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Introduction

Fluid-Structure interaction problems considered :

@ Fluid/solid systems: rigid bodies immersed in a viscous fluid
o Fluid/deformable body

Self-propulsion of a deformable body = motion by shape changes
(bacteria, amoeba, ciliate, eel, fish, ...)
-
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White blood cell vs bacterium
(David Rogers, Vanderbilt University, 1950)
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A. The rigid body system

Fluid /rigid interaction. Rigid body S(t) immersed into a fluid filling a
bounded domain F(t) = Q\ S(t).

* Incompressible viscous fluid : Navier-Stokes
*  Motion of the rigid body : Newton's laws

% Continuity of the velocity fluid/rigid
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% Continuity of the velocity fluid/rigid

@ The position of the body is unknown and results from the interaction
with the fluid — free boundary problem.



A. The rigid body system

Fluid /rigid interaction. Rigid body S(t) immersed into a fluid filling a
bounded domain F(t) = Q\ S(t).

* Incompressible viscous fluid : Navier-Stokes
*  Motion of the rigid body : Newton's laws

% Continuity of the velocity fluid/rigid

@ The position of the body is unknown and results from the interaction
with the fluid — free boundary problem.

e Constant densities pf (fluid) and ps (solid).



Fluid/rigid system

a- Rigid displacement (2D)
The unknown position of the rigid body S(t) into the fluid is defined by :

— the position of the mass center £(t) € R2.
— an orientation angle 6(t).

(1)

S(1)

0
Eulerian velocity field for the solid: for all x € S(t),t >0

us(x, t) = €'(t) +0'(t)(x — )~

where x+ = (—x,x1) .



b- The full system
Q C R? is a bounded domain occupied by the fluid F(t) together with the
rigid body S(t).
The unknowns:
— velocity u and pressure p into the fluid.
— position € of the mass center and orientation angle 6 of the rigid body.



b- The full system

Q C R? is a bounded domain occupied by the fluid F(t) together with the
rigid body S(t).

The unknowns:

— velocity u and pressure p into the fluid.

— position € of the mass center and orientation angle 6 of the rigid body.

The fluid:

@ The Cauchy stress tensor
o(u,p) =2vD(u) — ply

o v >0 viscosity
e D(u) = (Vu+ Vu')/2 symmetric strain tensor.



The full fluid/rigid system

0
Pf (al: + (u- V)u> —vAu+ Vp=pef in F(t)
divu=0 in F(t)
u=0 on 02
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The full fluid/rigid system

0
Pf (al: + (u- V)u> —vAu+ Vp=pef in F(t)
divu=0 in F(t)
u=0 on 02

me'(t) = - | P T [ pettxt) ox

5(t)

10(t) = = [ysy(x =& -o(u,p)ndl + /5@ ps(x — &)L - f(x, t) dx

u=¢+6(x—&)" on 85(¢)

mass m and moment of inertia / of the rigid body.



Some numerical methods for fluid-rigid systems

— ALE / moving mesh methods + fixed point.
Donea & Giuliani & Halleux 1982, Hughes & Liu & Zimmermann

1981, ..., Formaggia & Nobile 1999, Gastaldi 2001,2004, Legendre&
Takahashi 2008



Some numerical methods for fluid-rigid systems

— ALE / moving mesh methods + fixed point.
Donea & Giuliani & Halleux 1982, Hughes & Liu & Zimmermann
1981, ..., Formaggia & Nobile 1999, Gastaldi 2001,2004, Legendre&
Takahashi 2008

— Monolithic scheme (global weak formulation)
e Distributed Lagrange multipliers/ fictitious domain, fixed mesh
(eulerian method) : Glowinski & Pan & Hesla & Joseph & Périaux,
2000.
e San Martin & JFS & Takahashi & Tucsnak, 2005, San Martin &
JFS & Loredana, 2011.
e Penalization methods and Level-set: Angot 1999, Bost & Cottet&
Maitre 2010



1 - Monolithic finite elements scheme with characteristics

a- A global weak formulation

@ Space of functions (velocity) which are rigids into the solid S(t):
K(t) ={ue H}(Q)| D(u) =0in S(t)}
Remark: for all v € K(t), there exist & € R? and wy € R s.t.
v(x) = b +w(x — &) vxe S(1).

@ The space for pressure :

M(t):{peL2(Q)|/dex=o, p=0in S(t)}



@ Bilinear forms

a(u,v) = 21//Q D(u) : D(v) dx Yu,v € H3(Q),

b(u, q) = —/Q(divu)q dx Yue HY(Q), g€ 2(Q)

@ Material derivative of v associated to the velocity u

dv  Ov
E—E"F(U'V)V
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Let (u, p,&,0) be a strong solution to the fluid-rigid system.
u and p are extended to the whole domain € :

u(x, t) = &'(t) + 0'(t)(x — (1)~ if x € S(1),
p(x,t) =0 if x € 5(t).

Global mixed formulation.

For all t € (0, T),

d
[ 0% v dxt au) + v, p)
Q

™ /pr-vdx Vv € K(t)
b(u,q) =

Vg € M(t)

o

density p(-, t) = { Zz :: g((i))

11



Material derivative of u and the characteristic function.

M 1) = (g‘: L V)u> (x t0) = S u(ab(t: 0,20, D] g

The characteristic function 7 : (R*)2 x Q — Q is the solution of

%"b(t;s,X) = u(¥(t;s,x),t)
P(s;s,x) = x

t; s, x) is the position of a particle at time t which is in x at time s.
) p

u

time s

Y(1,5,X)
time t
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b- Space and time discretisation - monolithic scheme
Triangulation Tj, of the complete domain Q (fluid+solid) —
Approximations with T, :  velocity uﬁ ~ u(-, t)

pressure pﬁ ~ p(-, tk)

mass center §ﬁ ~ &(tK)

orientation angle 0K ~ 0(tk)

Finite elements space for the velocity K ~ C(t)

Finite elements space for the pressure M ~ M(tk)

Suppose the approximate solution (uﬁ,pﬁ,{ﬁ,@,’j) is known at time t = tX.
We aim to compute the solution at time t = tk*+1.

13



@ Computation of the new position of the mass center and the new
orientation angle of the solid.

ExTh =& + Atul(&),

At .
Oy =0+ | peluh(0) — uk(€R)) - (x — &) dx with S} = S(&} o)

14



@ Computation of the new position of the mass center and the new
orientation angle of the solid.

ExTh =& + Atul(&),

At

0K = 0f + /

3 ps(ufi(x) — uf(€R)) - (x — €)1 dx with S = S(&F, 0F)

@ Monolithic scheme: Global computation of the velocity ukJrl ICﬁJrl

k+1 MZ—H'

and the pressure p,

— approximations of the material derivative and the characteristic
function

14



Time approximation of the characteristic function :

du k41 d . 1k+1
E(x, tith)y = E[U(w(t £t =x)7t)]|t:t’<+1
~ U(X, tk+1) B u(d)(tka thrla X), tk)
- At
h P x) = w0 1), e [t ]
wnere
¢(tk+1;tk+1>x) = X

(tk; t¥71 x) is the (exact) position of a particle at time t* which is in x

at time tht1,
u

W (54 x)

time t*

time t **!
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2 - The homogeneous case of a constant density function
(pr = ps)

[SMSTTO05] J. San Martin, J.-F. Scheid, T. Takahashi and M. Tucsnak,
Convergence of the Lagrange-Galerkin method for the equations modelling the
motion of a fluid-rigid system, SIAM J. Numer. Anal., Vol. 43 (2005).

We assume that pr = ps = 1.

. k+1 k+1 k+1 k+1
Find uh+ EICh+, phJr EMh+ s.t.

k+1 kK
(W@)+a<u2“7¢>+b<¢7pz+l> — (B4) Ve K,

b(uﬁ“,q) =0 VqEMZH,

<k . . - . .
where X, is the approximate characteristic function at time tk.

16



<k : .. . . L
X}, is the approximate position at time t* of a particle which is in x at

time thkt1,
i: _ @Nb(tk, tkﬂ, ) ~ 1p(tk, tkﬂ, )
d kol k(2 (+ k1
P = Pul(d(6 1 x)),
P(thL ekl x) = x

P is the orthogonal projector on the finite elements space

Ry = {rotpp, op € En, pn=0o0n 9Q}.

Interest of P :  div(Puf) = 0 in Q (fluid+solid) and since
Puf = 0 on 99, we have XZ(Q) =Q.

17



The finite elements spaces IC,’; and Mﬁ

Finite elements for Stokes: P1-bubble/Py, Py/Pq, Pi-iso-Pp/Pq, - -

e Ep : space of approximations for the pressure in the (classical)
Stokes problem

Ey, = space of IP; functions.

e W, : space of approximations for the velocity in the (classical)
Stokes problem

W}, = space of P;-bubble functions.

Conforming approximations:

M = E,nM(t5) where M(tK) = M(&F, 0F)
KK = W,nK(tK) where K(t*) = K(F, 65)

18



Let Aﬁ be the union of all the triangles which intersect the solid
body S(&K,0%) (green and blue triangles)




Convergence result ([SAN MARTIN-S. -TAKAHASHI-TUCSNAK, 2005])

Theorem . Let Cy > 0 be a fixed constant. We suppose that Q is
polygonal convex and that the solution (u, p, &, 0) of the fluid-rigid system
is regular. Assume that S is a ball and that for all

t € [0, T]. We also assume that ps = pr. Then, there exist 2 constants

C > 0 and 7* > 0 independents of h and At s.t. for all 0 < At < 7* and
for all h < Cy (At)?, we have

sup (€0 = €51+ u(e) - ullom) < car

Remark. For the Navier-Stokes equations, alone without any rigid, the
same type of result holds for h < CoAt ([Pironneau, 1982]) and for
h? < GoAt < Cih° (o > 1/2) ([Siili, 1988]).

20



Key ingredient for the proof:
The velocity functions u(t) and uﬁ are not rigids at the same place

= difficult to compare them.

We transform
u(tk) € K(&(t%)) —— U* e K(&F).

We are then able to compare U¥ with uﬁ since they are both functions in
KC(€F) i.e. rigid velocities in S(&F)

21



Practical aspects

Solid o : fluid point for the velocity
e : solid point for the velocity

Rigid basis functions : I, = < (1) ) , b= ( g ) ;= (x~— Eﬁ)L-

Pressure and velocity basis functions on Q : ¢; € Py, ¢; € P,

22



Practical aspects

o : fluid point for the velocity
e : solid point for the velocity

. . 1
Rigid basis functions : I, = < 0 ) , b= ( (i ) ;= (x— €0t
Pressure and velocity basis functions on Q : ¢; € Py, ¢; € P,
o Approximate space for the pressure: MXK(&K) = span{(¢:)ictiuid |

o Approximate space for the velocity:

KK(&R) = Span{(¢i);gf|uid7 (> @ilj)jzl,z,s} C PN K (&R, 0F)

ierigid 29



“ﬁ = Z ul¢l+znj Z @i

iefluid = ierigid

pEo= > pigi

iefluid
(11, m2) = uk(€F) = €'(t*) velocity of the mass center

n3 ~ 0'(t¥) = angular velocity

23



“ﬁ = Z ul¢l+znj Z @i

icfluid = icrigid

pEo= Y pigi

iefluid
(11, m2) = uk(€F) = €'(t*) velocity of the mass center

n3 ~ 0'(t¥) = angular velocity

Linear system. U= ( u; ,m,m,m3)" € R2Vi+3 P = (p;) e RM

2Ny
Basis functions of the rigid space ICﬁ: P € Pr = Y = Zj Hij®;

23



uﬁ = Z UI¢I+Z7IJ Z @i

icfluid = icrigid

pEo= Y pigi

iefluid
(11, m2) = uk(€F) = €'(t*) velocity of the mass center

n3 ~ 0'(t¥) = angular velocity

Linear system. U= ( u; ,m,m,m3)" € R2Vi+3 P = (p;) e RM

2Ny
Basis functions of the rigid space ICﬁ: P € Pr = Y = Zj Hij®;

s 5w (2)-()

Stokes matrix on Q
23



The transformation matrix M is of size (2Nf 4+ 3 + M¢) x (2N + M)

N¢ Ns N¢ Ns M¢ Ms
=~ =~ =~ =~ A~ =
b 0 0 0 0 0
0 0 b 0 0 0
M=
0 1 1 0 0 0 0 0
0 0 0 0 1 1 0 0
0 a1 a1 0 (6%) Qo 0 0
0 0 0 0 h 0

I, and I are identity matrices of order Nr and My respectively and
(a1, 02) = (x(Pi) — €)%

24



Numerical simulations (pr = ps)

Several bodies are easily handled
f = 0 into the fluid, f = (0, —g)" into the solid.

@ free fall of rigid balls in a fluid (tumbling)

25



(unstable vs 'more stable’)

26



3 - The case of a discontinuous density function

Now, we assume that pr # ps.

First idea : extend the previous scheme (for ps = ps) by approximating the
inertial term in the Navier-Stokes equations (material derivative) as:

k+1(x):{ ps if x € S(EXHY)

k+1 K
pk+1 (UhJr - Uﬁ o Xp)

ith
h At WIE Ph pr elsewhere

vk - . . .
X, is the approximate characteristics function for the case pr = ps.

27



ps if x € S(Eﬁ)
pr elsewhere

2
S(e,")
Difficulties :
o The error estimate ||u(t¥) — u,’jHLg(Q) involves the term
k K k X
P = ol o Rl oy (with piH = gl oK)

o Generally Xh ( KLy ) ¢ S(€F) and pfTt £ pk oiZ.
28



Numerical example of i: (5(€f+1)> ¢ S(&F)

2
(-
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’
18 Jff/‘/
Y
IR
L )

1 “\\ j'\‘ o
oa‘\\\\‘_:,.r:,i“.
08 \‘\\\k——"//‘/;,'
: B -~ -

\\‘\ ‘n-.._"_f//ff
04 ‘\“‘h_"’/, .
0.z \_“tL—t"'
00 0.5 1 15 2

: <k
=> we do not know how to estimate the term ||pZJrl - p,’; o XhHL2(Q)



The modified characteristics function
Q@ We define X: = Ptk L) o ap(ek tRL )

d— _
S PEETLx) = PER) (uf(w(t £, %)) — uj(€R))
P(th L x) = x—ul(éF)At

P(€) is the orthogonal projector on the finite elements space

Rh(f) = {rot ©h, Ph € Ep, wph =0 on 89} n ]C(f)

30



The modified characteristics function

Q@ We define X: = ap(tk; th L) ~ap(tk, tk )

SRR = PE) (uh(e ) — ub(eh).
BN = x uf(Eh)ae

P(€) is the orthogonal projector on the finite elements space

Rh(f) = {rot ©h, Ph € Ep, wph =0 on 89} n ]C(f)

@ The inertial term in Navier-Stokes equations is approximated by

k+1 Evad

. if x € S(&FT)
th k+1(]i) Ps | h
h At w

h pr elsewhere
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Properties of the modified characteristics function
ok
0 X;(S(&5™™) = S(&h).

@ If the density function pﬁ is extended to pr outside €2, then

<k
PZH = pjy o Xp.
From 2), we have ||pf ! — pk OXZHB(Q) =0l

31



Convergence result for the modified characteristics with
Pf 7§ Ps ([SAN MARTIN-S.-SMARANDA, 2011])

Theorem. We suppose that Q is polygonal, convex and that (u, p,&,0) is
a regular (exact) solution to the fluid-rigid system. We assume that S is a
ball and that dist(S,0Q) >0 forall t € [0, T]. Let (g >0and 0 < <1
be fixed constants. Then, there exist 2 constants C > 0 and 7" > 0
independents of h and At s.t. for all 0 < At < 7* and for all

h < Go(At)'™*, we have

sup (I€(¢%) — €kl + lu(t") — uflliz(e) ) < CAE.
1<k<N

Remark. For o = 1, we get the convergence order of the scheme for the
case pf = ps.

32



4 - Link with the fictitious domain method
For every ¢ € K(&)

du du Df du
dx = — - dx 1—— d
/ il e o dt “pax+ ( ps> Ps /S(t) P

Any rigid function ¢ € IC(§) can be decomposed as
P(x) = Iy + wy(x — €)1, This implies

[ mse [ 5 o (s) (et 1, )

33



4 - Link with the fictitious domain method
For every ¢ € K(&)

du du Df / du
dx = — - dx 1—— d
/ Pae PXT0 )gde P +< P)p sty dt R

S

Any rigid function ¢ € IC(§) can be decomposed as
P(x) = Iy + wy(x — €)1, This implies

[ mse [ 5 o (s) (et 1, )

Fictitious domain formulation
For all t, find u(t) € K(&), p(t) € M(&), &(t) such that

m(%, )+ (1 2) (me" (1)1 + 10" (t)wp ) + a0, 0) + B, p) = (pF0)
b(u,q) = 0

for all p € K(&) and q € M(€).
33



Rewriting the modified characteristics method

: k41 k+1  _k+1 k+1
Findu, ™" € £, p,7 € M7 s.t.

k41 kK xk
uy ~ —upoXp)

<pz+1( A ,¢>+a(uﬁ+l,¢)+b(¢,p,§“) = (o 0)

buftt.q) = 0

ps if x € S(&K)

for all f*1 and 1 with p(x) =
orall ¢ € K, 7" and g € M, ™" with pj(x) or elsewhere
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Rewriting the modified characteristics method

: k41 k+1  _k+1 k+1
Findu, ™" € £, p,7 € M7 s.t.

k41 kK xk
uy ~ —upoXp)

<pz+1( A ,¢>+a(uﬁ+l,¢)+b(¢,p,§“) = (o 0)

buftt.q) = 0

ps if x € S(&K)

for all *+1 and L with pk(x) =
orall ¢ € K, 7" and g € M, ™" with pj(x) or elsewhere

k+1 k . xk
We have <pﬁ+1 (uh _Aljfh oXh)’d)) =

<k <k
o) ) (o), [ e
At ’ ps ) ° At
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k+1 k ok k41 kK ok
u,"” —uyoX u,"m —ufoX
(Piﬂ( h h h),(b) _ (,Of( h h h),qb)

At At
c(1_oPf (mu/kvﬂ( KLY — uk(&F) L /wuﬁ+1 — Wy cos(9k)w )
Ps At ¢ At ¢

with 0, = —wpyr At
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k+1 k ok k+1 k Kk
u —ufoX u —ufoX
(PEH( h h h)’¢> (pf( h h h)7¢)

At At
c(1_oPf (mu/ﬁﬂ( KLY — uk(&F) L /wuﬁ+1 — Wy cos(9k)w )
Ps At ¢ At ¢

with 0, = _wPuﬁAt-
This is a discretisation of the fictitious domain formulation

il e+ (1= 20) (e (6) 1, 4 16701,

S

+ a(u, ) + b(p, p) = (pf, ¥)
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B. An extended model for deformable bodies

Self-propulsion by shape changes = ability for a body to move into a fluid
by changing its shape (deformation)

The self-propulsion is the result of the interaction between the deformation
and the fluid

Main hypothesis :

36



1- A kinetic model for the deformation (2D)
So : reference body.
The transformation X of Sy is regular

X(y, t) = XR( t)| yeSy, t>0.
0(1)
X(.,t)
)
R
A\ y ’ o
°y
« &
S, S*(1)

. deformation of the body (known)
XR : rigid displacement (unknown)

37



Hypothesis for the deformation X* :

e The total volume and the total mass of the body are conserved.

e The deformation X* does not modify the linear and angular momenta
of the body. In particular, the mass center of the the deformed body
S* does not change.
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The unknowns :

e £(t): mass center of the deformable body.

e 4(t) : orientation angle (Ry : rotation matrix)
The eulerian velocity field of the body S(t) is:

us(x,t) = £'(1) +0'()(x —£(1) +  w(x. 1)
N——

rigid displacement deformation

where
w(x, t) = Rypw*(x*, t), x= XR(x* 1)

*

and w*(x*, t) = 5

(y, t) is the deformation velocity (known).
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2- The full system fluid /deformation

P (‘3‘: + (u-V)u> —vAu+ Vp = pef in F(t)
divu=0 in F(t)

u=¢+0(x—&*+w onds(t)
me" = — /85(t) o(u,p)n dl —I—/ psf(x, t) dx

5(t)

N =— x— &)t o(u, p)n o(x — &) - f(x, X
107y = /asm( &) - o(u, p) dr+/5mp< € f(x, 1) d

=- same global formulation as in the rigid body case.
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3 - Fish-like swimming simulations

A geometric beam model for X*: during the deformation, the
cross-sections remain perpendicular to the middle line (Kirchhoff's model)

X*(,1)
n

Y, /\

y

Y1 z
N
0
So S*(1)

The mean curvature of the middle line is prescribed (carangiform
swimming) :

K(y1,t) = (a2y? + a1y + ao) sin27(y1 /A — t/T) + a3

41



Numerical simulations
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