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ANALYSIS OF THE INTERNODES METHOD FOR
NON-CONFORMING DISCRETIZATIONS OF ELLIPTIC
EQUATIONS*

PAOLA GERVASIOf AND ALFIO QUARTERONI#$

Abstract. INTERNODES is a general method to deal with non-conforming discretizations of
second order partial differential equations on regions partitioned into two or several subdomains.
It exploits two intergrid interpolation operators, one for transfering the Dirichlet trace across the
interface, the others for the Neumann trace. In this paper we provide several interpretations of the
method and we carry out its stability and convergence analysis. In every subdomain the original
problem is discretized by the finite element method, using a priori non-matching grids and piecewise
polynomials of different degree. Finally, we propose an efficient algorithm for the solution of the
corresponding algebraic system.

Key words. domain decomposition, non-conforming approximation, non-conforming grids,
interpolation, finite element method, hp finite element method

AMS subject classifications. 65N55, 65N30, 65N12, 65D05

1. Introduction. The INTERNODES (INTERpolation for NOnconforming DE-
compositionS) method was introduced in [14] for the non-conforming numerical ap-
proximations of second order elliptic boundary-value problems. By non-conforming
we mean that the computational domain is partitioned into subdomains with non-
matching grids at subdomain interfaces or/and different polynomial subspaces are
used on the subdomains. The most distinguishing feature of INTERNODES is that
it is built on two interpolation operators at the subdomain interfaces that allow to
exchange information between adjoining subdomains on the problem solution and on
its normal fluxes, respectively. Although Lagrange interpolation often represents a
natural choice, other interpolation methods can be used as well. For instance in [15]
Radial Basis Functions interpolations are successfully employed, especially in cases of
non-matching (either straight or curved) interfaces.

The interpolatory construction represents the main difference between INTERN-
ODES and the well known mortar method, the latter being based on a single (L?)
projection operator at subdomain interface. We refer to [14] for a detailed comparison
of the implemetation aspects of the INTERNODES and mortar methods.

In spite of being much simpler to implement from a programming point of view,
INTERNODES shares the same accuracy than the mortar method, as illustrated in
[14] with several numerical results obtained using both h— and hp— finite element
approximations.

In this paper we generalize the results of [14] along different strands.

First and above all, we prove theoretically that the INTERNODES method yields
a solution that is unique, stable, and convergent with an optimal rate of convergence
(i.e., that of the best approximation error in every subdomain) in the case of Lagrange
interpolation and regular, quasi-uniform and affine triangulations on each subdomain.
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2 P. GERVASIO and A. QUARTERONI

Then, we extend the INTERNODES method to the case of a computational
domain split into several (more than two) subdomains with internal cross-points (i.e.
boundary points shared by at least three subdomains). Finally, we propose an efficient
solution algorithm for the INTERNODES problem after reformulating it as a Schur-
complement system depending solely on the interface nodal variables.

An outline of the paper is as follows. In Section 2 we present the differential
problem and its two-domain formulation. In Section 3 we recall the two-domain
conforming finite element discretizations, while in Section 4 we present the intergrid
operators and the INTERNODES method. Sections 5 and 6 are devoted to the
algebraic form of INTERNODES: we present an efficient algorithm implementing
INTERNODES and we extend the method to decompositions with more than three
subdomains and internal cross points. In Section 7 some numerical results are shown
for non-conforming hp-FEM approximation of second order elliptic boundary-value
problems. In Section 8, we compare the algebraic formulation of INTERNODES and
that of the unsymmetric mortar method ([10, 21]) and show that the two methods
are actually different. Last but not least, in Section 9 we prove the well-posedeness
of the INTERNODES problem and carry out its convergence analysis.

2. Problem setting. Let Q C R%, with dg = 2, 3, be an open domain with
Lipschitz boundary 992. 9Qy and 0€Q)p are suitable disjoint subsets of 9Q such that
00p U 0Ny = 09Q. We make the following assumption, all along the paper.

ASSUMPTION 2.1. Let f, a, v and b be given functions such that f € L*(Q),
a € L>®(Q), v € L*(Q), be Wh(Q). Moreover, 3ag > 0 such that a > ag, v > 0,
y=3iV.-b>0ae inQ, andb-n >0 on dNy. Finally, if 0Np = 0, we require that
7—%V~b>0 a.e. in €.

Then we look for the solution u of the second order elliptic equation

Lu= -V -(aVu)+b-Vu+~yu=f in{,

u=0 on 0Qp, (2.1)
Oru=0 on €y,
ou . .
where Oru = aa—n and n is the outward unit normal vector to 0€2. We set
V =Hpj,, () ={veH(Q): v=0o0n0dp}. (2.2)

The weak form of problem (2.1) is: find w € V' such that
a(u,v) = (f,v)r2(Q) Yo eV, (2.3)

where
a(u,v) = / (aVu-Vu+ (b Vu)v + yuv)dQ, (2.4)
Q

while (-,-)z2(0) denotes the inner product in L?(2). Under Assumption 2.1 there
exists a unique solution of (2.3) (see, e.g., [23]).

We partition 2 into two non-overlapping subdomains €2; and o with Lipschitz
boundary and such that Q = Q; UQy. I'(=T) = 9Q; N 9y is the common interface
and, for k = 1,2, we set 0Qp , = 0Qp N OQy, and 0Ny 1, = O N ON.

For k = 1,2 let us introduce the local spaces

Vi={veH Q) |v=00n00p N}, V2={veV,|v=0onT}, (2.5)
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and the bilinear forms
ar(u,v) = / (aVu - Vv + (b - Vu)v + yuv)dd. (2.6)
Qp

Finally, let A be the space of traces of the elements of V' on the interface I':
A={\e HY>): v eV vp = A} (2.7)

When 0I' N 99Q C 0Qy, A = HY/2(T), while when OI' N 0Q C 9Qp, A = HY*(T):;

in these cases A is endowed with the canonical norm of either H'/?(T) or Hééz(l"),
respectively ([1]). Intermediate situations can be tackled by suitably defining A and
its norm (see, e.g., [20, Remark 11.5]).

For k = 1,2, let ug be the restriction of the solution u of (2.3) to Q, then u; and
ug are the solution of the transmission problem (see [13, Ch. VII, Sect. 4])

(2.8)

Luka in Qk, k‘Zl,Q,
up = Us, Op,u1 = Op,ug  on I,

where O, up = akg%’; (with o = O‘\Qk) denotes the conormal derivative associated

with the differential operator L, and ny, is the outward unit normal vector to 9 (in
particular on I', we have n; = —ny). We denote by nr, the restriction of n to I'. !

More precisely, u; and wuy satisfy the following weak form of the transmission
problem (2.8) (see [24, Lemma 1.2.1])): find u; € V} and uy € Vo such that

ak(uk,vg) = (f, v}%)Lz(Qk) V’Ug S Vko, k=1,2
Ug = Uy on F, (2 9)
Y an(wnRem) = > (fRim)rz,) V€A,
k=1,2 k=1,2
where
Ri:A— Vi, s.t. (Rk’ﬂ)‘p = V?] SN (210)

denotes any possible linear and continuous lifting operator from I" to .

REMARK 2.1. Let (-,-) denote the duality between A and its dual A’. If homoge-
neous boundary conditions (of either Dirichlet and Neumann type) are given on 0,
by counter-integration by parts, the interface equation (2.9)s is equivalent to

<8L1U1 + 8L2U2,77> =0 VT] S A, (211)

and therefore to the transmission condition (2.8)s.

3. Recall on conforming discretization. Let us consider a family of trian-
gulations 7, of the global domain €2, depending on a positive parameter (the grid
size) h > 0. Following standard assumptions we require 7, to be affine, regular, and
quasi-uniform (see [23, Ch. 3]). For any T € T, we assume that 9T NS fully belongs
to either 0Q2p or 0Qy. We shall denote by P,, with p a positive integer, the usual
space of algebraic polynomials of total degree less than or equal to p. Let

Xp,={veCQ): vreP,, VT €Ty}, Vi={veX,: v=00n00p} (3.1

n the entire paper we assume that I is sufficiently regular to allow the conormal derivative of
u to be well defined. This is certainly the case if T" is of class CT1 (see [19, Def. 1.2.1.2]).
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be the usual finite element spaces associated with 7,. The Galerkin finite element
approximation of (2.3) reads: find u, € Vj, such that

a(un,vn) = (f,vn) L2 () Yo € Vi (3.2)
Let us split 2 into two subdomains §2; and €25 and assume that the triangulations
Ty, are such that I'" does not cut any element 7' € 7. The triangulations 7; j and
T2,n, induced by T, on €y and €25 are therefore compatible on I, that is they share
the same edges (if d = 2) or faces (if d = 3).
In each j (k = 1,2) we introduce the finite element approximation spaces
Xip ={v e Q) : vyr €Py, VT € Tin}, (3.3)
and the finite dimensional subspaces of V} and Vk0
Vien = Xign N Vi, Vko,h =XpnN Vko. (3.4)
Moreover, we consider the space of finite dimensional traces on I'
A = {)\ = U‘F, RS Vl,h U ‘/é’h} C A. (35)
For k = 1,2 we define two linear and continuous discrete lifting operators

Rk,h . Ah — Vk,h, s.t. (Rk,hnh)h‘ = Nh, V?’]h S Ah. (36)

The problem: find u; 5 € V15 and ug p € Vo, such that

ak(uk,}wvg,h) =(f vg,h)Lz(Qk) vvg,h € Vko,iw k=12

U p = Ul p on I, (3.7)
D anlurn Rinmn) = Y (fRewm) 2y Vin € A

k=1,2 k=1,2

)

is actually equivalent to (3.2), in the sense that uy p, = up|q,, for k = 1,2 (see [24,
Sect. 2.1]). Note that (3.7) is the discrete counterpart of (2.9); in particular, (3.7)3
is the discrete counterpart of (2.9)3.

Defining the discrete residual functionals ry , € Aj, by the relations

(Tk,ns Mn) = ar(Ur,n, Rieniin) — (f, Renin) 120, for any npn, € Ap, (3.8)
the interface equation (3.7)s3 is equivalent to
(rin+ron,mn) =0 for any n, € Ayp,. (3.9)

As seen in Remark 2.1, if homogeneous boundary conditions (of either Dirichlet
and Neumann type) are prescribed on 052, the finite dimensional functionals ry
represent the approximations of the distributional derivatives dp, uy on I'. Then (3.9)
can be regarded as the discrete counterpart of (2.11).

4. Non-conforming discretization. Now we consider two a-priori independent
families of triangulations Ty p, in € and Tz 5, in Q9, respectively. This means that
the meshes in 7 and in 25 can be non-conforming on I' and characterized by different
mesh-sizes hi and ho. Moreover, different polynomial degrees p; and ps can be used
to define the finite element spaces. Inside each subdomain €, we assume that the
triangulations Ty p, are affine, regular and quasi-uniform ([23, Ch.3]).
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x?

Fic. 4.1. T'1 and I'z induced by the triangulations Ty p, and T3 p,

From now on, the finite element approximation spaces are (for k = 1, 2):

Xk,hk = {’U S Co(ﬁk) DU S Ppk’ VT € E,hk},

4.1
Vie,he = Xk oy, N Vi, Vit = {v € Vi, vlr = 0}, 1)

while the spaces of traces on I' are
Yk,hk = {)\ = U|F, RS Xk,hk}7 and Ak,hk = {)\ = 1)|p7 NS Vk,hk}- (42)

We set Nk = dim(Vk,hk), Nl? = dim(Vk,O,hk)7 ng = dim(Yk,hk)> and ne = dim(Ak,hk)-

The space Ag , takes into account the essential boundary conditions, while Yy, 1,
does not. Thus, if 0Q N II' C I, then App, = Yy, and ny = 7y, otherwise
ng < T because the degrees of freedom associated with the nodes in 9Q2p N OT" are
eliminated.

The Lagrange basis functions of Vj j, (for k = 1,2) associated with the nodes
ng) of the mesh 7y, 5, are denoted by {gol(k)} fori=1,..., Ni, and they are reordered
so that the first NP (< Ny) basis functions span quhk.

We denote by I'y and I's the internal boundaries of €27 and s, respectively,
induced by the triangulations 77 5, and T2 5,. If I' is a straight segment, then I'y =
Iy =T, otherwise I'; and 'y can be different (see Fig. 4.1).

For k = 1,2, let {x(lr"“), . 7x(ﬁl;’“)} € 'y, be the nodes induced by the mesh Ty p, .

The Lagrange basis functions of Yy, 5, are denoted by {,ul(k)} fori=1,...,7 and
they are reordered so that the first ny(< 7y) basis functions span Ay p, .

4.1. Interpolation and intergrid operators. We introduce two independent
operators that exchange information between the two independent grids on the inter-
face I.

The first one Il12 : Y5 p, — Y7 4, is such that

(Mizpiopg ) (x)) = piogy (7)), i=1,.0 700, Vpon, € Yop,.  (43)

The second interpolation operator Ila; : Y7 p, — Yo 3, is such that

(H21/~‘L1,h1)(xgr2)) = p1,h, (ngz))’ 1=1,...,M, Vi n, € Yip,.  (44)

The operator II;5 is in fact the finite element interpolation operator

I, : COT) = Yip, : Ve M) (@) =", i=1,...,m, (4.5)

)

restricted to the functions of Yz, (instead than operating on the entire C°(T)).
Similarly IT5; is the restriction of

To : COT) = Yo, : Ve COT) (Ln)x") =", i=1,....m, (4.6)

(2
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to the functions of Y p, .

REMARK 4.1. Using only one intergrid interpolation operator would not guar-
antee an accurate non-conforming method; this would yield to the so-called pointwise
matching discussed, e.g., in [5, 3], where both trial and test functions satisfy the re-
lation (via,)r = 21 ((vjo, )ir). In our approach, the second operator (112 that maps
Yo, on Y1, ) matches, in a suitable way, the fluzes across the interface.

The (rectangular) matrices associated with IIy; and Il are, respectively, Roy €
R™2X™ and Ris € R™*™2 and they are defined by

(R21)ij :u(l)(x(rz)) = 1,...,ﬁ2, jzl,...7ﬁ17 (4 7)
(Ri2)iy =pu (") i=1,....m, j=1,.... 7.

REMARK 4.2. When Ty # T's (geometrical non-conformity) the Rescaled Localized
Radial Basis Function (RL-RBF) interpolation (see [15]) represents a very effective
alternative to Lagrange interpolation.

4.2. Formulation of INTERNODES. The weak form of INTERNODES reads:
find uq p, € Vi,n, and ugp, € Vo, such that

0\ _ 0 0 0 _
ak(Ukhgs Vi, ) = (£ 00 n ) 2@ VWi, € Vin,, k=12
Uz hy = 21U b, on I'p, (4.8)
T1,h, +1i2r2 5, =0 on I'y,

where 74 5, € A}, , the so called residuals, satisfy

(P 1) = ap (g, Rip™) = (f, ﬁkugk))m(nk) i=1,...,ng, (4.9)
while

Ric: Ak, = Vs 5t (Retin)Ir = ines ¥kn, € M, (4.10)

are linear and continuous discrete liftings from I'y to % (as, e.g., the finite element
interpolant that is zero at all finite element nodes not lying on I).

Note the unsymmetrical role played by the domains ©; and Q3 in (4.8). In
particular the Dirichlet trace on I'y is first interpolated and then transferred to I's.
For this reason €2; is named master subdomain and €5 slave subdomain.

REMARK 4.3. If the discretizations in 1 and Qg are conforming on I', then
IIo; and I11o are the identity operators and problem (4.8)-(4.9) coincides with (3.7);
(4.8)-(4.9) can therefore be regarded as the non-conforming counterpart of (3.7).

5. Algebraic form of INTERNODES. We start by recalling the algebraic
form of the monodomain problem (3.2). Denoting by {¢;}, for i = 1,..., N, the
Lagrange basis functions of V}, associated with the nodes x; of the mesh 7, and
introducing the matrix A;; = a(p;, i), for 4,5 = 1,..., N, and the vectors f =
[(f, )], u = [un(x;)]Y 4, the algebraic form of (3.2) reads

Au=f. (5.1)

Now we derive the algebraic linear system associated with (3.7). For k = 1,2 we
define two linear and continuous lifting operators Ey, : Ak, — Vi hys 85 (Exdin, )0 =
Akhy, that extend any Agp, € Agp, by setting to zero the values of EyxAy p, at all

nodes of 7 p, not belonging to I'y. In particular, if Ax 5, = ugk) (the jth Lagrange
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(k)
(k)

basis function on I'y), then Eku is the Lagrange basis function of X} 5, whose

restriction on I'y coincides with p;. For k = 1,2, we define in a standard way the

local stiffness matrices (see, e.g., [25, 24]), i.e. (Arr)ij = ar(y (k),gpgk)) (Ar,,ry)ij =
ax (B, Bep), (Air)iy = ax (B, 017), and (Ar, 0)i; = ar(el", Bep™).
Recalhng the definition of the residuals (4.9), we set

r® = ap(upne, Bep™) = (F, Bl 2y fori=1,...,ny, (5.2)

and

k Ny k n
=[(f, ‘Pz(' ))LQ(Qk)]i 2 I = [(f, Ekl%(' ))L2(Qk)]i:kl’ (5.3)
(k))] (k)1ny ’

r
(k))]j 1 Iy = [1 ]1 1

wy, = [u,n, (X j=1 ur, = [ug,n, (x

In the case that 775, and 73, are conforming on I' (in which case hy = hy and
n1 = n2), the algebraic counterpart of the conforming 2-domains problem (3.7) reads

A Air, 0 u; fi
AFl,l AF1,F1 + AFQ,F2 AFQ,Q ur, = fFl + fF2 ) (54)
0 Asr, Az up f5

that is equivalent to (5.1), upon setting ur, = up. Notice that we have eliminated
the trace ur,, since it coincides with ur,.
The residual vectors ry, whose components are defined in (5.2), satisfy

ry = Ap,mkuk + Apk’pkllpk — fpk7 k= 1, 2; (55)

hence the second row of (5.4) can be equivalently written as ry +rs = 0, and it is the
algebraic realization of (3.9).

We write now the algebraic form of the non-conforming problem (4.8)—(4.9). First,
we define the interface mass matrices Mr, as

(MFk) ( ( )7/’[’5 ))LQ(F)a Z7.] = 17"'7ﬁk7 k= 152 (56)

Then we note that the values r( )
respect to the canonical dual basis {<I> , of A}, defined by <<I>(k),uj ) = 0ij,

i,5=1,...,ng; then (see, e.g., [8]) (IJ(k) Zj 1(Mr_k1)]zﬂ§ ) , meaning that Aj , ~and
Ag p,, are in fact the same linear space. Then ry p, € Ak,hk = Ay p, can be expanded

are the coefﬁcients of the expansion of rk by, With

also w.r.t. to the Lagrange basis {,ugk)} of Agp, as
ng
o = O 200, with 2 € R, (5.7)

As a matter of fact, we have

Ng Nk Ng
Ty = Zr <I>(k) Zr Z My, )gzME) Z(Z(Mrkl)jirgk)> Mg-k).

j=1 j=1

(k)
Zj
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(k

i

k)

Denoting by zi, riy € R™ the vectors whose entries are the values z ) and 7’1(

respectively, it holds
Z — Mr_klrk. (58)

The intergrid interpolation operator 115 in (4.8)3 applies on the Lagrange expan-
sion (5.7) of o p,, i.e.,

n1

no
Z 20D + 10y Z Z](Q)M;-Q) =0, (5.9)
=1

i=1
and, thanks to (5.8) and (4.7), the algebraic form of (4.8)3 reads
z1 + Ri2z9o =0 or, equivalently, r;+ MFIngM{erg =0. (5.10)
After defining the intergrid matrices
Q21 = Roy, Q12 = Mr, RleEQl, (5.11)

and by using ur, = Rojur,, that is the counterpart of (4.8)s, the algebraic form of
(4.8) reads

A Air, 0 w f
Ary1 Aryr, + Qi24r, r, Q21 Qi24r, 2 ur, | = | fr, + Qi2fr, |(5.12)
0 Az r,Q21 Az us f5

System (5.12) is the form of INTERNODES implemented in practice. By taking
Q12 = Q21 = I we recover the algebraic system (5.4) of the conforming case.

In Section 6 we describe how to treat non-homogeneous Dirichlet boundary condi-
tions and how to solve the algebraic system (5.12) by the Schur-complement approach;
then we extend the INTERNODES method to decompositions with more than 2 sub-
domains.

6. Generalization and algorithmic aspects.

6.1. Non-homogeneous Dirichlet conditions. When non-homogeneous Di-
richlet boundary conditions are assigned on 0f), we can recover the homogeneous
case by a lifting of the Dirichlet data, so that only the right hand side has to be
modified (see, e.g., [23]). However, it is often common practice not to make use of
lifting operators. In that case also the Dirichlet boundary nodes become degrees of
freedom and the corresponding basis functions have to be extended. In this situation
the INTERNODES algebraic form (5.12) has to undergo a slight modification:

®) () 0B
(Ary.ry)ij = ax(Bxp; s Egpy ) — / a Eyp; "y j=1,... 0,
aQD,k ank

6.1
ot (6.1

(k) : 0
B =1,...,N,
81’1k; EM; J ) s 4V

k k
(Ar, 1)ij = ar(@}"), Bppl™) */ &
00Dk

where Mgk) is any Lagrange basis function associated with XZ(-Fk) € 0I'y N ONp. The

subtraction of the boundary integrals in (6.1) is motivated by the fact that, for such
uz(-k), By Mgk) does not satisfy essential boundary conditions on 9€2p. With this change,
the residuals (5.2) continue to be the approximations of the normal derivatives at the
interface I'.
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6.2. An efficient solution algorithm for system (5.12). After Gaussian
elimination of the variables u; and ug, the Schur complement form of (5.12) reads

Sllr1 = b (62)

where
S =51+ Q125Q-1, b =b; + Q12bs. (63)
Sk = Ar,.r, — Ar, kA; LAk, k=1, 2, (6.4)

are the local Schur complement matrices, while
by, = fr, — Ar, kA5 (6.5)

are the local right hand sides.

System (6.2) can be solved, e.g., by the preconditioned Krylov method, with Sy
as preconditioner. (Notice that matrix §2 = (Q1252Q)21 is not a good candidate to
play the role of precondititioner since it may be singular.)

The sketch of the algorithm is reported in Algorithm 1 for reader’s convenience.

Algorithm 1 INTERNODES algorithm for 2 subdomains
for all k =1,2 do
build the local stiffness matrices Ay x, Ak r,, Ar,k and Ar, r, (see Sect. 6.1 in
the case of non-homogeneous Dirichlet conditions)
build the right hand sides fj, and fp, (formula (5.3))
build the local interface mass matrices Mr, (formula (5.6))
end for
build the interpolation matrices Rgy and Rys (formulas (4.7))
build Q21 and Qi2 (formula (5.11)) (only the nodes coordinates on the interfaces
are needed in this step)
solve system (5.12) (or (6.2))

6.3. Extension to more than 2 subdomains. INTERNODES can be ex-
tended to the case of M > 2 subdomains. Let us start with two simple decompositions
as in Fig. 6.1, while an example of a more general decomposition is shown in Fig.
6.2, left.

Let us suppose that each € is convex with Lipschitz boundary 99y (for k =
1,...,M), and that any angle between two consecutive edges is less than 7. Let

[y = 052,092 be the part of the boundary of €2 itnernal to €2, and ’y,(cl) C I'y be the
ith edge of Ty (the subindex k identifies the domain, while i denotes the number of
the internal edges of 9Q),

Let I'yy = I'o, = 09 N O be the interface between the two subdomains €, and
Qy, and 7,;) and véj ) be the two edges of 2 and ), respectively, whose intersection
is I'ke. In the example depicted in Fig. 6.1, left, we have 'y, = 'y,(;) = 'yéj) for any
interface I'yy of the decomposition, while in the example depicted in Fig. 6.1, right,
we have ['y3 = 752) C 7?()1) and ['13 = 79) C 7?()1).

Between 'y,(cl) and véj ), one is tagged as master and the other as slave. We see
later on that the union of all the master edges will identify the skeleton I'"™) that in
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['sy I3
N @] !
(2 )|,
5| " /
Qg Va Q_1 QQ i
! Q3
1 1 1 :
o o e ]
2 B . 3
e
G| A
RS0 Q O |

Fic. 6.1. Two simple decompositions

the mortar community is named mortar interface. In the example of Fig. 6.1 right,
we could tag as master the edge 7?()1) (in which case 7%1) and 752) will be slave), or
other way around.

For any kK =1,..., M, Ay denotes the complete stiffness matrix in 2 assembled
by considering all the basis functions associated with either the internal nodes of €2
or the interface nodes on I'y, = 9 \ 9. Then, by following the notations introduced

in Sect. 5, we have

Apr  Awr,

A =
Ary k. Argry,

Then we build the interface mass as well as the interpolation matrices on each
side:
for all k =1,..., M (loop on the subdomains) do
build the stiffness matrix Ay
for all i s.t. 71(;) C T'x, (loop on the edges of €2 internal to Q) do

build the local interface mass matrix M'y(“ on 'y,?)
k

build the interpolation matrix R ;) (,;) from 'y(gj) to 'y,gl)
end for
end for

The column vectors of the matrix R ;),¢,j) hold the values of the Lagrange basis
functions of véj) at the nodes of 'y,(;). If 'y,(:) and 'yéj) are the master and the slave
sides, respectively, of 'y, then Ry jy (1) is the interpolation matrix that maps the
master side to the slave one (it plays the role of matrix Ro; defined in (4.7)), while
Rj.5),(e,5) is the interpolation matrix from the slave to the master side (as Riz in

We warn the reader that, when the measure of fyéj ) is larger than that of fy,(:) (as,

e.g., 'yél) and 7%2) in Fig. 6.1, right), all the basis functions of 'yé]) whose support has
non-empty intersection with ’y,(;) must be taken into account in building R 4) (e,
included those basis functions associated with the nodes that do not belong to I'g.
The modification presented in Sect. 6.1 for the case of two subdomains with
non-homogeneous Dirichlet boundary conditions has to be implemented for the case
of M > 2 subdomains. In particular, for any interface fy,(;), the nodes of 87,(;) inter-
nal to Q are treated if they were “Dirichlet” boundary points with non-homogenous
boundary condition, thus in assembling the local stiffness matrices we use formulas
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Fic. 6.2. A partition of Q into 7 subdomains (left figure). The letters m and s denote the
choice made for the master and slave sides. Description of interfaces and edges (right)

(6.1) instead of (Ar,,r, )i = ak(EWE-’“),EkuE’“)) and (Ar, 1)ij = ak(@ﬁ-k)7EkM§k)).
Once the master and slave sides of the interfaces have been fixed, we mark each
edge 'y,(j) with either the superscript ”(m)” (if 71(;) is a master edge) or ”(s)” (other-

wise) and we define

0 = | Jy . (6.6)
ki

Both the nodes and the degrees of freedom on I'"™) are defined univocally starting
from those of the edges Wél)’(m). The degrees of freedom of the global multidomain
problem are the values of uy, at the nodes of I'™ jointly with the degrees of freedom
internal to each €2 (as in (6.1)). As done in Section 6.2, we eliminate the degrees
of freedom internal to the subdomains € and solve the Schur complement system

(analogous to (6.2))
Sur(m) =b (67)

by, e.g., a Krylov method. The matrix S is never assembled, the kernel subroutine
to solve (6.7) (see Algorithm 2) computes the matrix-vector product w = S, for a
given A approximating Upem.

7. Numerical results. Let us consider the Laplace problem

—Au=f inQcR?
u=g on 0f2.

When g is different from zero, by standard arguments we recast the problem into the
form (2.1). See [23], Section 6.1 and Section 6.

2D test case. The data f and g are such that the exact solution is u(z,y) =
sin(zym) + 1. A decomposition of Q = (0,2)? in 10 subdomains as in Fig. 7.1 is con-
sidered, and independent triangulations in each €2 are designed so that on each in-
terface both polynomial non-conformity and geometric non-conformity occur. Either
P; and quadrilateral hp-fem (Q,) are used to approximate the numerical solution. In
order to guarantee full non-conformity on each interface, different polynomial degrees
and different element sizes are used inside the subdomains, by setting the polynomial
degree equal to either p or p+1 on two adjacent domains and the number of elements
equal to either N or N + 1, then we set h = 1/N. A non-conforming grid, obtained
with Q, discretizations in each subdomain, is shown in Fig. 7.1, left.
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Algorithm 2 matrix vector product w = SA

INPUT: )\ (trace on the master interface T'(™)
OUTPUT: w (residual on the master interface I'(™))
for all k =1,..., M (loop on the subdomains) do
% extract the trace from '™ to I'y and store it in i

for all i s.t. 7,(:) C I'y is a slave edge do

recover the master side vlgj ) of I'; associated with 7,(:)

extract )\W(j) from A and interpolate from master to slave:
L

(gk)lv,gi) = R(k’i)’(z’j)A\v,Sj)

end for _

for all 7 s.t. 7](:) C I'y is a master edge do
(gk)h}(f) = Al’Y;(:)

end for

% solve the local problem in
solve Aguy = f,, with Dirichlet datum gy on 'y
% compute the local residual on each internal edge of T’y
for all 7 s.t. 7,?) C I'y, (loop on all the edges of ') do
ri; = (Apuyg — fk)l’h(f) (keep distinct the contributions of different edges)
end for
end for
% assemble the residuals on I'y,
w=0
for all k =1,..., M (loop on the subdomains) do
for all ¢ s.t. ’y,il) C I, (loop on all the edges of ') do
if fy,Ef) is a master edge then
update Wl’yl(ci) = Wh;q,) + i
else _ _
recover the master edge Véj ) of Qy associated with 'y,(;)
interpolate from the slave edge 7](;) to the master edge fyéj ) and update:
W@ =W o)+ M,YEJ)R(Z,j)}(k,i)M’Y_g) Ti,i
end if
end for
end for

In Fig. 7.2, the errors in broken norm (see the next formula (9.30)) are shown,
w.r.t. to both h and p (the polynomial degree in the bottom-left subdomain). The
error behaviour versus h (see Fig. 7.2 left) agrees with the theoretical estimate of
Theorem 9.12, for which we expect ||u — up|[. < c¢(u)hP (in this case p = 1,2, 3, see
(9.42)). The convergence rate vs p shown in Fig. 7.2, right, is more than algebraic,
as typical in hp-fem. The interested reader can find in [14, 16] a wide collection of
numerical results on INTERNODES, even applied to both Navier-Stokes equations
and fluid structure interaction problems.

3D test case. The computational domain © = (0,2) x (0,1) x (0, 1) is decomposed
into two subdomains Q; = (0,1)% and Q = (1,2) x (0,1) x (0,1). The data f and g
are set in such a way that the exact solution is u(z,y,2) = (y* —y)(22 — 2) sin(zyz7).
In €y (9, resp.) we consider a triangulation in N x N x N elements ((N —2) x (N —
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F1G. 7.1. 2D test case. A partition into several subdomains (left picture); the dots are the nodes
of the triangulations within the subdomains. The corresponding INTERNODES solution is reported
on the right picture
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F1G. 7.2. The broken norm error w.r.t. the mesh-size h with p fized (left). The broken norm

error w.r.t. p (it is the polynomial degree in the bottom-left subdomain), here the mesh size is fized
h =1/3 (right)

2) x (N — 2), resp.). Then we set hy = 1/N and hy = 1/(N — 2). When p = 1 the
triangulation is composed by tetrahedra, thus classical P; fem are used, while when
p > 1 the mesh is formed by esahedra and hp-fem with QQ,, local spaces are considered.

In Fig. 7.3, the errors in broken norm are shown, w.r.t. both the mesh size h;
of 7 and the local polynomial degree p = p; = po. Also in this case the numerical
results agree with the theoretical estimate of Theorem 9.12.

8. A comparison between INTERNODES and Mortar method. We fol-
low the notations of [5] for the classical mortar method and those of [21] for the
unsymmetric mortar method, a special version of mortar method proposed in [10]
in which the cross-domain mass matrices on the interface are computed by suitable
quadrature formulas instead of (the computationally heavy) exact integration.

Let uz(-k) (for k = 1,2) be the Lagrange basis functions on I', and z/sz) the basis
functions of the mortar space, being the latter associated with the slave domain 2.

Then we set the mortar mass matrices

(1]

- pla, Py= [P0ty = [P0,

(1]

T
=3 My,
= (P) 1o+, of =3, My,

r
T=en, pp=sae?, e

)
—+

(1]

being ¥_ (X, resp.) the quadrature formula on the interface T' induced by the
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Fic. 7.3. 3D test case. The broken norm error w.r.t. the mesh-size h1 with p = p1 = p2 fized
(left) and w.r.t. the local polynomial degree p = p1 = pa2, with fized mesh size (right) h1 = 1/5 and
ho =1/3.

discretization in the slave domain Q3 (master domain €4, resp.).
Both classical and unsymmetric mortar methods can be recast in the form (5.12)
provided that the matrices Q12 and ()21 are defined as follows:

‘ classical mortar unsym. mortar INTERNODES

Q21 = = R21
Q12 = EHT Mr, Rio Mg}

A similarity can however be found between INTERNODES and the unsymmetric
mortar method presented in [10, 21]. As a matter of fact, in the case that the quadra-
ture nodes used in ¥_ are a subset of the grid nodes induced on I' by the discretization
inside the slave domain g, then ==~ = Ry;. Despite of this, by choosing the basis
functions w§2) of the mortar space as standard (see [5, 21]) we numerically experi-
enced that the matrix MFIRQMF_; does not coincide with (Z=+)7: INTERNODES
and unsymmetric mortar are indeed two different methods.

A more thorough comparison between the classical mortar method and INTERN-
ODES can be found in [14]. In the same paper the implementation aspects of the
two approaches as well as their convergence rate with respect to the mesh sizes are
discussed, concluding that in practice INTERNODES attains the same accuracy as
the classical mortar method.

9. Analysis of INTERNODES. In order to analyse INTERNODES for the
case of two subdomains, we write an interface formulation of transmission problem
(2.8). Along the whole section, ¢ will denote a generic positive constant independent
of the mesh sizes h; and hs, but not necessarily the same everywhere.

9.1. Interface formulation of the continuous problem. For k£ = 1,2, given
A€ A and f € L?(2), we consider the non-homogeneous Dirichlet problem

find uz’f eV ak(uz’f,v) = (f,0)12(0,) Y€V, uz’f =XonT. (9.1)
Because of the linearity of ag(:,-), we have uz’f = Uy, + up, where:
€ VO ap(Ue,v) = (f,0)r2(0 VeV (9.2)
and

up € Vi: ap(up,v) =0 Yo e VP, up = AonT. (9.3)
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The following stability estimate holds (see, e.g., [23, Sect. 6.1.2])

A,
g o < elllf iz + IIA]A)- (9-4)

We consider the following interface formulation of equation (2.9) with four un-
knowns: find \; € A, Ay € A, and r; € A/, ro € A’ such that

ar(up®, Ripr) — (re, i) = (s Ripn) 2 (00) — (@, Repe)  Yur € A, k= 1,2,
<t, AL — )\2> =0 vVt e A (95)
(ri+mr2,0)=0 Yo € A
where Ry, are defined in (2.10). The multipliers rj coincide with 9, uy, see Remark
2.1. By eliminating ry = —ro from the last equation and summing up the first

two equations we obtain another interface formulation of equation (2.9) with three
unknowns: find \; € A, Ao € A, and ry € A’ s.t.

Z ar(up®, Repin) + (ra, pin — p2) = Z ((fs Rptr) £2(0p) — ke (Tk, Ricpir)]
k=12 k=1,

V(p1, p2) € A XA (9.6)
(t, A1 —X2) =0 vt e A

By setting p = (p1,p2), A = (A, A2), A = A x A (endowed with the norm
IMa = (IMF + 1X203)1/2), and VX, p € A, ¥t € N,

A, p) = (uzkka:uk)v B(p,t) = (t, p1) — (t, p2)
=2 (9.7)
Z [ Rbie) L2, — ax (U, Repr)],
k=1,2

problem (9.6) takes the saddle point form: find A € A and 7, € A’ s.t.

AN, 1) + B(p,ra) = F(p) VY € A, (9.8)
B(A,t) =0 vt e N '

LEMMA 9.1. The following properties hold:
1. the bilinear form A is coercive and continuous on A, i.e., there exist o, > 0
and C4 > 0 s.t.

A(ps ) 2 aullplla Y € A,

99
LA )] < CallM[allmlla YA € A; (9:9)

2. the bilinear form B is continuous and satisfies an inf-sup condition, i.e. there
exist Cg > 0 s.t.
B(p,t)| < Cpllpllalltla  VeeA, tel,

sup B > V2 (9.10)

teh’ e [[plallt]lar
3. the linear functional F is continuous, i.e. there exists Cp > 0 s.t.

[F(w)| < Crllplla - Ve A. (9.11)
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Proof. 1. By taking Ryuy = ug’ﬂ continuity and coercivity of A are immediate
consequence of continuity and coercivity of the bilinear forms ay, (see [23, Sect. 1.2]).

2. The continuity of B follows from Cauchy-Schwarz inequality. To prove the
inf-sup condition, we define the operators B : A — A and BT : A’ — A’ such that

B(p,t) = (t,Bp) = (B"t,p)  VpeA, Ve

Then, thanks to (9.7);, it holds Bu = p; — po for any g = (u1,u2) € A, and
BTt =[t, —t]” for any t € A’, thus || BTt||a» = v/2||t||as. It follows that

Bluwt) BT BT o s

inf sup —————— = inf sup =
teh pen lllalltllar ter pea mllalltlar ter [Jt]lar

3. (9.11) follows by Cauchy-Schwarz inequality and the continuity of the bilinear
forms ay. O

THEOREM 9.2. Problem (9.6) is well posed. Moreover it is equivalent to (2.9), in
the following sense: if {\1, Ao, ra} solves (9.6), then uy = ui"f and ug = ug’f (with
A = A1 = X2) are the unique solutions of (2.9); conversely, if {u1, ua} solves (2.9),
then A1, A2, and o solve (9.6), with

A= (u)p, A2 = (u2)p,  (re, p) = az(uz, Rap) — (f, Rapt)r2(ay) Vi € A.

Proof. Thanks to Lemma 9.1, the well-posedness of problem (9.6) (existence,
uniqueness and stability of the solution) follows by applying stantard results for saddle
point problems (see, e.g., [6, Cor. 4.2.1]) to (9.8).

The equivalence between (9.6) and (2.9) can be proved by standard arguments. O

9.2. Interface formulation of the discrete non-conforming problem. Let
Ay p, and Ay p, be induced by independent discretizations in €; and Q3 as in Sect.
4. Let Ap, = (Aq,p,,A2p,) be endowed with the norm of A, and for k& = 1,2, let
Abne = Mk 1+ la7) (Ag,n, and A, are identical linear spaces, see Sect. 5).

By applying the conforming finite element approximation introduced in Sect. 3 in
each subdomain €, we can write the finite dimensional counterparts of (9.1)—(9.3):
given f € L*(Q) and Mg, € Agp,, for k = 1,2, we denote by Uy = Ux(Agn,, f) €
Vi,h,, the solution of

ar(Uk,v) = (f,v) L2004 Yv € V,ghk, Up =g, on I (9.12)
We note that U, = ﬁk)\hhk + Uy, where U, = Ui (f) € V,ghk is the solution of
ax(Uk,v) = (f,0)12000) YV EVih, (9.13)
and ﬁk)\k,hk € Vi.n, is the solution of
ak(’zqk)\kyhk,v) =0 Wwe Vlghk, ﬁk’)\k7hk = Ag,p, on I (9.14)

Then similarly to the continuous case,

Ukl @) < eIz + [ Akmlla)- (9.15)
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We introduce the non-conforming counterpart of (9.6), i.e. an interface form of the

non-conforming problem (4.8):
find )\th S Al,h17 )\2,h2 € [\27}127 and T2, hy € AIQ,,W s.t.

> ak(HiXengs Rittieng) + (Miar o p1.m,) = (P2hy s .o )

k=1,2
= > {(f, Rectkni ) L2(2) — @n(Uks Rt ) (9.16)
k=1,2
V(11,05 H2,hy) € A1 py X A2,y
(t2,hys A2,hy — 21 A1 py) =0 Vtoh, € Ay,

The discrete lifiting operators Ry, have been introduced in (4.10).

THEOREM 9.3. Problem (9.16) is equivalent to problem (4.8) — (4.9) in the
following sense: if {A1.hysA2hy,T2hy} Solves (9.16), then {uip, = Ui, ugp, =
Usa, r2n,} solves (4.8) — (4.9); conversely, if {u1,n,,U2,hysT2,ny} S0lES (4.8) — (4.9),
then {\1,n, = (U1,h, )05 A2,y = (U2,hy )0, 72,0, } SOlVES (9.16).

Proof. Let {1 hysA2.hysT2,h, b sOlve (9.16). Then, uqp, = Up and ugp, = Us
(solutions of (9.12)) solve (4.8)1, while, from (9.16)9 it follows Uy = II3;U; on T, i.e.,
(4.8)2 holds. To prove (4.8)3— (4.9), we set p1p, = 0 and p2p, = /‘1(2) in (9.16)4,
then <r27h2,,ul(.2)> - ag(UQ,RQ,uZ@)) —(f, RQIU,EQ))L2(Q2)7 ie., rop, and U, satisfy (4.9)
(1)

for k = 2. If we set po p, =0 and p1p, = p; ’ in (9.16)1, we have

(—Tharop,, ity = ar (U, Rupd™) = (f, 7€1NZ(-1))L2(91)7

then, by setting 71, = —Il1a72 ph,, T1,5, and Uy satisfy (4.9) for k = 1, and (4.8)3
holds.

Conversely, let {uipn,,u2n,} solve (4.8) — (4.9) and set A\pp, = (ug,n, )0 for
k =1,2, thus ug p, = Ux. We prove that {A1 n,, A2 n,, T2,h, } solves (9.16).

By using (4.9) and (9.12) we have

(K, hwuﬁ )y = ak(Uk,ﬁ»kHz('k)) - (f, ﬁkuﬁk))mmk)

R R R (9.17)
= ar (U, Rttt + an (U, Riensd™) — (f, Ritd™) 12601 -

Thus, by adding the two equations of (9.17) for £k = 1,2 and exploiting (4.8)3, we
obtain (9.16);. Equation (9.16)2 follows from (4.8),. O
The following result is a consequence of Theorem 9.3 and Remark 4.3.
COROLLARY 9.4. If Ay p, = Ao p,, problem (9.16) is equivalent to problem (3.7).
To study the well-posedness of problem (9.16) in the general case of Ay, # Ag p,,
we set p, = (11,05 P2,hy) for any pg p, € Ay g, and pop, € Aoy, and define:

Annpn) = > ax (i Ribkn,) YAn, pp € Ap,
k=1,2
Bin(tp,ta,ns) = (hota nys fany) — (t2,n05 H2,hs) Yy € Ap, Vion, € Ay,
Bo n (B t2,hy) = (t2,nys 2,k — 2115, ) Vi, € An, Viop, € Ay,
Fnpn) Z { (f, Ricttin ) 22(2) — @i (U Ricjin, hk>} Vi, € Ap.
k=1,2

Ap, B1,, and By p, are bilinear forms, F, is a linear functional.
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Problem (9.16) takes the following non-symmetric saddle point form (for its anal-
ysis in abstract form see [4]): find A, € Ay, and rap, € A, s.t.

{ An(Ans ) + Bin(s 72,0,) = Fr(py) Vg, € Ay (9.18)

Ba.n(An,tan,) =0 Vio h, € A/2,h2‘
We define the operators By, Bap, : Ap — Ag p,, and Bﬂ, B;Fh : A’27h2 — Aj, s.t.

Bk,h(uh7t2,h2) = <t2,h23 Bkhlj’h> = <tht2,h27 u’h>7 k= ]-7 27
with

Binpy, = iop1,n, — 2,k Bonpy, = p2,h, — Horpir n,y,

Biytan, = Miatony, —tan,]’s Bapton, = [—15itony, ton,]”

9

and, for 7, j = 1,2, II7; is the adjoint operator of Il;;, i.e.,
(T07 iy ) = (poas Wi pag ) (9.19)

In order to prove the continuity of the operators By, p, the stability of the inter-
polation operators Il15 and Ils; is required. This is stated in the next Lemma.

We set dr = dg — 1.

LEMMA 9.5. There exist two positive constants c12 and co1 independent of hy and

ho such that for any q € ]%F, %[ 1t holds

B\ /2
e e vy < e (1+ <h’2> ) ellzemy YA€ Yon,,  (9:20)

withk=1,0=2, ork=2,(=1.
Proof. We take k =2 and ¢ = 1 and we first prove that, for any real ¢ such that
I <g<o<3/2

Maadflz2ry < ¢ (1 + (ha/h)®) Mallzeqy VA1 € Ya,. (9.21)

Since any A; € Y1, belongs to H?(T') for any o < 3/2, in view of (10.2) with s = ¢
and by applying (10.1), we have

Moy A1f[r2ry < [II/\l — Mo M |72 ry + A2z
< chd|IMllgaqry + Al 2y < ¢ (1 + (ha/h1)?) [ A1l p2(r)-
The stability of IIp; in the H!-norm follows from (10.2) with s = 7 = 1 when dr = 1,

and from (10.5) when dr = 2. Thus we have ||H21/\1||%11(F) < C”/\l”%{l(r)- Now (9.20)
follows by interpolation of Sobolev spaces. O
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LEMMA 9.6.
1. The bilinear form Ay, is coercive and continuous on Ay, i.e. there exist o, > 0
and C4 > 0 independent of hy and ho such that

An(pgs ) > ellplla - Vi, € A, (9.22)
An(peys ¥r) < Callpgllallvnlla Vi, ¥, € Ap; (9.23)

2. the bilinear forms By p and Bap, : Ap, — Ao p, are continuous, i.e., there exist
Cp1 > 0 and Cpy > 0 (depending on the ratio hi/hs) such that for k =1,2

1Brn (15, t2,n,)| < Corllpllalltzn,llar Yy, € Ap, Vi p, € Ay y,,;

(9.24)
moreover, they satisfy the inf-sup conditions for arbitrary subspaces Ay p,, and
A2,h2; i.€e.

B ,t
inf  sup en(Pnstans) o fork=1,2; (9.25)

t2.ns €AY 1y ey ([nllAllt2,ns a0

3. the linear functional Fy, is continuous on Ay,.

Proof. 1. To prove the continuity of A, we use the following finite element
uniform extension theorem: there exists a (discrete harmonic) lifting operator Ry, :
Akh, = Viny, 8.t

IRkt Lt ) < Clltknalla Yitknge € My (9.26)

with ¢ independent of hy (see, e.g. [24, Thm. 4.1.3]). The coercivity of A follows
from the coercivity of the form (2.4) and the trace inequality (see [24, Sect. 2.2]).
2. Thanks to Lemma 9.5, for any ¢ 6]‘%7 %[, it holds

1Ban (B t2,n)l = [(t2,nas Banben)| < Ilt2ns llar (12,02 (|4 + [T21 01,5, [|a)
1/2
< clitanalar (2 lla+ (1 + (h2/h)D " am, )

Estimate (9.24) for k = 2 follows by setting Cpa = 2¢ (1 + (hg/hl)q)l/2 . Similarly,

[Bun(tns tans)l = [(t2.ns) Buntin)| < [[t2ns l[ar ([l 200114 + [T200,0, [[a),
2
< el (Il + (14 (/1)) izl )
where we have exploited the property ||II3,]| = ||TI12|| and Lemma 9.5. We conclude
that By j satisfies (9.24) with Cp; = 2¢ (1 + (h1/ha))"?.
For any t5 3, € A’27h2, Bi, and B, satisfy, respectively,
T 2 2 \1/2
IBint2nsllar = (IMiaton, I3 + lt2nal3) " = 2 nsllar,

1/2
1Bantznallar = (IMyton, 130 + [tz [X) "™ = N2 llar,

thus (9.25) is fulfilled for both k& =1,2.

3. Fp, is continuous on Ay, thanks to both the continuity of the bilinear form (2.4)
and the finite element uniform extension theorem (see (9.26)). O

REMARK 9.1. The constants Cpy do not affect the approrimation errors, as we
will see in Theorem 9.8.
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THEOREM 9.7. There ezists a unique solution (An,72,n,) € Ap X Ay, of (9.18)
and it satisfies

1 C
Mils < 17l el < (14 2 ) 1Ry 20

*

Moreover, by setting K1 = ker(Biy) and Ko = ker(Bay,) there exists & > 0 such that

inf  sup Al ) > Q. (9.28)

un€Ka g, ek [[1nllalleonlla

Proof. Thanks to Lemma 9.6, existence and uniqueness of the solution of problem
(9.18), as well as inequality (9.27) follow by invoking Corollary 2.2 of [4].

The inequality (9.28) can now be obtained with the following arguments. First we
prove that dim(K;) = dim(K2). As a matter of fact, let I,,, be the identity matrix of
size no and By, By € R72%(n1+72) the matrices associated with the operators By, and
Bop, ie., By = [Rly, —I,,], Bo = [Ro1, —I,,,]. Then rank(By) = rank(Bs) = ny;
since dim(ker(A)) +rank(A) = m for any A € R"*™  we obtain that dim(ker(B1)) =
dim(ker(Bg)) = n;.

Now, thanks to [4, Cor. 2.2.] (see also [22, Sect. 4]) the properties (9.22)-(9.25)
are sufficient conditions for the existence of a unique solution of problem (9.18); on the
other hand, the inf-sup condition (9.28) jointly with (9.23)—(9.25), and the property
that dim(K7) = dim(K>), are necessary and sufficient conditions for proving the same
result. This implicitly guarantees that (9.28) must be satisfied. O

THEOREM 9.8. Let (A, 12) € Ax Ay and (A, 72,n,) € Ap x A, be the solutions

of (9.8) and (9.18), respectively. Then there exists c = ¢(Ca,Ca,Cp) > s.t.

— — f<c(l+ 2 { i —
IX=Anlla + [lr2 = ropollar < e (1+ 2) nlgﬁ( A —nplla

| Ve
+ inf {||,\_Nh”A+ .t n) (B wh)l}
Hn €A b, €A (KERIVN 9.29)
i |(B = Bin) (%, t2.n, )| :
+ inf ro — top,|lar + sU ; ,
L L e ™ P
—+ sup w}

PLEA, H"/)h”A

Proof. Tt is a direct application of Theorem 2.2 and Corollary 2.3 of [4], thanks
to both Lemmas 9.1 and 9.6. O
While the term Y 12% IA=n|/a depends on the interpolation error of the intergrid
h 2
operator Ily;, the term involving (B — Bj ;) depends on that of ITy3. All the other
terms only depend on the local finite element approximation in each subdomain.
For any v € L*(Q) : wvjq, € H' (%), k = 1,2, we define the H'— broken norm

loll = lv]|%: ) (9.30)
(9%)
k=1,2

If (u1py,u2,h,) € Vin, X Vap, is the solution of the INTERNODES problem
(4.8)-(4.9), we define

. U1, h, n Ql



Analysis of INTERNODES 21

In order to bound the error between the solution w of problem (2.3) and the
INTERNODES solution u;, we need to estimate both the interpolation error due to
a double approximation on the interface I' (from A to Aj p, first and then from Aj 5,
to Ag p,; similarly, by exchanging A; 5, and Ag p,) and an inverse inequality.

THEOREM 9.9. There exist ¢ > 0 and q € [1/2,1] independent of hy and hy s.t.

IA = Taa TNl aqry < € [B82 4 082 ((ha/m) + 1)) Ny YA € HO (D),
(9.32)
for any o > dr /2, where g, = min(o,pi, + 1), for k=1,2.
Proof. Let A\ € H(T"). We recall that IIo;n = Zon for any n € Y75, and that
1)\ € H¥(T) for any s < 3/2. We denote by Id the identity operator, then

1A= Tar @) lrvvzy € 30 I8 = Tedlraqey + 1A = o)A = T\ agvsecry-
k=1,2

If dr = 1, in view of (10.2) it holds
1(7d = To)A = T\ |2y < ey IIA = TuA |y
and by applying again (10.2) we have
IA = Moy (T gy < e(h$ ™ + 1872 4+ hg R [\l ey

< (B2 (14 (/b)) + 0 2) e o)

To bound ||(Id—Zs)(A—=Z1A)|| g1/2(ry when dr = 2 we invoke the classical approx-
imation results for general Sobolev spaces (see [12, Thms. 3.1.4, 3.1.5, and 3.1.6]).

Let us assume for now that A € W42+¢(T") for some t > p; + 1 and ¢ > 0. Let
&n, be the triangulations on I' induced by the meshes T p, , for k = 1,2. By applying
Ciarlet’s Theorem 3.1.6 of [12] on each T € &y, thanks to the regularity assumptions
on the meshes 7 p,, for m = 0,1 and any € > 0 we have

|(Id — Z2) (A — le\)HWm,z(r) < Ch;/(2+€)h;7m‘)\ — I])\‘Wl,2+a(1"). (9.33)

(Notice that all the spaces inclusions required by Theorem 3.1.6 of [12] are satified.)
Now we apply Theorem 3.1.5 of [12] on each T' € &}, thus for any p; > 1,

A — Il>\|W1,2+€(F) < chi? ||/\||Wp1+1,2+e(F), (9.34)
and then
[(Id — To) (A — TN lwmeary < chy’ PP RSB [ Allwor #1242 (.- (9.35)

The generalization of Ciarlet’s theorem provided in [18] for the case of lower
regularity, i.e. when ¢ € [p1,p1 + 1], yields, for 7 = min(¢,p; + 1) > 1,

[(Id — To) (A = TN [lwmeaqry < chy’ R BT Y N [wrve (o). (9.36)
Thanks to the Sobolev imbedding theorems (see, e.g., [19, (1,4,4,5)]), it holds

[Al[we2+emy < IMlwer2qr) YA € W) n Wen2(T), (9.37)
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for any o1 > 7 s8t. 01 — 1 =17—2/(2+4+¢). It is sufficient to choose either ¢ <
2(01 —1)/(2 = p1) if 01 €]1,2], or any € > 0 if o3 > 2 and (9.37) follows.
Thus, by putting 7 = g1 —¢/(2+¢) in (9.36), we conclude that

1(Td = Zo)(A = TuN) | (ry < eha/hn)* T hg ™ B8 ||| prea (r)- (9.38)
Finally, by interpolation of Sobolev spaces (see, e.g., [9, Ch. 14])
[(d = T2)(A = T gy < elha/h) Y/ R Ny (9.39)

and the thesis follows with ¢ =1/2+¢/(2+¢). 0

THEOREM 9.10. Let mp, : L*(T') — Yay, denote the L>— orthogonal projection
operator. Then there exist ¢ > 0 and q € [1,3/2[ independent of both hy and hg s.t.
Vr € HY(T') with v > 1 and (, = min(v,p, + 1) for k = 1,2,

[Ty — Thomn, 7|2y < c [h? + h§? (hl/hz)q} 71l £2v (- (9.40)

Proof. Since v > 1 we can interpolate r on I' and obtain (as Il12m2 p, = Z172.4,
for any 72,1, € Yo 1,)

17,7 = Mo (T, )| L2(ry < |(Id = Z0)(r = T, ) [ 200y + [l = Zarll 22y

By using (10.2), ||r — Zir|z2(r) < ch?”rHHV(p). For the first term we proceed as
follows. If dr = 1, then

[(Id = T0)(r — mnor)ll2(r) < challr = mno |l () (by (10.2))
< chi(llr = Zorllarry + 1 Z2r — Ty 52 ry)
< chy(hs? |l gv ey + b | Zor — mngrl|z2ay)  (by (10.2) and (10.1))
< C(hl/hg)hg2||7"”Hv(F) (by triangular inequality, (10.2) and (10.3))

and the thesis follows with ¢ = 1. If dpr = 2 we use the same arguments as before,
but applying the interpolation estimates on general Sobolev spaces as in the proof of
Theorem 9.9. Thus for a suitable ¢ > 0 we have

H(Id — Il)(’l“ — 7Th2T)||L2(p) S Chi+€/(2+6)|7“ — WhQT‘W1,2+E(I‘)
S Ch1+€/(2+5)h327176/(2+8)||THHU(F) S C(hl/h2)1+s/(2+€)h52HTHHU(F).

The thesis follows with ¢ =1+¢/(2+¢). O
LEMMA 9.11. For any i =1,...,ny let w; be the support of the Lagrange basis

function u(l) in Yy pn,. There exists c > 0 independent of hy such that

i

X[ p [ Lo o) < hS 2y ey Ydin, € A, - (9.41)
S1Sng

Proof. If dr = 1, in [17] it is proved that

91,00 |1 () < € (1 + log(diam(w;) /ha)) > 91, 1172 0

for any piecewise linear function 1, j, and where diam(w;) denotes the diameter of
w;. By invoking the extension theorem for polynomials proved in [2], the same result
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can be proved for any %, € Y15, with local polynomial degree p; > 1. Since
diam(w;) = 2hq, the thesis for dr = 1 follows.
If dr = 2, it holds (see [25, Lemma 4.15], whose proof holds for any p; > 1)

9100 || £ ) < € (1 + log(diam(w;) /ha)) " 11 |t wiys Y1m, € Vi,

then by applying (10.1), we have

1,0, | oo () < chy /2 (1 + log(diam(wi) /ha) > [um /2o Yim € Yin,-

Since only a finite number of simplices is included in w;, the thesis follows also for
dr=2.0

We can prove now the main result of this section, i.e. the optimal error bound
for the INTERNODES method.

THEOREM 9.12. Assume that the solution u of problem (2.3) belongs to H*(£2),
for some s > 3/2, that X = wr € H(T') for some 0 > 1 and that vy = Op,up € H”(T')
for some v > 0. Then there exist ¢ € [1/2,1], z € [3/2,2[, and a constant ¢ > 0
independent of both hy and ho s.t.

hu—unlle < e { (A2 (ha/h)) + 0§ 2) 1ALy

00— _
+ > T e @) + gl e, + [@kllre @) (9.42)
k=1,2

+ [ah§1+1/2 + (14 (b /he)?) hgzﬂ/z} ||T2||HV(F)}a

where £, = min(s,p +1) for k = 1,2, ox = min(o,pr+1), ¢ = min(v,pr+1), a =1
if v > 1 and a = 0 otherwise.

Proof. For k = 1,2 we set ux = ujq,. Let up be the INTERNODES solution
defined in (9.31), A = ujp, Apy = (ug)r (notice that Ay = Ao = X) and A\, =
(ug,n,,)r- Then, in view of (9.1) and (9.12) we have uj = ug’f = up + U, and
Uk h, = Up = ﬁk)\k,hk + Uy, for k = 1,2. Moreover, by standard Galerkin error
analysis and (9.15) we have:

A,
lu—wunl? = > e =iy = Y lun? = Ukl o
k=1,2 k=1,2

A, o
<e 3 (! = Ul + 1RO = Madlnon) (o3
k=1,2

2
<o Y (W Mkl )+ 1A= Ml
k=1,2

with £, = min(s,pr + 1). In order to bound ||A — Ap||a we apply Theorem 9.8 and
analyze each term on the right hand side of (9.29).

We have Ko = ker(Bap) = {n = (M.h,M2hy) € An : N2y, = Hormp, b I we
choose 71,1, = Z1 A, using the interpolation error (10.2) and Theorem 9.9 we have

it A= mlla < e (1A= TN + A~ @) e
h
< (B2 (U (hafha)) + B8 N e o,

with g = min(o,px + 1) for k = 1,2.
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Taking now p;, = (Z1 A\, ZoN), still using (10.2) we have

inf [A=mla <e (IX = ZiXl g2y + X = ZoMl| /2 (9.44)
< (b2 B ) o .

With the same choice of pu;, = (Z1A,Z2A\) we can bound the error term involving
(A—Ap) in (9.29) as follows

(A= An) (i)l =1 D ar(uy™"™ = Hipirny Rty )|
k=12
<Cy Z [, — Hiohire g |11 (20) « | RiWore || 11 (020)-
k=1,2

Moreover, since g n, = ZiA, by triangular inequality we obtain

oafe ™™ = Hpg o | 11 (20

< i =il ) + et = Hedll ) + 1Hd = He @Ml )
(by Céa’s Lemma on the second term)

< cllluy™ My + lui = Zui a0, + 1 HeO = TeN) [ m1.04))
(by (9.4), (10.2), and (9.15))

—1/2 -
gc(h,ﬁk 1M o oy + R 1Hu£|lm<nk>)

where I,? is the Lagrange interpolation operator on . Thus, thanks to (9.26), we
have

. A= A1)
ven Tl

.—1/2 . —
<e 3 [P I e @) + B el o,)] -(9.45)
k=1,2

By using similar arguments,

(F = Fn)(@y)| =] ak(ﬂk_Uk77/€kwk7hk)|
k=1,2
<Cy ||ﬂk—Uk||H1(Qk) : Hdejk,thHl(Qk)
k=1,2
<e 3 R e - ks,
k=1,2
whence
F-F g
sup w <c Z hf;k 1||Uk-||Hs(Qk)~ (946)
P EAp H"/)}LHA k=1,2

We analyze now the error term

B-B t
D= inf ”7,2 _ t2,h2||A’ + sup |( 1,h)(¢h7 2,h2)‘ (947)
t2,hy EAlz.hz P, EAR H¢h||1\
We recall that A’27h2 is the dual space of As p,, that can be identified to Ag j, endowed
(1)

%

with the norm || - ||a-. Let w; denote the support of the Lagrange basis function
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of Y1 n,. By setting to = 3 5,, we have

|(B = Bin) (W, t2)] = [(ta, V1,0, — Yo,ny) — (Tiata, th1,n,) + (L2, Y2,n,)|

n

= |(t2 — Iioto, Y1 0, ) L2y = Z'@bl,hl (Xgpl))(tz - H12t27ﬂ§1))L2(r)
i=1
ni ni
= \Zwl,hl(xfl))(tg — Iat, MEI))L2(M)| <M Z(h — Iat, ,ul(-l))m(wi) .
i=1 i=1

With M = man ||’l/)17h1 HLOC(W]')'
Let 5, be the orthogonal projection operator from L?(T') onto its subspace Y7 j, .
For any i = 1,...,ng, by setting w; = Uj., nw, zow;, we find

|(t2 — H12t27M§1))L2(wi)\ = |(mp, t2 — Hiato, NE”)LZ(M)|

=| > (anta— Miata) (28 )) (s 1)) 2 )

3t wjNwi#D
<cllmnty —itollpe@y . (W )2y (by (10.1))
Ji wjNwi#0
dr'/2

< chy" || mhyte — Thata || p2(3,) -

The Lagrange basis functions satisfy the estimate ||u§1) 22(w) < chilr/2 and the num-

ber of elements in each w; is finite and independent of hy. Then

ni ni
Z(tQ — IL;ots, #51))L2(w@-) < Ch(lir/Z Z [7mh,t2 — ot || 12(@,)
i=1 i=1

= ch{* |, (b — Tyats) || 2y < e/ |ta — Miata|| L2(ry-

Thus, using the Cauchy-Schwarz inequality and Lemma 9.11 we obtain

|(B = Biyn) (W, t2)| |(t2 — Miata, Y10y ) L2(m)|
sup = Ssup
P EAp H¢h||A P EAp ||¢h||A

S Ch}/Q Htg — H12t2 HLZ(F).

We choose now ty = t3 5, = mp,72, being mp,72 the L?— orthogonal projection of
ro on Ya p,. Using (10.3) we obtain

inf  lra —tanllar < lre = mnor2llg-12y < TP ro |l oy (9.48)
t2,ny €Ag
Ifo<v <,
7h,re — Mha(mh,ro)llLery < challmn, 2l mr ) (by (10.5))
< (ha/h2) g ||mnyrellge )y (by (10.1))
< (ha/ha)hslIrall gy (by (10.4))
thus, from (9.47), we obtain that
D<e (1 + (hl/h2)3/2) B2 s e - (9.49)

If v > 1, by using Theorem 9.10 and (9.48) in (9.47), we conclude that there exists
z €]3/2,2[ such that

D < (h§% o (1L (/o)) RS2 rall e . (9.50)
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By collecting all the intermediate estimates proved thus far we obtain

A=Al < el (B2 (04 (hafm)) + RS Aoy

0y — _
+ 3 b ludll e + [Tkl o) (9.51)
k=1,2

+ |:Olh§1+1/2 + (1 + (hl/hQ)Z) hgz+1/2:| ||TQ||HV(]_“)1|,

with a« = 1 if v > 1 and @ = 0 otherwise. The thesis follows in view of (9.43). O

10. Appendix. Let D C R with dp = 1,2,3 and 7Tj, be a family of affine,
regular and quasi-uniform triangulations in D. Let X}, = {v € C°(D) : vy € P, VT €
Tn}, T the reference element, and P the polynomial space on 7' ([12]).

For any ¢ € [1,+o0] and m > 0 real, let W"™9(D) denote the generic Sobolev
space ([1]); in particular H™(D) = W™2(D).

Inverse inequalities for piecewise functions. Let there be given two pairs (¢, ) and
(m, q) with £,m > 0 and r, ¢ € [1,00] such that £ < m and P ¢ W™(T) N W (T).
There exists a positive constant ¢ independent of h such that (see [12, Thm. 3.2.6])

1/q 1/r
(Z |“|?/Vm~q(T)> < cht—m—dp(1/r=1/q) <Z |’U|TW14,T(T)> Yo € X,

TeTh TETh
(10.1)

Lagrange interpolation error. Let Ij, : C°(D) — X}, be the Lagrange interpolation

operator. For any r, s € R with 0 <r <1, s > dp/2, 3¢ > 0 independent of h s.t.:
lv = Zho| g (py < Ché_TH’UHHe(D) Yo € H*(D), (10.2)

where ¢ = min(s,p + 1) and p denotes the local polynomial degree. For the proof,
see, e.g., [23, Thm 3.4.2] if s > 2 is an integer, and [18, Thm. 2.27] for 1 < s < 2.
The estimate with dp = 1 and 1/2 < s < 2 can be proved by following the same
arguments used in the cited references.

Projection error. Let 7, : L2(D) — X, be the L?—orthogonal projection opera-
tor. For any 7, s € R, 3¢ > 0 independent of & s.t.

H’U — 7ThU||(H““(D))’ < Chr—MH’UHHs(D) Yv € HS<D) (103)
with ¢ = min(s,p + 1) (see [5, Lemma 2.4]). Moreover (see, e.g., [7])
||7ThU||HS(D) < CSHUHHS(D) Yv € HS(D), 0<s<1, (104)

with ¢s > 0 depending on s but independent of h.
By using the same arguments adopted to prove Lemma 1 in [11] for py = 1 we
can prove for any py > 1,

|Zenw| a1 (py < el oy, lmk — Zenkll 22Dy < chelme| e (Dys Vi € Yihy
(10.5)
withk=2and{=1,or k=1 and £ = 2.
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