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Abstract

We extend the algorithm in (Kim & Roche, 1998) that deals with the problem of
linearly separating binary patterns using a binary perceptron. Although the prob-
lem seems fairly simple at first sight, it is still open from a mathematical point of
view with conjectures made more than half a century still resisting the test of time.
Statistical physics with all its interesting approximations did solve the problem up to
the rigor of the approximations that were used (Like the replica trick), but there is
still a lack of algorithms that perform as well as what is conjectured. In this work,
the algorithm that works for a "stability" parameter equal to zero is extended to
work for a "stability" that can take any positive value. We also show the limitations
of the class of local rules that contains the majority rule and discuss how "enhanc-
ing” those local rules in a procedure similar to what was done in (Kim & Roche,
1998) will lead to sub-optimal rule.
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1 Introduction and state of the art

We are interested in the following problem : given k binary patterns {Xj,..., X}
drawn uniformly at random from {+1}", is it possible to find a vector of binary
weights w € {£1}" (a binary perceptron) such that

Vie {1,--- R} : (W, X;) > kvn (1)

Where (, ) is the euclidean scalar product in R" and k is a stability parameter.

(1) can be written in a more compact form : Xw > ky/n, where X € {1} is
the matrix containing the k binary patterns {X;} in its rows and > is a point-wise
comparison.

Precisely, we will be interested in the probability of finding such w which will be
denoted as Pi(n, k).

This is a special case of a more general problem where the patterns are sampled
from a subset Sy of some n-dimensional euclidean space E" and the weights are
looked for in some other subset S, of E".

These problems were motivated by covering problems ((Cover, 1965), (Kim &
Roche, 1998)) in geometry at first and then by the problem of memory storage
in dynamical neural networks ((Gardner, 1988),(Gardner & Derrida, 1988),(Krauth
& Mézard, 1989a)). Also, the problem is a special case of random constraints satisfac-
tion problems (CSP, (Coja-Oghlan, 2009)), in addition to being a machine learning
binary classification.

While almost all other instances of this problem (In general when at least one of
the two sets Sy and S, is not discreet) were fairly solved, the binary case, to which
our interest is turned, has resisted the test of time with conjectures that are still
unsettled to the time of this writing and the best of our knowledge.

1.1 Covering sets

Let n € N (a dimension) and S be a set in E" (the workspace, here, a Euclidean
space of dimension equal to n). We say that S is covered by Hj, ..., H, (k subsets
of Em) if :

S C Uk H;

In the case where each H; is determined by one and only one vector X; € E", we
will say, abusively, X, ..., X, cover S to mean, that the subsets generated by these
vectors cover S.

In particular, when Hy, = {w € S, C E" : (w, X;) < k\/n} then not covering S by
Hy,,...,Hy, is equivalent to (1).

1.2 Associative memory

Given a dynamical system consisting of n + 1 neurons {o; }I", interacting between
each other through the "synapses" J;; in the following manner :

o/t = sign(z Jio;) (2)
j
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A fixed state of this dynamic is a configuration of n+1 neurons such that

o; = sign(Z Jii0;)
j

In other terms, we ask that : Z]. Jijo;0; > Kvn

Where the term k./n is used instead of zero to guarantee more stability. Hence
why k is sometimes called stability (it has been shown that the bigger k is the more
stable the fixed points will be).

The fixed states of the dynamic (2) can be used as an associative memory to store k
patterns, the question here is whether there are interactions that can store a given
set of k patterns or not.

In the special case of systems with no self-interaction (J;; = 0), when we isolate
one neuron (say 0), write the stability for the chosen neuron can be written in the

following form:
Z W]'XU > KI\/H
j

Where w; = Jo;, X; = j(l)c(()l) and {6,.“)};;0 is the [-th pattern out of the k patterns we
want to store.
We find again the original problem.

1.3 Binary classification

Finding w € {+1] that verifies (1) is equivalent to learning how to separate binary
patterns on the following training set {(X;, +1) }¥_, by using a perceptron with binary
weights, bias equal to —k/n and non-linearity or activation function equal to the
sign function.

1.4 Random constraint satisfaction

The k inequalities in (1) are constraints imposed on the binary weights w. The
question in random constraint satisfaction problems is if there is a valuation of w
that makes all the constraints k to be TRUE.

1.5 The capacity

In random constraint satisfaction, we have in general k constraints imposed on n
variables that need to be verified. Loosely speaking, for k small, we expect that the
problem will always have a solution as it is under-constrained. When k gets bigger,
finding a solution becomes harder and harder up to a point where there will be no
solution unless a very fortuitous rare event happens.

This loose reasoning and simulations suggest that for this kind of problems there
is a phase transition i.e. there is a ks(n) that separates the region of k’s for which
a solution will be guaranteed with high probability and the region of k’s with no
solutions.

In general, the threshold can be either sharp or coarse, sharp means that the
threshold occurs in one specific value of k, coarse means that the threshold is not
unique (interval, a specific order on n with different possible constants).
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For the problem (1) and most of the problems in random constraint satisfaction, it
is conjectured that there is a threshold and that it is sharp.
ks(n)

general, we want ¢ to be a constant. ¢ is the critical number of constraints to the
number of variables.

Asking for the capacity is, generally speaking, asking for too much as it is not
always true that it exists. For this reason, we will define two relaxed notions related
to the capacity. A lower-bound of the capacity will be any ¢ for which a solution
is guaranteed to exist whenever k < cn. In the same way, an upper bound of the
capacity is any ¢ for which no solution will exist with high probability whenever
k > cn. It is not hard to see that the capacity exists if and only if there exists a
lower bound and an upper bound of the capacity which coincide.

It is also worth noting that in addition to this potential threshold, one may consider
algorithmic thresholds that will characterize the difficulty or complexity of finding
a solution. One expects that the closer to the threshold (from below) the harder it
will be to find a solution even if it is guaranteed to exist.

when it exists. In

For our purposes, the capacity will be the quantity c(n) =

1.6 Some history

When Sy = S, = S" = {x € R" : |x|]2 = 1} and k = 0 we will use the notation
P, s(n, k) to denote the probability of finding a solution when the patterns are in S"
and the weights are also in S" (the little s stands for S"). This is the problem of
covering S" by half spaces generated by patterns from S".

In the same way, P, s(n, k) will be used in the case where Sy = S" and S, = {£1}",
this is the problem of covering S" by half spaces generated by patterns from {+1}".
In the sixties, it was proven in (Wendel, 1962) and then indirectly in (Cover, 1965)
that :

P, (n, k) = 27" 21 <k . 1) (3)
i=0

(3) is is known as "the function counting theorem" for example in (Cover, 1965).
One of the consequences of formula (3) is that the capacity exists and is equal to 2,
this was rediscovered later by Gardner (Gardner, 1988) using the replica trick.
The problem of covering S" by binary vectors from {+1}" proved to be a little bit
more difficult than the first problem. This problem was, reportedly, first considered
by Erdos, and then solved in (Furedi, 1986) who showed that it was, up to some event
with a vanishing probability, the same as the first problem (thus they have the same
capacity = 2), exactly :

pb,s(nr k) = Ps,s(nr k) + O(n—1/2) (4)

In (4), the term O(n~'2) is the probability that an n x n {+1} matrix taken uniformly
at random is singular, this fact was shown in (Komlos, 1967) and then improved to
0(0.999") in (Kahn, Komlos, & Szemeredi, 1993). The 0.999 was improved by Van
Vu and Terence Tao to 0.985, and to 2 and then to %2 in 2009 ((Tao & Vu, 2005) for

example).



1.7 Main contributions

The main contribution of this work is extending the algorithm in (Kim & Roche,
1998) which was engineered for a stability parameter k = 0 to general k > O.

We also show that the majority rule is optimal amongst all local rules (see 2.2 for
a definition), the first consequence of this is that to do better one needs to consider
non-local rules. Another consequence is that one cannot use the same principle
that was used in (Kim & Roche, 1998) to enhance the majority rule on another local
rule as it will be sub-optimal.

2 Basic results

There are two approaches that we will discuss here for solving (1). The first one is
what is know as the majority rule, the second one we will refer to it, for reasons
that will be made known, as the enhanced majority rule or EMR for briefness.

2.1 Upper bound from the first moment method

Theorem 2.1. For ¢ > : limy,_,o Pc(n,cn) =0

In
~In(H(k))

Proof : denote

Zn= Y I(w,X;)>kvn Vie{l,... k})

we{x1}n
So:
E[Z,] = 2"Pr(< wy, Xi >> kvn)k
= 2"H, (k)*
= exp{—n(—c In(Hy(k)) — In(2))} ;c = %
o dt t* o
As Hy(k) = | exp(——) := H(k) from the central limit theorem, the theorem
* Vo 2

holds.
For k = 0, (Kim & Roche, 1998) proved an upper bound equal to 0.9963 which is
better than 1 implied by theorem 2.1.

2.2 The majority rule

The majority rule is the following algorithm :

Algorithm 1. Input X ¢ {+1 }k<n
Forje {1,---,nk
Set w;"V = sign(32F X)) Vie{1,---,n}
Output w™¥
Where X;; = (Xj);, the j-th component of the i-th pattern.

The majority rule is a local rule i.e. the j-th component is a function of only the
j-th column of X.



2.2.1 Analysis

Notice that the fact of the majority rule being local means that the k components of
the vector Xw™¥ are the sum of n independent and identically distributed random
variables in ZF, it is a random walk in Z*.

To be more precise,

w3,
j=1

Where V; = (X;;w]", ..., Xw™)T, the components of ¥; are identically distributed
(due to symmetry, they are actually what we call exchangeable variables) but they
are not independent, they are all correlated. In fact they are weakly correlated as
we will see.

We have the following computations :

k k
j 1 [ 2
PI’(XUija] = +1) = PY’( E Xi,-XU > 0) = PP( E Xijxlj > '—1) = —(1 + ﬁ) + O(k_i)

, : 2
i=1 i=2

This derivation is true only for k odd, but it is not difficult to see that when k is even
the term /2/(7tk) (the average of Yj(i)) will be (3/2)\/2/(stk) which is even greater,
this is due to the symmetry of the problem and actually has nothing to do with the
convention sign(0) = +1. In general the case k even, is not treated because it is
easier for the above reason.

The covariance matrix of Y is thus as follows:

var(Yj(i)) =1 — 2/(ntk) + o(k7?) and COV(YI-“), Yj(l)) = o(k™!) for i # I (hence why we
say weakly correlated).

2.2.2 Main results

(Fang & Venkatesh, 1998) proved theorem 2.2 using a large deviation local limit
theorem (Richter, 1958),(Chaganty, 1986) on random walks in ZF (see theorem A.1)
for a stability parameter k = 0, we verified that the theorem can be extended to
k > 0 without changing anything.

Theorem 2.2. Let Z, be the number of rows r violating the inequality (w™Y, X,.) > k\/n.

3/2)logl log (2Am3? logl 2
Then for k,, = n 1+ (3/2)loglog(n) + log (2A7"™) + O( oglog(n) ). We have :
stlog(n) log(n) log(n)?
Z, — Poisson(A)
This implies in particular that ks(n) = n/(rtlog(n)) is a sharp threshold for the

majority rule on problem (1) i.e :

1
VC < p : lim, . Pc(n, n)=1and VC > p : lim, . Pc(n,

— —n)=0
log(n) log(n)

The fact that we dont need to change anything to go from the case kK = 0 to
k > 0 can be easily seen from the fact the average of } ', V; is of the order of

n/vk ~ /nlog(n) and the variance is of the order \/n, the worst we can do is
v nlog(n) —v/n/u, = v/n(y/log(n) —1/u,) > ky/n for a suitable choice of u, € o(1).

For details on this,refer to Appendix A.



2.2.3 Local rules : beyond the majority rule?

The majority rule is a local rule as discussed before. Let us consider a local rule f
i.e: based on the column X; we construct w; = f(X;). Due to the symmetry of the
problem all local rules should be symmetric functions. As the only power sum that
is not a constant on {£1} variables is their sum, using Girard-Newton formulas we
deduce that f only depends on the sum of its inputs, hence all local rules should be

such that f(xy,...,xg) = gr o SUM(xy, ..., xp) = gf(Zfzix,-).

For a given local rule determined by the function g, the variables {Jcig(Zf:1 x;) hi

are identically distributed +1 random variables. We have the following identities :

k k
By = E[ﬂQ(Z%’)] = QPP(xig(ZIj) =+1) -1

j=1 j=1
k

cov(xag(} x;), xpg(

j=1 j=1

hE

x;)) = Il = B) — p
This implies that the best local rule is the rule determined by g* € argmax, pg.

Theorem 2.3. Optimality of the majority rule

argmaxy iy = {sign} where sign is the sign function with the freedom of choos-
ing sign(0) to be either +1 or —1. In other terms, the majority rule f(xy,...,xg) =
sign(Zf=1 x;j) is optimal amongst all local rules.

Proof: see appendix A.1.

This suggests that non-local rules should be considered if we hope to approach
a constant capacity as suggested by simulations (Krauth & Opper, 1989) and the
replica trick from statistical physics (Krauth & Mézard, 1989b).

Another consequence of this result is that even non-local rules that are built using
local rules other than the majority rule in the same fashion as the construction of
the enhanced majority rule (2.3) based on the majority rule will be sub-optimal to
the enhanced majority rule.

2.3 The enhanced majority rule

In (Kim & Roche, 1998) algorithm 2 which can be seen as an enhancement of
the majority rule (hence the name enhanced majority rule) was introduced. By
dividing the columns of the matrix X into N blocks and giving the right only to some
carefully chosen rows to vote at each step, they were able to leverage the already
known threshold of the majority rule in theorem 2.2. As seen in the analysis of the
majority rule, the average of Xw™% is of the order n/v'k which means that k needs
to be small compared to n, but as we want this to work for a constant capacity (k
of the same order as n), one of the possibilities is to correct the bad rows (the ones
who have a small inner product, this will be made clear).

Before stating what the EMR algorithm is, first we need to introduce some notations.
Let CoU...U Cy be a partition of {1,...,n} such that card(C;) = n; (and evidently

Zloni = n).



We will denote X(i : j) the matrix formed by columns of X from column blocks i

to j, i.e. X(i :j) is formed out of columns of X starting from Z:o n till column
’;:0 ns. In the same manner, for a vector z € R", z(i : j) will mean the same thing.

We will denote S(i : j) = X(i : j)w(i : j). We will refer to S(0 : j) as the cumulative

inner products up to step j.

The EMR algorithm is constituted of N steps. For step s = 0 we use the majority

rule seen before on X(0 : 0) to construct w(0 : 0). At each step s > 1, we construct

the ns entries of w(s : s) from the block X(s : s) € {+1}¥*%s by only letting ks < k

rows with the smallest cumulative inner product up to step s — 1 vote.

The EMR algorithm is the following :

Algorithm 2. Input X, N, {ks, n,}
For sin {0,--- ,N}:
If s = 0 then use the majority rule to select z(0 : 0)
Else s + 0 :
Let R, be the indices of the ks smallest rows of S(0:s —1).
Set: w; = sign(Y",.p Xij) Vj€ Cs Where Cs = {Y i o ni, -+, Yoo oni}
Ouftput w

2.3.1 Main results

Let fo = 1, fi = 1/200 and f, = 10>, Denote A = Y.  f, and let n, = (f./A)n.
Let kg = con = 0.005n, k; = 107%n and ks = fin. (we need actually to make
the quantities ng, ks integers, which is not difficult but as it will make things more
complicated than necessary, we will not do it here, the exact formulas can be found
in (Kim & Roche, 1998)).

Notice the following good approximations : n, =~ fsn, ks ~ f3n, these approximations
will be useful in the proofs.

Theorem 2.4. Using Algorithm 2 with N = |logy(0.01logio(n))|, ns and ks defined

as above, for all ¢ < ¢ := 0.005 :

lim,_ .n(l — Py(n,cn)) =0

We extend theorem 2.4 for k > 0

Theorem 2.5. Generalization of 2.4 tok > 0

Using Algorithm 2 with kg, = (1 + ‘/%l{)ks and N and ng the same as before,

we have the following result:

Ve < clk) := : lim,_.n(1 — Pc(n,cn)) =0

2.4 Basic ideas of the proofs

For detailed proofs refer to the Appendix B.3 and B.4. We start here by discussing
the basic ideas for the proof of theorem 2.4 and then move to theorem 2.5. We
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lower bound of capacity as a function of k

1w —— Lower Bound of C
upper bound of C

10t

capacity

1072

Figure 1: Plot of the lower bound in Th 2.4
and the upper bound in Th 2.1

leverage the fact that when using the majority rule all the variables are exchange-
able, this means their joint distribution is unchanged under any permutation. This
seemingly simple fact is very powerful (for this see B.1). In particular, with ex-
changeable random variables, we can upper bound their empirical cumulative dis-
tribution function (empirical cdf) by upper bounding their cdf. We can also replace
exchangeable variables by i.i.d random variables as long as we only consider a few
of them at a given time, with a small price to pay that vanishes as n, k get big.
Using an induction on the steps s = 0,..., N , the percentage of rows with cumu-
lative inner products up to step s smaller than a threshold T, = /n/2°~! will be
shown to be upper bounded by k,.1/k. The last fact implies in particular that all the
rows that will not vote at the next step will be at least as great as the threshold Ts.
The last step N, is treated differently. The rows that will not vote are guaranteed
with a high probability to be greater than Ty = 6(y/n/log(n)), but because ny is
small (n®® < ny < n%%, obtained using the definition of N), with high probability
the contribution of the last step will not make any of the cumulative inner products
negative. For the rows that will vote at the last step, anyway, we could not have
done as worse as —/n/o(1) (up to step N —1), because ky is very small compared to
ny, the positive shift \/2/(;tky)ny will dominate and make the overall inner product
positive with high probability.
For proving theorem 2.5, we use the same ideas. In this case, the threshold T will
be changed to T, = Ts + kv/n, k = con to k. = c(k)n and k; to ks, which will be
chosen such that kg ./k, = ks/k. This way if we make sure the new upper bounds of
the empirical cdf of the cumulative inner products are tighter than before, we will
satisfy directly the upper bound ks /k.. The new upper bounds are tighter because
the new threshold T, is just a translation of the old one and the new positive shift
2/(rtks ) = (1 + V7tco/2k)\/2/(7tks) is greater than the positive shift for k = 0, this
makes sense as the constraints now are harder and thus more effort is needed.

2.5 Extension : An adaptive algorithm

From the ideas of the proof of theorem 2.4 and theorem 2.5, we can modify algo-
rithm 2 to choose automatically the rows that should vote at each step s, for this
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we need to define the following quantity : T, = /n/257! + ky/n.

Algorithm 3. Input X, N, {n;}
Forsin {0,--- ,N}:
If s = 0 then use the majority rule to select z(0 : 0)
Else s + 0 :
Let R, be the indices of the rows of S(0:s — 1) smaller than Ts,.
Set: w; = sign(Y,.p Xij) Vi€ Cs Where Cy = {3 oo ni, -+, Yo oni}
Ouftput w

Theorem 2.6. The conclusion of theorem 2.5 holds when using Algorithm 3 with
the same N and n; .

2.6 How simulations are done?

In (Krauth & Opper, 1989) a simulation of problem 1 was proposed. In the simula-
tion, instead of asking what is the threshold or capacity for a fixed k, we ask up to
what value of k can we go for a fixed capacity c (i.e k = cn).

The following quantity k,(c) = Ex][ rr}aic} r{ﬁn (X;, w)/\/n] was simulated. k, is a
we{+1jni=1,.., cn

decreasing piece-wise constant function (constant on intervals of size 1/n). If we

denote Y,(c) = rr;aic} .rinin (X;,w)/\/n, then if we can prove a statement of the
we{x ni=1,.., cn

form : for n big enough we have with high probability V,(c) > K(c) and the bound
is tight, then we would be able to say that c(k) = K'(k), and this will tell us for
example if the bound is indeed sharp (when k +— c(k) is strictly decreasing). This is
difficult, so we follow what good sense suggests : for big n, the curve of k, should
be near the curve of K.

We run the simulation 1000 times for n = 11,13, 15, here is what we found : This

K, as a function of c

—— 1/n=1/11
1/in = 1/13
1/n = 115

D2 Da 06 D8 10
C

Figure 2: simulated curve of k, for n = 11,13,15 average over 1000 independent
trials.

suggests a capacity (for k = 0) around 0.7 obtained by a linear interpolation of ¢ as a
function of k and looking for the output when k = 0 (the estimation from statistical
physics is 0.83).



3 Conclusion

We discussed the problem of linearly separating binary patterns with a binary per-
ceptron, the problem is very interesting from a mathematical perspective as it shows
how a seemingly simple problem can be very challenging to mathematicians and
computer scientists alike.

In nowadays deep learning, the binary networks that are considered are very differ-
ent from the problem that was studied here. In general, we mean binarized neural
networks (Hubara, Courbariaux, Soudry, El-Yaniv, & Bengio, 2016) which are moti-
vated by being less demanding in memory (with a small price of less precision) and
thus offer a good solution for integrating deep learning solutions in small devices.
These models are not 100% discreet to still be able to use SGD variants and back-
propagation for learning, this luxury is not possible for completely discreet models
which makes the task a lot more difficult as we have seen.

To summarize what has been done in this work, the story begun with the rigorous
analysis of the majority rule applied to problem 1 with k = 0 in (Fang & Venkatesh,
1998) where it has been shown a transition when the number of constraints k,
scales as n/(;tlog(n)), we showed that the same transition is maintained for any
k > 0. (Kim & Roche, 1998) proposed an enhanced version of the majority rule that
solves problem 1 with k = 0 up to a number of constraints k = 0.005n, we extended
their work to the general case of k > 0 and k = c(k)n (Th. 2.4). We also proposed
a small modification of the algorithm (Alg.3) that makes it possible to choose auto-
matically what and how many rows will vote at each step of the algorithm.

While it might be thought the same can be done for a simple rule that would be
similar to the majority rule, we show that as long as the new rule is local, it will
be sup-optimal to the majority rule, even more than that, the "enhanced" (based on
the procedure in (Kim & Roche, 1998)) version of any local rule will be sup-optimal
compared to the enhanced majority rule (Alg.2) and its adaptive variant (Alg.3).
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A Proofs related to the majority rule

A.1 Proof of optimality of the majority rule

Maximizing p, = 2Pr(x1g(2f:1 xj) = +1) — 1 is equivalent to maximizing
Pr(xig(z;lix,-) = +1).

k k
Pr(aqg(ij) =+1) = 1+ Zx, + Pr(g(-1 + Z x;)))
j=1 j=2

= 27" {l(g(k) = +1) + I(g(~k) = —1)}
By
+ 27k < >{]I( (k —2I) 1) + ] (g(k —2I) 1)}
1=1
g maximizes the above sum if and only if g(k) = +1,g(—k) = —1 and (g(k — 2I) =
2xﬂ(ﬁ<1)—1 =2><]I(l<g)—1Vl€ ,....,k—1}orglk—-2l) =2x1I( <

k
5) —1Vle {1,...,k—1}). This means that g is the sign function, with the freedom
of assigning to zero either +1 or —1.

A.2 Proof of the capacity of the majority rule

Theorem A.1. Local version of the central limit theorem Let {Uy;}iL, be n i.id
random variables taking values in {0,1}* such that E[Uy;] = p, and cov(Uy,j) =
V. — V non-singular.

R, — nu,
Let R, = 2;1 Unj and denote &, = Hn — Nfn

/n
p(gn = €n> ~ ngk/%an (en)

as n — oo (¢y, is the pdf of a Gaussian r.v with covariance matrix V,)

, then for €, = o(n'/%) :

Proof: is similar to the proof of the central limit theorem with some minor changes.
[t starts by writing the probability mass function as an inverse Fourier transform of
the characteristic function and then using Laplace integration formula with math-
ematical details to make sure everything is good, the probability mass function is
shown to be equivalent to the normal probability density function with the same
mean and same variance which depend this time on n hence why we call it a local
theorem).

A consequence of the last theorem is this lemma :

11



Lemma A.2. Large deviation global limit theorem
Let €, = (€},..., &) be any sequence such that 1 « € « n'6 as n — oo, then

under the assumptions of the previous theorem:
pr(gn > €n) ~ CI)VH(_en) and pr(gn < —€n) ~ ¢Vn(—€n)
Where &y is the cdf of a Gaussian r.v with covariance matrix V,

In the case of the majority rule, Xw™¥ = 2 Zle Unj—n, where the random variables
U; are iid and take values in 0, 1.

fn = E[U%) = 1/2 + 1/(v2rk) + O(k™") and cov(US, UL) = (1/4)I(a = B) — 1/(27k) +
O(k~372) Wthh means :

& pr . pn
v, = Pn - - Pn
Pn - Pa O

The matrix with 02 = (1/4) — 1/(27tk,) + O(k;;%?) on the diagonal and p, = O(k;')
on the off-diagonal entries.

Let m be a fixed number and 1 < oy < ... < a,, < k,, we denote :

m = Pr((w™, X)) <kvn,...,(w", X, ) < kVn)

The probability that m distinct constraints are violated at the same time.
Let n?’ « k, < n, then

ZUn] M ZUm M

ZUm M _ pr(R, < MHEVR,

2
n+kyn 1
- Prig, < (T ) )
1
—PP€n< { 2\/5—_} Pr(gn<—€n)
1 K n -1 1/6
where €, = (n, — é)\/ﬁ 5 =\Vomm t O(v/nk;') so 1 « €, « n*°, we can apply

the previous lemma

Pm = pl"((‘fn < _en)
~ CDVH(—en) = (I)U,%Agn(—én)
= chen(_en/On)

2n

Ttk,

~ CI)Aen(_ )

Ay, = 0,2V, is a matrix with diagonal entries equal to 1 and off-diagonal entries
equal to 0, = p,/02 — 0.

12



Lemma A.3. multivariate Mill’s ration
®,y (—€n) ~ €,%¢a, (—€,) (an equivalence relation between the cdf and the pdf of
a Gaussian), this is true for matrices of the type A, = A(6,) with 6, — 0,

Using this lemma,we prove that :

DPm ~ (\/k_ne—n/(ﬂkn))m
N

Which means that when n — oo all the dependencies introduced by the majority
rule vanish.

Let Z, = Y2F, I((w™, X;) < ky/n), the number of rows that violate the constraint.
There is a classical result that says that in order to show Z, — Poisson(A) it is
equivalent to show that E[(Z,)p 1= Zn(Z, —1)---(Z, — m + 1)] — A for all m.

As E[(Zp)m] = m!(i’;)pm (because of exchangeability), it suffices to show that for all

m: (k") Pm — —, this is not difficult to verify for the threshold given in theorem 2.2.
m m!

B Basic Lemmas and more details on the proofs

B.1 Exchangeable random variables

The random variables X;jw; are dependent which is not good. But while we lost the
independence, we did not lose everything, the variables X;;w; are still what we call
exchangeable variables.

Definition B.1 (Exchangeable variables). We say that a sequence Xi,---,X, of
random variables is exchangeable if for all permutations 7, the sequence has
the same distribution as X, -+ , Xa(n) -

We have the following interesting lemmas that apply to this type of sequences.

Lemma B.1. Lower bounding exchangeable variables by iid variables

Let t be odd, and b even with b < %1,

Let ¥y,--- ,Y; be iid symmetric Bernoulli random variables (i.e. Pr(y; = 1) =
Pr(y; = —1) = 0.5) and let B = {my,--- ,m; } any be element subset of {1,--- ,n}.
There exists ty independent of b, such that for all t > t, we can define iid rv’s
&,---,& iid rv’s such that :

& ~ Bern(%(i + \/%(1 —t718))

t

& < Ymsign(Y ) Vji=1,---,b

i=1

And :

Lemma B.2. Controlling 0 — 1 exchangeable variables by there sum.
Let &,--- ,& be exchangeable 0 — 1 variables and let b = t*! and suppose there
exists q € (0,1) such that :



Then there exits ty independent of b such that :

t
pr(Z€i > t3/5 + (1 + t—1/12)qt) < exp(_t1/70)
i=1

A basic idea of the proof of lemma B.2 is the following Markov type inequality :

t t — e s s — f—t
Pr(} & >T)< (o) Pri&: _(T) & =1)
i=1 b

Which can be proven easily by applying Markov after the following remark:

t

Pr(y e > T <Pl Y] A =1 x ()

. b
i=1 A|A|=b

This last Lemma, shows that we can control the empirical cdf of a sequence of t
exchangeable random variables by only controlling at most b = %! of these random
variables.

Lemma B.3. Suppose that &4, ..., & are real-valued exchangeable r.v.’s drawn from
the same set of size (at most) M. (M can be a constant or can depend arbitrarily
on t.) Also suppose Pr(& < u,...,& < u) < [Gu)]® for all u € R, where b =
21(1/2)t*! and G is a non-negative and non-decreasing real-valued function (a
cdf for example,).

Let F be the empirical c.d.f. of the £’s. Then there exists an absolute constant t,
such that forall t > t,,

Pr(F(u) <25 + (1 + t"%)G(u)Vu € R) > 1 — Mexp(t™'")

This last lemma which is a corollary of the lemma just before it shows that upper-
bounding the cdf yields an upper bound on the empirical cdf of a collection of
exchangeable random variables taking values on a finite set.

Lemma B.4. Let Uy, ..., Uy be exchangeable real-valued r.v.’s taking values on a
finite set (whose size can grow with t), and suppose that, w.h.p., their sample c.d.f.
is dominated by F. Then we can define i.i.d. r.v.s Wy, ..., W; (defined on the same
space as the U; ’s) with c.d.f. G defined as

G(u) = min{t™° + F(u),1}I(u > c;)

Where c; is the minimum value that can be taken by the U; ’s. with high proba-
bility we have the following :

Ui>W Vie{l,.. .t}

Using the last two lemmas we can go from bounds on cdfs to bounds on empirical
cdfs, and we can also change a given cdf by its empirical cdf in a given bound by
adding negligible terms.

For dealing with Binomial random variables, we need the following definitions and
lemmas.
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Definition B.2. For m,j integers and p € [0, 1] we define :
. m . .
b(m,p,j) = <]. >p’(1 - p)"”’

And :

j
B(m, p,j) mepl
i=0

Lemma B.5. (DeMoivre Laplace theorem). As before, m,j are integers and

p € (0,1) and € € (O,1

6). Then the central limit theorem is valid if the following

conditions are met :
m—1/3+€1 < p < 1 _ m—1/3+€1 and lj _ mpl S (mp(1 _ p))2/3—€1

Furthermore, under the same conditions, there exists M(e;) (does not depend on
p) such that for all m > M(e;) :

i>mp+(mp(1-p))?3=<t

and by symmetry

i<mp—(mp(1-p))*3-<1

This means basically that a binomial random variable Bin(m, p) will concentrate
around its mean mp with a variance equal to mp(1 — p) when m — oo and it will
stay in the interval (mp —(mp(1—p))**~<, mp + (mp(1 —p))**~<) with high probability
(vanishing exponentially with m).

Lemma B.6. Bounding binomial random variables
For any € > 0 there exists M(e€) such that Ym > M(e), Vj € {1,---,m} and
Vp € [1/10,9/10] :

B(m,p,j) < exp(-m"®) + (1 + €)®((j — mp)/(mp(1 — p))*’?)

Lemma B.7. Bounding the sum of random variables
Let ¥V, V', £, & be independent random variables such that :

Fg <a+ ng and F\y <a+ bF\y/
Where Fx means the cdf of the random variable X, and a, b, c,d are all positive
numbers.
Then :
Fg_,_\y < (a + bC) + (bd)Fg/_,_\y/ and Fg_,_\y < (C + da) + (bd)Fg.,_\y/

15



Proof :
Fepw(n) = Pr(€+ ¥ < n)
= ]Pr(&’ <n—w)dFy(w)

_ / Fe(n — w)dFy(w)

<a-+ b/Fg(n — w)dFy(w)

=qa + ngq_\y <a+ b(C + ng'+\ll’)

B.2 Proof

Let R be a uniform random variable taking values in the set of row indices of X
: {1,--- ,k}. We denote Sp = Xgp.w to mean the inner product of the R-th row
of X by w constructed using Algorithm 1. We will use the following notation :
Pemp(S < m) = Pr(Sgp < n | X) = (1/k) Zfziﬂ(sp < n) it is the empirical cdf of the
random variables {S,,r € {1,--- ,k}}.

Using the above two lemmas on exchangeable variables with f = k one can prove
the following result holds with high probability :

pemp(S < TI) < (9/8)k_2/5 + (5/4)q’((77 - HO)/UO) (5)

2
® is the cdf of a Gaussian r.v N'(0,1); po = nyo = ny/ ﬁ(i ~k '8 and of = n(1—73).

B.2.1 Proof of inequality (5)

Using lemma B.1, with ¢ = X;; and t = k for each i € 1,-.-,b, there exists
&, , &p 1id such that :

k
&j < Xijzj = XijSign(Z Xmj)
m=1

and 1
&j ~ Bern(§(1 + %))

And this foralli € {1,--- ,b} =Bandjec {1,---,n}
Then foralln e R :

Pr(S; < nVie B)"* = Pr() Xz < nVieB)"

j=1

< PP(Z & <nVie B

j=1

= PP(Zgﬁ < n Vi e B)

j=1

< exp(—n'®) + (9/8)®((n — mo)/0y) (Lemma B.6)
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Using Lemma (B.2) we obtain that with high probability:
Pemp(S < 1) S B + (1 + k7V2)(exp(—n'"®) + (9/8)®((n — po)/ o))
Which shows the result.

B.3 Proofs for the EMR strategy
B.3.1 Notations

As before, R will mean a random row sampled uniformly from {1,--- ,k}. Ry as
before is the set of rows that participate in the voting at step s, now Sg(i: j) = Xp(i:
j)z(i : j) is the inner product of the R-th row of X(i : j) and z(i : j). The following
notation will be used for conditioning over the random row index R : S(i : j | A)
will mean that R is conditioned to be in the subset of row indices A (which can be
for example R, or R,). Also S(i : j) will mean Sg(i : j) (i.e. R is any row taking
uniformly from the set of rows). And as before :

Pemp(S(i,j [ A) <m) = (1) |A )X, caUSi(E ) < )
It should be noted in particular that this equation holds true :

k; ) k.
“p Pemp(S(0: 41 | Rppy) < m)+(1-=2

Pep(S(0:j+1) < m) = )Pemp(S(0:j+1 | Rj1) < m)

(6)

This equality combined with the following recursive relation : S(0,j + 1) = S(0,j) +

S(j +1,j + 1) makes it possible to use induction to upper bound Pe,,(S(0,s) < n) at
each step s of the Algorithm.

vn k ki ng = n for each

9s-1” "5 ¥ 40007 1'¢ ¥ 1027
s=0,---,N = loglog(n)/log(2) (the reason behind these choices will be explained

shortly).
Following the same steps as in the proof in chapter B.2.1, the same inequality as 5
is obtained, At each step s € {0,--- ,N}:

Pemp(S(5:5 | Rs) < 1) < (9/8)kR;%*" + (5/4)®((n — p(s : s))/0(s : 8)) (7)

S

Let the following quantities be defined as T =

2
ey (1 —k;'8) and o(s: s)? = ns(1 — ¥2).

Then using an induction argument based on equation (6), we obtain this general
inequality :

Penp(S(0:8) < 1) < 3°n Y10+ D((n — ps1)/0s1) + (3/2)(1 + n =10 D(( — pso)/os0) (8)
And

Where p(s:s) = ngys = ng

ks+1

Pemp(S(0:5) < Ts) < 2

9)

2
2 2 s
Where pg1 = Ts_y, 051 = N, Pso = NgYs ~ N X Oy =) :]-:0 n;.
Tt S

(8 and 9) hold with high probability (w.h.p) for all s € {0,---,N — 1} and for all
n < T..
(9) is very important as it implies that for the next step s + 1, w.h.p

pemp(s(o : 8 l Rs+1) 2 Ts) =1
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Which simply means that : Vr € R,y S, (0:8) > T,) =1
The last step is as important as the first step. In fact (8) is only valid up to s = N —1.
For any row r € Ry we have the following :

Pr(S,(0: N)<0)=Pr(S,(0: N —-1)+ S,(N:N) <0)
< Pr(S,(N:N) < —Ty_4)

< exp(—nll®) + (3/2)®(- 3\;) (Using Lemma B.6)
N

— 0 (as n — o0)

For the other rows we have the following, we first need to bound S,(0: N — 1) like
before.

Lemma B.8. Foreachr € {1,--- ,k} and every € € (0,1/6), there exists ny(€) such
that for all n > nq(e) :

Pr(S.(0: N —1) < —n'?*¢) < exp(—n°®)

Using this lemma, for any row r € Ry:

Pr(S,(0: N) < 0) = Pr(S,(0: N —1) + S,(N : N) < 0)

< Pr(S,(N : N) < n'/?*€)

1/2+€

n - HN’)’N) (

2

< exp(—ny°) + (3/2)®( =7
N =7y

Using Lemma B.6)

2
Notice nyyy = ‘/JTTHN > n%502 x5 n'2+¢ which means that for € small enough
N

1/2+€ __
(say 0.001) n NN, oo

ny(1 — %)
All in all, lim,_,,,nPr(S,(0: N) <0) =0

B.3.2 Sketch of the proof of 8 and 9

A proof by induction is used.
For s = 0, inequality (7) can be easily seen to imply inequality (8). In fact :

TO_IJO,i:(2_\/%)\/H=(2_\/$>\/HSO

This shows that we can replace 0y by 0y; without changing the inequality (as
000 < 0p1), it shows also that (9) holds for s = 0.

now if we suppose that 8 and 9 hold up to step s then we use the following argument
to prove that it will still hold for the next step :

Pennp(S(0: 5+1) £ 1) = = Py (S0 541 | Ruya) < )1 -2

18
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Bounding the second term is easier

ks _ _
(1 - f)pemp(s(o S+ 1 [ Rs+1) S 77) S pemp(s(o S+ 1 [ Rs+1) S TI)
= Pemp(S(0:5 | Rs4) +S(s +1:5 +1 | Rgy1) < 1)
———
w.h.p>Ts
w.h.p
~ =~ =
< Pemp(S(s+1:5+ 1| Reyq) < —Ts)

The variables {S,(s+1:s+1),r € R,.1} are all independent conditioned on knowing

R;.4, their cdf can be bounded using Lemma B.6. Using Lemmas B.3 we can bound
their empirical cdf. In the end we will have :

ks+1
k

Where we use < instead of < to say that there are negligible constants that should
be added and that will no change anything in the big n, big k regime.

Bounding the first term is more trickier.

Roitp  (S(0:5+1|Rout) < 1) = 2D (S(0:5 | R Sls+1:5+1]|Ray) <
Temp(( 1S+ [ s+1>_n)_T emp(( -5] s+1)+ (S-l- 1S+ I s+1)_n)
Basically, using the interchangeability of the cumulative rows, we prove in a fashion
similar to Lemma B.1 that we can define iid random variables {W;} and {V¥;} such
that :

(1 - )Pemp(S(0:5 + 1| Resq) < 1) X D((n — Ts)/y/Nigr1) = PN — Por1,1)/0s411)

W;<85(0:s) and V¥; <Si(s+1:s5+1)

Where each W; (resp. ¥; ) has a statistical cdf bounded by the right hand side of
eq (8) (resp. eq (7) by changing s to s + 1 ). Note that:

k
Pemp(s(o : S ] Rs+1) S a) S k_ipemp(s(o : S) S a)
S+
We are able to bound Pr(W; < a) and Pr(¥; < a) using Lemmas B.2,B.3,B.4. By
lemmaB.8 we can bound the cdf of the sum of W; and ¥; and by lemmaB.2 we will
transform it to an upper bound of the empirical cdf of {S,(0:s +1),r € Rs;1}. In
the end we will have the following :

ksiq (ﬂs,i + 7s+1ns+1)

n- (I»ls,2 + 7s+1ns+1)>

n J—
Pemp(s(o :s5+1 [ Rs+1) < n) < (I)( )+(1+€)¢(
k \/652,1 + Nsiq \/652,2+ns+1
All in all :
n- Ts
Pemp(S(0:s+1) <) X P — )
s,1

n- (Ils,l + 7s+1ns+1))

/ 52
65,1 + Nsq

)q)(n - (Ils,Q + ?’s+1ns+1))

2
65,2 + ns+1

+ P(

+{1+e€
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can be absorbed in the last term

(Ils,i + '}’s+1ns+1) )

2
Ogq + Nsi1

The term in the middle CI)(n —

by increasing e, this is true because they are left tails of Gaussians with means of
the same order and the variance of the middle term is negligible compared to the
variance of the last term (This means the variance is dominated by step s = 0).
So:

n'—Ts

Pemp(S(0: 5 + 1) < 1) < D=2

n-— (Ils,2 + 7s+1ns+1))

\/ 632,2 + Nsig

All that is left is to verify that indeed Pepp(S(0 : s + 1) < 1) < ks,o/k, this can be
done by using upper bounds left tails of Gaussian r.v's.

nsy

;

+ (1 +e)P(

B.4 Casexk >0

In this case, let T, = Ts + k+/n.
We want to prove, exactly as before, something of the form :

Pomp(S(0: 8) < ) < ®((Me — M)/ Os i) + (1 + €) DI H2Ey gy

s,2,K

And
pemp<s(0 : S) S TS,KZ) S kS+1,I€/kK

It is difficult to keep all the new parameters free and look for them, instead will

Rs = ks where

keep ns the same and only change k; and k in the following way : % %
K

k. = c(k)n, we will use also the following notation n = ‘n, — k\/n .
c(k) is chosen so that nothing changes at the first step step s = 0 .i.e:

2
T. _ 2
S
(1+,/%@2

= c(k):=

v/ o B v/ 1o
As in the last proof, using the induction we will arrive at

Nk — TS,K)
nNs1

Ne — (Ils,l,rc + 7s+1,rcns+1))

/ 2
63,1 + Nsq

)q)(nrc - (Ils,Q,rc + 7s+1,nns+1))

Penp(S(0: 5 +1) < ) < @

+ P(

+(1+e€

2
65,2 + nS+1

Note that
e N <Tso &< n<T;
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® Vs = (1 + \/ %'{)75

L nrc_Ts,n:n_Ts
® Tk — (Ils,i,:c + ?’s+1,r€ns+1) =1n- (Ils,i + ?’s+1,mns+1) <n- (ﬂs,i + 75+1ns+1)
® N — (Ils,Q,:c + ?’s+1,lcns+1) <n- (Ils,Q + '}’s+1ns+1)

From the above points and the fact that & is a strictly increasing function, we are

assured that we will be dominated by the bounds that we had for the case k = 0,
k

ks"c = f makes everything work perfectly.

For the last step s = N'f we do the same as before.

and thus the choice
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