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Using a surface integral equation approach based on the tangential Poggio–Miller–Chang–Harrington–Wu–Tsai
formulation, we present a full wave analysis of the resonant modes of 3D plasmonic nanostructures. This method,
combined with the evaluation of second-harmonic generation, is then used to obtain a better understanding of
their nonlinear response. The second-harmonic generation associated with the fundamental dipolar modes of
three distinct nanostructures (gold nanosphere, nanorod, and coupled nanoparticles) is computed in the same
formalism and compared with the other computed modes, revealing the physical nature of the second-harmonic
modes. The proposed approach provides a direct relationship between the fundamental and second-harmonic
modes in complex plasmonic systems and paves the way for an optimal design of double resonant nanostructures
with efficient nonlinear conversion. In particular, we show that the efficiency of second-harmonic generation can
be dramatically increased when the modes with the appropriate symmetry are matched with the second-harmonic
frequency. © 2016 Optical Society of America
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1. INTRODUCTION

Optical resonances in photonic nanostructures represent a vivid
field of research, with emphasis on plasmonic nanostructures,
where the extreme field enhancement and confinement, behind
the classical diffraction limit [1–3], are promising for many ap-
plications such as biological sensing and optical signal process-
ing down to the nanoscale [4–7]. Furthermore, the control of
the resonant response of individual plasmonic and dielectric
nanoparticles (including the resonance wavelength, the radia-
tion pattern, and the resonance width, in both the linear
and nonlinear regimes) is important for the design of metasur-
faces that incorporate several subwavelength structures to pro-
duce an exotic behavior, such as a wavefront with controlled
phase, for example [8,9]. Using the coupling and hybridization
between different modes is a convenient method for tailoring
and controlling all these properties [10–12].

In this context, it is crucial to understand the underlying
mode properties of dielectric and plasmonic nanostructures.
Indeed, the response of a resonant system to an external exci-
tation can be understood as the projection of the excitation field
onto its eigenmodes. The coupling strength between one given
eigenmode and the excitation field depends on several param-
eters, including the symmetry, the polarization, and the
frequency mismatch between the eigenfrequency and the

frequency of the driving field. In the case of plasmonics, the
knowledge of the modes can be used to obtain substantial
near-field enhancement, absorption, and/or scattering at a
specific wavelength. Several methods have been developed in
order to obtain the electromagnetic resonances of a nanostruc-
ture. These methods can be separated into two main categories:
those developed in the quasi-static [13–21] and dipolar [22]
approximations and those using a full wave analysis method
[23–26]. Each category includes several formulations, such
as volume [27] and surface integral equations methods [23],
direct application of the Green’s tensor method [22,28], and
direct expression of the electrostatic interaction between surface
charges [14,16–19]. All these methods correspond to the der-
ivation of an eigenvalue problem. However, it is important to
note that, due to the presence of losses (both ohmic and radi-
ative), the eigenfrequencies are complex and the eigenmodes are
referred to as quasi-normal modes, in opposition to the normal
modes observed in lossless cavities [24,26,29–36]. The com-
pleteness and orthogonality of the basis formed by the
quasi-normal modes have been discussed in detail [29–31]
and were proved for simple dielectric nanoparticles [37,38].
In a more general case, the quasi-normal modes orthogonality
has been proven neglecting the spectral dispersion of the
permittivity [34]. One of the main concerns about the
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quasi-normal modes is that the associated fields diverge with
the distance from the system due to the imaginary part of
the eigenfrequency, making their normalization challenging
[33]. It was recently proposed to use perfectly matched layer
(PML) to bound the quasi-normal modes and to normalize
them [34]. Such an issue is not problematic in the surface in-
tegral equation (SIE) method used here because only the scat-
terer’s surface needs to be discretized and no external boundary
conditions for the outgoing waves need to be imposed, with the
radiation condition being directly fulfilled in this approach.

Since plasmonic systems are, in general, small in comparison
with the incident wavelength, and because many applications
rely mainly on the lowest order dipolar modes, methods devel-
oped in the quasi-static approximation are often adequate for
understanding the underlying physical mechanisms in those
systems. On the other hand, it is mandatory to go beyond this
approximation when the nanostructures grow in size, with their
dimensions becoming close to the wavelength of light. This is
particularly true in nonlinear plasmonics, when the generated
nonlinear signal has a wavelength shorter than the incident
light [39]. In this case, retardation effects become non-
negligible and the calculations must account for the field var-
iations over the considered structure. This point is particularly
important for one of the nonlinear optical processes, second-
harmonic generation (SHG), which represents the focus of this
paper and is forbidden in centrosymmetric media in the electric
dipole approximation [40]. As a direct consequence, SHG from
centrosymmetric nanoparticles, such as nanospheres, requires
retardation effects and the excitation of high-order multipoles,
like quadrupoles and octupoles [41–45].

Recently, mode matching between fundamental and sec-
ond-harmonic modes in both the spatial and frequency
domains has been demonstrated to yield a high nonlinear
conversion [46–48]. Knowledge of the mode structure offers
a useful tool for engineering the nonlinear properties. The sim-
plest, but limited, method to characterize the modes of a given
nanostructure is to study its response to plane wave illumina-
tion over a large wavelength range and to extract the mode
information from the scattering or absorption peaks. Such a
method is very easy to implement, because any numerical
method suitable for scattering calculations can be used [49];
unfortunately, this method cannot provide complete informa-
tion on the modes for the following two reasons. First, a plane
wave interacts weakly with any mode having a small net dipolar
moment (the so-called dark modes [50]). Second, even though
those dark modes can be excited, they often overlap spectrally
with broad dipolar modes; the resulting response is, in general,
a superposition of several resonances and a clear identification
of the modes is not straightforward. As a consequence, the
evaluation of the scattering spectrum is not the best tool for
the investigation of the eigenmodes, in particular when weakly
radiative modes are involved.

In this article, we combine a full wave analysis of the ei-
genmodes for 3D plasmonic nanostructures based on the
SIE method with the computation of surface SHG based on
the same formalism [51]. In Section 3, the SHG associated with
the fundamental dipolar modes is computed and compared
with the high-order modes, revealing the quadrupolar nature

of the second-harmonic mode for three distinct nanostructures,
namely, a gold nanosphere, a nanorod, and coupled nanopar-
ticles. In the final section, we discuss how the proposed ap-
proach provides the direct relationship between fundamental
and second-harmonic modes in complex plasmonic systems
and demonstrate that this method is very well suited for
designing multiresonant nanostructures with efficient second-
harmonic generation. It is worth noting that the method
proposed in this article is very general and not limited to non-
centrosymmetric nanostructures, as reported in the case of the
effective nonlinear susceptibility method, for example [52,53].

2. NUMERICAL METHODS

A. Surface Integral Equation Formulation

The SIE allows the computation of the spatial distribution of
the electric and the magnetic fields from fictitious currents de-
fined solely on the surface of the scatterers. Starting from
Maxwell’s equations and using vector analysis theorems and
the properties of the Green’s function, two equations can be
derived for each homogeneous domain (e.g., the scatterer
and the background), one for each field: the electric field in-
tegral equation (EFIE) and the magnetic field integral equation
(MFIE). They relate the excitation and the scattered electro-
magnetic fields to the electric surface currents J and the mag-
netic surface currentsM. The method of moment (MoM) [54]
together with Rao–Wilton–Glisson (RWG) [55] basis func-
tions and a triangular surface mesh are used to numerically
solve those two equations. The electric and magnetic surface
current densities of the domain n are expanded on the
RWG basis functions building a triangular mesh approximating
the boundary surface [56],

Jn �
X
u
αufnu ; (1)

Mn �
X
u
βufnu ; (2)

where the summations occur on all the mesh edges; fnu is the
RWG function of the edge u associated with the domain n. αu
and βu are the unknown coefficients that need to be deter-
mined. Each integral equation becomes a linear matrix equa-
tion relating a vector (the equivalent surface currents) to the
excitation field. The corresponding matrix depends on the
nanostructure geometry and the properties of the domains
(dielectric constant). The elements of the vectors J and M
are associated with an edge of the mesh and a RWG function.

Although only the EFIE or the MFIE is sufficient to com-
pute the fields in all the domains, a combination of the two
equations into one matrix (implying the same solution for
the EFIE and MFIE) is found to lead to more accurate numeri-
cal results [57–59]. In other words, in order to further increase
the numerical accuracy, one forms a linear combination of the
EFIE and MFIE. Furthermore, the integral equations for each
domain are added together. This can be written as2
64
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where the following submatrices and vectors have been
introduced:

Dn
u;v �

Z
∂V Ω

n

dSfnu�r� ·
Z
∂V Ω

n

dS 0Gn�r; r 0�fnv�r 0�; (4)

K n
u;v �

Z
∂V Ω

n

dSfnu�r� ·
Z
∂V Ω

n

dS 0�∇ 0 ×Gn�r; r 0�
�
· fnv�r 0�; (5)

q�E�;nu �
Z
∂V Ω

n

dSfnu�r� · Einc
n �r�; (6)

q�H �;n
u �

Z
∂V Ω

n

dSfnu�r� ·Hinc
n �r�; (7)

where Gn�r; r 0� is the dyadic Green’s function, and Einc
n �r� and

Hinc
n �r� are the electric and magnetic incoming fields, respec-

tively. Equation (3) shows the final linear system: the first and
second subrows correspond to the EFIE (relating fαg and
fβg to q�E�;n) and MFIE (relating fαg and fβg to q�H �;n),
respectively.

At this step, it is worth saying a few words about the differ-
ent SIE formulations. When constructing the EFIE and MFIE,
one can consider either the tangential or the normal compo-
nents of the fields at the domain surface. This leads to two
distinct formulations denoted as T- for the formulations con-
sidering the tangential components of the fields and N- for
those considering the normal components [60]. In the present
work and on the basis of our previous studies on linear
scattering and SHG, we use the T-PMCHWT [61–63] formu-
lation, since it provides accurate results for plasmonic nano-
structures [56,57]. Note that the mN-Müller formulation
was used in a previous study of the modal decomposition
for plasmonic systems [23].

B. Eigenmodes

In this section, we show how the scattering formulation pre-
sented in the previous section can be transformed into an
eigenvalue problem. Equation (3) can be re-expressed in the
simple form

S�ω�ψ � q; (8)

where the frequency-dependent SIE matrix is denoted S�ω�. At
a resonance frequency, oscillations can exist in the system with-
out external driving forces. Let us seek a solution ψ i for the
system of Eqs. (8) without any external excitation (q � 0).
Rewriting Eq. (8) as the eigenvalue problem

S�ω�ψ i � ξiψ i � 0; (9)

where ψ i and ξi are the eigenvectors and eigenvalues, respec-
tively, it is possible to search for the angular frequencies ω
where one of the eigenvalues ξi tends to zero. In this case,
the eigenvector associated with the vanishing eigenvalue corre-
sponds to a resonant mode of the structure. The same approach
has already been used, for example in Refs. [22,23], to evaluate

the eigenmodes of different plasmonic multimers. Since radi-
ative and ohmic losses are present in plasmonic systems, both
the resonant frequencies and the eigenvalues associated with the
modes are complex. The complex angular frequency is defined
as ω � ωr � iωi with ωi < 0, where this choice of sign is
dictated by the chosen temporal dependence exp�−iωt� used
throughout. For convenience, the resonant wavelength is con-
sidered instead of the frequency in the following. The complex
wavelength is defined as λ � λr � iλi with λi > 0 since
λ � 2πc∕ω, c being the speed of light. The eigenvalue ξi itself
does not have a particular physical meaning, but the frequency
associated with a vanishing eigenvalue corresponds to the res-
onance frequency of one mode of the considered nanostructure.
In the following, the word “eigenvalue” refers to the norm of
the complex quantity ξi. The complex character of ξi does not
have a physical meaning here and we seek solutions of Eq. (9)
for ξi � 0, implicitly meaning that jξij → 0. In order to find all
the eigenfrequencies associated with a given geometry, one can
scan the entire complex frequency plane, but this represents a
brute force inefficient approach. To avoid the computation of
too many “useless” points in the complex plane, which is very
time consuming and computationally inefficient, one can use
the scattering spectrum of the studied structure to obtain prior
knowledge of the spectral position of the eigenmodes, as illus-
trated in Fig. 1. This scattering spectrum can be obtained either
by a plane wave excitation or by a suitable dipolar excitation in
order to couple to both bright and dark modes. Indeed, at the
wavelength for which the norm of the smallest eigenvalue tends
to zero, the real part of the wavelength is closely related to the
resonant wavelength and its imaginary part relates to the half
width at half-maximum of the scattering peak, i.e., to the losses
[Fig. 1(a)]. When only one resonance is present, the spectrum is
a Lorentzian and the real part of the wavelength corresponds
exactly to the resonant wavelength. From a practical point
of view, we first extract the central wavelengths and widths
of the different peaks from the scattering spectrum, and then
use them as starting points for the scan of the complex fre-
quency plane [Fig. 1(b)]. The eigenvalues of the SIE matrix
are then computed around those points until a dip leading

Fig. 1. (a) A typical example of the scattering spectrum used to find
the approximate position and width of the maxima. In this case, the
broad resonance would correspond to the dipolar mode and the nar-
row one to the quadrupolar dark mode. (b) Norm of the smallest ei-
genvalues in the complex plane as a function of the real and imaginary
parts of the wavelength for a single sphere. Bright color corresponds to
small values. The cut illustrates the emergence of the eigenvalue
corresponding to the mode; see text.
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to a minimum close to zero is found (typical residual value
∼10−9, depending on the number of edges). The advantage
of obtaining the eigenmodes, in comparison with a mere analy-
sis of the scattering, is that several modes can spectrally overlap
at one frequency since plasmonic resonances are broad (typical
quality factor Q∼30). For this reason, the near-field distribu-
tion associated with one scattering peak will not necessarily
correspond exactly to that of a resonant eigenmode. This is par-
ticularly true for modes with low associated dipolar moments
(dark modes) which are weakly coupled to far-field radiation.
Figure 1 summarizes this approach.

Practically, only the smallest eigenvalue of the matrix was
considered at each frequency. Indeed, since one looks for van-
ishing eigenvalues, considering only the smallest one does not
lead to any loss of useful information. However, the subsequent
smallest eigenvalues can also have a physical meaning in the
case of degenerate modes, as discussed in Section 3.
ARPACK routines ZNAUPD and ZNEUPD that apply the
shift invert method were used to find the smallest eigenvalue
of the matrix [64]. The 2D map of the smallest eigenvalue of
the SIE matrix seems to follow a similar general behavior as
does the absolute value of the permittivity, i.e., increasing both
along the real and imaginary wavelengths. The fact of mapping
only the smallest eigenvalue results in a sharp hole around the
resonant frequency where the mapped smallest eigenvalue sud-
denly vanishes when it corresponds to the mode. This is visible
in the cut in Fig. 1(b), where one observes the localized decrease
of the smallest eigenvalue amplitude at the proximity of the
resonant frequency.

Analytically, when an eigenvalue of a matrix is equal to zero, the
matrix determinant is also zero. Another approach for finding the
eigenfrequencies would be to compute the determinant of the SIE
matrix for different complex frequencies instead of examining the
smallest eigenvalue. Unfortunately, although the T-PMCHWT
formulation is one of the most accurate SIE formulation for plas-
monic nanostructures [56], the SIE matrix was found to lead to a
very broad range of eigenvalues. This is expected, since the matrix
is very ill-conditioned in this formulation [65]. The magnitude of
the eigenvalues roughly ranges from 10−3 to 103, with a higher
density at higher values. Furthermore, because the number of ei-
genvalues is equal to the number of edges in the mesh, commonly
larger than a few hundred, computing the determinant for the SIE
matrix appeared to be numerically challenging since it would
quickly reach the highest or the lowest number storable by a com-
puter, namely, 21023 in double precision [e.g., for 200 edges and
an average eigenvalue magnitude of 103:�103�200 � 10600 >
21023 ≅ 10308]. In addition, the large number of eigenvalues with
large magnitude does not allow for a smooth variation of the de-
terminant, thus hiding the influence of a single vanishing eigen-
value. For those reasons, the approach described here, which limits
the search to the smallest eigenvalue, seems the most suitable. Let
us finally emphasize that the method described here and based on
the SIE approach represents a full wave analysis and thus goes
beyond the dipolar/quasi-static approximation. Furthermore, it
is worth saying a few words about the mode amplitudes. The rel-
ative weights of the different modes have a physical meaning only
when a specific excitation or state is projected on the eigenmodes
basis: a mode does not have any intrinsic amplitude. However, as

emphasized in the introduction, the projection of a plasmonic re-
sponse on the eigenvector basis is a nontrivial problem since the
fundamental question of the completeness and orthogonality of
the quasi-normal modes basis is still under discussion.

C. Second-Harmonic Generation

The SIE method has been extended by Mäkitalo et al. to SHG
from nanostructures driven by an incoming plane wave [66]. A
similar approach is used here for the computation of SHG from
the eigenmodes. It is well known that SHG is forbidden in the
bulk of centrosymmetric media in the dipolar approximation
and the main source of SHG is the surface nonlinear polariza-
tion oscillating at the second-harmonic frequency:

P⊥�2ω; r�� � χ�2�⊥⊥⊥:E⊥�ω; r−�E⊥�ω; r−�: (10)

The + and − superscripts denote that the nonlinear polari-
zation sheet is located just above the metal and the fundamental
electric field is estimated just below the interface [67,68], re-
spectively. The symbol ⊥ denotes the component normal to the
interface, and ∥ denotes the tangential component. All compo-
nents of the nonlinear susceptibility tensor, including the
bulk contributions, can be implemented in this formalism.
However, the χ�2�⊥⊥⊥ component is known to be the strongest
component of the nonlinear surface susceptibility for plasmonic
nanostructures [69–71]. As a consequence, only this compo-
nent will be considered in the following. The fundamental elec-
tric field close to the interface in domain n is related to the
electric and magnetic surface current densities by [66]

Mn � −En × n̂n ; ∇∥ · Jn � −iωϵnn̂n · En ; (11)

where n̂n is the outward normal vector on the boundary surface
∂V n. In order to determine the second-harmonic electromag-
netic field, the required set of boundary conditions, including
the nonlinear polarization sheet standing at the interfaces, are
used [66,72],

�ESH�r�� − ESH�r−��∥ � −
1

ϵ 0
∇∥P⊥ ; (12)

�HSH�r�� −HSH�r−��∥ � 0 ; (13)

where ϵ 0 is the so-called selvedge region permittivity [54]. As
for the fundamental wave, the second-harmonic problem
is solved using the MoM and expanding the equivalent
second-harmonic surface densities on the RWG functions
[55]. Using Galerkin’s testing, a linear system of equations is
derived from the boundary conditions in Eqs. (12) and (13).
This linear system permits us to determine the electric surface
current JSHG and the magnetic surface current MSHG oscillat-
ing at the second-harmonic frequency and then to compute the
second-harmonic electromagnetic field associated with a given
eigenmode.

3. RESULTS AND DISCUSSION

In the following, we illustrate the utilization of this approach by
studying three distinct structures: a gold nanosphere, a dimer of
gold nanospheres, and a gold nanorod. First, their eigenmodes
are evaluated using the method described here and the funda-
mental (dipolar) modes are then used as sources of SHG.
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Finally, the properties of the computed second-harmonic sig-
nals are compared with those of the higher order modes of
the nanostructure. The aim of this comparison is to retrieve
the multipolar nature of SHG in plasmonic nanostructures.
All the nanostructures studied in this work are made of
gold, the permittivity of which is obtained using the Drude
model:

ϵ�ω� � ϵ∞ −
ω2
p

ω2 � iωγ
; (14)

with ϵ∞ � 9, ωp � 8.9 eV, and γ � 0.07 eV. The first step is
to obtain the resonance wavelengths for the structures and com-
pute the corresponding charge distributions associated with the
different eigenmodes. Indeed, losses result in a broadening and
slight shift of the peak wavelength in the scattering spectrum,
but our interest lies in the real part of the eigenfrequencies and
in spatial distributions of the modes, quantities that are only
slightly affected by losses. Furthermore, our analysis is only
qualitative and we choose, without loss of generality, to ignore
the losses in the Drude model. In addition, by neglecting the
ohmic losses, the losses are limited to the radiative ones and will
allow us to distinguish easily between bright and dark modes.
In the case of dark modes, the research for the small eigenvalues
is limited to the area close to the real line, i.e., for wavelengths
with small imaginary parts [Fig. 1(b)]. All the nanostructures
are considered in water (refractive index of the background
n � 1.33), as it is the case in experiments performed on
colloidal suspensions.

The method reported in this article is general, but we focus
here on the design of double resonant nanostructures. As a con-
sequence, we neglect the excitation channels involving cross
coupling between different modes at the fundamental wave-
length since their design for an efficient SHG is even more
complicated. Indeed, in this case, the two fundamental modes
must be resonant at the excitation wavelength. For example,
using the dipolar mode as the source of the SHG, we neglect
the channel E1 � E2 → E1, where the two terms on the left of
the arrow refer to the nature of fundamental mode and the
third term describes the second-harmonic emission mode
and where subscript 1 stands for a dipolar mode and subscript
2 stands for a quadrupolar mode.

To validate our approach, modes were computed for a small
sphere as well as for a small ellipsoid. The resulting resonance
frequencies were then compared and found to be in agreement
with the prediction of the Mie theory for the sphere and the
electrostatic approximation for the ellipsoid [73]; see Tables 1
and 2. For convenience, the modes are presented in the follow-
ing as surface charge distributions computed from the differ-
ence of the normal components of the electric field above
and below the surface using Eq. (10) in [74].

A. Gold Sphere

Analytically, the interaction between a sphere and an electro-
magnetic wave is described by the Mie theory. In this frame-
work, the electric field E is expanded onto the vector spherical
harmonic basis as

E �
X
l ;m

Al;mMl ;m � Bl;mNl ;m; (15)

where Ml ;m and Nl ;m are the vector spherical harmonics asso-
ciated with the transverse electric (TE) modes and transverse
magnetic (TM) modes, respectively, and are derived from
the spherical harmonics of degree l and order m

Y m
l �θ;φ� � CeimφPm

l �cos�θ��; (16)

where Pm
l is the associated Legendre polynomial, and C is a

normalization constant [75]. The collective oscillations of
the conduction electrons, corresponding to localized surface
plasmon resonances, induce strong surface polarization charges
and are then associated with the TM modes. Indeed, the pres-
ence of surface polarization charges requires the discontinuity
of the normal component of the electric field at the nanopar-
ticle surface. Physically, the degree l is associated with the an-
gular momentum of the mode and corresponds graphically to
the number of nodes (appearing as a circle) present on the
sphere. The orderm ranges from −l to l (2l � 1 possible values)
and corresponds to half the number of azimuthal nodes. Each
spherical harmonic Y m

l exhibits a different set of nodes and
antinodes. Note that the mode energy depends only on the de-
gree l and not on the order m [75].

For a given degree l , there are 2l � 1 different modes with
distinct charge distributions. Therefore, the method described
in Section 2.B will not be a priori able to distinguish between
the modes with the same degree l and different orders m, since
the only free parameter in this model is the energy/wavelength.
It is, however, still possible to retrieve the different modes,
as explained in the next paragraph.

The modes obtained for a 40 nm spherical gold nanoparticle
are shown in Fig. 2. The first, second, and third rows correspond
to the dipolar (l � 1), quadrupolar (l � 2), and octupolar
(l � 3) modes, respectively. At the first resonance wavelength
(λ � 504 nm) corresponding to l � 1, three eigenvalues much
smaller than the others are found and the three eigenvectors
reveal three orthogonal dipoles (Fig. 2, first row). For l � 2
and l � 3, the number of distinguishably small eigenvalues
is, respectively, 5 and 7, corresponding to 2l � 1 as expected.
However, the surface charge distributions associated with the
eigenvectors are not associated with single spherical harmonic.
From linear algebra it is known that any linear combination
of eigenvectors sharing an eigenvalue is also an eigenvector,
since a superposition of modes associated with one specific

Table 1. Resonance Wavelength in nm for a Ø 10 nm
Gold Sphere in Vacuum

Dipolar Mode Quadrupolar Mode

Mie 463.16� i0.013 452.32� i0.000
SIE 463.12� i0.013 452.26� i0.000

Table 2. First Two Resonance Wavelengths in nm for a
Gold Ellipsoid in Vacuuma

Dipolar 1 Dipolar 2

Electrostatic 498.08 468.76
SIE 497.75 468.81
aThe three semi axes are 5, 3.75, and 2.5 nm.
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eigenfrequency also exhibits divergent amplitude and corre-
sponds to a resonant mode of the system. Furthermore, due
to the mesh symmetry an eigenvector a priori displays the res-
onant mode in an arbitrary orientation, and nothing guarantees
that this orientation is the same from one eigenvector to an-
other, even if they are associated with the same degenerate
eigenvalue. For example, the surface charge distributions ob-
tained for the modes with l � 2 do not correspond to a single
spherical harmonic but to a linear combination of spherical har-
monics Y m

l�2 of the same degree with different orders m and
specific orientations (see Appendix A). Similar effects have been
observed in Fig. 3 of [21]. The fact that dipoles are directly
found for the modes of degree l � 1 but that a superposition
of spherical harmonics is found for the quadrupolar (l � 2) and
octupolar (l � 3) modes is surprising at first sight. However, a
superposition of three dipoles with different orientations results
in a dipole with a different orientation. This is not the case for
quadrupolar (and higher order) modes due to the more com-
plex spatial distribution of the charges associated with different
order m.

In this framework, the mesh describing the nanoparticle sur-
face plays an important role. Indeed, a curved surface is difficult
to approximate with planar triangles. In order to check the in-
fluence of the mesh on the found eignemodes, the mesh repro-
ducing the 40 nm nanosphere was tilted by a 45° angle. In this
case, the two dipolar modes oriented perpendicularly to this
rotation axis were also rotated with the same angle, following
the asymmetry induced by the surface mesh (see Appendix B
for a more detailed discussion). Let us emphasize that the
previous considerations about degenerated eigenvalues and
the influence of the mesh symmetry are less problematic
when realistic structures (i.e., without specific symmetry) are
considered.

Having confirmed with Mie theory the accuracy of the SIE
method to compute the eigenmodes in the case of gold nano-
spheres, let us turn our attention to the main topic of this ar-
ticle, the SHG associated with these eigenmodes. Although the
connection between fundamental and second-harmonic modes
is now well-established for spherical nanoparticles [76–82], it is
worth discussing it to benchmark the proposed approach for a
better understanding of SHG in plasmonic nanostructures.
In general, the incident fundamental wave is described by a

linearly polarized plane wave propagating in the embedding
medium. The expansion of plane wave polarized along the
x-axis and propagating along the z-axis over the vector spherical
harmonics basis involves only the terms with an orderm � �1,
meaning that the set of excited fundamental modes is
established by the symmetry of the driving field [73]. For
this reason, we select the dipolar mode with its dipolar moment
pointing along the x-axis as the fundamental mode [Fig. 3(a)].
The resonant wavelength of this mode is λ � 504�i2.77 nm.
As discussed in Section 2, SHG arises from the surface of the
plasmonic nanostructures due to the local centrosymmetry
breaking. The corresponding nonlinear source, the surface non-
linear polarization, is computable using Eqs. (10) and (11),
where the electric surface current J is given by the coefficients

Fig. 2. First lower energy modes for a 40 nm gold sphere. The
(a) first, (b) second, and (c) third rows correspond, respectively, to
the dipolar mode (l � 1) at λ � 504�i2.77 nm, quadrupolar mode
(l � 2) at λ � 478�i0.02 nm, and octupolar mode (l � 3) at
λ � 471�i0.08 nm. For l > 1 it appears that the spherical harmonics
are not retrieved.

Fig. 3. Linear and second-harmonic response of a 40 nm gold nano-
sphere. (a) The charge distribution associated with the fundamental
dipolar mode. (b) Nonlinear surface polarization associated with this
mode computed using Eqs. (10) and (11). Near-field distributions of
the (c) fundamental intensity and (e) real part of the x-component of
the fundamental electric field. Near-field distribution of the (d)
second-harmonic intensity and (f ) real part of the x-component of
the second-harmonic electric field. Far-field radiation patterns of
the (g) fundamental mode and (h) second-harmonic signal.
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α of the eigenvector associated with the fundamental mode
[Fig. 3(b)]. In order to further emphasize the differences be-
tween the second-harmonic and fundamental modes, the cor-
responding near-field distributions of the intensity and of the
real part of the x-component of the electric field associated with
these two modes are shown in Fig. 3. The near-field distribu-
tions clearly reveal that the parity of the fundamental and
second-harmonic modes is different. The fundamental mode
corresponds to an odd (dipolar) mode, while the second-
harmonic mode corresponds to an even (quadrupolar) mode.
The multipolar nature of the SHG from spherical metallic
structures has been extensively discussed in the past and is
closely related to the centrosymmetry breaking induced by
field retardation [43]. Here, the second-harmonic channel is
E1 � E1 → E2. Indeed, the fundamental mode is an electric
dipole, and the E1 � E1 → E1 mechanism, which would cor-
respond to dipolar second-harmonic emission, is forbidden for
centrosymmetric nano-objects. These results demonstrate that
the proposed method is in agreement with previous experimen-
tal and theoretical investigations of the SHG from nanospheres
[43]. It has been shown that deviations from a perfect sphere
leads to a modification of the relative weight of the dipolar and
quadrupolar contributions to the total second-harmonic emis-
sion [83]. Here, as observed in Fig. 3(h), the emission is
perfectly quadrupolar, demonstrating that the mesh describing
the sphere surface does not induce a dipolar second-harmonic
emission resulting from any deviations from the perfectly
symmetric case.

B. Gold Nanorod

Now, we turn our attention to nanostructures with lower sym-
metry, namely, gold nanorods. Plasmonic nanorods are impor-
tant since they are the building blocks for optical antennas and
several important metamolecules [84]. SHG from gold nano-
rods has been investigated, underlining the role played by the
longitudinal plasmon resonance in the enhancement of the
nonlinear response [85–87]. Here, we apply the same protocol
as the one used previously for the study of the SHG from gold
spheres.

The modes found for a 40 × 85 nm gold nanorod in water
are shown in Fig. 4. The lower symmetry, in comparison with a
spherical object, allows us to obtain well-defined quadrupolar
modes in the longitudinal, respectively, transverse directions, at
λ � 503�i0.17 nm, respectively, λ � 491�i0.23 nm. Note
that, due to the asymmetry, the two quadrupolar modes do
not have the same resonant wavelength as observed for the
sphere; here the longitudinal mode has a lower energy than

the transverse one. The transverse quadrupolar mode has a
degeneracy of 2 and, as expected, two modes are actually found
at the same wavelength (with identical charge distributions but
with a 90° rotation around the rod axis, data not shown).

The longitudinal dipolar mode supported by a gold nanorod
is coupled to an incoming plane wave polarized along its long
axis and is responsible for the strong SHG from gold nanorods
[85–87]. The nonlinear surface polarization associated with
this mode is shown in Fig. 5(b), revealing that the nonlinear
sources are mainly localized at the nanorod apexes. Despite
a lower symmetry, nanorods are still centrosymmetric and
SHG is still forbidden in the electric dipole approximation.
As a consequence, the excitation channel involved here is also
E1 � E1 → E2. The quadrupolar nature of the second-har-
monic mode is confirmed by the computation of the electric

Fig. 4. Eigenmodes of a 40 × 85 nm gold nanorod: (a) the longi-
tudinal dipolar mode at λ � 647�i13.9 nm, (b) the longitudinal
quadrupolar mode at λ � 503�i0.17 nm, and (c) the transversal
quadrupolar mode at λ � 491�i0.23 nm.

Fig. 5. Linear and second-harmonic response of a 40 × 85 nm gold
nanorod. (a) Charge distributions associated with the fundamental di-
polar mode. (b) Nonlinear surface polarization associated with this
mode computed using Eqs. (10) and (11). Near-field distributions
of the (c) fundamental intensity and (e) real part of the x-component
of the fundamental electric field. Near-field distribution of the (d)
second-harmonic intensity and (f ) real part of the x-component of
the second-harmonic electric field. Far-field radiation patterns of
the (g) fundamental mode and (h) second-harmonic signals.
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field in both the near-field and far-field regions (Fig. 5). Even
more interesting is that the second-harmonic mode corre-
sponds to the eigenmode shown in Fig. 4(b). These results
demonstrate that the proposed method permits us to clearly
identify the link between the fundamental mode and the sec-
ond-harmonic mode. This point is important for the design of
efficient plasmonic sources of second-harmonic light and of
sensitive nonlinear plasmonic sensors.

C. Dimer of Gold Nanospheres

Finally, the case of coupled plasmonic nanostructures, the so-
called nanoantennas, is considered. Previous studies on the
SHG from plasmonic nanoantennas have revealed a singular
behavior referred to as the silencing of SHG [88–90].
Indeed, despite strong fundamental near-field intensity in
the gap, the SHG from plasmonic nanoantennas is not particu-
larly enhanced. Although the nonlinear surface polarization is
very large in this region, where the spheres are close to each
other [see Fig. 7(b)], the second-harmonic sources standing
at each side of the nanogap are out of phase, resulting in a
far-field second-harmonic signal weaker than expected [88].
A dimer of two 40 nm gold spheres separated by a 5 nm
gap is considered as an example of coupled nanostructures.
Several modes are observed, as shown in Fig. 6.

To be able to resolve the high concentration of the charges in
the nanogap due to Coulombian interaction, the mesh is spe-
cially refined in this region (smallest element size: 1 nm).
The longitudinal dark mode shown in Fig. 6(c), corresponding
to two facing dipoles, exhibits clear charge repulsion in the gap,
contrary to the charge concentration associated with the bright
dipolarmode [Fig. 6(a)]. Transversemodes are also observed, see
Figs. 6(b) and 6(d), with vanishing eigenvalues of multiplicity
equal to two (in each case both modes are rotated by 90° around
the dimer axis with respect to each other, data not shown).
These observations are now used for understanding the SHG
from coupled nanoparticles. The nonlinear surface polarization
associated with the fundamental dipolar mode, Fig. 7(a), is
shown in Fig. 7(b) as well as the corresponding near-field
and far-field distributions in Figs. 7(d), 7(f ), and 7(h).

One can see that the nonlinear sources are extremely con-
fined in the gap. As previously, the second-harmonic mode is an

even mode (in the sense of parity) and the x-component of the
second-harmonic field in the plane x � 0 vanishes. This obser-
vation is in agreement with our previous study on the SHG
from coupled nanospheres [89]. However, even though it
obeys to the right symmetry, the transverse mode shown in
Fig. 6(b) does not correspond to the second-harmonic mode
in the present case because its excitation requires retardation
effects at the excitation stage [89] (i.e., at the fundamental
wavelength).

This is not the case considering only a dipolar fundamental
mode as done in the present eigenmode method. On the other
hand, the design of efficient second-harmonic light generators
must preferentially involve only one mode at the fundamental

Fig. 6. Eigenmodes of a dimer of two 40 nm spheres with a gap of
5 nm. (a) Longitudinal dipolar mode at λ � 551�i13.9 nm.
(b) Transversal dipolar mode at λ � 498�i4.68 nm. (c) Longitudinal
dark mode at λ � 489�i0.167 nm. (d) Transverse dark mode at
λ � 517�i0.240 nm.

Fig. 7. Linear and second-harmonic responses of a dimer of
two 40 nm gold nanospheres separated by a gap g � 5 nm.
(a) The charge distribution associated with the fundamental dipolar
mode. (b) Nonlinear surface polarization associated with this mode
computed using Eqs. (10) and (11). Near-field distributions of the
(c) fundamental intensity and (e) real part of the x-component of
the fundamental electric field. Near-field distribution of the (d) second
harmonic intensity and (f ) real part of the x-component of the
second-harmonic electric field. Far-field radiation patterns of the
(g) fundamental mode and (h) second-harmonic signals.
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excitation since modes are, in general, resonant at distinct wave-
lengths. In other words and using the previous notation, sec-
ond-harmonic channels with E1 � E1 as the fundamental step
should be preferred for a strong SHG. In this case, our method
based on the eigenmodes allows us to determine the excited
second-harmonic mode and then optimize the nanostructure
geometry in order to tune its resonant wavelength close to
the second-harmonic wavelength. This method is expected
to be more efficient and effective than the plane wave excitation
approach used so far.

D. Toward Engineering of the Second-Harmonic
Mode

In this last section, we make a study of double resonant nano-
structures and show that the nonlinear conversion can be dra-
matically improved by tuning the modes supported by these
structures. In the quasi-static approximation, the only param-
eter that influences the resonance wavelengths for a given
geometry and surrounding medium is the permittivity ϵ�ω�
of the particle [91]. For example, in the case of small spheres
(i.e., in the quasi-static approximation), the resonant permittiv-
ities are given by ϵ�ω� � −ϵbg�l � 1�∕l with l a nonzero in-
teger and ϵbg the background permittivity [73]. The dipolar
and quadrupolar resonances are thus observed for ϵdip�ω� �
−2ϵbg and ϵquad�ω� � −1.5ϵbg , respectively. For larger nano-
structures, retardation effects become non-negligible and the
resonant frequencies depend on the nanoparticle size. In this
study, the second-harmonic wavelength is fixed and corre-
sponds to half the resonant wavelength of the considered
fundamental mode. From Section 3.C, we know that SHG
from the centrosymmetric structures investigated here is
associated with a quadrupolar emission. However, as illustrated
in Fig. 8(a) for the case of a sphere, the quadrupolar mode is
usually not resonant at the second-harmonic wavelength. For
this reason, we consider a fictitious material with varying
permittivity at the second-harmonic frequency ϵ�2ω�, such that
the quadrupolar mode is shifted to the second-harmonic wave-
length, in order to boost the SHG [Fig. 8(a)]. We apply this
idea to the three geometries studied in Section 3 and observe
the variation of the second-harmonic signal intensity. The re-
sults are shown in Fig. 8(b). The important point is the very
substantial increase of SHG intensity around the optimal per-
mittivity, indicating that SHG can be improved by optimizing
the mode matching. In the Drude model, the permittivity of
gold at the three second-harmonic frequencies is positive (thus
far from the optimal negative values needed). The ratio of the
SHG intensity for the optimal ϵ�2ω� and for the Drude per-
mittivity (without loss) is 4.6 · 104 for the sphere, 1.1 · 104 for
the nanorod, and 1.5 · 103 for the dimer. Note that for the
sphere we obtain as optimal permittivity ϵopt � −3 instead
of ϵquad � −1.5ϵbg � −2.65. This small discrepancy is a con-
sequence of the retardation effects due to the finite nanoparticle
size and to the refractive index of the surrounding medium
[92]. It is important to note that the absolute value of the
SHG intensity enhancement for the three different nanostruc-
tures cannot be compared since the fundamental mode ampli-
tudes are not normalized. Nevertheless, for each structure, the
enhancement still describes how SHG can be enhanced by a
suitable design of the plasmonic system.

4. CONCLUSION

In summary, a new SIE method has been derived for the com-
putation of the SHG directly from the fundamental eigenmo-
des. A gold nanosphere was considered as the first application,
demonstrating that this method is able to accurately retrieve
previously published results, especially the quadrupolar nature
of the second-harmonic emission. SHG from a nanoparticle
with a lower symmetry, a gold nanorod supporting longitudinal
and transverse plasmon resonances, was then examined under-
lining that this approach can be extended to structures with low
symmetry.

Finally, a coupled nanoparticle system, a gold nanodimer,
has been investigated confirming the quadrupolar emission.
These different examples illustrate the suitability of this ap-
proach for understanding the nonlinear response of complex
plasmonic metamolecules. This approach will be instrumental
for the design of efficient nonlinear sources of light at the nano-
scale, as demonstrated in the last section, where a dramatic
SHG is observed when modes with appropriate symmetry
are matched with the second-harmonic frequency.

APPENDIX A: SPHERICAL HARMONIC
SUPERPOSITION

Figure 9 shows two examples of linear combinations of spheri-
cal harmonics with degree l � 2. The resemblance (not

Fig. 8. (a) Scattering spectrum of a sphere. The quadrupolar mode
can be shifted at half the wavelength of the dipolar mode by varying
the nanostructure permittivity. (b) SHG intensity normalized to that
obtained for the Drude model without losses at their respective sec-
ond-harmonic frequencies (cf. Section 3) as a function of the second-
harmonic permittivity ϵ�2ω�. Note that the Drude permittivity of gold
at the second-harmonic frequencies is positive in the three cases
and thus the second-harmonic plasmonic modes cannot be resonantly
excited.
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considering the orientations) with the five quadrupolar modes
obtained for the sphere in Section 3.A is clearly observed.

APPENDIX B: INFLUENCE OF THE MESH
SYMMETRY

To investigate the role of the mesh geometry on the eigenm-
odes of the sphere, an asymmetry, stronger than the inherent
one, has been purposely introduced. This higher asymmetry
results in a small splitting of the eigenfrequencies, previously
degenerated, permitting us to partially retrieve the eigenmodes
associated with single spherical harmonics. For example, when
refining two opposite sides of the sphere (north and south
poles) with triangles smaller than those used for the rest of
the mesh, the quadrupolar modes (l � 2) appear with an eigen-
value degenerated only four times and the eigenmodes associ-
ated with the spherical harmonics Y m��1

l�2 are observed.
Figure 10 shows four modes found with the modified mesh.
Only four eigenvectors are shown because the next eigenvectors
(associated with eigenvalues with increasing magnitude) were
not physical solutions. We then assess that the degeneracy
of the vanishing eigenvalue is only four. In this case, there is
not a strong separation in the eigenvalue magnitudes, as
observed with the original mesh.

Funding. Swiss National Science Foundation (SNSF)
(200020_153662).
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