesh T (DoF= 27278), (c) hybrid meshH2 (DoF= 26292),
and (d) hybrid meshH1 (DoF= 24820).

S
C

S
 (μ

m
²)

600 800 1000 1200
Wavelength (nm)

0

0.02

0.04

0.06

0.08

0.1
SCSref
SCST
SCS
SCS

H2
H1

Fig. 22. SCS comparison between triangular and hybrid meshes.

needed for filling the final system matrix, and trest is the remain-
ing seconds of the simulation. As expected, the hybrid meshes
provide accurate solutions faster since the number of DoF is
significantly reduced. Additionally, an interesting observation is
that the time required to fill the final system matrix increases at
a much higher rate with the DoF compared to the time needed
for solving the final system, making it the primary contribu-
tor to the total computational time for large numbers of DoF.
This outcome arises from the very large number of integration
points employed for numerical integration within each mesh
element, a choice made to ensure high accuracy in the simu-
lation. While this effect is pronounced for the relatively small
systems considered here, it is expected that for larger systems,
the cubic scaling of LU decomposition will eventually dominate
the computational cost, aligning with typical observations in
SIE solvers.

The Green’s function singularity subtraction technique
allows the determination of the field distribution arbitrarily
close to the boundaries of the different domains. For instance,
by utilizing the hybrid mesh H1, one can compute and visu-
alize the intensity distribution of the electric field |E|2 on the
y = 0 plane that intersects the hybrid meta-atom structure,
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Fig. 24. Electric field intensity |E|2 around and inside the hybrid
meta-atom, determined by using the hybrid discretization H1. The
illumination intensity is |E inc
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as shown in Fig. 24. The selected wavelength is λ= 970 nm,
which corresponds to the minimum of the SCS response. It
is obvious that most of the electric field is confined inside the
aSi cylinder (below its interface with the Ag disk). The homo-
geneous triangular and hybrid discretizations provide near-field
results with almost perfect agreement, even though the latter
requires a smaller number of unknowns. Lastly, the near-field
comparison between meshes T −H1 and an additional study
of the method’s iterative convergence for H1, H2, and T are
provided in Supplement 1.

5. CONCLUSION AND OUTLOOK

A hybrid mesh approach for modeling nanostructures was
presented and investigated in this paper. The accuracy and
computational time were discussed for different plasmonic
and hybrid nanoparticles. From the theoretical analysis and
the numerical implementation, it can be concluded that, for
the examined scenarios, hybrid discretization techniques con-
tribute to the significant decrease of the number of unknowns
without accuracy penalties. Furthermore, the size of the final
linear system is the main contribution to the computational
time since solving the system requires much less time compared
to filling the matrix. Finally, we would like to propose some
possible directions for future research in hybrid discretization
schemes for SIEs: the investigation of the performance of dif-
ferent formulations with hybrid meshes (e.g., mN-Müller or

JMCFIE), the application of higher-order basis functions in
both triangular and quadrilateral elements of hybrid meshes, the
simultaneous utilization of curvilinear triangles and quadrilat-
erals, the implementation of different testing procedures, and
the search for entire-domain basis functions that can reduce the
total number of unknowns in SIE formulations as in Ref. [74].
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