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ABSTRACT: The optimization of nonlinear optical processes in plasmonic structures
is important for the design of efficient nonlinear nanosources of light. Considering the
simple case of spherical nanoparticles, we clearly identify the most efficient channel for
second-harmonic generation, thanks to physical insights provided by the generalized
Mie theory. This channel corresponds to the excitation of electric dipolar modes at the
fundamental wavelength and a quadrupolar second-harmonic emission. Interestingly, it
is demonstrated that the second-harmonic generation intensity is directly related to the
square of the absorbed power, which reproduces both the electric field enhancement
and the specific size dependence of second-harmonic generation in the small-particle
limit. Additionally, the absorbed power can be optimized by controlling the
nanoparticle size. These results demonstrate that the optimization of the fundamental
electric field is not sufficient for reaching the highest nonlinear conversion in
plasmonic systems. The approach reported in this article proposes a new paradigm for
the design of nonlinear plasmonic nanostructures, establishing new rules for the
conception of efficient nonlinear plasmonic metamolecules on the basis of their linear response.
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Over the past decade, a significant effort has been devoted
to the observation of nonlinear optical processes in

plasmonic nanostructures.1 Indeed, nonlinear optical processes
are effectively boosted by localized surface plasmon resonances,
which induce strong near-field enhancement.1,2 Among the
different nonlinear optical processes, second-harmonic gen-
eration (SHG), whereby two photons at the fundamental
frequency are converted into one at the second-harmonic (SH)
frequency, is the simplest and probably the most studied
nonlinear optical process in plasmonic systems.2−13 The shape
dependence of the SH intensity has been investigated for both
centrosymmetric and non-centrosymmetric metallic nanostruc-
tures, addressing the related symmetry properties in great
detail.2−13 SHG from nanoparticle arrays and plasmonic
metamaterials has also been extensively studied with the aim
to control and design their nonlinear responses.14−26 Several
studies have reported the observation of SHG from single
metallic nanostructures, paving the way for the design of
practical applications such as nonlinear plasmonic sensing,27

sensitive shape characterization,28−30 and imaging.31−33 How-
ever, it is important to increase the nonlinear conversion at the
nanoscale for an optimal realization of these practical
applications, and several approaches have been proposed to
do so. Among those, Fano resonant nanostructures are
appealing since they can increase the near-field localization of
the incident light.34−36 Indeed, since Fano resonances arise
from the coupling between an optical bright mode and an
optical dark mode, the engineering of these modes allows
storing the electromagnetic energy in the weakly radiative dark
mode, resulting in an increase of the near-field enhancement.

Furthermore, it was recently shown that the combination of the
intrinsic properties of Fano resonances and of SHG permits the
design of nonlinear plasmonic nanorulers and nanosensors with
very high sensitivities, beyond those achievable in the linear
regime.37,38 On the other hand, the enhancement of SHG in
metal−dielectric nanodisks and split ring resonators was
attributed to the excitation magnetic-like modes, highlighting
further the influence on SHG of the coupling between the
different plasmonic modes.12,14,15,39,40 Finally, transferring the
phase matching condition required for an efficient nonlinear
conversion in nonlinear bulk crystals to the nanoscale has
resulted in the development of double-resonant nanoantennas
for an optimal SHG in plasmonic nanostructures.34,35,41,42

These nanostructures exploit the fact that SHG is a nonlinear
optical process involving two waves with distinct wavelengths,
the fundamental wave and the SH wave, and that the
electromagnetic properties of plasmonic systems can be
independently optimized at these two wavelengths.
Relating the nonlinear conversion efficiency to easily

computable physical quantities is essential for the design of
efficient nonlinear nanosources of light. Considering the
simplest plasmonic systems, i.e., gold and silver nanospheres,
we unambiguously demonstrate in the small nanoparticle limit
that the SH conversion is optimized when the absorption
associated with the fundamental mode is maximized. The direct
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consequence of this observation is that the maximization of the
fundamental electric near-field only is not sufficient to reach the
highest nonlinear conversion in plasmonic nanostructures. The
direct comparison between linear and SH spectra emphasizes
the importance of this observation for the extrapolation of the
nonlinear response of plasmonic systems from their linear
properties.

■ METHOD
Linear Mie Theory. Before discussing the SHG, let us

briefly describe the linear optical properties of silver spherical
nanoparticles. The extinction, scattering, and absorption of a 33
nm diameter silver nanoparticle in water have been calculated
using the Mie theory and the multipolar expansion of the
involved electromagnetic fields.43 The dielectric constants for
noble metals are taken from experimental data.44 The
extinction cross section Cext, the scattering cross section Csca,
and absorption cross section Cabs are respectively given by
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where l is the mode order and k is the fundamental wavevector.
These cross sections are shown for incident wavelengths
ranging from 300 to 550 nm in Figure 1a, revealing a dipolar
surface plasmon resonance at 394 nm. Note that the scattering
cross section Csca and absorption cross section Cabs are
calculated considering only the dipolar mode (l = 1). The

excitation of the quadrupolar surface plasmon resonance (l = 2)
results in a small shoulder at 370 nm visible in the extinction
spectrum.

Nonlinear Mie Theory. Now, we turn our attention to the
second-order nonlinear optical response of the same 33 nm
silver nanosphere and perform calculations using the Mie
theory generalized to the case of surface SHG. The general-
ization of Mie theory to SHG has been discussed in several
works.45−47 Briefly, the fundamental electric fields are
calculated using the classical Mie theory and then used to
compute the nonlinear polarization oscillating at the second-
harmonic frequency on the nanoparticle surface. To this end,
the fundamental electric field is evaluated just below the
interface, inside the metallic nanoparticle.48 Without any loss of
generality, only the component χ(2)⊥⊥⊥ of the surface
susceptibility tensor is considered here, where ⊥ denotes the
direction normal to the surface. This component is known to
dominate the surface SH response for metallic nano-
particles.49,50 Then, the nonlinear polarization can be written as

ω χ ω ω δ= −⊥ ⊥⊥⊥ ⊥
−
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− +P E R E R r R(2 ) ( , ) ( , ) ( )surf,
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where R is the nanoparticle radius. The multipolar development
of the second-harmonic scattered field is obtained by applying
the appropriate set of boundary conditions, considering the
nonlinear polarization sheet at the interface between the
nanoparticle and the surrounding medium.51 In the case of the
χ(2)⊥⊥⊥ element, only transverse magnetic modes are excited
since the nonlinear polarization sheet does not possess any
tangential components. In this article, the dispersion of the
nonlinear susceptibility is neglected and χ(2)⊥⊥⊥ is then fixed to
unity, since we are interested in comparing different plasmon
enhancement of the nonlinear response. It should be noted that
the electronic origin of SHG in plasmonic nanostructures has
not been unambiguously determined so far. Although the
hydrodynamic model considers that the nonlinearity arises
from the motion of the conduction electrons only,52−55

electronic transitions from the d-band to the conduction sp
band may also contribute significantly to the nonlinear
susceptibility as a consequence of the high density of states
in the d-band.56 Furthermore, the time-dependent density-
functional approach has revealed that electronic surface states
are able to enhance the SHG in metal.57,58 The hydrodynamic
model is the ideal framework to include the nonlocal effects and
the nonlinear quantum tunneling occurring in nanostructures
with very narrow gaps.59,60 Although the discussion of these
effects is not the scope of this study, they could be included in
the present analysis through the choice of the nonlinear
susceptibility. The total SH scattering cross section can be
written as a superposition of modes:
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where Al,m
E,SHG(2ω) are the coefficients calculated for the SH

scattered wave and KSHG is the wavevector of the SH wave. As
in the linear regime, the contributions of the dipolar and
quadrupolar modes to the total SH scattering cross section are
calculated assuming l = 1 and l = 2, respectively. Only the
dipolar and quadrupolar modes are considered here. The
octupolar contribution, which has recently been observed for
larger nanoparticles, still remains negligible for a nanoparticle
diameter of 33 nm.61,62

Figure 1. (a) Extinction cross section (black line), absorption cross
section (red line), and scattering cross section (blue line) for a silver
nanoparticle in water. The nanoparticle radius is 16.5 nm. (b) The
corresponding SH scattering cross sections. The total SH cross section
is shown in black. The contributions of the dipolar and quadrupolar
SH emission modes are shown in red and blue, respectively.
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■ RESULTS AND DISCUSSION

SH Excitation Channels in Plasmonic Nanospheres.
The SH cross-section is shown as a function of the fundamental
wavelength in Figure 1b for a background refractive index n =
1.33 (water). The SHG spectrum reveals four surface plasmon
resonances corresponding to the enhancement of the SH
dipolar emission mode only (λ = 786 nm), the SH quadrupolar
emission mode only (λ = 738 nm), and the enhancement of
both (λ = 369 nm and λ = 393 nm). The most efficient
mechanism leading to SH dipolar emission is the E1 + E2 → E1
mechanism, where the two terms on the left of the arrow refer
to the nature of the interaction with the fundamental wave, and
the third term describes the SH emission mode.63 Hence, this
notation describes here an SH dipolar emission (E1) resulting
from the combination of an electric dipole (E1) and an electric
quadrupole (E2) excitation. The excitation channel including
only dipolar modes (E1 + E1 → E1) is forbidden for
centrosymmetric objects, like the spherical nanoparticle
discussed in this work.63 On the other hand, the SH
quadrupolar emission mode can be excited without retardation
effects at the fundamental frequency and arises from the E1 + E1
→ E2 excitation channel. Indeed, the retardation effects are
included in the quadrupolar nature of the SH emission, which
results from the localization of the nonlinear sources over the
entire nanoparticle surface. The resonances arising at the
longest fundamental wavelength (λ = 738 and 786 nm, see
Figure 1b) correspond to wavelengths for which the SH
wavelengths match the quadrupolar and the dipolar surface
plasmon resonance modes, respectively. Only the mode with
symmetry properties identical to the surface plasmon resonance
is enhanced; for example, the SH dipolar (quadrupolar)
emission mode is enhanced when the SH wavelength is
tuned close to the dipolar (quadrupolar) surface plasmon
resonance. On the other hand, both dipolar and quadrupolar
emission modes are enhanced for the resonances arising at the
shortest wavelengths (350−425 nm, see Figure 1b). In these
cases, the fundamental wavelength is close to the dipolar and
quadrupolar resonances, and both SH emission modes benefit
from the resulting high fundamental electric field. From Figure
1b, it is clear that the most efficient excitation channel is E1 + E1
→ E2 when the incident wavelength matches the resonant
wavelength of the dipolar surface plasmon mode, which results
in an SH intensity 1 order of magnitude higher than the one
given by the second most efficient channel, that is, E1 + E2 →
E1. In the following, we will focus on the most efficient
excitation channel (E1 + E1 → E2) and discuss the parameters
influencing the enhancement of the nonlinear response.
SHG in Silver Nanoparticles. Figure 2a shows the maximal

SHG for a silver nanoparticle in water and in a glass matrix as a
function of its radius R. For the two embedding media, the
SHG reaches a maximum value for intermediate nanoparticle
sizes: R = 16.5 nm for a silver nanoparticle in water and R =
15.5 nm for a glass matrix (n = 1.5). This observation
demonstrates that in this range the SHG does not
monotonously increase or decrease with the nanoparticle size
and that the nanoparticle dimension must be optimized for
reaching the highest nonlinear conversion. Neglecting the
plasmonic enhancement at the SH wavelength, the scattered
SH power from a single spherical nanoparticle can be rewritten,
in the small-nanoparticle limit, as63

χ ω≈ | | | |⊥⊥⊥ ⊥
−P G E R kR( , ) ( )SHG

2 2 4 6
(7)

where G is a constant.
As expected, the scattered SH power increases nonlinearly

with the fundamental electric field as shown by the third term
in eq 7. The fundamental electric field has been calculated at
the nanoparticle center, Figure 2b. In the dipolar approx-
imation, the electric field is homogeneous inside the nano-
particle and the electric field at the particle center is a good
representation for its value. The internal electric field is higher
for small nanoparticles. From this observation, one can expect
that SHG is higher for small nanoparticles. However, neglecting
all resonant effects, the dipolar and quadrupolar emission
modes have the same dependence with the scattering parameter
x = kR, where R is the nanosphere radius and k the fundamental
wavevector. Both SH modes scale with an x6 dependence due
to the need of retardation effects. As a consequence, the best
case for high nonlinear conversion is a compromise between
electric field enhancement and retardation effects.

Relation between SHG and Absorption. For a system-
atic optimization of SHG in plasmonic nanoparticles, it is
particularly useful to relate the best nanoparticle size to a
physical quantity, the computation of which is straightforward
and fast. For this purpose, the maximal absorption was
computed and shown as a function of the nanoparticle radius;
see Figure 2b. Interestingly, the highest absorption is reached
for a nanoparticle radius R = 16.5 nm when the nanoparticle is
in water and for R = 15.5 nm when the nanoparticle is
embedded in a glass matrix. These values are exactly identical to
those obtained for the maximal SHG, giving a first hint that
absorption at the fundamental wavelength could be used as an

Figure 2. (a) Maximal SHG (defined as the maximum of the SH
scattering cross section observed in the corresponding spectrum) as a
function of the nanoparticle radius R. (b) Absorption in a silver
nanoparticle as a function of its radius R (dots linked by a continuous
line, left axis), the maximal absorption given by eq 12 (dashed lines,
left axis), and the electric field enhancement evaluated at the center of
the nanoparticle (continuous lines, right axis). The nanoparticle is
either in water (blue lines) or in a glass matrix (red lines).
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indicator to reach the highest SHG enhancement factor. The
absorption cross section can be rewritten as

=C
P
Iabs
abs

i (8)

where Ii is the incident intensity and Pabs is the absorbed power.
For ohmic losses, the absorbed power Pabs is given by the
following formula:64
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Ω
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where the integration is performed over the volume of the
nanoparticle. The conductivity σ is expressed as

σ ωε ε= − −i ( 1)0 r (10)

From eq 9, the relation between absorption at the excitation
wavelength and SHG enhancement is obvious. Taking the
square of eq 9, one finds the adequate size dependence (R6)
and field enhancement (|E|4), and therefore PSHG is propor-
tional to (Pabs)

2. The competition between the size dependence
and the field enhancement explains why the maximal SHG is
not reached when the fundamental near-field is maximized, i.e.,
for small nanoparticles; see Figure 2b. Furthermore, it should
be emphasized that the competition between size dependence
and field enhancement results in an optimal nanoparticle radius
(R = 16.5 nm for a silver nanoparticle in water and R = 15.5 nm
for a silver nanoparticle embedded in a glass matrix). Note that
the frequency/wavelength dependence is underestimated in
this relation (ω2 instead of ω6), but the surface plasmon
resonance shift is small in the considered size range, resulting in
a weak influence on the SHG. At this point, it is worth
mentioning that, due to the requirement for a high electric field
enhancement inside the nanoparticle to reach a consequent
nonlinear conversion, several groups have recently proposed to
use dielectric nanoparticles, instead of plasmonic ones, for the
observation of nonlinear optical processes at the nano-
scale.65−67

Optimization of SHG through Ideal Absorption of
Light. Now that the relation between maximal absorption and
maximal SHG has been established, it is worthwhile discussing
the conditions under which absorption in nanoparticles can be
optimized. This problem has been widely addressed by the
antenna community.68,69 The maximal absorption for a given
antenna mode is reached when the amount of absorbed energy
equals the amount of the scattered one, i.e., when the following
relation is satisfied:

= =C C
C

2l l
l

abs, sca,
ext,

(11)

In the case of Mie theory, the maximal absorption for the
mode of order l is given by70,71

π
λ= +

C
l2 1
8labs,

max 2
(12)

The maximal absorption is plotted in dashed lines in Figure
2b. One can observe that the absorption reaches its maximal
value when the sphere radius is R = 16.5 nm for a silver
nanoparticle in water and R = 15.5 nm for a silver nanoparticle
embedded in a glass matrix. Looking at Figure 1a, it is obvious
that the relation Cabs,l ≈ Csca,l stands in the latter case. These
results demonstrate that computing the absorption is an
excellent technique for optimizing SHG in plasmonic systems.

Case of Gold Nanoparticles. In order to further confirm
the validity of this approach, the case of nanoparticles made of
gold, which is also a metal widely used in plasmonics, is
considered in the following. Figure 3a shows the extinction,

absorption, and scattering spectra for a 45 nm gold nanoparticle
in water. A strong dipolar surface plasmon resonance is
observed for an incident wavelength close to 560 nm. As in the
case of the silver nanoparticle discussed previously, the SHG
spectrum reveals four resonances corresponding to the
plasmonic enhancement of the nonlinear response at either
the fundamental or SH wavelengths; see Figure 3b. The most
efficient excitation channel is again E1 + E1 → E2 when the
fundamental wavelength matches the dipolar surface plasmon
resonance, Figure 4a. Since the dipolar surface plasmon
resonance arises at different wavelength in gold and silver
nanoparticles, one expects that the nanoparticle dimension
giving the highest SHG is not the same. This is indeed the case:
the optimal sphere radius is R = 46 nm for a gold nanoparticle
in water and R = 38 nm for a gold nanoparticle embedded in a
glass matrix. The comparison with the absorption and its
maximal value given by eq 12 indicates that these sizes
correspond indeed to that with ideal absorption.

Relation between the Linear Spectra and the SH
Spectrum. As discussed in the Introduction, the determination
of specific rules for an efficient design of nonlinear plasmonic
metamolecules is mandatory for the development of new
applications. In this context, the validity of Miller’s rules72 for
the description of nonlinear plasmonic systems has been
investigated by several groups.23,73,74 In a few words, Miller’s
rule expresses the fact that, in piezoelectric crystals, the ratio

Figure 3. (a) Extinction cross section (black line), absorption cross
section (red line), and scattering cross section (blue line) of a gold
nanoparticle in water. The nanoparticle radius is 45 nm. (b)
Corresponding SH scattering cross sections. The total SH cross
section is shown in black. The contributions of the dipolar and
quadrupolar SH emission modes are shown in red and blue,
respectively.
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between the nonlinear susceptibility and the product of the
linear susceptibility of the same material at the pump and
generated wavelengths is almost constant as described by the
anharmonic oscillator model.75 In the field of plasmonics,
several attempts have been made to relate the nonlinear
conversion yield of a given plasmonic system to its linear far-
field properties (scattering or reflectance) at both the
fundamental and generated wavelengths.23,73,74 As a few
successes for this approach, we can note that the anharmonic
oscillator model has been applied for understanding the third-
order nonlinear response, i.e., the third-harmonic generation
(THG), for plasmonic nanoantennas76 and metamolecules
supporting Fano resonances.74 In the case of SHG, Miller’s rule
is not always fulfilled and seems to stand only for plasmonic
nanostructures resonant at the SH wavelength only, with no
resonant behavior at the fundamental wavelength,23,73,74 and
for nanoantennas with non-centrosymmetric shapes.77 In light
of the results discussed previously, the discrepancy of Miller’s
rule in specific cases is explained by the fact that SHG is
optimized when the absorption is maximal, not the scattering;
see Figure 5. The slight wavelength shift between the maximal
SHG and the maximal absorption is explained by the
contribution of high-order modes in these two processes. It
should be emphasized that, for a given resonance, there is a
small shift between the scattering and the absorption peaks as
revealed by the damped oscillator model.78 Even more
important in the present context, the ratio between the
radiative and intrinsic losses associated with a given resonance
depends on the mode order l. The results shown in Figure 5
demonstrate that SHG is optimized by the presence of
absorptive plasmonic modes at the fundamental wavelength.

Indeed, SHG for an incident wavelength λ = 650 nm is
relatively weak despite a strong linear scattering at this
wavelength. Furthermore, it should be noted that a strong
absorption induced by a high imaginary part of the dielectric
constant of gold, as observed at wavelengths shorter than ∼500
nm, does not induce a significant SH intensity.

Toward the Optimization of the SHG in Complex
Plasmonic Systems. Having so far focused on the SHG from
spherical nanoparticles, let us say a few words about the
optimization of the SHG in complex plasmonic systems, as
those supporting Fano resonances.79,80 As an example, we now
consider a gold nanodolmen composed of three nanorods with
dimensions 120 nm × 40 nm × 40 nm. The nanorods are
organized as shown in the inset of Figure 6a. It was previously
reported that the optical response of such a plasmonic dolmen
exhibits a Fano resonance, which results from the interaction
between a dipolar bright mode supported by the top nanorod
and a quadrupolar dark mode supported by the two parallel
nanorods.81,82 Due to their complex shapes, the optical
response of gold dolmens cannot be computed in the
framework of the Mie theory, and a surface integral equation
method was used instead.83,84 The scattering, the absorption in
the top nanorod, and the absorption in the two parallel
nanorods are shown in Figure 6a. Interestingly, asymmetric
Fano profiles are observed in the three spectra, as well as in the
SHG spectrum, Figure 6b. However, the maximal SHG arises at
a wavelength away from the Fano resonance, at 520 nm. This
wavelength is close to a maximum of the absorption in the two
parallel nanorods, while the absorption in the top nanorod
evolves very slowly in this spectral range, giving a clear
indication that the SHG enhancement occurs in the two parallel
nanorods and not in the top nanorod. This result points out the
potential of the method proposed in this article for the analysis
of the SHG from coupled plasmonic nanostructures and its
optimization, enabling identifying which nanoparticle of a

Figure 4. (a) Maximal SHG (defined as the maximum of the SH
scattering cross section observed in the corresponding spectrum) as a
function of the nanoparticle radius R. (b) Absorption in a gold
nanoparticle as a function of its radius R (dots linked by a continuous
line, left axis), the maximal absorption given by eq 12 (dashed lines,
left axis), and the electric field enhancement evaluated at the center of
the nanoparticle (continuous lines, right axis). The nanoparticle is
either in water (blue lines) or in a glass matrix (red lines).

Figure 5. (a) Extinction cross section (black line), absorption cross
section (red line), and scattering cross section (blue line) of a gold
nanoparticle in water. The nanoparticle radius is 75 nm. (b)
Corresponding total SH scattering cross section. The red and blue
dashed lines show the maximal absorption and scattering, respectively.
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coupled plasmonic system contributes to the enhancement of
the SHG.

■ CONCLUSIONS
In conclusion, the optimization of the SHG in plasmonic
nanosystems has been discussed in the simple case of spherical
nanoparticles. Thanks to physical insights provided by the Mie
theory generalized to SHG, we clearly identified the most
efficient channel giving the highest nonlinear conversion. This
channel corresponds to the excitation of electric dipolar modes
at the fundamental wavelength and a quadrupolar SH emission.
We showed that the SHG intensity is related to the square of
the absorbed power, which reproduces both the electric field
enhancement and the size dependence of SHG. Interestingly,
the absorbed power can be optimized by controlling the
nanoparticle size. These results demonstrate that the
optimization of the fundamental electric field is not sufficient
for reaching the highest nonlinear conversion in plasmonic
systems. This observation is particularly relevant for the
optimization of the output signal of nonlinear plasmonic
sensors, as well as for their exact calibration.37,38,85 The
approach reported in this article proposes a new paradigm for
the design of complex nonlinear metamolecules, as the ones
supporting Fano resonances,35 and metamaterials14−26 based
on the control of the intrinsic (ohmic) losses86,87 and can be
extended to other nonlinear optical processes, as THG74,76,88

and multiphoton photoluminescence.89,90
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