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Abstract

In this paper we propose a new, purely algebraic, Petrov-Galerkin reduced basis (RB) method to solve
the parametrized Stokes equations, where parameters serve to identify the (variable) domain geometry.
Our method is obtained as an algebraic least squares reduced basis (aLS-RB) method, and improves
the existing RB methods for Stokes equations in several directions. First of all, it does not require to
enrich the velocity space, as often done when dealing with a velocity-pressure formulation. This because
it relies on a Petrov-Galerkin RB method rather than on a Galerkin RB (G-RB) method, and exploits a
suitable approximation of the matrix-norm in the definition of the (global) supremizing operator. The
knowledge of an analytical map between a reference domain and the physical, parameter-dependent
domain, is not requested. For this reason, possible deformations of the domain which result from the
solution of a computational problem can be accounted for. The new method also provides a fully
automated procedure to assemble and solve the RB problem, able to treat any kind of parametrization.
We prove the stability of the resulting al.S-RB problem (in the sense of a suitable inf-sup condition)
and provide a numerical comparison between the proposed method and the current state-of-art G-RB
methods relying on the enrichment of the velocity space. In particular, our approach results in a cheaper,
more convenient option both during the offline and the online stage of computation, compared to the
existing G-RB methods; numerical results are provided on a problem featuring a parameter-dependent
geometry and more than 10° degrees of freedom regarding its high-fidelity finite element approximation.

1 Introduction

Solving saddle-point problems depending on a set of input parameters is a relevant task in several engineering
contexts. In this work, as a special instance of such a problem, we consider the parametrized Stokes
equations, which describe a viscous incompressible fluid when the nonlinear convective terms are neglected.
The numerical solution of the Stokes equations is in general a challenging task, however a remarkable family
of efficient methods exists, see e.g. [2I) [32], [36]. An even more challenging task occurs when devising an
efficient solver when a parametrized version of the Stokes equations is considered. This is precisely the scope
of this investigation.
In this paper we deal with the efficient solution by means of the reduced basis (RB) method of parametrized

steady Stokes equations of the form

—vHAUH 4 VpH = f" in Q¥
V.t =0 in QM (1)
+ b.c.

which can be seen as a prototypical example of parametrized saddle-point problem, modeling the velocity
@* and the pressure p* of a viscous incompressible fluid with viscosity v* in a domain Q* C R?, d = 2, 3.
In , the vector of parameters p describes physical and/or geometrical properties of the system, whereas
f" is the known right hand side collecting all the data of the problem; system must be supplied with
proper boundary conditions, which may also depend on p.

In particular, we are interested in the efficient solution of for several (say, thousands) instances of p.
This requirement — arising, e.g., when dealing with uncertainty quantification, sensitivity analysis or PDE-
constrained optimization — makes usual high-fidelity approximation techniques, such as the finite element



(FE) method, extremely expensive, if not computationally unaffordable. In fact, the FE approximation
of problem entails the solution of a parametrized, saddle-point (linear) system whose dimension N}, is
usually very large, where h is related to the mesh size; in three-dimensional applications of real-life interest,
N}, is typically of order of millions. Assembling from scratch, and then solving, the corresponding linear
system for any new value of p is thus unfeasible. Such a task can be more easily tackled by means of
reduced-order modeling techniques. Among all the available methodologies, we focus on the reduced basis
(RB) method to deal with (T).

The main idea of the RB method for parameter dependent partial differential equations (PDEs) is to
approximate its solution by a linear combination of few global basis functions, obtained from a set of FE
solutions (or snapshots) corresponding to different parameter values [33] 24]. This strategy is pursued in
two stages: an offline phase and an online phase. In the former, we construct a RB space Vi of dimension
N < N}, whose basis is obtained by (properly orthonormalized) linear combinations of FE solutions of the
parametrized PDE. In the latter, we require the projection of the residual of the FE problem onto the RB
test space to vanish, obtaining a small problem which replaces the original high-fidelity FE problem.

Initially applied to linear elliptic PDEs, the RB method has been extended to saddle-point problems such
as the Stokes equations, and extensively investigated in the past decade. In particular, several works have
been devoted to the analysis and the implementation of the RB method for addressing problems involving
Stokes-like systems; a non-exhaustive list includes, among others: Stokes flows featuring affine [39] 23] [38]
and nonaffine parameter dependence [37]; Navier-Stokes flows depending on physical and/or geometrical
parameters [17) [34] [18] [26]; parametrized optimal control problems [31] or shape optimization problems [28]
involving Stokes flows. In all these cases, the RB method relies on:

1. a (weak) greedy algorithm for the incremental construction of the RB space, performed by selecting
a new basis for the velocity and the pressure upon the use of a residual-based a posteriori error
estimator. This latter is a p-dependent quantity related with the FE approximation and is not always
easily available or computable;

2. a Galerkin projection onto the RB space to generate the RB problem (G-RB method).

Of course, this is not the only available choice. Regarding point 1., proper orthogonal decomposition
(POD), rather than greedy algorithms, can be used to build the RB space. When such a strategy is
employed, a set of FE solutions, called snapshots, are computed and the RB spaces for the velocity and the
pressure are constructed, either jointly or separately, by performing POD, [3| 8, 12}, 20} 25, 41]. This option
has been considered, e.g., in [4] where two-dimensional Navier-Stokes flows on simple geometries affinely
parametrized have been treated. Moreover, we remark that other possibilities have been investigated, e.g. in
[19], where proper generalized decomposition (PGD) is applied to the Stokes equations in two-dimensional
parametrized geometries.

Concerning point 2., a more general Petrov-Galerkin (rather than Galerkin) projection — such as in the
case of a least-squares (LS) method — can be performed, choosing a test space different from the trial space,
see e.g. [I4] [16]. This option has been first explored in the case of two-dimensional, affinely parametrized
Stokes problems on simple geometries in [I]. Moreover, in both these cases parameter-dependent domains
QO* were obtained as images of a reference domain Q° through a parameter-dependent map whose expression
was known analytically. This is a relevant limitation toward the application of RB methods to more general
domains with varying shape, not necessarily obtained in an explicit way from a priori known, parametrized
deformationd’l

What makes the RB approximation of parametrized Stokes equations hard (and, more generally speaking,
parametrized saddle-point problems) is ensuring the stability of the resulting RB problem. This is the main
reason why, for instance, reduced-order models for fluid dynamics problems have sometimes focused on
approximations for the velocity field uniquely, recovering then the pressure in a different way, rather than
building a reduced-order approximation based on a mixed velocity-pressure formulation, [12]. Indeed, it
is well-known that in the FE case an inf-sup condition must be satisfied at the finite dimensional level to
ensure the well-posedness of the numerical problem. This condition is fulfilled if either P2 —P! (Taylor-Hood)
couples of FE spaces are used for discretizing the velocity and pressure fields, respectively or a stabilized FE
formulation is employed, e.g. by relying on the streamline-upwind Petrov-Galerkin (SUPG) method. Hereon
we rely on the former option for the high-fidelity FE problem, see e.g. [33] 29] for further details about the
latter. Concerning the stability of the RB approximation, a stable couple of reduced subspaces for velocity
and pressure, satisfying an equivalent inf-sup condition at the reduced level, ensures that the RB Stokes

I For example, we can regard the proposed strategy as a step towards the efficient reduction of parametrized fluid-structure
interaction problems, where the deformation of the domain is computed through a structural problem coupled with the fluid
equations.



problem is well-posed. This property is not automatically fulfilled if the RB problem is constructed through
a Galerkin projection employing RB spaces made solely of orthonormalized solutions of obtained for
different values of parameters. Two overcome this shortcoming, two strategies have been designed.

A. The velocity space can be augmented by means of a set of enriching basis functions computed through
the pressure supremizing operator, which depends on the divergence term. This yields a RB problem
with additional degrees of freedom for the velocity field (as many as the pressure variable), see [38] for
the details. In presence of parameter-dependent domains, the supremizing operator is p-dependent,
so that to recover computational efficiency (and avoid the construction of the pressure supremizing
operator for any value of p online), an offline enrichment is employed. This strategy leads to a RB
problem which is inf-sup stable in practice, but its well-posedness is not proven rigorously. Such a
framework has been originally introduced in conjunction with a (weak) greedy algorithm [39] 23], B8],
and later for the POD case. In the former case, for each pressure basis selected by the greedy algorithm,
a supremizing function is used to augment the velocity space. In the latter case, however, the basis
functions are not directly related to any precise instance of the parameter, so that a set of enriching
functions for the velocity space must be computed in advance starting from the pressure snapshots,
then POD is applied to build the enriching basis [4]. This technique allows to build a stable RB
problem, however it is not clear, a priori, how many supremizing functions are needed to properly
stabilize the problem. Taking as many enriching functions as the number of velocity and pressure basis
is a working rule of thumb, however very likely this leads to an excessive number of basis functions.

B. We can exploit a Petrov-Galerkin (PG) method [I], B3] to build an automatically stable RB problem;
we choose the least squares (LS) method. The resulting LS-RB method relies on a test space which is
obtained as the image of the RB space through a global supremizing operator involving both velocity
and pressure fields. The corresponding algebraic construction of this operator substantially relies on
the choice of the matrix-norm to be used for the velocity and pressure spaces. By this approach the
resulting RB problem is automatically stable — that is, it satisfies the required inf-sup condition — as
usually happens when dealing with PG-RB methods for weakly coercive problems, see [33] for further
details. However, the existing formulation of the LS-RB method for Stokes equations proposed in [I]
presumes the existence of an explicit g—dependent function which enables to recast the problem on a
reference domain. Without this function available, as in the case where the deformation results from
the solution of a FE problem, the computational work to build the RB problem is unbearable.

In this work we propose a new, purely algebraic, PG-RB method to address large-scale parametrized
Stokes equations in domains with varying geometry. Our method can be seen as an algebraic LS-RB method;
for this reason we refer to it as aLS-RB method. The aLS-RB method extends and improves the existing
RB methods for Stokes equations in several directions, potentially becoming a paradigm for the efficient
construction of a stable and accurate RB method for Stokes equations and, more generally speaking, weakly
coercive problems. Indeed:

1. it relies on POD - rather than on a greedy algorithm for the construction of the RB spaces for velocity
and pressure, thus avoiding the evaluation of potentially expensive a posteriori error bounds; however,
like in the greedy case, an exponential decay of the residuals with respect to N is obtained;

ro

it does not need an enrichment of the velocity space, by relying on a Petrov-Galerkin method;

@

it exploits suitable approximations of the matrix-norm in the definition of the supremizing operator;

=~

the resulting alLS-RB problem rigorously is inf-sup stable;
5. it does not require any analytical map between a reference domain and the physical domain Q*;

6. it provides a fully automated procedure to assemble and solve the RB problem, able to treat any kind
of parametrization.

To enhance the efficiency of the resulting RB methods, we employ the discrete empirical interpolation
method (DEIM) [, 15], and the Matrix DEIM (M-DEIM) [30] to find an affine approximation of the (gen-
erally nonaffine) right hand sides and matrices of the high-fidelity system. We analyze the well-posedness
of the alLS-RB method and prove that under suitable conditions it satisfies an inf-sup stable RB approxi-
mation. A numerical comparison between the proposed aLLS-RB method and the current state-of-art G-RB
method relying on the enriched velocity space, shows that the former approach is cheaper, both during the
offline phase, since the velocity enriching snapshots must not be computed, and the online phase, due to
the generally smaller dimension of the resulting RB problem.



We apply the aLS-RB method to solve the three-dimensional Stokes system defined over parameter-
dependent domains, with up to millions of degrees of freedom for the high fidelity solution, for which the
mapping from a reference domain is not necessarily known analytically. For the case at hand, we consider
a geometry which is parametrized with respect to the deformation obtained by solving an elliptic PDE
problem which harmonically extends some Dirichlet data, playing the role of imposed shape deformation.

The paper breaks down as follows. In Section [2| we briefly recall the Stokes equations and their FE
approximation. In Section [J] we introduce the POD-RB method, with particular emphasis on how to
construct a stable RB method either using a Galerkin or Petrov Galerkin projection. Then, we present
the aLS-RB and its analysis. In Section [] we present numerical results obtained with the different RB
approximations and in Section [5| we draw some conclusions. Concerning notation, hereon we denote scalar
fields by lower case letters, as a € R, vector fields with an arrow, as @ € R?, for d = 2, 3, vectors (like finite
elements vectors) by bold lower case letters, as a € R™, and matrices by bold capital letters, as A € R"*"™.
We denote by (-,-)2 the Euclidean scalar product and by K2(A) the condition number of the matrix A
with respect the Euclidean norm. Moreover, given a symmetric and positive definite matrix Y € R"*", we
denote by (-,-)y the scalar product and by | - ||y the norm defined as (a,b)y = al’Yb Va, b € R" and
lallvy = v/(a,a)y Va € R"™, respectively. Finally, we denote by Ky (A) the condition number of A with
respect to the norm || - ||v.

2 Parametrized Stokes equations: setting and preliminaries

In this section we introduce the Stokes equations in parametrized domains, together with their weak for-
mulation and a corresponding FE approximation. Denote by D C R/, [ € N the parameter space and by
u € D a vector of parameters encoding physical and/or geometrical properties. Heron, the apex p means
that a variable depends on the specific choice of the parameter p. Given a p—dependent domain Q* C R,
d =2, 3, such that, for any p € D, 9Q# =T ,UTh UTH and 'Y, NTH =TENTE =T*4 , NTE = (), the
Stokes equations read

—vPAUH 4+ Vpt = f”‘ in QM

V-at = in Q*

=g on I'fY (2)
i=0 on ¥

—pHitt + v S = g on T'%,,,

where (@*, p*) are the velocity and pressure fields of a viscous incompressible Newtonian fluid with viscosity

v# | respectively. We introduce a regular enough lifting function FgD € (H 1(9“))d and the following -
dependent spaces

- d - =
Ve = 7 (B @) g =Tl =0,
QU= IXOM) or QP =L3(OF)If T, =0,
equipped with scalar products (and corresponding induced norms) (-,-)vu = (-, ) (g3 (quye and (-, -)ou =

(*s*)r2(amy. For a given p € D, the weak formulation of problem reads: find (@™, pH) € V¥ x Q* such
that

{ at(a#, v) + b (T, pH) = fr(v)  Vie Vv (3)

bH(aH,q) = —bH(iy ,a) Vg EQM,
where we define the forms in for u, v e V* g€ Q*
at (i, ) = / VIV VIdQr,
Qu
b (¥, q) = —/ qV - 7dOH
(9123

) = [ g [ g airt, a0,
"

out



Problem (3) can be written as a symmetric non-coercive problem, provided we define the space X* =
V# x Q*, equipped with the scalar product

(1, p), (U,q)) xu = (4, V)vu + (p, ¢)qn, (4,p), (v,q) € X*,

and the norm

1@ Dl xe = V((7,9), (¥, q)xu,  (V,q) € X*.

Next, we introduce the forms A* : X* x X* — R, F* : X* — R given by

AR((@*,p*), (0, ) = a* (4@, ) + 0" (¥, p*) + b*(a*, g)
FH((0,q)) = f*(0) = 0*(7G, . ).

System can thus be equivalently written as: find 2% € X* such that
AH(Z* ) = FH (W) Vi € X¥. (4)

The well-posedness of problem is ensured according to the general theory of saddle-point problems
[10, [11].

2.1 Finite element approximation of the Stokes equations

Numerical methods based on (Petrov-)Galerkin projection onto a finite dimensional subspace, as the finite
element (FE) or spectral element methods, represent a successful technique to handle the numerical approx-
imation of , see e.g. [13] 21], B5]. However, when they are employed, a discrete inf-sup condition must be
satisfied to ensure the well-posedness of the numerical problem.

All the reduced order models considered in this paper for the efficient solution of the parametrized
problem hinge upon a high-fidelity finite element approximation, which we introduce in this section. We
consider a domain deformation dependent on u; the corresponding meshes are also taken as a deformation
of a reference mesh, hence not affecting the topology of the degrees of freedom. In this work, we do not
focus on h—refinement, therefore we consider a fixed regular mesh which is fine enough for the problem at
hand.

Let us denote by V** and Q¥ two finite dimensional FE spaces of dimension N;* and N}, respectively,
with V¥ C V and Q}f C Q. Moreover, set X' = V}* x Q) with dimension N, = N + N}. The FE
approximation of problem () reads: find Z}' € X! such that

A”(E;j,u_}'h) = ]:”(’Lﬁh) Vi, € X;LL (5)

We further assume that the following p—uniform inf-sup condition holds: there exists a positive constant
™" > 0, independent of p, such that

A (2, @ .
B = inf sup AT s gmin oy ep (6)
ZneXt g ex | Znllxe [ @h] xu
A couple of FE spaces which fulfills condition (6] is given by P? — P! (Taylor-Hood) finite elements, for
velocity and pressure, respectively. Condition (6] ensures the stability of problem . Problem can be
equivalently written as a parametrized linear system

Alzy =g}, (7)
featuring a saddle-point structure, where
DIL (BH)T uﬂ fﬂ
w_ [P h w_ (U, w1y,
a=[ph O] A= we w= [l ®

where A% € RN»*Nn and 28 gl ¢ RNr. More precisely D € RNixNi' Bi ¢ RNI*Ni | £ ¢ RN: and
finally rf’ € RNY. The solution of system exploits suitable iterative methods properly preconditioned.
Several techniques relying on domain decomposition, multilevel methods and block factorizations have been
proposed as preconditioners, see e.g. [21], 2] [40] [36] and references therein. See also [6] [7] for an extensive
review on numerical methods for saddle-point systems.



Condition @ can be algebraically expressed as follows: there exists 3™" > 0 such that

T A B

w; ATz .

B = inf sup —hhIR 5 ogmin oy e (9)
2. €RMn g, e [|Za x| W[ x e

where the symmetric and positive definite matrix X}’ € RN=*Nu encodes the scalar product (-,-)xs on the
space X! and is built as a block diagonal matrix of the form

D Col
lef = { 0 Xg:| ; (10)

Xt e RNiXNi and XE € RNXNi encode the scalar products on the spaces Vi and Q¥ respectively.
Notice that since the computational domain is p—dependent, also the matrix X}’ depends on the parameter

n.

3 POD-based RB methods for the parametrized Stokes equations

The RB method represents a convenient framework for the reduction of parametrized PDEs [33] 24]. Such
a method essentially combines a technique to generate a low-dimensional subspace of X} where the RB
solution is sought, and a Galerkin-type projection (either Galerkin or Petrov-Galerkin) onto the subspace
to obtain the corresponding RB problem to be solved. Here we rely upon proper orthogonal decomposition
(POD) because we do not have a cheaply computable a-posteriori error bound, which would instead be
required if a greedy algorithm were performed. Then, a new algebraic PG-RB method is investigated for
the sake of the construction of the RB problem, and compared to the (indeed, more classical) Galerkin-RB
method which relies on properly enriched RB spaces. In the following, we recall the essential elements of
this technique and how it is used to build a RB approximation.

3.1 Constructing the RB space: proper orthogonal decomposition

Let us consider a set of ny FE vectors {s;}I>; C R (called snapshots) collected as columns of a matrix

S = [s1]...[sn.], S € RM*"s For any prescribed dimension N, the POD allows to find an orthonor-
mal basis {£;}7*, and the corresponding N-dimensional subspace, spanned by the columns of the matrix
V = [&]...€n], V € RN >N which best approximates {s;}/, up to a tolerance epop with respect to a
prescribed norm induced by a symmetric positive definite matrix X € RN¥N»*N», The POD method takes
advantage of the singular value decomposition (SVD) of the matrix S

S =Uxz",

with U € RV»* e and Z € R™ X" orthogonal matrices and X = diag(cy,...0,.), & € RMN:X"s containing
the singular values o1 > g9 > --- > g, > 0. Then, V is provided by the first N columns of U, which
form by construction an orthonormal basis for the best N-dimensional approximation subspace. More in
particular, denoting Iy € RV*Y the N-dimensional identity matrix, the following proposition holds [33].

Proposition 3.1. Let Vy = {W € R¥»N . WIX, W = Iy} be the set of all N-dimensional X-
orthonormal bases. Then

> llsi = VVTXsi[k = in Z Isi - WWTXsi[% = > o2,

i=1 i=N+1

Moreover, notice that the relative error on all the snapshots is related to {o;};* through the following
relation

N ns
Z ||S,L — VVTXSZH%( ‘_Z 01'2
=1 — i=N+1 (11)

Ng 9 Ng 9 °
> Isillsk >0
=1 =1

From a practical perspective, the POD basis construction is done following Algorithm [T} At first the
correlation matrix C,,, = STXS is formed and the corresponding eigenvalue problem is solved. Then, for a
given tolerance epgop, is employed to control the relative error on the approximation of the snapshots
and select N basis functions. Alternatively, one could directly provide a dimension N instead of epop,
leading to a similar algorithm POD(S, X, N).



Algorithm 1 POD
1: procedure POD(S, X, epop)

2: form the correlation matrix C,,, = STXS
3: solve the eigenvalue problem C,, 1; = o2p;, i=1,...,n;
4: set €i = %S’l[)z
N 2
5: define N as the minimum integer such that %ZL: Zf >1—¢edop

6: define V = [&]... |€EN]
7: end procedure

3.2 Projection-based RB methods

The RB method relies on the idea that the solution of the parametrized system , for a certain value of the
parameter u, can be well approximated by a linear combination of N basis functions {é}fil obtained by
orthonormalizing the solutions of the same problem for other values of the parameter. The basis functions
are collected in the so-called RB space, which is defined as

VN:span{gi,izl,...,N} (12)

of dimension N < Np. From an algebraic standpoint Vy is represented by the matrix V = [&;]...|€n] €
RN2 XN where &;,i = 1,...,N are the FE vector representation of the basis &,i = 1,...,N. From a
practical standpoint, the vector basis {£;}, is constructed by exploiting POD where the snapshots are FE
solutions of the FE linear system for many instances of the parameter, i.e. s; =z}, i =1,...,n, Then, the
RB approximation is constructed by introducing a set of (possibly p—dependent) functions {w!};\, such
that a test space WY is obtained as

Wk = span{w!,i=1,... ,N}.

Algebraically, W} is represented by a matrix W RN»XN wwhich is generally different from V and may
be p-dependent. If WH £V we have the more general Pevtrov Galerkin-RB approximation, otherwise if
WH =V we come up with the usual Galerkin case. For the sake of generality, we consider the PG-RB
problem, which reads: find Z§; € Vv such that

AR (2R win) = FH(wn) Viiy € WL (13)

In order to obtain a well-posed RB approximation, an inf-sup condition at the RB level must also be satisfied.
Specifically, there must exist S3}*" > 0 independent of u such that
. AH(Zyn, W
B = inf  sup — (N_,N)
EveVy gyews ||2n [xn [ W xn

>pwm >0  VYueD. (14)

Ensuring this condition, as we will see in the following, essentially depends on the type of projection used
to generate the RB problem and the way the RB spaces are built. Problem leads to the following
algebraic RB linear system

ARz, = gh, (15)
where the RB matrix Ak, € RV*N and the RB right hand side gh; € RY are defined as
AR = (WHTARV,  gi = (WH)Tg). (16)

We highlight that the PG-RB approximation depends on the choice of the test space W&. As remarked
above, the matrix V is built employing the POD method, which in the Stokes case turns to

V= [ngu V%’V} = &l lénlénal - €n] (17)

where Vi, € RNWXNu and V’;\,p € RN2*No are the basis to approximate the velocity uf’ and the pressure
pl, respectively. In particular

i . 0 .
61—|:(18:| Z:].,...,Nu; £N1L+i_|:,¢)p:| Z:L"'aNpa



where {%}j\fu and {1/JZ}N‘“ are the basis functions for the velocity and the pressure RB space, that is,

Vi, = [t lew], VR = [¥il.. Jvn, ]
ity

and then performing POD

The construction of the RB spaces is thus performed by first collecting a set of FE snapshots {uhi}
n,

{ph*}° . solutions of for different instances of the parameters {p;}

i=1’ i=1’
separately on the two spaces

%, = POD(S&,Xu,zp0n), V&, = POD(S}, Xy, 2pon ).

The matrices V§ —and V&, are constructed by selecting the largest N, and N, eigenmodes respectively,
as explained in Algorithm |1} finally obtaining N, + N, = N, see [33]. Notice that a priori N, # N,. The
trial reduced basis spaces are defined by considering the sets of basis {F;}, and {z/Ji}lNz‘”l, whose FE vector
representations are given by {¢;}~ and {Q,bz}f\gl Then, we define

Vn, = span{@;, i =1,..., Ny} Qn, = span{y;, i =1,...,Np},

and Vy = (V,,@n,). We finally remark that the dimension N = N, + N, of the RB system is smaller of
the dimension N, of the FE linear system of several orders of magnitude: N < Np,, so that problem
is solved by direct methods.

Several ways to produce a well-posed Stokes RB problem, relying either on Galerkin or Petrov-Galerkin
projection, are available. The Galerkin RB approximation relies on a velocity enrichment strategy, where
the velocity RB space Vi, is augmented with an additional RB space built through a pressure supremizing
operator, as explained e.g. in [4]. This method has been proposed for both POD and greedy RB space
construction, and, even if empirically it works properly, it does not rigorously ensure the well-posedness of
the resulting RB problem. Furthermore, when using POD it is unclear how large the augmenting space
should be.

In the following sections we report both the Galerkin and Petrov-Galerkin RB approximations as well as
alternative ways to construct the RB spaces, to deal with the parametrized Stokes equations; in the section
of numerical experiments, we will report results using both these techniques.

3.2.1 Galerkin-RB method with velocity enrichment

A Galerkin-RB formulation is obtained by choosing Wk = Vi (or algebraically W# = V) in (6], resulting
in a RB approximation whose well-posedness is guaranteed by satisfying the following assumption: there
must exist S3*" > 0 such that

“u b* (TN, gn)

= inf sup

_ > B0 >0 VYpeD. 18
By 5P ovallanllar =N (18)

Unfortunately, as explained above, condition is not automatically satisfied when the RB spaces Vi,
and @, are constructed by POD, or by greedy algorithms, by considering basis functions extracted from
velocity and pressure snapshots only. Consequently, we consider an "enriched" velocity space formulation, as
proposed in [4], where the velocity space Vi, is augmented to guarantee the well-posedness of the resulting
RB approximation. Algebraically, this is pursued by building a matrix V§, € RN:*Ns whose columns
form a basis for the enriching RB velocity space. Then, the G-RB approximation is built by considering
V = W* =V in (I6), where V is defined as

VY VS 0
V=10" 0o v
P

The enriching strategies are based upon the use of the pressure-supremizing operator T}" : Q) — V} such
that for any given ¢, € QY it yields T+ (gn) as the solution of the following problem

(T;(qh),ﬁh)vu = b“(q_)'h,qh) Vﬁh S Vh“' (19)
Equation corresponds to a FE problem whose algebraic formulation yields the following linear system
Xty (an) = (BY) "an, (20)

where qp € RM% is the FE vector representation of qn € QY. Two strategies have been developed to build
a well-posed G-RB approximation for a new parameter p:



e build for each pressure basis {¢;}X\ ,; the corresponding supremizing functions {t4(&;)}y |4 and
define

Vi, = [ty €N+l - [t (v, 1)),

leading to a RB formulation which by definition satisfies . However, in this way the construction
of the supremizing enriching functions is not computationally feasible, because it entails (online) the
solution of N,, FE linear system for each new value of p;

Ns

e compute a set of supremizing snapshots {t4 (p, )}: corresponding to the pressure snapshots {p},*}

through (20), and then build the matrix V4 through POD

N, = POD({t;)“ (Pr) e X, 5POD>-

Notice that this option does not ensure that condition (|18) (or any equivalent one) is satisfied. More-
over, the number Nj of basis functions for Vi is chosen with a rule of thumb, equal to N,,, doubling
the size of the RB velocity space. This looks like a reliable option which yields a stable RB problem
for the steady Navier-Stokes equations, see [4].

3.2.2 LS-RB method

Instead of performing a Galerkin projection onto properly enriched RB spaces, the Petrov-Galerkin (PG)-
RB method uses a different test space WH* and naturally builds an inf-sup stable RB problem. The
PG-RB method has been firstly analyzed for the affinely parametrized Stokes equations in [I] where the
RB space is built upon a greedy algorithm. In this work we deepen the analysis carried out in [I], propose
several strategies to make this method computationally efficient and use instead the POD method for the
construction of the RB space, which does not need any error estimator. Moreover, we do not assume
to have an analytical function which maps the reference domain Q° to the physical domain Q*; the main
consequence is that we consider the more general case where recasting the problem on a reference, parameter-
independent domain Q° is not possible. We restrict ourselves to the case of PG-RB method built through
the least-squares (LS) method, which automatically guarantees to obtain an inf-sup stable problem. With
this aim, we introduce a different (global) supremizing operator T : X* — X}, such that

(T“(gh),wh)xu = A“(Eh,wh) Yy, € X,’: (21)

With respect to the definition of T}}* provided by , both the velocity and pressure appear, together with
the full Stokes operator at the right hand side. Given ), € X}', problem is a p—dependent FE problem
which needs to be solved for T#(Z,). Then, the RB problem reads as , where the test space is chosen as

Wk = span{T"(gi), 1= 1,...,N}7

while the trial RB space is chosen as in with the corresponding matrix V as in (L7). From an algebraic
standpoint, given z; € RV» the supremizing solution t*(z;) is obtained by solving the linear system

Xﬁt“(zh) = A’}fzh. (22)

The projection matrix W#, whose columns are supremizers of type and form a basis for the (parameter-
dependent) test space, is then given by

WH = (XI)TARY, (23)

where X/ is the p—dependent norm matrix (10). Finally, the linear system representing the LS-RB
problem is recovered with

AR = VI AHT (X TARV gh = VI AT (X gh. (24)

The following results hold, see also [11 [33].

Lemma 3.1. Assume that condition @ holds and WH is taken as in . Then, the LS-RB problem
is p—uniformly inf-sup stable, that is, there exists ™™ > 0 independent of p such that

TA )
B = inf  sup WNANEN > pmn Vu e D.

aneRN o ern [ Van |[xe[WHWN || xs




Moreover, it has a unique solution z'; € RY for any p € D, which satisfies
~r < 1 M
||ZN||X;; = ﬁTth \|(x*hf)71-
N

Proof. We report an algebraic variant of the proof of the result shown in [1]. Starting from and the
Cauchy-Schwarz inequality

wi, Az, = wi X}t (z,) < [[t"(zn)[lxe [wallxe  Ywi, € R,

and the equality is reached for w;, = t*(z;). Then, we have

B = inf  sup Wy ANz = inf —”tu(VZN)HX}’:
N averd guery [Van|xe[WHWN[|xe — averd  [[Vay|xs
> inf ([t#(zn )5 5 gmin,
zneRMn  [|Zn|x

The proof is concluded by employing the Babuska theorem for non-coercive problems satisfying an inf-sup
stability property, see [2]. O

Remark 3.1. The solution z%, € RY of problem solves the following minimization problem

®o_ : B AM 2
zh = argvinel]glv g}, AthN||(X5)_1, (25)

i.e. the RB solution minimizes the residual in the norm induced by the symmetric positive definite matriz
(X471, see [33] for further details.

3.3 Algebraic LS-RB method

The LS-RB method described in Section requires to build the p-dependent matrix (X4')~! or to solve
approximately the N linear systems associated with the matrix X4 to construct a stable RB problem
for any new parameter instances g € D considered online. If an analytical map is available, one can recast
problem over the reference domain Q° by using the Jacobian of the map. In this way, the LS-RB problem
would be built with respect to the reference domain, and the independence of the norm matrix X4 on p
would be easily achieved. However, if the displacement of the domain is not analitically available, it is not
possible to rely on this strategy. In this section we propose a purely algebraic PG-RB method which can be
viewed as an algebraic LS-RB (aLS-RB) method described above for parametrized noncoercive problems as
(7). Compared to the approximate enrichment of the velocity space described in section (3.2.I)), the aLS-RB
method allows to build a RB problem which is automatically and rigorously inf-sup stable and henceforth
it does not require to enrich the velocity space doubling the degrees of freedom of the velocity.

The underlying idea is to substitute the matrix X}/ appearing in the definition of the test space by
a properly chosen surrogate Px € RV»*Nn_ To this aim, we suppose the following assumption to hold.

Assumption 3.1. The matrizc Px € RN»*Nn s symmetric and positive definite and induces a norm
I3, = (x,x)py = x"Pxx for any x € RN". Moreover, there exist two positive constants ¢ and C
independent of p such that

clxllpy < lIxllxz < Clxlpy  Vx e RM-. (26)

Next, we introduce a slightly modified supremizing operator 7§ : Vi x V¥ — V/* defined by the following
problem

(TH (Zn), Wn)py = A*(Z,wp) Vi, € V)Y, (27)

where the difference with respect to is the choice of the scalar product with respect to which the
operator is built. Reasoning as in the previous section, we introduce a PG problem under the form: find
Zn € Vi such that

A”(E'N,’LBN) = f”(lﬁN) V’lﬁN € Wx,PX’ (28)
where now the test space is chosen as

Wyp, = span{T{)‘X(f_;), i=1,...,N},
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where {&;}Y, are the RB functions defining Vi in (12). Problem is algebraically equivalent to solving

Pxtp (zn) = Anznp, (29)
and yields a projection matrix of the following form

Wi =P ANV, (30)
Finally, the corresponding RB system is

AlIt/,PXZIItf = gjltf,Px’ (31)
where the RB matrix AY p € RV and the RB right hand side gi p € R are defined as

Alzt/,PX = VT(A;:)TP)_(lAZV g%,PX = VT(AZL)TP)_(lgﬁ- (32)

Remark 3.2. Fquations are similar to the ones in , provided that X! is substituted with P x.

In the following we provide results showing the stability of system and the optimality properties
satisfied by the solution zk; of (31).

Proposition 3.2. Assume that condition @D holds, WH# is taken as in . and let assumption hold.
Then problem is inf-sup stable, more precisely

T AR
WNANPXZN

C .
BL = inf sup > —pgmmn Yu € D. (33)
Px,N ZNERNWNERN HVZN”XI}»:'”W;XWN”XZ' O

Moreover, problem has a unique solution z%, € RN for any p € D, which satisfies
u 1 w
Iz lxe < ——lgh lxx)-1-
BPX;
Proof. Starting from , it holds
Wi, Afzy = Wi Pxtp (21) < tp, (zn)|pxwaley  Ywy € RY,
where the equality is reached for wy, = t;x (z1,). Consequently, using the inequalities in we have

T AM T A M
WNAN Py EN WNAN Py EN

BE = inf  sup > inf  sup
PN nery g ery [ Van|lxe [Wh wilxe = Caver” o ery [Van|xe[Wh, wille,
1 th (Vz 1 t (z
1 Vel 1 e )l
C zneRN HVZNHXZ‘ C z,eRNn ||Zh||X;‘
W%A’,fzh W{A',fzh

> inf sup

C
inf sup = [T
C 21 eBNn g, ern |20 llx [|Whllxs

 Camer g ern [2nllxpWallesx
C (& i

= _g~ > — mzn.
obn 2 &P

By applying the Babuska theorem for non-coercive problems satisfying an inf-sup stability property, see [2],
concludes the proof. O

Proposition 3.3. Let assumption hold, then problem corresponds to solving the minimization
problem

h= i B AMVVN[E-.. 4
ziy =arg min_ e, AAZY S (34)

Proof. We consider the quadratic functional

J(vy) = |lgt - A’}fVVNHf);(l, vy € RV,

11



which has a unique minimum in uy € RY thanks to the nonsingularity of the matrices Px and Al We
impose its gradient with respect to vy and evaluated at uy to vanish. By employing the definition of the
norm || - ||P;(1 we obtain

aJ{VN}

Dvn (un)
0

_ M{(gg)TP;}gg +VEVT (AP AR VY - 2(gh) TP ALV b(uy)

=2VI(ANTP AN Vuy — 2(gf) P Al Vuy = 2A% p un — 28N p -

0=

Therefore, uy is such that
w _ ok
AN,PX uny = 8npy>

hence it coincides with the RB solution zf;, since the matrix A% p  is invertible. O

3.3.1 Assembling the RB problem

When building a RB approximation, it is essential to assume the affine dependence on p in the FE arrays

(@, that is
Qo
-#:ZW )AL, gh=> 0lu)gl, (35)
q=1

where ©f : D - R, g=1,...,Qq, and O} : D — R, ¢ = 1,...,Qq are p-dependent functions, while the
matrices Af € RV»*Nn and the vectors gf € RV are p-independent. If assumption is verified, then
the RB algebraic structures can be written, for the aLLS-RB case, as

AR p, = Z 01 ()02 (n) VI (AT TP ARV

q1,q2=1

Qa

> O (w)er(mAY™ (36)

q1,92=1

a

Qg
g%PX - Z Z 0% (u VT(Aql)TP 1 gl

= 1Q2 1
= Z Z 08 (1)OL (1)ghh . (37)
q1=1g2=1

In the G-RB case, the algebraic RB structures can be instead obtained as

Qa
Z@q )WVIAIV =) " 0i(u) (38)
qg=1
Qg Qg
gh => 02(u)V7igl =) 0 (u)g. (39)
qg=1 g=1

The matrices A%, ¢ = 1,...,Q,, AW® € RV*N ¢1,g0 = 1,...,Qq, and the vectors g% € RV, ¢ =

L.o.,Qg g eRY 1 =1,...,Q4, 2 = 1,...,Q, can be precomputed and stored during the offline
phase. Durlng the online phase, only the sums in 7 and ust be calculated out to assemble
the RB problem. Notice that the construction of A% and gh in 1. 1.) depends linearly on the number
of affine terms @, and @, for the G-RB method. On the other hand, the corresponding aLS-RB structures
AR p, and g p in (B6)-(37) depend quadratically Q, and Q,. Practically, by employing the G-RB
method softens the dependence on the number of affine terms, since less RB structures must be assembled
and stored with respect to the aLS-RB method. This advantage is also visible in the online phase, since the
construction of the RB matrix and right hand side scale linearly with respect to @, and @,. However, the
aLLS-RB matrices and right hand sides have a smaller dimension, since the velocity basis is not augmented,
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entailing a lower cost for computing and storing each array and for computing the solution of the RB system.
Finally, notice that the affine decomposition would not be exploitable in the case of standard LS-RB
method, due to the p—dependence of the matrix X}’. Indeed, one would need also an affine decomposition
of (X} )~1, which is generally not available since it is never explicitly assembled and its application is
performed by solving a linear system where X/’ is at the left hand side.

In the numerical examples considered in this work, as well as in almost every problem of applied interest,
the geometrical dependence of the computational domain on the parameter p is generally nonaffine, therefore
an affine representation of A}’ and g}’ cannot be computed. To circumvent this problem both the empirical
interpolation method (EIM) or its discrete variants DEIM and Matrix-DEIM [5], [15], [30] offer the possibility
to recover an approzimate affine decomposition. When such techniques are employed, the relations are
satisfied up to a certain tolerance,

D

g

CHIDES (40)

Q

Qa
Al ~ )y O8(n)A], gl
g=1

=)
Il

Q. and Q4 are the number of selected basis computed by the corresponding algorithms. In the case of
DEIM (resp. M-DEIM), the basis are again built through POD on a set of ng vectors (resp. matrices)
snapshots and up to a provided tolerance dqeim- Then, for a new value of the parameter p, the coefficients
0f :D—Rg=1,...,Qq (resp. O : D = R, g =1,...,0Q,) are computed by solving an interpolation
problem.

3.3.2 On the choice of Px

A natural question arising in this context regards the choice of the matrix P, since this directly affects the
values of the constants ¢ and C; from (33]). These constants play indeed a relevant role in the ill-conditioning
of the aLS-RB approximation. Moreover, it is clear that by taking Py = X/ we would have the optimal
case ¢/C = 1, hence recovering the standard LS-RB method. Therefore, Px should be chosen as close as
possible to X}, however it has to be p-independent. The following results give some insights on how to
properly choose the matrix Px. Their proofs are reported in the appendix [A]

Lemma 3.2. Let assumptz'on hold. The optimal value for the constants C > c satisfying are
—-1/2 - 1/2
C =[P e, o= 1/IXE) TP xe. (41)
From now, we consider C, ¢ as their optimal values .

Lemma 3.3. Let assumption hold. The two constants C' > ¢ > 0 satisfying and are such that

—1/2 —1/2

&= o, Prxi] " = o xap ] (42)

It is clear from Lemma that the matrix Px should be chosen in such a way that the condition
number of the preconditioned matrix P;(lXﬁ does not depend on the mesh size h, i.e. Px should be
an optimal preconditioner for X/'. If this is not the case, the value of the stability constant of the RB
approximation B{;X’ y may depend on h. Furthermore, if we set up our RB approximation in a HPC
environment, employing a mesh partitioner to divide the computational domain among the processors, it is
also advisable to choose P x such that % does not depend on the size H of the subdomains, i.e. Px should
be a scalable preconditioner for X}

In our numerical experiments P x is chosen either as Px = Xg, i.e. as the norm matrix in the reference
domain, or as a block diagonal preconditioner of X?L, where the two blocks are generated as symmetric and
positive definite preconditioners Px, € R¥i*Nii of X0 and Px, € R¥i*Ni of X9,

4 Numerical experiments

We show the results obtained with the RB methods presented in Section [3] implemented within the LifeV
[9] library. We compare the G-RB method (with velocity enrichment) and the aL.S-RB method in the case
of large-scale Stokes flows in a cylindrical domain which is nonaffinely parametrized. The deformation is
not analitically known, since it is retrieved as the solution of an additional FE problem which harmonically
extends in the interior of the domain the datum prescribed on a Dirichlet boundary. In the following
sections, we present the setup of the problem.
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4.1 Test case setting: Stokes problem in a parametrized cylinder

We consider the Stokes equations in a parameter dependent domain Q# C R?, which is obtained by deforming
a reference domain

Q= {ZecR?: 22 +2% <025 23€(0,5)}

by means of a displacement d* obtained as the harmonic extension of a boundary deformation. More
specifically, we set

OF = {3 e R®: 7 =7 +d"},

where d* solves the following PDE

“Adk =0 0O
- 3 0 in (43)
dr = ht on 9Q°

In our numerical experiments we take p = (1, p2) € D = [—0.3, 0.3] x [2, 3] and a Dirichlet datum of the

form

B —w1p exp{—5(ws — p2)*}
W = | —wapn exp{—5(z3 — p2)’}| ,
0

entailing a deformation of the cylinder by narrowing or enlarging (according to the sign of us) its section
in different positions along the coordinate x3 (according to the value of u1). Notice that the solution dm of
is not known a-priori, therefore we compute its numerical approximation Jﬁ by writing the variational
form of problem and by employing the FE method. We denote by d & R4 the solution of the
corresponding FE linear systern.

Moreover, once the computational domain has been deformed, the lifting function FgD is computed
similarly by solving the following problem

—A™* =0 in Q¥
gD

ST 7
TGy = “(_],D on I, (44)
™ =0 onI'¥

D
B’FQ;D o 123
oan =0 on I'y

which is an harmonic extension of the Dirichlet data in (2). Here g%, is a parabolic profile such that the
flow rate at the inlet is equal to 1. Problem as well is discretized with the FE method with second
order polynomials (P?) basis functions, leading to a parametrized linear system whose solution r}' € RNw
is the approximated lifting functions. In Fig. |1} the deformation dj is reported for three different values
of u € D. In the numerical experiments we present, Taylor-Hood FE (P? — P!), with a mesh leading to

displacement Magnitude displacement Magnitude displacement Magnitude
0.15 0.15 0.15

k. ko k.

foos Foos »

Ew. [nM F001

of of ol
L i L
(a) 1 = (2.7,0.12) (b) 1= (2,-0.3) (c) 1 = (3,03)

Figure 1: Displacement for different values of .
Nj, = Nj*+ N} = 1'503/280 + 64'943 = 1'568'223 degrees of freedom, are employed for the Stokes equations.

The algebraic problem is run on the Piz-Daint cluster with Cray XC40 machines, at the Swiss National
Supercomputing Center (CSCS) in Lugano. The computation has been carried out with 256 processors.
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4.1.1 FE simulation setup

For any parameter p considered, we solve the FE problems to approximate the deformation dn of problem
and the lifting function F;fD of problem . The associated algebraic systems are solved by the
preconditioned CG method, with a tolerance on the Euclidean norm of the residual (rescaled with the
Euclidean norm of the right hand side) of 1078. An algebraic multigrid (AMG) preconditioner from the
ML package of Trilinos, see [22], is employed. Once computed the deformation for a new parameter value
p, we employ a move-mesh tool to shape the computational domain and assemble the FE arrays. This
ensures that the meshes for different instances of the parameter p are topologically equivalent and there is
a one-to-one correspondence between degrees of freedom.

The linear system resulting from the FE discretization of the Stokes equations is solved with the
preconditioned flexible GMRES (FGMRES) method, where the preconditioner is the Pressure Mass Matrix
(PMM) operator, which exploits the block structure of and employs the mass matrix in pressure to
approximate the Schur complement, see [32]. It entails at every iteration the solution of a problem for
the velocity (involving the velocity stiffness matrix) and one for the pressure (involving the pressure mass
matrix). Both linear systems are solved inexactly with the preconditioned CG method, where the precon-
ditioner is still the AMG preconditioner from the ML package of Trilinos, this time with a tolerance on the
euclidean norm of the residual (rescaled with the euclidean norm of the right hand side) of 10~5. Notice
that we employed the FGMRES (instead of regular GMRES) due to the use of inner iterations for the
problems involving the velocity and the pressure, which, as a matter of fact, yield an iteration dependent
preconditioner. The PMM preconditioner provides satisfactory results in the case of the Stokes equations,
cf. [36, 21]. Finally, in order to compute the FE solution with the flexible GMRES method, up to a final
tolerance of 1078, our solver requires on average of 38.0 seconds, which also accounts for the time for deform-
ing the domain, building the lifting function, the PMM preconditioner and the FE solution. In particular,
computing the deformation d} and the lifting function rf’ requires 2.5 seconds (6.5% of the FE simulation).

4.1.2 RB simulation setup

During the offline phase, we explore the parameter domain D for building our RB approximation. In
particular we perform the following steps:

e we randomly choose a set of ngy = 150 parameters { uz} C D; then we compute the corresponding
velocity snapshots {u} } . and pressure snapshots {ph }i by solving the corresponding linear
system ([7] . Next, we build the RB space Vi by separately computlng a basis VY, for the velocity
and V?V the pressure, by plugging in the POD the same tolerance epop = 533 1n both cases. If
the Galerkin-RB method with velocity enrichment is employed, we also compute ng = 150 supremizer
snapshots {tg1 (ph )}i:r Since in general we do not take the same number of basis functions for the
velocity and pressure RB spaces, we use a tolerance also for computing the pressure supremizer basis
functions. With this aim, we employ POD with epop = %?705 to build the supremizer basis Vi , which
numerically confirmed to provide a stable G-RB problem.

e we compute a basis to affinely approximate f}‘, ri’ (with DEIM) and D/, Bf (with M-DEIM), by
taking ns = 100 snapshots for each of these quantities and a tolerance dq4e;y to be plugged in the POD.

In the online phase, we perform an analysis of the G-RB and aLS-RB methods with respect to the tolerances
0grp (or the number of basis functions N) and dgeim, by choosing dgg, ddeim = 1074, 1 = 2,3,4,5,6. We
evaluate the accuracy of the RB solutions zk; in terms of the rescaled RB residual

g — AL Ve[l

TRB =
[ElIe

averaging the results obtained for N,,; = 100 parameters, different from the one employed within the offline
phase. For the aLLS-RB method, we present the results for two choices of the matrix P x:

e Px = X(,)l, i.e. we approximate X}’ with the matrix norm on the reference domain 0%, With this aim,
in the offline phase, we need to solve FE linear systems with X9 on the left hand side to compute
the affine terms A%'", ¢1,q2 = 1,...,Q,. These linear systems are solved with the CG method
preconditioned with AMG, up to a tolerance of 10~8 on the euclidean norm of the relative residual;

e Py = ng, ie. we take the preconditioner Pxo of X%, which has a block structure ng =
diag(Pxo,Pxo), where Px, € RNwXNii (resp. Px, € RNIXNT) is a symmetric and positive defi-
nite AMG preconditioner of X}, (resp. X9).
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Both choices lead to a matrix Px which does not depend on p. Notice that for any new parameter p
considered online, we solve the FE linear system for computing the deformation d) and the lifting function
ri’. Alternatively, we could compute through the RB method the RB approximations of dj’ and r/’, to
be exploited during the online phase, similarly to what has been proposed in [27] for the parametrized
Helmholtz scattering problem. However this goes beyond the scope of this paper and will be the subject of

further research.

4.2 Numerical results
4.2.1 Offline phase

In Tables [1}2] we show the offline time required to build the structures of the RB approximations when using
SrB = Odeim = 1076 (comparable results hold when bigger tolerances are used). We recall that drp is used
within POD to build the velocity and pressure RB spaces, while d4e for building an affine approximation
of the FE blocks of A} and gy, in the (M-)DEIM algorithm. In the first table, we report the computational
times to build the (M-)DEIM basis which provide an affine approximation of the FE matrices and right
hand sides; these times are shared by both the G-RB and aLSRB methods. In the second table, the total
time of the offline computation is reported, together with the details of its three main stages: snapshots
computation, POD and RB affine arrays construction. Snapshots computation is the most demanding phase,
and is particularly expensive if the G-RB method is employed, since it entails the additional computation
of ng pressure supremizer snapshots {tg'i (pﬁ’)}?:sl The second phase, involving the POD to build the RB
spaces, only requires a tiny percentage of the offline time for all the three methods considered, however also
in this case, the two variants of the aLS-RB method need a shorter time than the G-RB method, because
they require only the construction of the velocity and pressure spaces Vi, and V?Vp, while in the G-RB case
the pressure supremizer space V3, must also be constructed. Concerning the construction of the affine RB
matrices and vectors, the G-RB method scales linearly on the number (Q, and Q,) of affine terms of the FE
matrices and right hand sides, yielding a computational time which is shorter than the one obtained with
the alLS-RB methods for this phase. However, there is also a significant difference between the two variants
of aLS-RB method. By employing Px = X7, for assembling the affine terms A%, ¢1,¢0 = 1,...,Qq, a
FE linear system must be solved for each combination of the N RB functions {¢&;}¥, and Q, affine terms
{AZ}qQ:“l, leading to N - @, FE linear systems. On the other hand, by employing Px = PX%, only N - Q,
applications of P)_(‘,l’z need to be performed, boosting the computation of the affine RB structures. Finally,
the lowest offline time is required by the aLS-RB method where Py = ng is employed, performing the
offline phase in about 81% of the time required by the aL.S-RB method with Px = X% and 96% of the time
required by the G-RB method. This is due to the fact it simultaneously does not require the construction
of the pressure supremizing snapshots to augment the velocity RB space and to cheaply construct the RB
affine arrays.

In Figure [2| the number of RB functions (left) and (M-)DEIM affine terms are reported as function of
the tolerances dgp and d4eim, respectively. The number of pressure RB functions is the same for the G-RB
and aLS-RB method, however the number of velocity basis functions doubles in the former case, due to the
velocity enrichment required to ensure the well-posedness of the resulting G-RB approximation.

Table 1: Computational time (seconds) to build RB basis with 6z = 1075.

MDEIM - DY | MDEIM - BY | DEIM - f [ DEIM - r¥’ | Total (M-)DEIM
362.6 249.4 326.7 321.3 1260.0

Table 2: Computational time (seconds) to build (M-)DEIM affine basis with §qeim = 107°.

G-RB | aLS-RB (X%) aLS-RB (PX?L)
Snapshots computation 6102.2 5699.4 5699.4
POD 3.5 2.1 2.1
Affine arrays construction 19.6 1789.8 153.3
Total (M-)DEIM 1260.0 1260.0 1260.0
Total offline phase 7385.3 8751.3 7114.8

4.2.2 Online phase

In Fig. B} [ and [f] the FE solution computed for different values of the parameter and the corresponding
errors obtained with the G-RB method and the aLS-RB method with Px = X{ are shown (the aLS-RB
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Figure 2: RB and (M-)DEIM functions vs 0gp, ddeim = 107!, 1 = 2,3,4,5,6.

method with Px = Pxo provides similar results).
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Figure 3: FE solution and G-RB and aLS-RB errors for g = (2, —0.3).

The proposed aLLS-RB method, either with Px = Xh or Px = PXo allows to obtain an exponential
decay of the residual rrp with respect to the number of RB functions N; the trend, in loglog scale, is
reported in Fig. @ A tolerance qeim = 1078 has been used for (M-)DEIM algorithms, in order to consider
negligible the error induced by affinely approximating the FE arrays.

An analysis of the convergence of the residual rzpp with varying both the tolerances dgrp, ddeim =
1074, 1 = 2,3,4,5,6 is reported in Fig. for the G-RB and the two variants of the aLS-RB methods.
By using the same tolerances d4eimm and drp, the alLS-RB method allows to compute a more accurate
solution during the online phase of about 1 order of magnitude. Moreover, notice that by using the same
Odeim for the aLS-RB methods and the G-RB method, the latter requires a lower tolerance dgp to reach
a solution with the same accuracy, yielding a much larger number of RB functions N. Obtaining a more
accurate solution with the alLS-RB method is an expected result, since the standard LS-RB method seeks
a RB approximation minimizing the (X} )~ norm of the residual, and the aLS-RB method provides a RB
approximation minimizing the P3' norm, where P' ~ (X})~!, as shown in Proposition

In Fig. [7} the computational time required to assemble and solve the RB problem is reported for the
three methods by varying both the tolerances drp, 6geim = 107¢, I = 2,3,4,5,6. Depending on the desired
level of accuracy and the RB method employed, the computational time required to solve the RB problem
online ranges from 3.75 to 4.3 seconds. Therefore, a solution accurate up to an error of 0.01% on the FE
residual rgp is computed in a time ranging from 10% to 12% of the time required by the FE simulation.

Notice however that the online computational time accounts also for the time employed for assembling
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Figure 5: FE solution and G-RB and aLS-RB errors for p = (2.7,0.12).

and solving the FE problems to compute the deformation d} and the lifting function r}’, which on average
requires 2.5 seconds in total. In our implementation this is included in the assembly of the RB matrix,
whose required computational time is reported in Fig. [0] By substituting in the simulation pipeline the
assembly and solution of the FE problems to compute df and r}’ with a less expensive model, e.g. by using
a cheap RB approximation for the computation of d} and rf’, one can compute an accurate solution with
the aLL.S-RB method, which needs only 5% of the time required by the FE simulation.

In Table [3] for the three methods examined, we compare the minimum computational time to compute a
RB approximation whose residual rz 5 is lower than a fixed target accuracy. The two versions of the aLS-RB
method confirm to reach a better accuracy in a lower time. The ’x’ in the the G-RB column states that
the accuracy 10~% is not reached when this method with the given tolerance values 0rg, 0deim = 107, [ =
2,3,4,5,6. Therefore, one should further decrease dgp and d4eim to0 compute a more accurate solution.

Table 3: Computational time (seconds) required by the RB methods to compute a solution satisfying a
target accuracy.

Accuracy | G-RB [ aLS-RB (X)) [ aLS-RB (P%)
le-01 3.73 3.74 3.74
le-02 3.93 3.74 3.74
le-03 3.99 3.76 3.77
le-04 X 4.14 3.91
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5 Conclusions

In this paper we have proposed a new algebraic PG-RB method which can be generally used when the
problem is parametrized with respect to the shape of the computational domain, especially when an ana-
lytical dependence of the geometry from the parameters is not known a priori. When such a case occurs,
the state of the art PG-RB methods are currently not exploitable, since they require an unbearable amount
of computation to build the RB problem online due to the p—dependence of the matrix X}
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The key idea of the proposed method relies on approximating the (p-dependent) matrix X4’ used to build
a standard LS-RB approximation, with a p—independent matrix P x, giving birth to an algebraic LS-RB
method which we called alLS-RB. We have analyzed its theoretical properties by providing well-posedness
results and by comparing it with the state of the art techniques to deal with the same class of problems,
i.e. a G-RB approximation with augmented velocity basis.

Furthermore, we have numerically investigated its properties, comparing the results with the ones ob-
tained with the G-RB approximation. The alL.S-RB method provides a system with lower dimension and
requires a lower number of affine terms in the affine decomposition of the FE arrays to reach a prescribed
accuracy. Finally, the results obtained with the aLLS-RB method are more accurate and are computation-
ally cheaper (both at the offline and online stages) than the ones obtained using the G-RB method with
velocity enrichment. Theoretical findings and numerical results suggest that the proposed strategy provides
a valuable paradigm for the efficient construction of a stable and accurate RB method for Stokes equations
and, more generally speaking, weakly coercive and/or saddle-point problems.
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A Proofs of the results in Section [3.3.2]
In the proofs we will omit the apex p for the sake of clearness, i.e. X;, = X}/
A.1 Lemma [3.2]
Proof. Being X;, and Px symmetric and positive definite, for any y € R™* it holds
Iyl%, = (X}/Zy,Xiﬂy)z = (PE(l/QPxPE(l/QXZ/Zy,X;I/QY)Q = (PxP}l/ZX;l/Qy,P}l/QX;l/zy)Q

—1/2~,1/2 —1/2~,1/2 —1/2~,1/2 —1/2~,1/2
= (PYXPy PG Ry) = PPy < P PXG P Iy -

and there exists an element y, € RV» where equality is reached. This leads to an optimal C' = HP;/QX;L/Z lpy-
Similarly, by inverting the roles of Px and X; and following the same argument, we have that ¢ =

—1/21/2
/X, P x, - 0
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A.2 Lemma [3.3

Proof. We rewrite the optimal values for C' and ¢ as it follows

~1/2x 1/2
—1/2+1/2 ”PX YHP
= [PY*X %R, = sup x
yeRNh,y;éO Hy”PX
(P_1/2X1/2y,P_1/2 1/2y) (X 1/2y, 1/2 o
= sup * " — = sup If/z 1/2
yERNr ,y#£0 (Y7y)PX yERNh y#£0 (PX y7PX y)
1/25—1/2051/2 1/25—-1/2p1/2
C (X} PP PPy, X PP PP Y Py,
yERNh y£0 (P%zy7 P¥2y)
2p-1/2, x1/2p=1/2 1/2p 1/2
—  sup (X, Py "W, X TPy W) =  sup X w3
weRNh w0 (W, w)2 weRNh w0 ||W||2
1/25-1/2
= [%,*PX 213, (45)

Similarly, we have that X, "/*PY?|x, = |PY?X, />

c —1/251/2 —1/2~1/2 -1 12—12 1/25—1/2 -
= (G P, PR X 2 ) = (PG X 2P )

|l2, yielding

1

= [l ] = [aeiex,)

where the last two relations are both used to find different equalities. Next, by recalling the definition of
condition number (with respect to the Euclidean norm) Ko for a matrix, we obtain

1/2p—1/2 1/2p—1/2 —-1/2 —-1/2
e (X1/2P71/2) )\mgm((Xh/ PX/ )TXh/ PX / ) Amax(PX / XhPX/ )
? h X - 1/2—-1/2 1/2p—1/2 - —1/2 —1/2
Amin ((Xh/ Py / )TXh/ PX/ ) Amin (PX/ XpPy / )
= \//cg (Px'xuP57%),

which verifies the second equality of . On the other hand we have

1/2~-—1/2 —1/2 —1/2 —1/2 —1/2 1/2 95— 1/2
Ka(PY*X, %) = wcz(xh PR ) = 1%, R X PR

= V1% "Pxllx, [Px Xslx, = \/Kx, (Px'Xn).

where we have used that [|X, /°Px X, 1/2||2 = |X;'"Px|x, and [|X;°’P'X}?|, = [P X4|x,; these
latter relationships are verified similarly to , and their proof can therefore be omitted. O
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