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AbstractWe extend the algorithm in (Kim & Roche, 1998) that deals with the problem oflinearly separating binary patterns using a binary perceptron. Although the prob-lem seems fairly simple at first sight, it is still open from a mathematical point ofview with conjectures made more than half a century still resisting the test of time.Statistical physics with all its interesting approximations did solve the problem up tothe rigor of the approximations that were used (Like the replica trick), but there isstill a lack of algorithms that perform as well as what is conjectured. In this work,the algorithm that works for a "stability" parameter equal to zero is extended towork for a "stability" that can take any positive value. We also show the limitationsof the class of local rules that contains the majority rule and discuss how "enhanc-ing" those local rules in a procedure similar to what was done in (Kim & Roche,1998) will lead to sub-optimal rule.
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1 Introduction and state of the art
We are interested in the following problem : given k binary patterns {X1, . . . , Xk}drawn uniformly at random from {±1}n, is it possible to find a vector of binaryweights w ∈ {±1}n (a binary perceptron) such that

∀i ∈ {1, · · · , k} : 〈w,Xi〉 ≥ κ
√
n (1)

Where 〈, 〉 is the euclidean scalar product in Rn and κ is a stability parameter.(1) can be written in a more compact form : Xw ≥ κ
√
n, where X ∈ {±1}k×n isthe matrix containing the k binary patterns {Xi} in its rows and ≥ is a point-wisecomparison.Precisely, we will be interested in the probability of finding such w which will bedenoted as Pκ(n, k).This is a special case of a more general problem where the patterns are sampledfrom a subset SX of some n-dimensional euclidean space En and the weights arelooked for in some other subset Sw of En.These problems were motivated by covering problems ((Cover, 1965), (Kim &Roche, 1998)) in geometry at first and then by the problem of memory storagein dynamical neural networks ((Gardner, 1988),(Gardner & Derrida, 1988),(Krauth& Mézard, 1989a)). Also, the problem is a special case of random constraints satisfac-tion problems (CSP, (Coja-Oghlan, 2009)), in addition to being a machine learningbinary classification.While almost all other instances of this problem (In general when at least one ofthe two sets SX and Sw is not discreet) were fairly solved, the binary case, to whichour interest is turned, has resisted the test of time with conjectures that are stillunsettled to the time of this writing and the best of our knowledge.

1.1 Covering setsLet n ∈ N (a dimension) and S be a set in En (the workspace, here, a Euclideanspace of dimension equal to n). We say that S is covered by H1, . . . , Hk (k subsetsof En) if :
S ⊆ ∪ki=1HiIn the case where each Hi is determined by one and only one vector Xi ∈ En, wewill say, abusively, X1, . . . , Xk cover S to mean, that the subsets generated by thesevectors cover S.In particular, when HXi = {w ∈ Sw ⊆ En : 〈w,Xi〉 < κ

√
n} then not covering S by

HX1, . . . , HXk is equivalent to (1).
1.2 Associative memoryGiven a dynamical system consisting of n + 1 neurons {σi}ni=0 interacting betweeneach other through the "synapses" Jij in the following manner :

σ t+1
i = sign(∑

j

Jijσ tj ) (2)
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A fixed state of this dynamic is a configuration of n+1 neurons such that
σi = sign(∑

j

Jijσj)
In other terms, we ask that : ∑j Jijσjσi ≥ κ

√
nWhere the term κ

√
n is used instead of zero to guarantee more stability. Hencewhy κ is sometimes called stability (it has been shown that the bigger κ is the morestable the fixed points will be).The fixed states of the dynamic (2) can be used as an associative memory to store kpatterns, the question here is whether there are interactions that can store a givenset of k patterns or not.In the special case of systems with no self-interaction (Jii = 0), when we isolateone neuron (say 0), write the stability for the chosen neuron can be written in thefollowing form: ∑

j

wjXlj ≥ κ
√
n

Where wj = J0j , Xj = σ (l)
j σ

(l)0 and {σ (l)
j }nj=0 is the l-th pattern out of the k patterns wewant to store.We find again the original problem.

1.3 Binary classificationFinding w ∈ {±1} that verifies (1) is equivalent to learning how to separate binarypatterns on the following training set {(Xi,+1)}ki=1 by using a perceptron with binaryweights, bias equal to −κ√n and non-linearity or activation function equal to the
sign function.
1.4 Random constraint satisfactionThe k inequalities in (1) are constraints imposed on the binary weights w. Thequestion in random constraint satisfaction problems is if there is a valuation of wthat makes all the constraints k to be TRUE.
1.5 The capacityIn random constraint satisfaction, we have in general k constraints imposed on nvariables that need to be verified. Loosely speaking, for k small, we expect that theproblem will always have a solution as it is under-constrained. When k gets bigger,finding a solution becomes harder and harder up to a point where there will be nosolution unless a very fortuitous rare event happens.This loose reasoning and simulations suggest that for this kind of problems thereis a phase transition i.e. there is a ks(n) that separates the region of k’s for whicha solution will be guaranteed with high probability and the region of k’s with nosolutions.In general, the threshold can be either sharp or coarse, sharp means that thethreshold occurs in one specific value of k, coarse means that the threshold is notunique (interval, a specific order on n with different possible constants).
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For the problem (1) and most of the problems in random constraint satisfaction, itis conjectured that there is a threshold and that it is sharp.For our purposes, the capacity will be the quantity c(n) = ks(n)
n when it exists. Ingeneral, we want c to be a constant. c is the critical number of constraints to thenumber of variables.Asking for the capacity is, generally speaking, asking for too much as it is notalways true that it exists. For this reason, we will define two relaxed notions relatedto the capacity. A lower-bound of the capacity will be any c for which a solutionis guaranteed to exist whenever k < cn. In the same way, an upper bound of thecapacity is any c for which no solution will exist with high probability whenever

k > cn. It is not hard to see that the capacity exists if and only if there exists alower bound and an upper bound of the capacity which coincide.It is also worth noting that in addition to this potential threshold, one may consideralgorithmic thresholds that will characterize the difficulty or complexity of findinga solution. One expects that the closer to the threshold (from below) the harder itwill be to find a solution even if it is guaranteed to exist.
1.6 Some history
When SX = Sw = Sn = {x ∈ Rn : ‖x‖2 = 1} and κ = 0 we will use the notation
Ps,s(n, k) to denote the probability of finding a solution when the patterns are in Snand the weights are also in Sn (the little s stands for Sn). This is the problem ofcovering Sn by half spaces generated by patterns from Sn.In the same way, Pb,s(n, k) will be used in the case where SX = Sn and Sw = {±1}n,this is the problem of covering Sn by half spaces generated by patterns from {±1}n.In the sixties, it was proven in (Wendel, 1962) and then indirectly in (Cover, 1965)that :

Ps,s(n, k) = 2−k+1 n−1∑
i=0
(
k − 1
i

) (3)
(3) is is known as "the function counting theorem" for example in (Cover, 1965).One of the consequences of formula (3) is that the capacity exists and is equal to 2,this was rediscovered later by Gardner (Gardner, 1988) using the replica trick.The problem of covering Sn by binary vectors from {±1}n proved to be a little bitmore difficult than the first problem. This problem was, reportedly, first consideredby Erdos, and then solved in (Furedi, 1986) who showed that it was, up to some eventwith a vanishing probability, the same as the first problem (thus they have the samecapacity = 2), exactly :

Pb,s(n, k) = Ps,s(n, k) +O(n−1/2) (4)
In (4), the term O(n−1/2) is the probability that an n×n {±1}matrix taken uniformlyat random is singular, this fact was shown in (Komlos, 1967) and then improved to
O(0.999n) in (Kahn, Komlos, & Szemeredi, 1993). The 0.999 was improved by VanVu and Terence Tao to 0.985, and to 34 and then to 1√2 in 2009 ((Tao & Vu, 2005) forexample).
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1.7 Main contributionsThe main contribution of this work is extending the algorithm in (Kim & Roche,1998) which was engineered for a stability parameter κ = 0 to general κ ≥ 0.We also show that the majority rule is optimal amongst all local rules (see 2.2 fora definition), the first consequence of this is that to do better one needs to considernon-local rules. Another consequence is that one cannot use the same principlethat was used in (Kim & Roche, 1998) to enhance the majority rule on another localrule as it will be sub-optimal.
2 Basic results
There are two approaches that we will discuss here for solving (1). The first one iswhat is know as the majority rule, the second one we will refer to it, for reasonsthat will be made known, as the enhanced majority rule or EMR for briefness.
2.1 Upper bound from the first moment method

Theorem 2.1. For c > ln(2)
−ln(H(κ)) : limn→∞ Pκ(n, cn) = 0

Proof : denote
Zn = ∑

w∈{±1}n I(〈w,Xi〉 ≥ κ
√
n ∀i ∈ {1, . . . , k}))

So :
E[Zn] = 2nPr(< w0, X1 >≥ κ√n)k= 2nHn(κ)k= exp{−n(−c ln(Hn(κ))− ln(2))} ; c = k

n

As Hn(κ)→ ∫∞
κ

dt√2πexp(−t22 ) := H(κ) from the central limit theorem, the theoremholds.For κ = 0, (Kim & Roche, 1998) proved an upper bound equal to 0.9963 which isbetter than 1 implied by theorem 2.1.
2.2 The majority ruleThe majority rule is the following algorithm :
Algorithm 1. Input X ∈ {±1}k×n
For j ∈ {1, · · · , n}:

Set wmaj
j = sign(∑k

i=1Xij) ∀j ∈ {1, · · · , n}
Output wmaj

Where Xij = (Xi)j , the j-th component of the i-th pattern.The majority rule is a local rule i.e. the j-th component is a function of only the
j-th column of X.
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2.2.1 AnalysisNotice that the fact of the majority rule being local means that the k components ofthe vector Xwmaj are the sum of n independent and identically distributed randomvariables in Zk, it is a random walk in Zk.To be more precise,
Xwmaj = n∑

j=1 YjWhere Yj = (X1jwmaj
j , . . . , Xkjwmaj)>, the components of Yj are identically distributed(due to symmetry, they are actually what we call exchangeable variables) but theyare not independent, they are all correlated. In fact they are weakly correlated aswe will see.We have the following computations :

Pr(X1jwmaj
j = +1) = Pr( k∑

i=1 XijX1j ≥ 0) = Pr( k∑
i=2 XijX1j ≥ −1) = 12(1+√ 2

πk )+o(k−1)
This derivation is true only for k odd, but it is not difficult to see that when k is eventhe term √2/(πk) (the average of Y (1)

j ) will be (3/2)√2/(πk) which is even greater,this is due to the symmetry of the problem and actually has nothing to do with theconvention sign(0) = +1. In general the case k even, is not treated because it iseasier for the above reason.The covariance matrix of Yj is thus as follows:
var(Y (i)

j ) = 1 − 2/(πk) + o(k−2) and cov(Y (i)
j , Y

(l)
j ) = o(k−1) for i 6= l (hence why wesay weakly correlated).

2.2.2 Main results(Fang & Venkatesh, 1998) proved theorem 2.2 using a large deviation local limittheorem (Richter, 1958),(Chaganty, 1986) on random walks in Zk (see theorem A.1)for a stability parameter κ = 0, we verified that the theorem can be extended to
κ ≥ 0 without changing anything.
Theorem 2.2. Let Zn be the number of rows r violating the inequality 〈wmaj , Xr〉 ≥ κ

√
n.

Then for kn = n
πlog(n) (1+ (3/2)loglog(n) + log(2λπ3/2)

log(n) +O( loglog(n)2
log(n)2 ). We have :

Zn → Poisson(λ)
This implies in particular that ks(n) = n/(πlog(n)) is a sharp threshold for themajority rule on problem (1) i.e :
∀C < 1

π : limn→∞Pκ(n, C
log(n)n) = 1 and ∀C > 1

π : limn→∞Pκ(n, C
log(n)n) = 0The fact that we don’t need to change anything to go from the case κ = 0 to

κ ≥ 0 can be easily seen from the fact the average of ∑n
j=1 Yj is of the order of

n/
√
k ∼

√
nlog(n) and the variance is of the order √n, the worst we can do is√

nlog(n)−√n/un = √n(√log(n)− 1/un) ≥ κ√n for a suitable choice of un ∈ o(1).For details on this,refer to Appendix A.
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2.2.3 Local rules : beyond the majority rule?The majority rule is a local rule as discussed before. Let us consider a local rule f.i.e: based on the column Xi we construct wi = f (Xi). Due to the symmetry of theproblem all local rules should be symmetric functions. As the only power sum thatis not a constant on {±1} variables is their sum, using Girard-Newton formulas wededuce that f only depends on the sum of its inputs, hence all local rules should befunctions of the sum, more precisely, there exists a function gf ∈ {±1}{k−2l,l=0,...,k}such that f (x1, . . . , xk) = gf ◦ SUM(x1, . . . , xk) = gf (∑k
j=1 xj).For a given local rule determined by the function g , the variables {xig(∑k

j=1 xj)}iare identically distributed ±1 random variables. We have the following identities :
µg = E[x1g( k∑

j=1 xj)] = 2Pr(x1g( k∑
j=1 xj) = +1)− 1

cov(xαg( k∑
j=1 xj), xβg( k∑

j=1 xj)) = I(α = β)− µ2
g

This implies that the best local rule is the rule determined by g∗ ∈ argmaxg µg .
Theorem 2.3. Optimality of the majority rule
argmaxg µg = {sign} where sign is the sign function with the freedom of choos-
ing sign(0) to be either +1 or −1. In other terms, the majority rule f (x1, . . . , xk) =
sign(∑k

j=1 xj) is optimal amongst all local rules.

Proof: see appendix A.1.This suggests that non-local rules should be considered if we hope to approacha constant capacity as suggested by simulations (Krauth & Opper, 1989) and thereplica trick from statistical physics (Krauth & Mézard, 1989b).Another consequence of this result is that even non-local rules that are built usinglocal rules other than the majority rule in the same fashion as the construction ofthe enhanced majority rule (2.3) based on the majority rule will be sub-optimal tothe enhanced majority rule.
2.3 The enhanced majority ruleIn (Kim & Roche, 1998) algorithm 2 which can be seen as an enhancement ofthe majority rule (hence the name enhanced majority rule) was introduced. Bydividing the columns of the matrix X into N blocks and giving the right only to somecarefully chosen rows to vote at each step, they were able to leverage the alreadyknown threshold of the majority rule in theorem 2.2. As seen in the analysis of themajority rule, the average of Xwmaj is of the order n/√k which means that k needsto be small compared to n, but as we want this to work for a constant capacity (kof the same order as n), one of the possibilities is to correct the bad rows (the oneswho have a small inner product, this will be made clear).Before stating what the EMR algorithm is, first we need to introduce some notations.Let C0 ∪ . . . ∪ CN be a partition of {1, . . . , n} such that card(Ci) = ni (and evidently∑N

i=0 ni = n).
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We will denote X(i : j) the matrix formed by columns of X from column blocks ito j , i.e. X(i : j) is formed out of columns of X starting from ∑i−1
s=0 ns till column∑j

s=0 ns. In the same manner, for a vector z ∈ Rn, z(i : j) will mean the same thing.We will denote S(i : j) = X(i : j)w(i : j). We will refer to S(0 : j) as the cumulative
inner products up to step j .The EMR algorithm is constituted of N steps. For step s = 0 we use the majorityrule seen before on X(0 : 0) to construct w(0 : 0). At each step s ≥ 1, we constructthe ns entries of w(s : s) from the block X(s : s) ∈ {±1}k×ns by only letting ks ≤ krows with the smallest cumulative inner product up to step s − 1 vote.The EMR algorithm is the following :
Algorithm 2. Input X,N, {ks, ns}
For s in {0, · · · , N} :

If s = 0 then use the majority rule to select z(0 : 0)
Else s 6= 0 :

Let Rs be the indices of the ks smallest rows of S(0 : s − 1).
Set : wj = sign(∑i∈Rs Xij) ∀j ∈ Cs Where Cs = {∑s−1

i=0 ni, · · · ,∑s
i=0 ni}

Output w

2.3.1 Main resultsLet f0 = 1, f1 = 1/200 and fs = 10−2s . Denote A = ∑N
s=0 fs and let ns = (fs/A)n.Let k0 = c0n = 0.005n, k1 = 10−8n and ks = f3

sn. (we need actually to makethe quantities ns, ks integers, which is not difficult but as it will make things morecomplicated than necessary, we will not do it here, the exact formulas can be foundin (Kim & Roche, 1998)).Notice the following good approximations : ns ≈ fsn, ks ≈ f3
sn, these approximationswill be useful in the proofs.

Theorem 2.4. Using Algorithm 2 with N = blog2(0.01log10(n))c, ns and ks defined
as above, for all c ≤ c0 := 0.005 :

limn→∞n(1− P0(n, cn)) = 0
We extend theorem 2.4 for κ ≥ 0
Theorem 2.5. Generalization of 2.4 to κ ≥ 0
Using Algorithm 2 with ks,κ = (1 +√πc02 κ)ks and N and ns the same as before,
we have the following result:

∀c ≤ c(κ) := c0(1 +√πc02 κ)2 : limn→∞n(1− Pκ(n, cn)) = 0

2.4 Basic ideas of the proofsFor detailed proofs refer to the Appendix B.3 and B.4. We start here by discussingthe basic ideas for the proof of theorem 2.4 and then move to theorem 2.5. We
7



Figure 1: Plot of the lower bound in Th 2.4and the upper bound in Th 2.1
leverage the fact that when using the majority rule all the variables are exchange-able, this means their joint distribution is unchanged under any permutation. Thisseemingly simple fact is very powerful (for this see B.1). In particular, with ex-changeable random variables, we can upper bound their empirical cumulative dis-tribution function (empirical cdf) by upper bounding their cdf. We can also replaceexchangeable variables by i.i.d random variables as long as we only consider a fewof them at a given time, with a small price to pay that vanishes as n, k get big.Using an induction on the steps s = 0, . . . , N , the percentage of rows with cumu-lative inner products up to step s smaller than a threshold Ts = √n/2s−1 will beshown to be upper bounded by ks+1/k. The last fact implies in particular that all therows that will not vote at the next step will be at least as great as the threshold Ts.The last step N , is treated differently. The rows that will not vote are guaranteedwith a high probability to be greater than TN = θ(√n/log(n)), but because nN issmall (n0.99 ≤ nN ≤ n0.995, obtained using the definition of N), with high probabilitythe contribution of the last step will not make any of the cumulative inner productsnegative. For the rows that will vote at the last step, anyway, we could not havedone as worse as −√n/o(1) (up to step N−1), because kN is very small compared to
nN , the positive shift √2/(πkN)nN will dominate and make the overall inner productpositive with high probability.For proving theorem 2.5, we use the same ideas. In this case, the threshold Ts willbe changed to Ts,κ = Ts + κ

√
n, k = c0n to kκ = c(κ)n and ks to ks,κ which will bechosen such that ks,κ/kκ = ks/k. This way if we make sure the new upper bounds ofthe empirical cdf of the cumulative inner products are tighter than before, we willsatisfy directly the upper bound ks,κ/kκ. The new upper bounds are tighter becausethe new threshold Ts,κ is just a translation of the old one and the new positive shift√2/(πks,κ) = (1 +√πc0/2κ)√2/(πks) is greater than the positive shift for κ = 0, thismakes sense as the constraints now are harder and thus more effort is needed.

2.5 Extension : An adaptive algorithmFrom the ideas of the proof of theorem 2.4 and theorem 2.5, we can modify algo-rithm 2 to choose automatically the rows that should vote at each step s, for this
8



we need to define the following quantity :Ts,κ = √n/2s−1 + κ
√
n.

Algorithm 3. Input X,N, {ns}
For s in {0, · · · , N} :

If s = 0 then use the majority rule to select z(0 : 0)
Else s 6= 0 :

Let Rs be the indices of the rows of S(0 : s − 1) smaller than Ts,κ.
Set : wj = sign(∑i∈Rs Xij) ∀j ∈ Cs Where Cs = {∑s−1

i=0 ni, · · · ,∑s
i=0 ni}

Output w

Theorem 2.6. The conclusion of theorem 2.5 holds when using Algorithm 3 with
the same N and ns .

2.6 How simulations are done?
In (Krauth & Opper, 1989) a simulation of problem 1 was proposed. In the simula-tion, instead of asking what is the threshold or capacity for a fixed κ, we ask up towhat value of κ can we go for a fixed capacity c (i.e k = cn).The following quantity κn(c) = EX[ max

w∈{±1}n min
i=1,...,cn〈Xi, w〉/

√
n] was simulated. κn is adecreasing piece-wise constant function (constant on intervals of size 1/n). If wedenote Yn(c) = max

w∈{±1}n min
i=1,...,cn〈Xi, w〉/

√
n, then if we can prove a statement of theform : for n big enough we have with high probability Yn(c) ≥ K(c) and the boundis tight, then we would be able to say that c(κ) = K−1(κ), and this will tell us forexample if the bound is indeed sharp (when κ 7Ï c(κ) is strictly decreasing). This isdifficult, so we follow what good sense suggests : for big n, the curve of κn shouldbe near the curve of K.We run the simulation 1000 times for n = 11, 13, 15, here is what we found : This

Figure 2: simulated curve of κn for n = 11, 13, 15 average over 1000 independenttrials.
suggests a capacity (for κ = 0) around 0.7 obtained by a linear interpolation of c as afunction of κ and looking for the output when κ = 0 (the estimation from statisticalphysics is 0.83).
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3 Conclusion
We discussed the problem of linearly separating binary patterns with a binary per-ceptron, the problem is very interesting from a mathematical perspective as it showshow a seemingly simple problem can be very challenging to mathematicians andcomputer scientists alike.In nowadays deep learning, the binary networks that are considered are very differ-ent from the problem that was studied here. In general, we mean binarized neuralnetworks (Hubara, Courbariaux, Soudry, El-Yaniv, & Bengio, 2016) which are moti-vated by being less demanding in memory (with a small price of less precision) andthus offer a good solution for integrating deep learning solutions in small devices.These models are not 100% discreet to still be able to use SGD variants and back-propagation for learning, this luxury is not possible for completely discreet modelswhich makes the task a lot more difficult as we have seen.To summarize what has been done in this work, the story begun with the rigorousanalysis of the majority rule applied to problem 1 with κ = 0 in (Fang & Venkatesh,1998) where it has been shown a transition when the number of constraints knscales as n/(πlog(n)), we showed that the same transition is maintained for any
κ ≥ 0. (Kim & Roche, 1998) proposed an enhanced version of the majority rule thatsolves problem 1 with κ = 0 up to a number of constraints k = 0.005n, we extendedtheir work to the general case of κ ≥ 0 and k = c(κ)n (Th. 2.4). We also proposeda small modification of the algorithm (Alg.3) that makes it possible to choose auto-matically what and how many rows will vote at each step of the algorithm.While it might be thought the same can be done for a simple rule that would besimilar to the majority rule, we show that as long as the new rule is local, it willbe sup-optimal to the majority rule, even more than that, the "enhanced" (based onthe procedure in (Kim & Roche, 1998)) version of any local rule will be sup-optimalcompared to the enhanced majority rule (Alg.2) and its adaptive variant (Alg.3).
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A Proofs related to the majority rule

A.1 Proof of optimality of the majority ruleMaximizing µg = 2Pr(x1g(∑k
j=1 xj) = +1)− 1 is equivalent to maximizing

Pr(x1g(∑k
j=1 xj) = +1).

Pr(x1g( k∑
j=1 xj) = +1) = 12(Pr(g(1 + k∑

j=2 xj)) + Pr(g(−1 + k∑
j=2 xj)))

= 2−k k−1∑
l=0
(
k − 1
l

)
{I(g(k − 2l) = +1) + I(g(k − 2l − 2) = −1)}

= 2−k{I(g(k) = +1) + I(g(−k) = −1)}
+ 2−k k−1∑

l=1 {
(
k − 1
l

)
I(g(k − 2l) = +1) + (k − 1

l − 1
)
I(g(k − 2l) = −1)}

= 2−k{I(g(k) = +1) + I(g(−k) = −1)}
+ 2−k k−1∑

l=1
(
k − 1
l

)
{I(g(k − 2l) = +1) + l

k − l I(g(k − 2l) = −1)}
g maximizes the above sum if and only if g(k) = +1, g(−k) = −1 and (g(k − 2l) =2 × I( l

k − l < 1) − 1 = 2 × I(l < k2 ) − 1 ∀l ∈ {1, . . . , k − 1} or g(k − 2l) = 2 × I(l ≤
k2 )−1 ∀l ∈ {1, . . . , k−1} ). This means that g is the sign function, with the freedomof assigning to zero either +1 or −1.
A.2 Proof of the capacity of the majority rule
Theorem A.1. Local version of the central limit theorem Let {Unj}nj=1 be n i.i.d
random variables taking values in {0, 1}k such that E[Unj ] = µn and cov(Unj) =
Vn → V non-singular.
Let Rn = ∑n

j=1Unj and denote ξn = Rn − nµn√
n

, then for εn = o(n1/6) :

p(ξn = εn) ∼ n−k/2φVn(εn)
as n → ∞ (φVn is the pdf of a Gaussian r.v with covariance matrix Vn)

Proof: is similar to the proof of the central limit theorem with some minor changes.It starts by writing the probability mass function as an inverse Fourier transform ofthe characteristic function and then using Laplace integration formula with math-ematical details to make sure everything is good, the probability mass function isshown to be equivalent to the normal probability density function with the samemean and same variance which depend this time on n hence why we call it a localtheorem).A consequence of the last theorem is this lemma :
11



Lemma A.2. Large deviation global limit theorem
Let εn = (ε(1)

n , . . . , ε(k)
n ) be any sequence such that 1 � ε(α)

n � n1/6 as n → ∞, then
under the assumptions of the previous theorem:

Pr(ξn ≥ εn) ∼ ΦVn(−εn) and Pr(ξn ≤ −εn) ∼ ΦVn(−εn)
Where ΦVn is the cdf of a Gaussian r.v with covariance matrix VnIn the case of the majority rule, Xwmaj = 2∑n

j=1Unj−n, where the random variables
Uj are i.i.d and take values in 0, 1.
µn = E[Uα

nj ] = 1/2 + 1/(√2πk) +O(k−1) and cov(Uα
nj , U

β
nj) = (1/4)I(α = β)− 1/(2πk) +

O(k−3/2) Which means :
Vn =


σ2
n ρn . . . ρn
ρn . . ρn
. . . .
ρn . ρn σ2

n


The matrix with σ2

n = (1/4) − 1/(2πkn) + O(k−3/2
n ) on the diagonal and ρn = O(k−1

n )on the off-diagonal entries.
Let m be a fixed number and 1 ≤ α1 < . . . < αm ≤ kn, we denote :

pm = Pr(〈wmaj , Xα1〉 < κ
√
n, . . . , 〈wmaj , Xαm〉 < κ

√
n)The probability that m distinct constraints are violated at the same time.Let n2/3 � kn � n, then

pm = Pr( n∑
j=1 U

(1)
nj <

n + κ
√
n2 , . . . ,

n∑
l=1 U

(m)
nj < n + κ

√
n2 )

= Pr( n∑
j=1 Unj <

n + κ
√
n2 ) = Pr(Rn <

n + κ
√
n2 )

= Pr(ξn < (n + κ
√
n2 − nµn) 1√

n
)

= Pr(ξn < −{(µn − 12)√n − κ2}) = Pr(ξn < −εn)
where εn = (µn − 12)√n − κ2 = √ n2πkn +O(√nk−1

n ) so 1� εn � n1/6, we can applythe previous lemma
pm = Pr(ξn < −εn)
∼ ΦVn(−εn) = Φσ2

nAθn (−εn)= ΦAθn (−εn/σn)
∼ ΦAθn (−

√ 2n
πkn

)
Aθn = σ−2

n Vn is a matrix with diagonal entries equal to 1 and off-diagonal entriesequal to θn = ρn/σ2
n → 0.

12



Lemma A.3. multivariate Mill’s rationΦAn(−εn) ∼ ε−kn φAn(−εn) (an equivalence relation between the cdf and the pdf of
a Gaussian), this is true for matrices of the type An = A(θn) with θn → 0,Using this lemma,we prove that :

pm ∼ (√kn2√ne−n/(πkn))m
Which means that when n → ∞ all the dependencies introduced by the majorityrule vanish.Let Zn = ∑kn

i=1 I(〈wmaj , Xi〉 < κ
√
n), the number of rows that violate the constraint.There is a classical result that says that in order to show Zn → Poisson(λ) it isequivalent to show that E[(Zn)m := Zn(Zn − 1) · · · (Zn −m + 1)]→ λk for all m.As E[(Zn)m] = m!(knm)pm (because of exchangeability), it suffices to show that for all

m : (knm)pm → λm
m! , this is not difficult to verify for the threshold given in theorem 2.2.

B Basic Lemmas and more details on the proofs

B.1 Exchangeable random variablesThe random variables Xijwj are dependent which is not good. But while we lost theindependence, we did not lose everything, the variables Xijwj are still what we callexchangeable variables.
Definition B.1 (Exchangeable variables). We say that a sequence X1, · · · , Xn of
random variables is exchangeable if for all permutations π, the sequence has
the same distribution as Xπ(1), · · · , Xπ(n) .We have the following interesting lemmas that apply to this type of sequences.
Lemma B.1. Lower bounding exchangeable variables by iid variables
Let t be odd, and b even with b ≤ t0.1.
Let ψ1, · · · , ψt be iid symmetric Bernoulli random variables (i.e. Pr(ψi = 1) =
Pr(ψi = −1) = 0.5) and let B = {m1, · · · ,mb} any be element subset of {1, · · · , n}.
There exists t0 independent of b, such that for all t ≥ t0 we can define iid rv’s
ξ1, · · · , ξb iid rv’s such that :

ξi ∼ Bern(12(1 +√ 2
πt (1− t−1/8))

And :

ξj ≤ ψmjsign( t∑
i=1 ψi) ∀j = 1, · · · , b

Lemma B.2. Controlling 0− 1 exchangeable variables by there sum.
Let ξ1, · · · , ξt be exchangeable 0− 1 variables and let b = t0.1 and suppose there
exists q ∈ (0, 1) such that :

Pr(ξ1 = · · · = ξb = 1) ≤ qb
13



Then there exits t0 independent of b such that :

Pr( t∑
i=1 ξi ≥ t

3/5 + (1 + t−1/12)qt) ≤ exp(−t1/70)
A basic idea of the proof of lemma B.2 is the following Markov type inequality :

Pr( t∑
i=1 ξi ≥ T) ≤ (tb)Pr(ξ1 = · · · = ξb = 1)(T

b
)

Which can be proven easily by applying Markov after the following remark:
Pr( t∑

i=1 ξi ≥ T) ≤ Pr( ∑
A,|A|=b I(∀i ∈ A : ξi = 1) ≥ (Tb

))
This last Lemma, shows that we can control the empirical cdf of a sequence of texchangeable random variables by only controlling at most b = t0.1 of these randomvariables.
Lemma B.3. Suppose that ξ1, ..., ξt are real-valued exchangeable r.v.’s drawn from
the same set of size (at most) M. (M can be a constant or can depend arbitrarily
on t.) Also suppose Pr(ξ1 ≤ u, ..., ξb ≤ u) ≤ [G(u)]b for all u ∈ R, where b =2b(1/2)t0.1 and G is a non-negative and non-decreasing real-valued function (a
cdf for example).
Let F̂ be the empirical c.d.f. of the ξ’s. Then there exists an absolute constant t0
such that for all t ≥ t0 ,

Pr(F̂ (u) ≤ t−2/5 + (1 + t−1/12)G(u)∀u ∈ R) ≥ 1−Mexp(t−1/70)
This last lemma which is a corollary of the lemma just before it shows that upper-bounding the cdf yields an upper bound on the empirical cdf of a collection ofexchangeable random variables taking values on a finite set.
Lemma B.4. Let U1, ..., Ut be exchangeable real-valued r.v.’s taking values on a
finite set (whose size can grow with t), and suppose that, w.h.p., their sample c.d.f.
is dominated by F̂. Then we can define i.i.d. r.v.’s W1, ...,Wt (defined on the same
space as the Ui ’s) with c.d.f. G defined as

G(u) = min{t−1/6 + F̂ (u), 1}I(u ≥ c1)
Where c1 is the minimum value that can be taken by the Ui ’s. with high proba-
bility we have the following :

Ui ≥ Wi ∀i ∈ {1, . . . , t}
Using the last two lemmas we can go from bounds on cdfs to bounds on empiricalcdfs, and we can also change a given cdf by its empirical cdf in a given bound byadding negligible terms.For dealing with Binomial random variables, we need the following definitions andlemmas.
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Definition B.2. For m, j integers and p ∈ [0, 1] we define :

b(m,p, j) = (mj
)
pj(1− p)m−j

And :

B(m,p, j) = j∑
i=0 b(m,p, i)

Lemma B.5. (DeMoivre Laplace theorem). As before, m, j are integers and
p ∈ (0, 1) and ε1 ∈ (0, 16). Then the central limit theorem is valid if the following
conditions are met :

m−1/3+ε1 < p < 1−m−1/3+ε1 and |j −mp| ≤ (mp(1− p))2/3−ε1
Furthermore, under the same conditions, there exists M(ε1) (does not depend on
p) such that for all m ≥ M(ε1) :∑

i≥mp+(mp(1−p))2/3−ε1 b(m,p, i) ≤ exp(−m(4/3)(1/6−ε1))
and by symmetry ∑

i≤mp−(mp(1−p))2/3−ε1 b(m,p, i) ≤ exp(−m(4/3)(1/6−ε1))
This means basically that a binomial random variable Bin(m,p) will concentratearound its mean mp with a variance equal to mp(1 − p) when m → ∞ and it willstay in the interval (mp−(mp(1−p))2/3−ε1,mp+(mp(1−p))2/3−ε1) with high probability(vanishing exponentially with m).
Lemma B.6. Bounding binomial random variables
For any ε > 0 there exists M(ε) such that ∀m ≥ M(ε), ∀j ∈ {1, · · · ,m} and
∀p ∈ [1/10, 9/10] :

B(m,p, j) ≤ exp(−m1/6) + (1 + ε)Φ((j − mp)/(mp(1− p))1/2)
Lemma B.7. Bounding the sum of random variables
Let Ψ,Ψ′, ξ, ξ ′ be independent random variables such that :

Fξ ≤ a + bFξ ′ and FΨ ≤ a + bFΨ′
Where FX means the cdf of the random variable X, and a, b, c, d are all positive
numbers.
Then :

Fξ+Ψ ≤ (a + bc) + (bd)Fξ ′+Ψ′ and Fξ+Ψ ≤ (c + da) + (bd)Fξ ′+Ψ′
15



Proof :

Fξ+Ψ(η) = Pr(ξ + Ψ ≤ η)
= ∫ Pr(ξ ≤ η − w)dFΨ(w)
= ∫ Fξ(η − w)dFΨ(w)
≤ a + b

∫
Fξ ′(η − w)dFΨ(w)

= a + bFξ ′+Ψ ≤ a + b(c + dFξ ′+Ψ′)
B.2 ProofLet R be a uniform random variable taking values in the set of row indices of X: {1, · · · , k}. We denote SR = XR.w to mean the inner product of the R-th rowof X by w constructed using Algorithm 1. We will use the following notation :
Pemp(S ≤ η) = Pr(SR ≤ η | X) = (1/k)∑k

r=1 I(Sr ≤ η) it is the empirical cdf of therandom variables {Sr, r ∈ {1, · · · , k}}.Using the above two lemmas on exchangeable variables with t = k one can provethe following result holds with high probability :
Pemp(S ≤ η) ≤ (9/8)k−2/5 + (5/4)Φ((η − µ0)/σ0) (5)

Φ is the cdf of a Gaussian r.vN(0, 1); µ0 = nγ0 = n
√ 2
πk (1−k−1/8) and σ20 = n(1−γ20 ).

B.2.1 Proof of inequality (5)Using lemma B.1, with ψi = Xij and t = k for each i ∈ 1, · · · , b, there exists
ξi1, · · · , ξib iid such that :

ξij ≤ Xijzj = Xijsign( k∑
m=1Xmj)

and
ξij ∼ Bern(12(1 + γ0))And this for all i ∈ {1, · · · , b} = B and j ∈ {1, · · · , n}Then for all η ∈ R :

Pr(Si ≤ η ∀i ∈ B)1/b = Pr( n∑
j=1 Xijzj ≤ η ∀i ∈ B)1/b

≤ Pr( n∑
j=1 ξij ≤ η ∀i ∈ B)1/b

= Pr( n∑
j=1 ξ1j ≤ η ∀i ∈ B)

≤ exp(−n1/6) + (9/8)Φ((η − µ0)/σ0) (Lemma B.6)
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Using Lemma (B.2) we obtain that with high probability:
Pemp(S ≤ η) ≤ k−2/5 + (1 + k−1/12)(exp(−n1/6) + (9/8)Φ((η − µ0)/σ0))Which shows the result.

B.3 Proofs for the EMR strategy
B.3.1 NotationsAs before, R will mean a random row sampled uniformly from {1, · · · , k}. Rs asbefore is the set of rows that participate in the voting at step s, now SR(i : j) = XR(i :
j)z(i : j) is the inner product of the R-th row of X(i : j) and z(i : j). The followingnotation will be used for conditioning over the random row index R : S(i : j | A)will mean that R is conditioned to be in the subset of row indices A (which can befor example Rs or R̄s). Also S(i : j) will mean SR(i : j) (i.e. R is any row takinguniformly from the set of rows). And as before :

Pemp(S(i, j | A) ≤ η) := (1/ | A |)∑r∈A I(Sl(i : j)) ≤ η)It should be noted in particular that this equation holds true :
Pemp(S(0 : j+1) ≤ η) = kj+1

k Pemp(S(0 : j+1 | Rj+1) ≤ η)+(1−kj+1
k )Pemp(S(0 : j+1 | R̄j+1) ≤ η)(6)This equality combined with the following recursive relation : S(0, j + 1) = S(0, j) +

S(j + 1, j + 1) makes it possible to use induction to upper bound Pemp(S(0, s) ≤ η) ateach step s of the Algorithm.Let the following quantities be defined as Ts = √n2s−1 , ks ≈ n10002s , ns ≈ n102s for each
s = 0, · · · , N ≈ loglog(n)/log(2) (the reason behind these choices will be explainedshortly).Following the same steps as in the proof in chapter B.2.1, the same inequality as 5is obtained, At each step s ∈ {0, · · · , N} :

Pemp(S(s : s | Rs) ≤ η) ≤ (9/8)k−2/5
s + (5/4)Φ((η − µ(s : s))/σ (s : s)) (7)

Where µ(s : s) = nsγs = ns
√ 2
πks

(1− k−1/8
s ) and σ (s : s)2 = ns(1− γ2

s ).Then using an induction argument based on equation (6), we obtain this generalinequality :
Pemp(S(0 : s) ≤ η) ≤ 3sn−1/10 +Φ((η−µs,1)/σs,1)+ (3/2)(1+n−1/10)sΦ((η−µs,2)/σs,2) (8)And

Pemp(S(0 : s) ≤ Ts) ≤ ks+1
k (9)

Where µs,1 = Ts−1, σ2
s,1 = ns, µs,2 = nsγs ∼ ns

√ 2
πks

, σ2
s,1 = ∑s

j=0 nj .(8 and 9) hold with high probability (w.h.p) for all s ∈ {0, · · · , N − 1} and for all
η ≤ Ts.(9) is very important as it implies that for the next step s + 1, w.h.p

Pemp(S(0 : s | R̄s+1) ≥ Ts) = 1
17



Which simply means that : ∀r ∈ R̄s+1 Sr(0 : s) ≥ Ts) = 1The last step is as important as the first step. In fact (8) is only valid up to s = N−1.For any row r ∈ R̄N we have the following :
Pr(Sr(0 : N) ≤ 0) = Pr(Sr(0 : N − 1) + Sr(N : N) ≤ 0)

≤ Pr(Sr(N : N) ≤ −TN−1)
≤ exp(−n1/6

N ) + (3/2)Φ(−TN−1√nN
) (Using Lemma B.6)

Ï 0 (as n Ï ∞)
For the other rows we have the following, we first need to bound Sr(0 : N − 1) likebefore.
Lemma B.8. For each r ∈ {1, · · · , k} and every ε ∈ (0, 1/6), there exists n0(ε) such
that for all n ≥ n0(ε) :

Pr(Sr(0 : N − 1) ≤ −n1/2+ε) ≤ exp(−nε)
Using this lemma, for any row r ∈ RN :

Pr(Sr(0 : N) ≤ 0) = Pr(Sr(0 : N − 1) + Sr(N : N) ≤ 0)
≤ Pr(Sr(N : N) ≤ n1/2+ε)
≤ exp(−n1/6

N ) + (3/2)Φ(n1/2+ε − nNγN√
nN(1− γ2

N) ) (Using Lemma B.6)
Notice nNγN = √ 2

πkN
nN > n0.502 � n1/2+ε which means that for ε small enough

(say 0.001) n1/2+ε − nNγN√
nN(1− γ2

N) → −∞All in all, limn→∞nPr(Sr(0 : N) ≤ 0) = 0
B.3.2 Sketch of the proof of 8 and 9

A proof by induction is used.For s = 0, inequality (7) can be easily seen to imply inequality (8). In fact :
T0 − µ0,1 ' (2−√2n

πk )√n = (2−√400
π )√n ≤ 0This shows that we can replace σ0:0 by σ0,1 without changing the inequality (as

σ0:0 ≤ σ0,1), it shows also that (9) holds for s = 0.now if we suppose that 8 and 9 hold up to step s then we use the following argumentto prove that it will still hold for the next step :
Pemp(S(0 : s+1) ≤ η) = ks+1

k Pemp(S(0 : s+1 | Rs+1) ≤ η)+(1−ks+1
k )Pemp(S(0 : s+1 | R̄s+1) ≤ η) (6)
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Bounding the second term is easier
(1− ks+1

k )Pemp(S(0 : s + 1 | R̄s+1) ≤ η) ≤ Pemp(S(0 : s + 1 | R̄s+1) ≤ η)= Pemp(S(0 : s | R̄s+1)︸ ︷︷ ︸
w.h.p≥Ts

+S(s + 1 : s + 1 | R̄s+1) ≤ η)
w.h.p︷︸︸︷
≤ Pemp(S(s + 1 : s + 1 | R̄s+1) ≤ η − Ts)The variables {Sr(s+1 : s+1), r ∈ R̄s+1} are all independent conditioned on knowing

R̄s+1, their cdf can be bounded using Lemma B.6. Using Lemmas B.3 we can boundtheir empirical cdf. In the end we will have :
(1− ks+1

k )Pemp(S(0 : s + 1 | R̄s+1) ≤ η) � Φ((η − Ts)/√ns+1) = Φ((η − µs+1,1)/σs+1,1)
Where we use � instead of ≤ to say that there are negligible constants that shouldbe added and that will no change anything in the big n, big k regime.Bounding the first term is more trickier.
ks+1
k Pemp(S(0 : s + 1 | Rs+1) ≤ η) = ks+1

k Pemp(S(0 : s | Rs+1) + S(s + 1 : s + 1 | Rs+1) ≤ η)
Basically, using the interchangeability of the cumulative rows, we prove in a fashionsimilar to Lemma B.1 that we can define iid random variables {Wi} and {Ψi} suchthat :

Wi ≤ Si(0 : s) and Ψi ≤ Si(s + 1 : s + 1)Where each Wi (resp. Ψi ) has a statistical cdf bounded by the right hand side ofeq (8) (resp. eq (7) by changing s to s + 1 ). Note that:
Pemp(S(0 : s | Rs+1) ≤ α) ≤ k

ks+1Pemp(S(0 : s) ≤ α)
We are able to bound Pr(Wi ≤ α) and Pr(Ψi ≤ α) using Lemmas B.2,B.3,B.4. BylemmaB.8 we can bound the cdf of the sum of Wi and Ψi and by lemmaB.2 we willtransform it to an upper bound of the empirical cdf of {Sr(0 : s + 1), r ∈ Rs+1}. Inthe end we will have the following :
ks+1
k Pemp(S(0 : s+1 | Rs+1) ≤ η) � Φ(η − (µs,1 + γs+1ns+1)√

σ2
s,1 + ns+1 )+(1+ε)Φ(η − (µs,2 + γs+1ns+1)√

σ2
s,2 + ns+1 )

All in all :
Pemp(S(0 : s + 1) ≤ η) � Φ(η − Ts√ns,1 )

+ Φ(η − (µs,1 + γs+1ns+1)√
σ2
s,1 + ns+1 )

+ (1 + ε)Φ(η − (µs,2 + γs+1ns+1)√
σ2
s,2 + ns+1 )
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The term in the middle Φ(η − (µs,1 + γs+1ns+1)√
σ2
s,1 + ns+1 ) can be absorbed in the last term

by increasing ε , this is true because they are left tails of Gaussians with means ofthe same order and the variance of the middle term is negligible compared to thevariance of the last term (This means the variance is dominated by step s = 0).So :
Pemp(S(0 : s + 1) ≤ η) � Φ(η − Ts√ns,1 )

+ (1 + ε)Φ(η − (µs,2 + γs+1ns+1)√
σ2
s,2 + ns+1 )

All that is left is to verify that indeed Pemp(S(0 : s + 1) ≤ η) ≤ ks+2/k, this can bedone by using upper bounds left tails of Gaussian r.v’s.
B.4 Case κ ≥ 0In this case, let Ts,κ = Ts + κ

√
n.We want to prove, exactly as before, something of the form :

Pemp(S(0 : s) ≤ ηκ) � Φ((ηκ − µs,1,κ)/σs,1,κ) + (1 + ε)Φ(ηκ − µs,2,κσs,2,κ ) ∀ηκ ≤ Ts,κ
And

Pemp(S(0 : s) ≤ Ts,κ) ≤ ks+1,κ/kκIt is difficult to keep all the new parameters free and look for them, instead willkeep ns the same and only change ks and k in the following way : ks,κkκ = ks
k where

kκ = c(κ)n, we will use also the following notation η = ‘ηκ − κ√n .
c(κ) is chosen so that nothing changes at the first step step s = 0 .i.e:
=Ñ Ts,κ −

√ 2
πk0,κn0

√n0 = Ts −
√ 2
πk0n0

√n0 =Ñ c(κ) := c0(1 +√πc02 κ)2As in the last proof, using the induction we will arrive at
Pemp(S(0 : s + 1) ≤ ηκ) � Φ(ηκ − Ts,κ√ns,1 )

+ Φ(ηκ − (µs,1,κ + γs+1,κns+1)√
σ2
s,1 + ns+1 )

+ (1 + ε)Φ(ηκ − (µs,2,κ + γs+1,κns+1)√
σ2
s,2 + ns+1 )

Note that• ηκ ≤ Ts,κ ⇐Ñ η ≤ Ts
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• γs,κ = (1 +√πc02 κ)γs
• ηκ − Ts,κ = η − Ts• ηκ − (µs,1,κ + γs+1,κns+1) = η − (µs,1 + γs+1,κns+1) ≤ η − (µs,1 + γs+1ns+1)• ηκ − (µs,2,κ + γs+1,κns+1) ≤ η − (µs,2 + γs+1ns+1)From the above points and the fact that Φ is a strictly increasing function, we areassured that we will be dominated by the bounds that we had for the case κ = 0,and thus the choice ks,κ

kκ
= ks

k makes everything work perfectly.For the last step s = N , we do the same as before.
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