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ANALYTIC REGULARITY AND COLLOCATION APPROXIMATION FOR
PDES WITH RANDOM DOMAIN DEFORMATIONS

JULIO E. CASTRILLON-CANDAS, FABIO NOBILE, AND RAUL F. TEMPONE

ABSTRACT. In this work we consider the problem of approximating the statistics of a given
Quantity of Interest (Qol) that depends on the solution of a linear elliptic PDE defined over
a random domain parameterized by N random variables. The elliptic problem is remapped on
to a corresponding PDE with a fixed deterministic domain. We show that the solution can
be analytically extended to a well defined region in CN with respect to the random variables.
A sparse grid stochastic collocation method is then used to compute the mean and standard
deviation of the Qol. Finally, convergence rates for the mean and variance of the Qol are derived
and compared to those obtained in numerical experiments.

1. INTRODUCTION

In many physical processes the practicing engineer or scientist encounters the problem of op-
timal design under uncertainty of the underlying domain. For example, in graphine sheet nano
fabrication the exact geometries of the designed patterns (e.g. nano pores) are not easy to control
due to uncertainties. If there is no quantitative understanding in the involved domain uncertainty
such a design may be carried out by trial and error. However, in order to accelerate the design cy-
cle, it is essential to quantify the influence of this uncertainty on Quantities of Interest, for example
the sheet stress of the graphene sheet. Other examples include lithographic process introduced in
semi-conductor design [1].

Collocation and perturbation approaches have been suggested in the past as an approach to
quantify the statistics of the Qol with random domains [2, 3, 1, 4, 5]. The collocation approaches
proposed in [2, 3, 4] work well for large amplitude domain perturbations although suffer from the
curse of dimensionality. Moreover, these works lack error estimates of the Qol with respect to
the number of sparse grid points. On the other hand, the perturbations approaches introduced in
[5, 1] are efficient for small domains perturbations.

In this paper we give a rigorous convergence analysis of the collocation approach based on
isotropic Smolyak grids. This consists of an analysis of the regularity of the solution with respect
to the parameters describing the domain perturbation. In this respect we show that the solution
can be analytically extended to a well defined region in CV with respect to the random variables.
Moreover, we derive error estimates both in the “energy norm” as well as on functionals of the
solution (Quantity of Interest) for Clenshaw Curtis abscissas that can be easily generalized to a
larger class of sparse grids.

The outline of the paper is the following: In Section 2 we set up the mathematical problem and
reformulate the random domain elliptic PDE problem onto a deterministic domain with random
matrix coefficients. We assume that the random boundary is parameterized by N random variables.

Key words and phrases. Uncertainty Quantification, Stochastic Collocation, Stochastic PDEs, Finite Elements,
Complex Analysis, Smolyak Sparse Grids.
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In Section 3 we show that the solution can be analytically extended into a well defined region in
CN. Theorem 1 is the main result of this paper. In Section 4 we setup the stochastic collocation
problem and summarize several known sparse grids approaches that are used to approximate the
mean and variance of the Qol. In Section 5 we assume that the random domain is truncated to
Ny < N random variables. We derive error estimates for the mean and variance of the Qol with
respect to the finite element, sparse grid and truncation approximations. Finally, in section 7
numerical examples are presented.

2. SETUP AND PROBLEM FORMULATION

Let Q be the set of outcomes from the complete probability space (2, F,P), where F is a sigma
algebra of events and P is a probability measure. Define L% (1), g € [1, 0], as the space of random
variables such that

LH(Q) = {v| /Q o) dB() < o0} and LF(®) := {v | esssup ofe)] < oc}.

where v : 0 = R be a measurable random variable.

Suppose D(w) C R? is an open bounded domain with Lipschitz boundary 0D(w) parameterized
with respect to a stochastic parameter w € 2. The strong form of the problem we consider in this
work is: Given f(-,w),a(-,w) € C*(D(w)) (these assumptions will be relaxed for the weak form),
find u : D(w) — R such that almost surely

=V (a(z,w)Vu(z,w)) = f(z,w), =€ D(w)
u=0 on 0D(w)
Now, assume the diffusion coefficient satisfies the following assumption.
Assumption 1. There exist constants amin and Gmar Such that
0 < amin < a(z,w) < Gmaz < 00 for a.e. x € D(w), w € Q.

where

Qmin = essinf  a(x,w) and amar := esssup a(z,w)
z€D(w),weN z€D(w),weN

We now state the weak formulation as:

Problem 1. Find u(-,w) € H(D(w)) s.t.

-Vou(z) de = xr,w)v(x) dr Vv ! w)) a.s.
(1) /D(w)a(x,w)w(x,w) Vo(z) d /]3<w)f( ,wjv(z) dz Vv € Hy(D(w)) Q,

where f(-,w) € L*(D(w)) for a.e. w € Q.

Under Assumption 1 the weak formulation has a unique solution up to a zero-measure set in €.

2.1. Reformulation onto a fixed Domain. Now, assume that given any w €  the domain
D(w) can be mapped to a reference domain U C R? with Lipschitz boundary through a random
map F : U x Q — R?, where we assume that F' is one-to-one and the determinant of the Jacobian
|OF (-,w)| € W1o°(U) for any w € Q. Furthermore we assume that |0F| is uniformly greater than
zero almost surely. We will, however, make the following equivalent assumption.
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Assumption 2. Given a one-to-one map F : U x Q) — RY there exist constants Foin and Foyax
such that
0 < an’n g Omin (BF(W)) and Omax (8F(w)) g ]Fmaw < o0

almost everywhere in U and almost surely in Q2. We have denoted by opmin(OF (w)) (and omaqe(OF (w)))
the minimum (respectively mazimum) singular value of the Jacobian OF (w).

In the rest of the paper we shall drop repeating a.s. in 2 and a.e. in U unless disambiguation
is needed.

Lemma 1. Under Assumptions 2 it is immediate to prove the following results:
i) L*(D(w)) and L*(U) are isomorphic.
ii) HY(D(w)) and H*(U) are isomorphic.

Problem 1 can be reformulated with respect to the fixed reference domain U. From the chain
rule we have that for any v € C'(D(w))
(2) Vo=0F "V(voF).
By a change of variables, the weak form can now be posed as:
Problem 2. Finduo F € H}(U) s.t
(3) B(w;uo F,v) = l(w;v), Yv e Hy(U)
where for any v,s € HE(U)

B(w; s,v):= /U(a o F(-,w)VsTC7(-,w)Vu|OF (-, w)],

twro) = [ (70 F.w)v 0P ().
foF e L*U), and C = OFTOF.
The following lemma gives the conditions under which Problem 2 is well posed.

Lemma 2. Given that Assumptions 1 and 2 are satisfied then there exists a.s. a unique solution
to Problem 2, which coincides with the solution to Problem 1, and
3/ 2+2
max

W”f o Fllp2w)Cp(U)

mzn min

IVull 2 (D)) <

where Cp(U) is the Poincaré constant of the reference domain U.

Proof. From Assumption 2 we have that

|OF| = /|C| = /TI4_ X ¢ 0i(OF).

Furthermore, from Assumptlon 2 we have that
Anin(C71) = aminFL, T2 > 0.

min- max

therefore F¢, < |0F| < FY, ..

)\mzn((a o F) |8F|) amian

and
Mnaz((a 0 F)YCTHIF|) < amazFe .o dmaz(C7Y) = amaaFe,, F 2 < oco.

max= min
Thus Problem 2 is uniformly continuous and coercive, and from the Lax-Milgram theorem there
exists a.s. a unique solution. The equivalence between Problems 1 and 2 is an immediate conse-
quence of the chain rule and the isomorphism between Hg(U) and Hi(D(w)) (Lemma 1).
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From the Cauchy-Schwartz inequality we obtain
Amin((@ o F)CTHOF|)[|V(uo F)| 12y < [B(wiuo Fyuo F)| = |l(w;uo F)
< [ 1o Flluc Flor]
U
<|f o Fllzwyllwo Fll 2wy Frnas-

From the Poincaré inequality (||u o F|r2@y < Cp(U)||[V(uo F)||12()) we obtain

r Cp(U)FE
19 (o0 Py < N2 CP U

d —2
minFmin]Fmaz

From (2) we obtain that Vv € H}(D(w))
||VU||L2(D(¢,J)) < Fd/z F_l ||V(U o F)||L2(U)a

mazxr= min
thus
3/2d+2
R o FllganCr(U).

Amint 1 in

[VullL2(pw)) <
O

Remark 1. For many practical applications the non-zero Dirichlet boundary value problem is more
interesting. We can easily extend the stochastic domain problem to non-zero Dirichlet boundary
conditions.

Suppose wo F € HY(U) is the weak solution to the following boundary valued problem: Find
uo F such that

~V-((ao F)CTYOF|VuoF) = foF inU
woF |, = goF ondU
a.s. in Q, where foF € L*(U) and go F,ao F € Wh>(U).
Since U is bounded and Lipschitz there exists a bounded linear operator T : HY/?(0U) — H*(U)

such that Vg € HY2(dU) we have that w := T§ € H'(U) satisfies w|or = § almost surely. The
weak formulation can now be posed as ([6] chapter 6, p297):

Problem 3. Given that fo F € L*(U) find wo F € Hi(U) s.t.
B(w; o F,v) = l(w;v), Yo e HYU)

almost surely, where I(w;v) = Ji; [ o F|OF|v — L(w,v), L(w,v) := ao FYwW' C'|0F|Vv and
w=T(goF).

The weak solution wo F € HY(U) for the non-zero Dirichlet boundary value problem is simply
obtained as uo F =o'+ w.

2.1.1. Quantity of Interest and the Adjoint problem. In practice we are interested in computing
the statistics of a Quantity of Interest (Qol) over the stochastic domain or a subdomain of it. We
consider Qol of the form

(4) QUu) = / g(@)u(z, w) d

D
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(9 € C>®(D(w))) over the region D C D(w) for any w € Q. Furthermore we assume that we
can always construct a mapping F s.t. OF|p = I so that U = F~(D) does not depend on the
parameter w € € i.e.

(5) QuoF) = / (go Fluo F dxr = Q(u).

U
In this paper we restrict our attention to the computation of the mean E[Q)] and variance Var[Q] :=
E[Q?] — E[Q]? given that the domain deformation is parameterized by a stochastic random vector.
We first assume that Q : H}(U) — R is a bounded linear functional. The influence function
can be computed as:

Problem 4. Find ¢ € H}(U) such that Yv € H}(U)
(6) B(w;v,¢) = Q(v)

a.s. in Q.

Now, assume that dist(D,dD) > ¢ for some § > 0. We can now pick w = T'(g o F') such that
Q(uoF)=Q(uoF),ie Q(w)=0. Therefore, we have that

QuoF)=Q(uoF)=Q(uoF —TgoF)=B(w;toF,p).

2.2. Domain Parameterization. Let Y := [Y3,...,Yx] be a N valued random vector measur-
able in (€2, F,P) taking values on I':=T; x --- x 'y C R and B(T) be the Borel o—algebra.
Define the induced measure py on (I, B(T')) as py := P(Y "1(A)) for all A € B(I'). Assuming
that the induced measure is absolutely continuous with respect to the Lebesgue measure defined
on I, then there exists a density function p(y) : I' — [0, +00) such that for any event A € B(T")

PV € 4) = POV (4) = [ ) ay.
Now, for any measurable function Y € LL(T") we let the expected value be defined as

E[Y] = /pr(y) dy.

Remark 2. In Sections 4 and 5 we shall use an alternative density function p(y) : T' — [0, +00).
To disambiguate the functional space L% () with respect to p(y) and p(y) we shall refer to LZ(Q)

as the space L% (Q) with respect to the density function p(y).

The mapping F(-,w) : U — D(w) can be parameterized in many forms. In this paper we restrict
our attention to the following class of mappings:

Suppose that U; ¢ U € R, i = 1,..., M, is a collection of non overlapping open elements
(square, triangular, tetrahedral, nurbs, etc) in R¢ such that U := UM U, forms a Lipschitz bounded
domain.

For each element U;, i = 1,..., M suppose we have a map F; : U; x Q — R? that satisfies
Assumption 2. Now, let D;(w) C R? be the image of F;(U;,w) and denote D(w) := UM, D;(w).
Assume that D(w) is a conformal mesh.

Assumption 3. For each open element Uy CR?, i =1,..., M, the map F; : U; x Q — R has the
form
Fi(z,w) =2+ ¢;(z,w),



6 JULIO E. CASTRILLON-CANDAS, FABIO NOBILE, AND RAUL F. TEMPONE

where

gi(z,w) = e;(x,w)d;(x)
a.s. in Q, with v; : Uy — R, 9; € CH(Uy), and ej(x,w) : Uy x Q — R. Assume that for each
i=1,...,M the maps F; : U; x Q — D;(w) are one-to-one almost everywhere.

AR

/77
N

FiGURE 1. Cartoon example of stochastic domain realization from Reference elements.

The next step is to characterize the stochastic perturbation variables eq,. .., ey . Without loss
of generality we characterize only a single stochastic perturbation e(x,w) : U x Q@ — D(w) for a
single generic element U with the following parameterization:

e(r,w) = Z Vb ()Y (w)
=1

Denote Y := [Yi,...,Yy], and for n = 1,...,N, let T, = Y,(Q), E[Y,] = 0, E[Y?] = 1.
Furthermore denote T" := Hf:[:l Ty, and p(y) : T' — Ry as the joint probability density of Y. In
addition, we make the following assumptions:

Assumption 4. (1) n=1,...,N, T, =[-1,1]
(2) by,...,by € C(U)
(3) Hbl\/)‘»lHLOO(U) are monotonically decreasing for 1 =1,2,...N.

3. ANALYTICITY

The analytic extension of the solution of Problem 3 with respect to the images of the stochastic
variables provides us a form to bound the approximation error of the collocation scheme. For
notational simplicity we only derive the analyticity of the solution u with respect to the random
variables [Y1,...,Yn] parameterizing one simple perturbation field F(z,w) : Uxw— R as
F(z,w) =z + e(z,w)d(z).

In this analysis we consider only the homogeneous Dirichlet case since the extension to the
non-homogeneous case is straightforward. First, we establish some notation and assumptions.
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From the stochastic model formulated in Section 2 the Jacobian OF is written as

N
(7) OF (z,w) =1 + ZBI(CU)\/)TZYZ(W)
1=1
with
W)y (z) O0edg () ... Lelody (g
Obi(z) o 9bi () - by (x) ~
T Ua(w) T 0a() L2 9o ()
By(x) := by(x)00(x) + 9z . dz2 G .
b x.A b, l'./\ . ob, :c’A
T oa(@) T oa(e) ... %Pz

where Jv is the Jacobian of v(x).

Assumption 5. (a) ao F is only a function of x € U and independent of w € .
(b) There exists 0 < 6 < 1 such that 3" | Bi(x)]lav/ N <16, Vo € U.
(c) Assume that f: R — R and w: R? — HY(U) can be analytically extended in C¢.

Remark 3. Assumption 5 (a) restricts a(z,w) to be a constant along the direction v(x). This
assumption simplifies the presentation of this section.

We now extend the mapping F(y) = I + R(x,y), with R(z,y) := S, VA Bi(x)yi, to the
complex plane. First, for any 0 < 3 < § define the following region in C":

N
(8) Op = {z cCViz=y+w,yc[-1,1]", Zsup 1B () |l2v/ Ai]wi| < ﬂ}} .
=1 zeU
Note that in the rest of the section for sake of simplicity we shall refer to R(x,y) or R(x,z) as
R(y) or R(z) unless emphasis is needed. We shall now prove several lemmas that will be useful to
prove the main results (Theorem 1).

Lemma 3. Under Assumption 5 we have that Yy € [~1,1]N and x € U

Z) Umaw(aF(Y)) < ? -0,
i) Omin(0F(y)) =9, )
iii) (2 —0)? > det(OF (y)) = 6%.

Proof. i) [10F(y)l> < 1+ sup,cp Sy 1Bi@) v <2 — 5.
ii) Omaz(OF(y) — 1) = || Zfil Bi(@)VAyillz €1 -0 = 0min(0F(y)) = omin(I +0F(y) — 1) >
Omin(I) = Omac(OF(y) = I) 21— (1—-0) =0
iii) The result follows from the following fact: If A € C¥? we have that o, (A4) < |M(A)] <
Omaz(A) forall il =1,... N.
(I

Lemma 4. Let 0 < f < glerOligcéQ and o = 2 — exp(gdfﬂ) > 0 then Vz € ©4 and Yo € U we have

that det(OF (z)) is analytic and
i) |det(0F (2))| = 8%,
i) |det(0F (z))| < (2 — 542 - a), }
iii) Redet(OF(z)) > 0%, |Imdet(0F(z))| < (2 — 0)%(1 — a).
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Proof. For all z € ©g we have that

F(z,z _I+ZBl fyﬁZBl )WA\w = I+ R(y) + R(w)

and let Q(y,w) =1+ (“)F(y)‘ R(w) so that 8F(z) =0F(y)Q(y,w).
We now study det(Q(y,w)) for all z € ©5 by using the following identity [7]: If A € C?*? and
Omaz(A) < 1 then

k
det(I+A)=1+Zk1!< Z trAJ)

It follows that

k
det(Qy, w) ~ 11 < > §;ﬂﬂwmwlRw»m>
k=1 \j=1
(e%S) 1 0o 1 d F
<o Zjmemw%ww)
k=1 j=1" 1=1
k
<X$ZP%MWMMWWMO
k=1 Jj=1

and |det(Q(y,w))| < exp (5 ﬂﬂ)

Now, it follows that if 3 < jj;)g? then

i) |det(Q(y, w))| > 1~ |det(Q(y, w) — 1] > 2~ exp () = a >0,
ii) Redet(Q(y,w)) > 1 —|det(Q(y,w)) — 1| = a >0,
i) | Tm det(Q(y, w))| < |det(@(y, w) 1] < 1 - o

Finally we have that det(0F(z)) = det(0F (y))det(Q(y,w)). It is easy now to see that det(OF (z))
is analytic Vz € O since det(Q(y,w)) is a finite polynomial of w. The rest of the result follows
by applying Lemma 3. [

Lemma 5. Let G(z) := (ao F)det(0F(z))0F ~*(2)0F T (z) and suppose

0g(2-7) [z
0</3’<m1n{5W() 1+462/2 -1}

where v 1= % then Re G(z) is positive definite Vz € ©g and
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(a) Amin(ReG(z)™1) = B(6,8,d, amaz) > 0 where

5 -5 — ) + 282+ (- §)

B((s, B,d, amam) = amax(2 — S)2d(2 — Oé)2

(b) Amaz(ReG(2)™1) < D(6, B, d, amin) < 0o where
N N 1 d < 2
D(6,B,d, amin) = m [(2 —0)"(2—a)(d +B)

+21-9)"2-a)(B2+(8-9))|.

(¢) Omaz(ImG(z)~1) < C(8, B, d, Gmin) < 00 where
C(6, B, d, amin) = . [(2 — 542 -a)28(2+ (B—9))

anzin52da2
(2= 81— a)(2-8) + B+ 5]
Proof. (a) To simplify the proof we use the property that if Re G~1(z) is positive definite then

Re G(z) is positive definite (From (b) in [8]) , but first we derive bounds for Re F(z)T0F(z) and
ImOF (z)TOF (z). For all z € ©5 we have that

Re0F(2)T0F(z) = Re[(I + R(y) + R(w))' (I + R(z) + R(w))]
= (I + R(y) + R-(w))" (I + R(y) + R(W)) — Ri(w)" Ri(w).

where R(w) = R,.(w) + iR;(w). By applying the dual Lidskii inequality (if A,B € C%*¢ are
Hermitian then A (A + B) 2 Apin(A4) + Amin(B)) we obtain

Amin(Re OF (2) OF (2)) 2 Ain (I + R(y) + R (w))" (I + R(y) + Rr(w)))
— Amaz(Ri(w)" Ri(w))

(9) 72nzn I+ R( ) + RT(W)) - Urznam (RZ(W>)
2 (Omin(I + R(y)) — Umaz(Rr(w)))2 - Ugnaz(Ri(w))
> (5 - p)* - B

It follows that if 8 < /2 then
Amin(Re OF (2)TOF (z)) > 6(6 —28) > 0
and is positive definite. We see that for all z € ©g,
Amin(Im OF (2) T OF (2))| < [Amaz (Ri(w)" (I + R(y) + R.(w))
+ I+ R(y) + Ry (w))" Ri(w))|
< Omaz(Ri(W) " (I + R(y) + Rp(w))

+ (I + R(y) + Re(w))" Ri(w))
< 20maz (Ri(W))omaz (I + R(y) + Rr(w))

<282+ (B-9)).
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We now have that

Amin(a™" Re(§™(2)0F (2)" OF (2))) > : B Amin(Er (2) Re F(2)" OF (2)

amaz|§(z)

+&1(2) Im F(2)" OF (2)))
1

Amaz|§(2)]?

— &1 (@) Amin (Im OF (2)" OF (2))])),

where £(z) := £g(z)+i€1(z) = det(I+R(z)). From Lemma 4 we have that |¢(z)|™ > (2—48)"¢(2—
«) > 0 whenever z € O3.

From Lemma 3 (iif) if § < 8@ o = fﬁ%{fj then £r(z) > |&1(z)|, Vz € Op.
From inequalities (9) and (10) we have that if 8 < \/1 4 02/2 — 1 then A\pin(Re 0F(2)T0F (z)) >
Amin(ImOF (2)TOF (2))| and Apin(Re G(z)~") = B(0, 8, d, amar) > 0 where
dla((6 - B)* = B%) — 282+ (8- 9))(1 —)(2 - 9)*
Amaz(2 —6)%4(2 — a)?
From London’s Lemma [8] it follows that Re G(z) is positive definite Vz € Og.
(b) By applying the Lidskii inequality (If A, B € C%*? are Hermitian then \,,..(A4 + B) <
Amaz(A) + Amaz(B)) we have that
Amaz(Re OF (2)" OF (2)) < Apax (I + R(y) + Ro(W))" (I + R(y) + R.(w)))
— Amin(Ri(w)" Ri(w))
(12) = Opae (L + R(y) + R (W) = 05, (Ri(W))
< (Omac(I + R(Y)) + Omaa(Rr(W)))? = 0700 (Ri(W))
<O+p)>

> (€r(2)Amin(Re OF (z)TOF (z))

B(Saﬁadv amaaz) =

and
Ainae (Im OF (2)" OF ()| < [Amaz(Ri(w)" (I + R(y) + Ry (w))
(13) + (I + R(y) + Ry (w))" Ry(w))|
<26(2+ (8- 9)).
From inequalities (12) and (13), and Lemmas 3 and 4, we obtain

< [£a(2)[Amas (Re OF (2)"0F (2)) + |€1(2)||Amas (Im OF (2)T OF (2) )|

)\maz(Re G(z)il) amin‘g(z)‘z

< D(Svﬂvdv amin) < 00

where
1
amin(SQdOé2

+22-9)"(1-a)(B2+ (8- 1))

D, B, d, amin) == [(2 — 542 — )@ + B)?
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(c) Similarly we can bound
Omaz(ImOF(2)TOF (2)) < 0pmaz(Ri(W)T (I + R(y) + R, (w))
(I + R(y) + R (w))" Ri(w))
Tmaz(Ri(W))0maz (I + R(y) + Ry (w))

(14) )
26(2+ (5 ).

<
+
<
<

and
Omaz(ReOF (2)T0F (2)) < 0max (I + R(y) + R (W))T (I + R(y) + R.(w)))
+ Omaz(Ri(wW)" Ri(w))
Tmaz(I + R(y) + Re(W)) + 0710, (Ri(w))
< (Tmaz (I + R(Y)) + Oz (Rr(W)))? + 0500 (Ri (W)
<(2-0)+5)* + 5%
From inequalities (14) and (15), and Lemmas 3 and 4 we obtain
¢r(z)Im 8F(z)T8F(|z)(—)|§I(z) Re0F (z)TOF(z))
Amin|E(2)]?
< |€R(2)|0mas (Im OF (2)" OF (2)) _g(|£)1(2z)|o'max(Re OF (z)" OF (z))

(15)

e (I Gi(z) 1) < Tz

= C (6,8, d, amin) < 0.
where
1

a/vnin(SZdOC2

C(8, B, d, amin) = 2042 —a)28(2+ (8-9))

+2 =91 -a)(2= )+ 8+ Y]
]

Lemma 6. Let G(z) := (a0 F)det(OF(z))0F ~1(z)0F T (z) then G(z) is positive definite Vz € O
whenever

.S IOg(Z_’Y) )
(16) 0<B<mm{(5m,\/l+5 /2 —1}

(2-5)% 424

)T Furthermore

where vy :=

Amin (Re G(Z)) 2 5(87 ﬁa da amaxa a/min) > O

where
1

E<gvﬁ7d7 amax7amin) = = 2 .
C(8,8,d,amin) < )
(1 + (B(S,B7d7amax)> ) D((Svﬁvdv a'mzn)

Proof. From Lemma 5 Re G(z) is positive definite Vz € ©4, where (3 satisfies (16). It follows from
the Lemma in [8] that G(z) = Q(I+iA)Q*, where @ is a non-singular matrix, A := diag(aq, ..., aq)
and aq,...,aq are real. Since G(z) is symmetric then Re G(z) = (1/2)(G(z) + G(z)*) and it is
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simple to see that Re G(z) = QQ*. Thus we need to show that A\, (Re G(z)) = 02,,,(Q) = & > 0.
Applying (b) in [8] we have that
G(z)™' = (DQ™")"(I —iA)DQ™!

where D := diag((1 + a2)~ Y2 ..., (1 4+ a2)71/2) = (I + A?)7'/2. 1t follows that ReG(z)~! =
(DQ™H*DQ! for all z € O,

Amaz(Re G(2)™1) = 07,0, (DQ™Y) = 07,3, (D)07,0(Q71) = 07,55, (D)07,5,(Q),
and therefore

" 20(D) oI A7) (102 (A)"
min(@) 2 R G ]~ Pomar(ReC(@) D]~ Poomas (Re Glz) 1))

for all z € ©5. Now, ImG(z)~! = (DQ1)*(—A)DQ ! and
Omaz (Im G(Z)il) > U%Lm(DQil)Umaz(A)
Since ReG(z)™! = (DQ™1)*DQ~! then \,in(ReG(z)™1) = 02,,,(DQ!) and

Omaz(Im G(z) 1)
2 O’mafl?
Amin(Re G(z)~1)

A(& B,d, tmaa, amin) = (A)

It follows that

(17) Amin(Re G(2)) > !

(1+ A%)|Mnae(ReG(z) )]

From Lemma 5 (a) we have that Apq, (Re G(z)™") = B(6,3,d, amaz). From Lemma 5 (c) we have
that 04 (ImG(z)™1) < C(0,5,d, amin) < co. This implies Omaz(N) < A6, B,d, amazxs min) <
oo. Finally from Lemma 5 (b) A\pnaz(ReG(2)™1) < D(6, 8, d, @min) < co. We conclude that

)\mln(ReG(Z)) > 5(57ﬁ7d7 amax»amin) > 0

O
We are now ready to prove the main result of this section. For n =1,..., N consider the map
U(s): T, — HY(U) where

for any arbitrary point y,, € I',, where

fn = H Fl

1=1,...,N l#n

Consider the extension of s into the complex plane as z = s 4 tw in the region Oz along the
nt" dimension. Now, for notational simplicity reorder (y1,...,yn) such that n = N and extend
Yn — z € O, where OF := 03N CN~1. Then V¥(s) has a natural extension to the complex plane

as U(z) :=u(z,2,x) for all z € ég C Og.

Theorem 1. Let 0 < § < 1 then u(z) is holomorphic in ©g (8) if

ez log(2—9) [
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where v := %. Moreover, the following estimate holds:
- oo <SP Oy
1 X ~ )
HO @) 5(57 63 da Amax, amin)

with 5(5,6, d, Omazs Amin) defined in Lemmas 5 and 6.

Proof. The strategy for this proof is show that ¥(s) admits an analytic extension into the complex
plain for each dimension separately (for n =1,..., N) and then apply Hartog’s Theorem (Chapl,
p32, [9]) and Osgood’s Lemma (Chap 1, p 2, [10]) to show that it extends to the entire domain
Og. First, since g < § the series

OF(2) = (I+ R(z) " = I+ R(z)"
k=1
is convergent Vz € ©g. It follows that each entry of 9F(z)~! is analytic for all z € ©5. From
Lemma 4 it follows that the entries of G(z) are analytic for all z € ©g.

Let ¥ = [Ug, U;]7, where Ux = Re ¥(2) and ¥; = I'm ¥(z). Then VU solves (in the weak
sense) the problem

(19) ~V-GVU = f,

5 _ ( Gr —Gi ;[ Ir
=& ) =00
Gr = Re(@), Gr := Im(G), fr = Re f and f; = Im f. Note that f refers to rhs of the weak
formulation i.e. I(z;v) for all v € HY(U).
The system of equations (19) has a unique solution if G is positive definite (Apin(Gr(2)) > 0).
From Lemma (6) this condition is satisfied if z € ©4.
To show that ¥(z) : C — H}(U) is holomorphic in C for n = 1,..., N the strategy is to show
that the Cauchy-Riemann conditions are satisfied, but first we have to show that the derivatives
05V and 0,V exist. Now, differentiating (19) with respect to s = Re z and w = Im z we obtain

where

—(V-GgrVOsUR(2) = V-GVO¥[(2)) = V- -0,GrVUR(2)—V-0,GVU(z)
+  0Osfr(2)

(V- GIVOUR(2) + V-GrVIU(2) = V-8,G1VUr(2)+V-0,GrV(z)
+ 0sf1(2)

(V- GrVOVR(2) — V-GiVOU(2) = V-0uGrVUa(z) -V -0,G1VU;(2)
+ Ouwfr(z)

(V- G1VOUg(2) + V- GrVILU(2) = V-0uGrVUa(z)+ V- 0uGrVU;(2)

(20) + Owfi(z)

By the Lax-Milgram theorem the derivatives 0,V and 0,V exist and have a unique solution
whenever z, € ©g and z € C:)g The second step is now to show that the Cauchy-Riemann
conditions are satisfied.

Let P(z) := 05V R(z) — 0, ¥1(2) and Q(z) := 0,V r(2) + 0¥ (2). To show analyticity we now
have to analyze for what region in the complex plane P(z) = 0 and Q(z) = 0. By taking linear
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combinations of eqns (20) we obtain

—V - (GrRVP - GVQ) = V-((0:Gr— 0u,G1)VUR — (0uGr + 0:G1)VY;
+ Osfr—0Ouwfi
~V-(GIVP+GrVQ) = V-((0uGr+0.G1)VUg— (0:Gr — 0,G 1)V
(21) + Osfi+0ufr

We now need to show that G(z) and f(z) satisfies the Riemann-Cauchy conditions so that the
right hand side becomes zero.

From Assumption 5 (¢) we have that fo F(z) and wo F can be analytically extended in C thus
I(z,2;v) is holomorphic for all z € O, z € ég, and v € H}(U). Now, recall that G(z) is analytic
if z € ©4. Thus equations (21) have a unique solution P(z) = Q(z) = 0for all z € ©g and z € (:)g
From the Looman-Menchoff theorem ¥(z) is holomorphic for all z € O3 and z € ég

We can now extend the analyticity of the solution u(z) to the entire domain ©g. Repeat the
analytic extension of u(y,,yn,z) for n = 1,...,N. Since each variable u(y,,¥,,z) has been
extended into the complex plane for z € ©4 and z € C:)}; from Hartog’s Theorem it follows that
U (z) is continuous in Og. From Osgood’s Lemma it follows that ¥(z) is holomorphic for all z € ©3.

The last step is to show the inequality (18). First, multiply (19) by ¥(z)” and integrate over
U to obtain

/DV‘I’E(Z)GR(Z)V‘I’R(Z) + VT (2)Gr(2)VP1(2) < [|f (@)l 20 1 (@) 25

thus
Asin (Cr(@) [VU(@)2, 5, < 1 F @] o) [ ¥(2) | 2.

Applying Poincaré inequality and Lemma 6 we obtain the result. O

4. STOCHASTIC COLLOCATION

We seek to efficiently approximate the mean and variance of the Qol of the form (4). More
specifically we seek a numerical approximation to the exact moments of the Qol in a finite dimen-
sional subspace V), ;, based on a tensor product structure, where the following hold:

e H,(U) C H}(U) is a standard finite element space of dimension Nj,, which contains con-
tinuous piecewise polynomials defined on regular triangulations 75 that have a maximum
mesh spacing parameter h > 0.

o P,(T") C Lz(F) is the span of tensor product polynomials of degree at most p = (p1,...,pN);

ie., Po(l) =N, P, (I,) with

n=1
Pp, (L) =span(y,', m=0,...,p,), n=1,...,N.
Hence the dimension of P, is N,, = HnNzl(pn +1).

e up : I' —» Hp(U) is the semidiscrete approximation that is obtained by projecting the
solution of (3) onto the subspace Hp(U), for each y € T, i.e.,

(22) /Ua o F[Vun(y)|TG(y)Vo, dx = /U(f oF'— Lw)v,dx Vv, € Hy(U),
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for a.e. y € T. Denote 7, : HY(U) — Hp(U) as the finite element operator s.t. if
u € H}(U) then uy, := mpu and
: T
(23) |w—hullga )y < Cx Uef;}f(lw lu = vl wy <ACr,u).

The constant r € N will depend on the regularity of u and the polynomial order of the
finite element space Hj,. Denote Cr(r) := supycp C(r, u(y)).

e Similarly, ¢ := mpp is the semi-discrete approximation of the influence function. For each
y el ie,

(24) /U a0 F[Von(3)]"Gy)Viondz = Q(on) Von € Ha(U).

Remark 4. Note that for the sake of simplicity we ignore quadrature errors and assume that the
integrals (22) and (24) are computed exactly.

The next step consists in collocating Qp, (un(y)) with respect to I'. To this end, we first introduce
an auxiliary probability density function p: I' — RT that can be seen as the joint probability of
N independent random variables; i.e., it factorizes as

N
(25) ply) = H pn(yn) Vy €T, and is such that H'?
p

< 00.
Le=(T)

n=1

For each dimension n =1,..., N, let y, 1, 1 <k, < p, +1, be the p, + 1 roots of the orthogonal
polynomial g, +1 with respect to the weight p,,, which then satisfies [.. ¢,,+1(y)v(y)pn(y)dy =0
for all v € P, (T'),). '

Standard choices for p, such as constant, Gaussian, etc., lead to well-known roots of the polyno-
mial gp, 1, which are tabulated to full accuracy and do not need to be computed. Note, that for
the case of Clenshaw-Curtis abscissas the collocation points are chosen as extrema of Chebyshev

polynomials.
To any vector of indexes [k1, ..., ky]| we associate the global index
k=ky+pi(ky — 1)+ pipa(ks — 1)+ ---
and we denote by yi the point yr = [Y1ky,Y2.kss-- -, YNEy] € I We also introduce, for each

nt+1

n=1,2,...,N, the Lagrange basis {l, ; }é-):l of the space Pp, ,

l"vj eP n(Fn)7 ln,j(yn,k) = Njka jak:17'~',pn+1v

where §;;, is the Kronecker symbol, and we set Iy (y) = H51V=1 lnk, (Yn). Now, let Z, : COT") —
Pp(T'), such that
Np

To(y) =Y vlw)lk(y)  Yoe ().

k=1

Thus for any y € I we can write the Lagrange approximation of the QoI (Qn(y)):

Qup(y) == L,B(y;un(y), on(y))
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Remark 5. For any continuous function g : I' — R we introduce the Gauss quadrature formula
E2[g] approzimating the integral [1.g(y)p(y)dy as

N, N
(26) Eﬁ[g] = Zwkg(yk)a Wi = H Wk, Wk, = / lin (y)pn(y) dy.
k=1 n=1 T

In the case p/p is a smooth function we can use directly (26) to approxzimate the mean value or
the variance of Qn as

2
En[Qn] == E} {th’p] ; and vary,(Qp) :== E} {gQi’p} -E; {th’p] .

Otherwise, E[Qn] and vary(Qp) should be computed with a suitable quadrature formula that takes
into account eventual discontinuities or singularities of p/p. However, to simplify the error analysis
presentation in Section 5, we shall assume that the quadrature scheme for the expectation to be
exact.

4.1. Sparse Grid Approximation. Recall that the dimension of P, increases as H,szzl(Pn +1).
This has the consequence that even for a relatively small dimension N the accurate computation
of the mean and variance of the Qol with a tensor product grid becomes intractable. However,
if the stochastic integral is highly regular with respect to the random variables, the application
of Smolyak sparse grids is well suited. We present here a generalization of the classical Smolyak
construction (see e.g. [11, 12]) to build a multivariate polynomial approximation on a sparse grid.
See [13] for details.

Let 70" C%(I'y) = Pumiy—1(T'y) be the 1D interpolant as previously introduced. Here i > 1
denotes the level of approximation and m(i) the number of collocation points used to build the
interpolation at level 4, with the requirement that m(1) = 1 and m(i) < m(i + 1) for i > 1. In
addition, let m(0) = 0 and Z," ) — o, Further, we introduce the difference operators

A;n(i) ::I:Z%(i) _ I,’L”(i’l).

Given an integer w > 0 called the approximation level and a multi-index i = (i1,...,iy) € Nf ,
we introduce a function g : Nf — N strictly increasing in each argument and define a sparse grid
approximation of Q)

N
(27) SmQnl = Y. Q) Artn (@)

ieNY:g(i)<w n=1

or equivalently written as
N
(28) Syo@ul= >, o) @IU(Qn),  withe()) = Y (=1L
ieNY:g(i)<w n=1 je{0,1}N:
g(i+i)<w
From the previous expression, we see that the sparse grid approximation is obtained as a linear
combination of full tensor product interpolations. However, the constraint g(i) < w in (28) is
typically chosen so as to forbid the use of tensor grids of high degree in all directions at the same
time.
Let m(i) = (m(é1),...,m(iy)) and consider the set of polynomial multi-degrees

A™9(w) = {p e NV, g(m™'(p+1)) < w}
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Denote by Pam.q(,)(I") the corresponding multivariate polynomial space spanned by the monomials
with multi-degree in A"9(w), i.e.

N
Ppm.o(w)(I') = span { H ybn . with p € Am’g(w)} .
n=1

The following result proved in [13], states that the sparse approximation formula 879 is exact
in ]P)Am,g(w) (F):

Proposition 1.
a) For any f € C%(I; V), we have Si9[f] € Ppm.o() @ V.
b) Moreover, S79[v] = v, Yv € Ppm.g() @ V.

Here V' denotes a Banach space defined on U and

Co(T;V):={v:T x U — V is continuous on I' and max lv(y)|lv < oo}
ye
We recall that the most typical choice of m and g is given by (see [11, 12])

1, for i = 1 al

m(i) = i and i) = in — 1).

(@ {211+1, for i > 1 9) nz::l( )

This choice of m, combined with the choice of Clenshaw-Curtis interpolation points (extrema of
Chebyshev polynomials) leads to nested sequences of one dimensional interpolation formulas and
a sparse grid with a highly reduced number of points compared to the corresponding tensor grid.
In Table 1 different choices of ¢(i) are given (see [13]).

H Approx. space \ sparse grid:  m, g \ polynomial space:  A(w) H
Tensor Product m(i) =1 {p e NV max, p, <w}
Product (TP) | g¢(i) = max, (i, — 1) <w
Total m(i) =i {peNV: ¥ p, <w}
Degree (TD) g(i)=> (i, —1) <w
Hyperbolic m(i) =1 {peNY: [I,(pn+1) <w+1}
Cross (HC) g(d) =1T11,(in) Sw+1
2714+ 1,i>1
Smolyak (SM) | m(i) =7 +1 e {peNY: Y f(p,) <w}
y U=
0,p=0
90 = Sl -1 <w | fB) =1, p=1

[logs(p)], p > 2

TABLE 1. Sparse approximation formulas and corresponding set of polynomial
multi-degrees used for approximation.

It is also straightforward to build related anisotropic sparse approximation formulas by making
the function g to act differently on the input random variables y,,. Anisotropic sparse stochastic
collocation [14] combines the advantages of isotropic sparse collocation with those of anisotropic
full tensor product collocation.
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The mean term E[Q},] is approximated as
(29) EIST Q] = EplST Q).
where v € L}(T')
sl = [ vity) dy
and similarly the variance var[Q] is approximated as

(30) var[Qn] = E[(S}9[Qn])*] — B[S [Qn]]* = Eﬁ[(8$7g[Qh])2g] — B[S0 1Qn] 5]

™D

5. ERROR ANALYSIS

In this section we derive error estimates of the mean and variance with respect to (i) the finite
element approximation, (ii) the sparse grid approximation and (iii) truncating the stochastic model
to the first Ny dimensions.

For notational simplicity we split the Jacobian as follows

N. N
(31) OF(z,w) =T+ 3 Bilo)/AViw) + > Bile)V/AYiw).
=1 I=N+1
Furthermore, let I'y := [—1,1]Vs, T'y := [=1,1]¥ == then the domain I' = I'y x T'y. We now refer

to Q(ys) as Q(y) restricted to the stochastic domain T'y and similarly for G(ys). It is clear also

that Q(ys,ys) = Q(y) and G(ys,ys) =G(y) forally e T'y xI'y, ys € s, and y; € T'y.
Now that we have established notation, we are interested in deriving estimates for the variance

(v0r1Q(ys,y)] ~var{S21Qu(y )l ) and mean (B Q(ys, 7)) ~E (83 [@n(ys)]|) emrors. First
observe that

lvar[Q(ys,y )] = var[Sy[Qn(ys)l| <lvar(@(ys, y )] — var(Q(ys)]l
+ var(Q(ys)] — var[Qn(ys)]]
+ ar@Qnu(ys)] — var[S; 7 [Qn(ys)lll-

Let us analyze the first term. By applying the Cauchy-Schwartz inequality we have that
E[Q(ysyr)? — Qys)?] <1Qvsys) = Qu)lleam Qs ys) + Qys)lzzm):
and
ERy.y)l —ERW) = EQ(ysys) — QUIIE[Q(ys ys) + Qys)] |
<NQys yr) = QYs)llzm 1Q(ys ¥s) + Q(ys)ll Lz (ry-
Therefore
lvar[Q(ys, y )] — var[Q(ys)]| < Cr||Q(ys,yr) — Q(ys)llLz,m)

for some positive constant Cp € RT. It is not hard to show that [var[Q(ys, yr)]—var[Si-9[Qn(ys)]]|
and [E[Q(ys,yy)] — E[S5?[Qn(ys)]]| are less or equal to

CrllQ(ysyr) — Qs + Cre Q(ys) — Qu(ys)lLar.)

Truncation (I) Finite Element (IT)
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+Csc |Qn(ys) = S [@n(ys)llar,) -
Sparse Grid (I1T)

for some positive constants Cr, Crg and Csg. We now study the error contributions from (I),
(IT) and (III).

5.1. Truncation Error (I). Given that @ : H}(U) — R is a bounded linear functional then for
any realization of ¢(ys,ys) we have that

Q(Ys,¥5) = QUys) = [B(ys: ¥ 0(¥s: ¥5), u(ys, ¥5) = ulys))]
< amlllFmaw mm”‘P(yévYf)||H1(U)||U(Ys7Yf) - u()’s)”H%U)
Following a similar argument as the proof from Lemma 2 we have that

g o F|l 27y Cp(U)FLE2

d
amanm”L

le(ys: Yl a0y <

a.s., where ¢ is defined in eqn (5). Thus

1Q(ys yr) — (Ys)HL’;(r) < Crrlu(ys,yr) — U(YS)”L?(F;H(}(U))v
where Crr = Gmaga, L F2E2E-4=2) 4 o F|z2@yCp(U). We now seek control on the error term
e = |lu(ys,ys)—u(ys)|l L2 ;a1 v))- First we establish some notation and definitions. From Section
3 we have shown that the solution u of Problem 3 varies continuously with respect to y € I'. More
precisely, recall that if V' is a Banach space defined on U and

CoUT; V) :={v:T x U = V is continuous on T' and max lv(y)|lv < oo},
ye
then u € C%(T, H} (U)). Furthermore, let
Li(l—‘; V):={v:T xU — V is strongly measurable and /F w12 p(y) dy < oo}

From Assumption 4 we have that u € CO(T; Hj(U)) € L2(T; Hj(U)), thus u satisfies the following
variational problem

A(u,v) := E[B(ys,yr;u,v)] = E[Z(ys,yf;v)] Vv € Li(F;H&(U)).
The following lemma will be useful in deriving error estimates.

Lemma 7. For all w,v € L2(T; Hy(U)) we have that

|A(w, v)| < amaﬁfnaﬁ;in||w||Lg(r;H5(U))||U\\Lg(r;Hg(U))-

Proof.

Alw,0)] < iteugx\mm(G(y))E [ vl

< tmacFimarFran B V0| 20 V0] £2(07)]
<

amax]Fgmz mme”L2 T HL(U)) ||U||L2(FH (%))

We can now derive the truncation error (I).
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Theorem 2. Let u be the solution to the bilinear Problem 3 that satisfies Assumptions 1, 2, 3, 4
and 5. Furthermore, let Br = sup g Zf-v:NsH Vil Bi(z)|| then

Ce@ i [Glyays) - Gl

ulys,yr) —uly 2(T. {1 <
” ( ° f> ( S)HLP(F’HO(U)) h mangmnFmaxery r
#lu(ys, y llez s o))

where

sup ||G(ys,y5) = Glys)ll < llallwro@l?] Z Vlbi(@) L= o

zelU,yel’ i=Ng+1
+ amawBTH(Fmaan IF7nina 57 d)
and H(Frazs Frmin, 57 d) = Fgﬁ,ala:men (Frmaz(2 + ]F;ﬁn(l - 6)) + Fmtnd)

Proof. We follow a similar strategy as in [16, 17] to compute the bounds for the truncation of
the stochastic variables to I';. Consider the solution to Problem 3 uy, € CO(Ty; HY(U)) C
L2(T; Hy(U)) where the matrix of coefficients G(y,) depends only on the variables Y1,...,Yy,,

E[B(ys;un.,v)] = Ell(ys;v)] Vo € LZ(Ts; Hy (U)).
Furthermore the variational form is still valid Vv € L2(I'; H (U)) i.e. for all y, € I,
Aw, (un,v) = E[B(ysiux,,0)] = E |l(ysiv)| Vo e LA H}(U)).
Now, Observe that Yo € L2(T; Hg(U)) we have that
An, (v, v) 2 yinf Amin (G (Y ) E[ VOl T2 (1))
2 aminFopinFrnaa Bl VO 22 (11
= amlTngnzn e Cr(U)~ 2||UH%2(F;H§(U))'

By adapting the proof from Strang’s Lemma and applying Lemma 7 we have that for all v €
L2(T; Hy(U))

[lun, —’UH%%(F;H(%(U)) < Ci(An, (un, —v,un, —v) £ Alu —v,un, —v))

< ColmacFauF i llu — llz sz llun, = ollez@m )
+ [A(v, un, —v) = An, (v, un, —v)])

Cr(U)* +—. Now, pick v = u, thus

q —
manm“szaax

where C; :=

[Au, w) = An, (u, w))|

lu—un,ll2r;m 0y < C1 sup
s(TiHo (U)) weL2(IHE(U)) ||w\|Lg(r;Hg(U))
<Cip sup HG(Yme) - G(Ys)||\|u||Lg(r;Hg(U))~
zeU,yel

For notational simplicity we rewrite (7) as

OF (ys,ys) =1+ Ax, (vs) + A%, (v7)
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for some set of matrices A?V.UAfo € R¥4 x U x T'. With a slight abuse of notation we refer to
OF(ys) as OF (ys) := I + A% _(ys)- Note that Frin < 0min(OF (Y5, Y1) = Frin < 0min(OF (ys))
and Umzn(aF(YSvyf» g IFm(m = Umzn(aF(ys)) < ]FTI’LCLI'
We now estimate the term |G (ys,yf)—G(ys)||. Denoting J(ys,y¢) := |0F (ys,¥¢)| OF (ys,yf) "
OF (ys,y7)~ T and similarly for J(y;) we have
1G(ys,57) = Gys)l = lalys, y7) I (¥s,¥5) — alys) I (ys) £ alys, y ) (ys)]ll
<lalys,yp) = ay)IT ) + amazl| (v, y7) = T(ys)l
<lallwrec@) [ Fysys) = F)l + tmazllJ(ys, y5) = J(ys)l

(32) N
< llallwre@ ol Y VAillbi@)llz=w)
1=Ng+1
+ amac | T (ys,y7) — J(ys)ll-
Now,

1T(ys,y5) = I < 1Ty y7) = T(ys) £ |0F (ys, y)|OF (ys) OF (yo) "l
<|OF(yo, y)IIOF (o, ys) ' OF (yo,ys) ™" = 0F (ys) '0F (ys) " ||
(33) + [|0F (yo,y5)| = [OF (ys)|||0F (ys) " 0F (ys) " |
FraelOF (v, 7)) " OF (vo,y5) ™" — 0F (o) ' 0F (y) |
+F, 2 0F (ys, y5)| — [0F (y,)l|.
Applying the matrix identity (A — BD71C)™' = A=1 + A7'B(D — CA™'B)"'CA~! where A =
I+ Ay (ys), B=—A% (ys) and C = D = I we obtain

8F(ysan)_1 = aF(YS)_l +E(YSvyf)

where
E(ys,yys) = —0F(ys) AL, (y) (I + 0F (yo) AL (v5) ' OF (y,) "
= —0F(ys) AL, (yp)OF (ys y5)
then
OF (ys,y5) ' OF (ys,y5) T = OF(ys) '0F (ys)™" = E(ys,y5)E(ys,yp)"
+OF(ys) ' Elys,ys)"
+ E(ys,y7)0F (y5)~".
Now,

i=Ns+1
It follows that

(34)  [0F(ys,y5) ' OF (ys,y5) " = OF(ys) '0F (ys) T || < BrF,5, (2 + F i, (1 - 9))

From Theorem 2.12 in [18] (A, E € C¥*4 then |det(A+E)—det(A)| < d||E|| max{||A]], || A+E|/}¢1)
we obtain

(35) 1OF (ys,y5)| — [0F(ys)|| < Fa.LF2 Brd.

max— min
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Combining eqns (33), (34) and (35) we obtain

||J(YS7 Yf) - J(YS)||L°°(U><F) < BTH(Fmama Fminv 67 d)
The result follows. U

5.2. Finite Element Error (II). The second quantity controls the convergence with respect to
the mesh size h. This will be determined by the polynomial order of the finite element subspace
H,(U) Cc H}(U) and the regularity of the solution u. From (23) we obtain the following bound:

[u(ys) = un(ys)llz .y < Cr.(r)h"

for some constant r € N and Cr, ( fr (ryu(ys))p(ys)dys. The constant r depends on the
polynomial degree of the finite element basis and the regularity properties of the solution « (which
is dependent on the regularity of f, the diffusion coefficient a and the mapping F). Similarly the
error for the influence function is characterized as

le(ys) = en(ys)llez@,;maw)) < Dr.(r)h"

where Dr_( fr (r,p(ys))p(y)dy. Following duality arguments and from Lemma 7 we obtain
(36) E[lQ(u(ys)) — Qun(ys))l] < @maaFimazFrmin Cr, () Dr, (r)h*".

5.3. Sparse Grid Error (IIT). In this section we shall not enumerate all the convergence rates

that depend on the formulas from Table 1, but refer the reader to the appropriate citations.

However, we will only explicitly derive the convergence rates for the isotropic Smolyak sparse grid.
Given the bounded linear functional ) we have that

Qun(ys)) — Q(SzTﬂ[uh(YS)])”LQP(F.) < amawanaz mm” ”L?(FMH ))>

where e := u(ys) — SI9[un(ys)]. However, as noted in Section 4.1, the sparse grid is computed
with respect to the auxiliary density function p, thus

||€||L§(FS;H3(U))

||€||L5(FS;H3(U)) <
Leo(ry)

The error term ||€||L%(I‘S;H6(U)) is controlled by the number of collocation knots n (or work), the

choice of the approximation formulas (m(i), g(i)) from Table 1, and the region of analyticity of
©p C CMs. From Theorem 1 the solution u(ys) admits an extension in CVs ie. y, — z5 €
CNs and u(zs) € C°(Og; HE(U)). All the results proved in Section 3 can be obtained also for
the semi-discrete solution wuy,(y,) which admits an analytic extension in the same region ©g and
up(zs) € C%(Og; Hy(U)).

In [14, 19] the authors derive error estimates for isotropic and anisotropic Smolyak sparse
grids with Clenshaw-Curtis and Gaussian abscissas where ||| L2(T s HA(U)) exhibit algebraic or sub-
exponential convergence with respect to the number of collocation knots 1 (See Theorems 3.10,
3.11, 3.18 and 3.19 for more details). However, for these estimates to be valid the solution u has
to admit and extension on a polyellipse in CV, Eoryoon, = va:slé'n’aw where

On + efﬂn eUn _ e*Un

Enoy = {z € C; Re(z) = 5 cos(0), Im(z) = 5 sin(0),0 € [0,27r)} )



STOCHASTIC DOMAIN DEFORMATIONS 23

and o, > 0. For an isotropic sparse grid the overall asymptotic subexponential decay rate 6 will
be dominated by the smallest o, i.e.

min  o,.
n=1,...,Ng

o

Then the goal is to choose the largest ¢ such that &, . -\ C ©p. First, recall from Section 3
that

N
Op = {z ceCViz=y+w,yc[-1,1], Zsup | Bi(z) |28/ Ai]wi| < 6}} .
=1 z€U
We can now form the set ¥  C¥= such that X C O3, where ¥ := ¥ X --- x My, and

¥ = {zG(C; z=y+w,y€[-11], Jw,| <7y := 155}
for n = 1,..., Ns. The polyellipse &, . 5, can now be embedded in ¥ by choosing o = 09 =
c-=on, =6 =log(y/TR, +1+7n,) > 0.
From Theorem 3.11 [19], given a sufficiently large n for a nested CC sparse grid we obtain the
following estimate

* 0,0% N, NSJ
(37) lell . msoy < Q0,67 Nojts@™ N exp (—QWS nu2<N3>>

where
Cy(0,0%)  max{l,C;(c,6*)}
eXP(U(S*C'z(U)) |1 —Ci(o,0%)]
0 =6/2, pa(No) = x5 and pz(0,6%, Ny, ) = 175C2) . The constants Cy (0, 8%), Co(o)

N.(1+log(2N,)) T+log (2N.) *
and 0* are defined in [19] eqns (3.11) and (3.12).

Q(Uv (5*, Ns) =

6. COMPLEXITY AND TOLERANCE

In this section we derive the total work W needed such that [var[Q(ys, y )| —var[Sy9[Qn(ys)]]|
and |E[Q(ys,ys)] —E[Si? [Qn(ys)]]| for the isotropic CC sparse grid is less or equal to a given
tolerance parameter tol € RT.

Let Nj, be the number of degrees of freedom to solve the semi-discrete approximation wu, €
Hy(U) C H}(U). We assume that the complexity for solving for uy is O(N}), where the constant
q > 1 reflects the optimality of the finite element solver. The cost of solving the approximation of
the influence function ¢, € Hy(U) is also O(N}). Thus for any ys € I's, the cost for computing
Qn(ys) = B(ys;un(ys), ¢n(ys)) is O(N}).

Let S)"9 be the sparse grid operator characterized by m(¢) and g(i). Furthermore, let n(Ng, m, g, w, ©3)
be the number of the sparse grid knots. The total work for computing the variance E[(S"9[Qn(ys)])?]—
E[S™9[Qn(ys)]]? and the mean term E[S™9[Q;(ys)]] with respect to a given user tolerance is

Wrotar(tol) = Dy N}l (tol)n(tol)
for some constant D; > 0. We now separate the analysis into three parts:
(a) Truncation: From the truncation estimate derived in section 5.1 we seek |Q(ys, yr) —
Q(y5)||L%(p) < % with respect to the decay of \;. First, make the assumption that By =

SUP,crr Zi]\iNs_H Vil Bi(z)]l2 < CpN;! for some uniformly bounded Cp > 0. Further-
more, assume that ||b;(2)||z~@) < Dpsup,ey || Bi(z)||2 for i = 1,... N where Dp > 0 is
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uniformly bounded, thus sup,c Zf\LNSH Villbi(z)]|2 < CpDp N7t Tt follows that ||Q(ys,
v5) = Qys)llezry < 58 if
Br < CDN;l < Dstol

for some constant Do > 0. Finally, we have that

N, (tol) > {(Dczi‘)l)_lq .

(b) Finite Element: From Section 5.2 if

tOl ) 1/2r
3CrEaminFd,; FrazCr, (r)Dr (r)

min

h(tol) < (

then ||Q(ys) — Qh(}’s)HLg(F;Hg(U)) < % Assuming that N, grows as O(h~%) then

‘ol —d/2r
Ny (tol) > | Dy < = )
3CFEa7nian Fmawcrs (T)DFS (7")

min

for some constant D3 > 0.
(c) Sparse Grid: Following the same strategy as in [19] (eqn (3.39)), to simplify the bound (37)

-1
* 2 ~ ol .
choose §* = (elog (2) — 1)/C5(0) and Cy(o). Thus ||e||L§(FS;H5(U)) < m %HL“(FS) if
~ 1+4+log(2Ng)
3llp/pll=(r.)CscCrCrF™: exp(a(B,0)) 0

tol

n(tol) > (

where Cr = % and F = max{1,Cy(0,*)}.

Combining (a), (b) and (c) we obtain that for a given user error tolerance tol the total work is
Wrotai(tol) = DyNj(tol, D3)n(8, B, Ny(tol), | p/pll L=(r.))

1/ o Y (14+log2C—1" log tol
N Py e M
tol

for some C' > 0.

7. NUMERICAL RESULTS

We test our method on a square domain. Suppose the reference domain is set U = (0,1) x (0, 1)
and stochastically deforms according to the following rule:

F(z1,22) = (1, (£2 — 0.5)(1 + ce(w, z1)) + 0.5) if w2>0.5

F(x1,x9) = (21, x2) if 0<22<05
for some positive constant ¢ > 0. In other words we deform only the upper half of the domain
and fix the button half. We set the Dirichlet boundary conditions to zero everywhere except at
the upper border to u(z1,22)|spw) = g(1), where g(z1) := exp(m) (See Figure 2).
This implies that the value at the upper boundary does not change with boundary perturbation
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but the solution does become stochastic with respect to the domain perturbation. Consider a Qol
defined on the bottom half of the reference domain, which is not deformed, as

Q(u) ::/ / g(21)g(2x2)u(w, x1, x2) dr1dxs.
(0,1) J(0,1/2)

We now show a numerical example with linear decay on the gradient of the deformation, i.e. the

gradient terms v/, sup, ¢y || Bn(2)|| decay linearly as n™'.

(i)

1

Reference Realization
1.4

OD(w) =0

0D (w

FIGURE 2. Stochastic deformation of a square domain. (left) Reference square
domain with Dirichlet boundary conditions. (right) Vertical deformation from
stochastic model.

a(z)=1forall x € U.
Stochastic Model
es(w,m1) == Y1(w) (F2) + L0 Vingi (o) Ya(w);
er(w,m1) = Xy, 11 VAngn (11)Yn(w)
Linear decay v, := W, n € N.

n~lsin (221720) if b s even
piln) = 2l
i = _ 2 . .
n~lecos w if n is odd
P

This implies that sup,c;; Omaz (Bi(2)) is bounded by a constant and we obtain linear decay on
the gradient of the deformation.

{Y,,}_, are independent uniform distributed in (—v/3,/3)

L=19/50, Lp = 1, ¢ = 0.1533, N = 15.

129 x 129 triangular mesh

E[Qr] and var(Qp,), are computed with a Clenshaw-Curtis isotropic sparse grid (Sparse Grid
Toolbox V5.1, [20, 21]).

The reference solutions var[Qp (ures)| and E[Qp(urcs)] are computed with an adaptive Sparse
Grid (& 30,000 knots) [22] with a 257 x 257 mesh for N = 15 dimensions.

The Qol is normalized by the reference solution Q(U).
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- Mean Error - Var Error (Collocation)
T T A ‘Nb — 2 f— T T T T T N T e ]‘\,S — 2
4 N.=3 4 N,=3
4 N, =4 . a4 N—u
10 "k —

1<‘)’ 1(‘)2 kno ﬁgj 1‘04 10

FIGURE 3. Collocation results for Ny = 2, 3,4 with linear decay. (a) Mean error
with respect to reference. Observe that the convergence rate decays exponentially
until truncation saturation is reached. (b) Variance error for with respect to
reference. For this case we also observe that the convergence rate is faster than
polynomial.

In Figure 3 we show the results of the matlab code for Ny = 2,3,4 and compare the results
with respect to a N = 15 dimensional adaptive sparse grid method collocation with ~ 30,000
collocation points [22]. The computed mean value is 1.0152 and variance is 0.0293 (0.17 std).

In Figure 3 (a) and (b) the normalized mean and variance errors are shown for Ny, = 2,3,4.
For (a) notice the exponential decay from the sparse grid approximation until the truncation
error and/or finite element error starts to dominate. In (b) the variance error decay is actually
subexponential as indicated by the error bounded in (37).

We now analyze the decay of the truncation error. For Ny = 2, 3,4,5 we compute the mean and
variance error as in (g). However, for Ny = 6,7,8 we increase the mesh size to 257x257 vertices
and we choose an adaptive sparse grid with 15,000 sparse grid points to compute the mean and
variance. This should be enough to make the error contribution from the finite element and sparse
grid error very small compared to the truncation error. The reference solution for the mean and
variance is computed as in part (h).

In Figure 4 we plot the truncation error for (a) the mean and (b) the variance with respect
to the number of dimensions. We observe that we obtain a convergence rate that appears faster
than the linear decay of the gradient of the stochastic deformation. This indicates we can further
improve the convergence rate of the truncation estimate.

8. CONCLUSIONS

In this paper we give a rigorous convergence analysis of the stochastic collocation approach
based on isotropic Smolyak grids for the approximation of an elliptic PDE defined on a random
domain. This consists of an analysis of the regularity of the solution with respect to the parameters
describing the domain perturbation. Moreover, we derive error estimates both in the “energy norm”
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Variance Tr
T

uncation Error
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Mean Truncation Error
T T T

10

Mean Error

5 L L

Var Error

S
S,

10 :
10" 10°° 10

Dimension

(a)

.
10°°
Dimension

(b)

FIGURE 4. Truncation Error with respect to the number of dimension. (a) Mean
error. (b) Variance error. In both cases the decay appears faster than linear,
which is faster than the predicted convergence rate.

as well as on functionals of the solution (Quantity of Interest) for Clenshaw Curtis abscissas that
can be easily generalized to a larger class of sparse grids.

We show that for a linear elliptic partial differential equation with a random domain the solution
can be analytically extended to a well defined region ©g embedded in CV with respect to the
random variables. This analysis leads to a provable subexponential convergence rate of the Qol
computed with an isotropic Clenshaw-Curtis sparse grid. We show that the size of this region,
and the rate of convergence, is directly related to the decay of the gradient of the stochastic
deformation.

As our numerical experiments demonstrate, we are able to solve the mean and variance of the
QoI with moderate deformations of the domain (leading to a coefficient of variation of the Qol of
~ 0.17). This is a clear advantage over the perturbation approaches that are restricted to small
deviations. In addition, the numerical experiments confirm the sub-exponential rate predicted
from the error estimates.

This approach is well suited for a moderate number of stochastic variables but becomes imprac-
tical for large problems. However, we can easily extend this approach to anisotropic sparse grids
[14].
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